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Abstract
Relativistic Runaway Electron Avalanches Inside the High Field

Regions of Thunderclouds

by Eric Scott Cramer

Dissertation Advisor: Hamid K. Rassoul, Ph.D.

In this dissertation, simplified equations describing the transport and energy spec-

trum of runaway electrons are derived from the basic kinematics of the continuity

equations. These equations are useful in modeling the energy distribution of ener-

getic electrons in strong electric fields, such as those found inside thunderstorms.

Dwyer and Babich [2011] investigated the generation of low-energy electrons in

relativistic runaway electron avalanches. The paper also developed simple ana-

lytical expressions to describe the detailed physics of Monte Carlo simulations of

relativistic runaway electrons in air. In this work, the energy spectra of the run-

away electron population are studied in detail. Dependence of electron avalanche

development on properties such as the avalanche length, radiation length, and the

effective Møller scattering efficiency factor, are discussed in detail. To describe the

shapes of the electron energy spectra for a wide range of electric field strengths,

the random deviation of electron energy loss from the mean value is added to the

solutions. We find that this effect helps maintain an exponential energy spectrum

for electric fields that approach the runaway electron threshold field.

We also investigate the source mechanisms of Terrestrial Gamma-ray Flashes,

which are a result of relativistic runaway electron avalanches in air. In this study,

the bremsstrahlung photons are propagated through the atmosphere, where they

undergo Compton scattering, pair production, and photoelectric absorption. We

model these interactions with a Monte Carlo simulation from the TGF source lo-

cation (assumed to vary between 8 and 20 km) and the edge of the atmosphere

(≈ 100 km). We then propagate these photons to a satellite plane at 568 km in

order to compare with measurements. In collaboration with the GBM instrument

team in Huntsville, AL, we were able to model spectral and temporal properties

of observed TGFs. Although the analysis of individual TGF photon spectra was

qualitative, we were able to put some constraints, i.e. source altitude and beaming

angle, on a sample of observed GBM TGFs. However, assuming a height of 15

km, we were able to model the softening in the spectrum observed as the satel-

lite moves off-axis from the TGF source location [Fitzpatrick et al., 2014]. The

conclusion of this analysis shows that Compton scattering alone can not explain

the temporal dispersion observed. This suggests that an intrinsic time variation

exists at the source of the TGF.
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Chapter 1

Introduction

1.1 Motivation

This dissertation investigates the physics of the generation of runaway electron

avalanches and the resulting effects inside the high electric field regions of thun-

derstorms. The goals of the research outlined in this dissertation are motivated by

understanding thunderstorm electrification and particle acceleration inside Earth’s

atmosphere. Specifically, we are interested in understanding runaway electron dy-

namics in relation to (i) the source mechanisms of Terrestrial Gamma-ray Flashes

(TGFs) observed from the Fermi Gamma-ray Burst Monitor (GBM), e.g. Briggs

et al. [2010], Fitzpatrick et al. [2014], and (ii) x-ray and gamma ray emission from

lightning leaders observed from the ground, e.g. Dwyer [2004]; Schaal et al. [2012].

Although these observations were made in modern times, the prediction of accel-

erated electrons inside thunderstorms was made decades ago by Wilson [1925].

Wilson theorized that electrons may gain large amounts of energy from static

electric fields in air. Explicitly, when the rate of energy gain from the electric

field exceeds the rate of energy loss from various interactions with air, then the

energy of the electron increases, causing it to “run away”. One of the major

steps that led to the idea of electron runaway was the development of the cloud

chamber. Wilson spent much of his time in the laboratory in which his idea was

bolstered by the fact that ionization tracks straightened as the electron energy in-

creased [Williams, 2010]. From these cloud chamber experiments, Wilson went on

1



Chapter 1. Introduction 2

to hypothesize that radiation could be emitted within the electric field regions of

thunderclouds [Wilson, 1925]. Several decades later, the framework for the physics

of runaway electron propagation inside thunderstorms started to be developed and

modeled.

The kinetic equation describing runaway electrons was first produced by Roussel-

Dupre et al. [1994]. In this work, the Boltzmann equation for runaway electrons

was derived in which a numerical solution was computed, assuming a spatially

uniform electric field. The temporal profile of the electron velocity distribution

function was also described in great detail. Symbalisty et al. [1998] used a kinetic

equation with the ionization integral developed by Gurevich and Zybin [1998].

This paper was important since it showed that the numerical solutions in Roussel-

Dupre et al. [1994] were in fact incorrect since they included a numerical instability

that rendered them invalid. The resulting radiation emitted from relativistic elec-

trons was later modeled by Gurevich et al. [1997] and Gurevich and Milikh [1999].

The work by Symbalisty et al. [1998] was further investigated by the research work

of Lehtinen et al. [1999] and Babich et al. [2001]. Gurevich et al. [2001] continued

to expand the kinetic theory to inhomogeneous electric fields. Babich [2004] devel-

oped the collision operator of relativistic electrons by taking into account elastic

interactions, excitation of electron shells, and ionization. The seeding process for

runaway electrons was investigated by Babich et al. [2007a] and Carlson et al.

[2008] as a result of atmospheric cosmic rays.

While the foundation for the kinetic theory of runaway electrons has been de-

veloped, the equations describing the physics are quite complex. Therefore, the

main motivation for this research work has been to formulate simplified equations

from the basic principles of plasma physics. The starting point for this work was

spawned from the analytical equations presented in Dwyer and Babich [2011], in

which low-energy electron production was investigated. In this work, a simplified

equation describing the runaway electron energy spectrum was developed. In this

dissertation, the equation is derived for the runaway electron part of the energy

spectrum. The analytical solutions based upon the physics of runaway electron

avalanche production in air are found. This dissertation explores these results

both physically and mathematically, as well as comparing the solutions to well

known calculations from Monte Carlo simulations. The main goal of this work is

therefore to provide the atmospheric physics community a set of equations that
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accurately describes runaway electron physics, independent of a numerical code

that may require a large amount of computing time.

1.2 High-Energy Atmospheric Physics

Since the discovery of x-ray and gamma ray emissions from thunderstorms and

lightning, several different groups have worked both theoretically and experimen-

tally on the phenomena associated with them. Examples of these include (i) TGFs,

e.g. Fishman et al. [1994]; Smith et al. [2005]; Dwyer and Smith [2005]; Briggs

et al. [2010], and (ii) x-rays from lightning, e.g. Dwyer [2004]; Dwyer et al. [2012a];

Schaal et al. [2012]. Much of this research has been conducted via ground instru-

mentation, aircraft, and by balloon-borne measurements, e.g. Eack et al. [1996,

2000]; Smith et al. [2011]; Dwyer et al. [2012a]. These emissions have been studied

using classical electrodynamics, however, much literature has been written about

the interactions of energetic particles in our atmosphere. Specifically, the produc-

tion and acceleration of multi MeV electrons have been studied in great detail.

For example, it has been well established that runaway electrons are responsible

for the generation of intense atmospheric gamma ray discharges (TGFs). The

interactions of these gamma rays with air can produce low energy electrons and

ionization, which can greatly increase the conductivity inside thunderstorms. This

can have profound effects of the physics governing thunderstorms and lightning.

Therefore, the lightning field has been combined with particle physics to make the

classification of “High-Energy Atmospheric Physics” [Dwyer et al., 2012b]. This

field studies not only atmospheric electricity and lightning physics, but also has a

wide range of applications in cosmic-ray extensive air showers, discharge physics,

space physics, and plasma physics. Specifically, the main part of this research work

is geared to address the aspects of kinetic theory necessary to describe runaway

electron avalanche growth and development. The following sections will address a

literature review for the topics in this field relevant to this dissertation work.
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1.2.1 Relativistic Runaway Electron Avalanches (RREAs)

Wilson’s runaway electrons are produced when the applied electric field is greater

then the breakeven field, Eb =2.18×105 V/m × n, where n is the density of air with

respect to sea level. This field value corresponds to the rate that minimum ioniz-

ing electrons lose energy. This value is significantly less than the breakdown field

required to initiate a spark in air (3×106 V/m × n) [Uman, 2001]. In situ measure-

ments have found maximum electric fields near the breakeven field, suggesting that

the production of runaway electrons may be common inside thunderstorms [Rakov

and Uman, 2003; Marshall et al., 1995]. Figure 1.1 shows the rate at which elec-
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Figure 1.1: Effective drag force acting upon an electron as it moves through
air at standard temperature and pressure (STP). The solid curve is due to in-
elastic collisions with air molecules and the dashed curve includes the effects of
bremsstrahlung emission. The minimum electric field needed for electrons to run
away is given by Eb, while the critical electric field, Ec, is the value for which
all electrons run away [Heitler, 1954]. Runaway electrons occur when the kinetic
energies are greater than the threshold energy, ε > εth.
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trons lose energy due to ionization in air (effective frictional force). The plot also

shows the rate at which electrons gain energy from a constant electric field (solid

horizontal line). As can be seen in the figure, electrons with initial kinetic energies

larger than the threshold value, εth, may run away. These energetic seed particles

may be provided by an external source such as cosmic rays or nuclear decay. The

dashed curve in Figure 1.1 is the energy loss due to bremsstrahlung. The upper

bound value for which the effective frictional forces (including bremsstrahlung)

equal the electric force is defined as εmax. Notice that as the electric field is in-

creased, the kinetic energy required for the seed particle to run away, εth, rapidly

decreases (see section 2.3). When the electric field is increased above the energy

loss curve in Figure 1.1, all free electrons may run away. In particular, the thermal

electron population at low energies may run away. This value is the critical elec-

tric field, Ec, at which the so-called cold or thermal runaway process takes place.

This field has a magnitude of about ten times that of the conventional breakdown

field, Ec = 3×107 V/m × n [Moss et al., 2006]. In this process, the system does

not require any additional external seed particles.

The runaway electrons that were theorized from Wilson’s original work are all pro-

vided by external sources such as radioactive decays from cosmic rays. As Wilson

observed and recorded in one of his laboratory notebooks,

“The above arrangement of the falling cloud chamber would be espe-

cially suitable for looking for rays connected with atmospherics (light-

ning flashes) or generally for studying the direction of cosmic rays”

Williams [2010]. While an energetic electron may travel several hundred meters

in air, this process will not provide the large fluxes of runaway electrons needed to

produce the phenomena associated with thunderstorms and lightning, e.g. TGFs.

Alternatively, it may be possible for thermal runaway to be the source of the

energetic seeds, which may experience additional energy gain and avalanche mul-

tiply, as will be discussed below. Gurevich et al. [1992] showed that if electron-

electron scattering is included (Møller scattering), then runaway electrons undergo

avalanche multiplication sporadically for every seed electron that enters the electric

field region. Many additional runaway electrons will be created via this avalanche

multiplication process [Gurevich et al., 1992; Gurevich and Zybin, 2001]. This
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Figure 1.2: Schematic of a runaway electron avalanche. Initially, a cosmic
ray particle strikes an incident primary air molecule. The knocked out electrons
ionize other atoms, creating an avalanche of secondary particles.

mechanism is called Relativistic Runaway Electron Avalanche (RREA) multipli-

cation [Babich et al., 1998]. Wilson’s original idea did not encompass the mathe-

matics of electron avalanche properties, however, his field notebooks do speak of

a “snowball effect” due to the collective behavior of electrons [Williams, 2010].

Figure 1.2 shows a schematic illustration of an electron avalanche. A cosmic ray is

shown colliding with an air molecule or atom, where electrons are knocked out and

become free. If an electric field is present (E > Eth), then the free electrons may

run away and ionize air, producing more seeds. In order for this mechanism to

work inside a thunderstorm, the electric field must exceed the avalanche threshold

electric field, Eth = 2.84×105 V/m × n [Dwyer, 2003]. Notice that the avalanche

threshold electric field value is higher than the breakeven field shown in Figure
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1.1. If the runaway electrons had traveled along the field lines without scattering,

then the breakeven field and avalanche field value would have been closer in value.

However, the electron’s trajectory is altered due to elastic collisions via Coulomb

scattering.

1.2.2 Relativistic Feedback

As relativistic electrons move through air, they will create x-rays and gamma-rays

via bremsstrahlung (see section 2.6). The resulting photons will propagate and

either Compton back scatter or produce positrons via pair production. Dwyer

[2003] showed that if positrons and energetic photons are taken into account

in the electron avalanche, then runaway electrons will be produced from posi-

tive feedback effects. The feedback effect can happen in two ways, (i) directly

from bremsstrahlung photons or (ii) from positron propagation. If by chance a

bremsstrahlung photon backscatters to the start of the runaway electron avalanche

region, it can produce more runaway electrons via Compton scattering or pair pro-

duction [Dwyer, 2003]. For εγ > 10 MeV, pair production is the dominant process

for the photon, no matter the material [Lemoigne and Caner, 2008]. Photon inter-

actions with air will be described in more detail in section 4.2. The pair produced

electron can then create a secondary avalanche, as was shown in Babich et al.

[2007b]. In this study, the equations from Dwyer [2003] were used to show that

new avalanches are produced far from the primary electron avalanche. It was

determined that feedback plays a substantial role in avalanche development since

only 1% of electrons are contained outside the primary avalanche volume [Babich

et al., 2007b]. Therefore, the bremsstrahlung photons are the main source of

these secondary avalanches. The second method considered here is when a pair

produced positron turns around in the direction of the applied electric field and

propagates to the start of the avalanche region. The positron annihilation cross

section decreases with increasing positron energy, therefore making it less proba-

ble that a highly relativistic positron will disappear before reaching the start of

the avalanche region [Dwyer et al., 2012b]. In this case, the positron can create

additional runaway electrons via Bhahab scattering (e+e− → e−e+) [Berestetskii

et al., 1982]. The secondary avalanches that result from these two effects can in

turn produce more Compton scattered photons and positrons that create more
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avalanches. As a result, the number of runaway electrons grow exponentially with

time according to the equation by Dwyer [2003]

Nre = N0γ
t/τreexp (L/λe−) , (1.1)

where N0 is the initial number of runaway electron seeds, τre is the time scale for

avalanche development, L is the length of the electric field region, and λe− is the

electron avalanche length (see section 2.3). The feedback factor, γ is defined to be

the ratio of the number of secondary runaway electrons created by either gamma

ray or positron feedback, and the number of primary runaway electrons passing

through L/2 [Dwyer, 2007]. This factor is similar to the second Townsend dis-

charge coefficient, ϵi, which is the number of electrons released from the cathode

chamber per ionizing collision in a gas [Brown, 1966]. When γ = 1, the condition

is right for runaway electrons to become self sustaining. In other words, no ad-

ditional seed particles are required to serve as an external source [Babich et al.,

2005; Dwyer, 2008]. The timescale for this entire process to take place is measured

in microseconds [Dwyer, 2003; Babich et al., 2005]. Note that Equation (1.1) is

valid only for γ > 1 [Dwyer, 2007]. Figure 1.3 shows the relativistic feedback

mechanism described above. In this figure, a Monte Carlo simulation is shown.

As will be discussed below, Dwyer [2008] concluded that the relativistic feedback

mechanism can produce a sufficient flux of photons and very short time scales to

explain the source mechanisms of TGFs.

Finally, Figure 1.4 shows a comparison of all of the three methods for runaway

electron generation mentioned above. As shown, Wilson’s original idea is enhanced

by the inclusion of RREA mechanism. The RREA theory is then replaced with

positron and gamma-ray feedback, which enhances the flux of runaway electrons

significantly and allows the runaway discharge to become self sustaining. It is im-

portant to note that when γ ≪ 1, the relativistic feedback process simply becomes

the RREA mechanism. When γ is significantly small, the RREA process then re-

duces to Wilson’s runaway electron theory. Therefore, the relativistic feedback

method is the exceeding mechanism since the other two can be derived from it.

The work by Milikh and Roussel-Dupre [2010] looked at the feedback mechanism,

and incorrectly concluded that it had very little contribution with regards to the

total runaway electron production rate. However, the positron production rate
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Figure 1.3: The relativistic feedback mechanism as shown by a Monte Carlo
simulation. The light tracks are the runaway electrons, the dashed lines are the
x-rays and the dark track is a positron. Shown here are electron avalanches
under the influence of an electric field of 1000 kV/ m. The entire process starts
by injecting a single electron of 1 MeV at the top of the volume (x = 0, z = 300
m). The horizontal dotted lines show the boundaries of the applied electric field.
The avalanches on the left and right illustrate the x-ray feedback and positron
feedback mechanisms, respectively. Figure taken from Dwyer [2003].

should have been compared to the rate of seed particles, not the total number of

runaway electrons. This correction, documented by Dwyer and Rassoul [2011],

is shown by whether or not the number of gamma rays times the probability of

pair production is greater than 1. When the correct calculations are performed, it

can be shown that relativistic feedback does in fact have applications inside thun-

derstorms by placing limits on the maximum electric fields that can be achieved

[Dwyer, 2003, 2007, 2008; Babich et al., 2005]. Specifically, relativistic feedback

has applications to TGFs, as will be discussed later in chapter 4.
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Figure 1.4: Summary of the three different production methods for runaway
electrons. According to Wilson [1925], cosmic rays provide the external source
for runaway electron production. Gurevich et al. [1992] then added Møller scat-
tering, which produces a relativistic runaway electron avalanche (RREA). This
mechanism increases the flux of runaway electrons up to ×105 over Wilson’s the-
ory. When positron and x-ray transport and interactions are included with the
RREA mechanism, relativistic feedback is present [Dwyer, 2003]. When this oc-
curs, the increase in the number of runaway electrons is up to ×1013 over RREA.
Figure taken from Dwyer et al. [2012b].

1.2.3 X-rays from Lightning

Although it has been known for a long time that energetic radiation exists in

our atmosphere, no direct evidence of x-ray and gamma ray emission from light-

ning were recorded until the observations by Moore et al. [2001]. This study was

conducted at Langmuir Laboratory at New Mexico Institute of Mining and Tech-

nology using NaI scintillator detectors. As can be seen from Figure 1.5, large MeV

pulses of energetic radiation are observed approximately 1-2 ms before the start

of the lightning return stroke [Moore et al., 2001]. This intense radiation burst

occurred during the stepped leader phase of a negative natural cloud to ground

strike in the mountains of New Mexico.

Dwyer et al. [2003] repeated these observations with the use of rocket triggered

lightning. These experiments were performed in conjunction with Florida Insti-

tute of Technology and the University of Florida at the International Center for
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Lightning Research and Testing (ICLRT) in Camp Blanding, FL. It was shown

that rocket triggered lightning also produced the high energy emission seen from

natural lightning. The advantage of this was to record the x-rays and gamma rays

as a repeatable experiment in order to study the properties of the emissions more

carefully. It was later shown by Dwyer et al. [2004] that the x-rays are emitted in

burst associated with the dart leader phase and of the return strokes of negative

triggered lightning. Additionally, it was shown that these x-ray bursts last on the

order of 1 µs and have energies up to 250 keV [Dwyer et al., 2004]. It was also

shown that the x-rays bursts are associated with the stepped leader phase of nat-

ural cloud to ground lightning [Dwyer et al., 2005]. This was an important finding

since it demonstrates a link between the radiation emission and the propagation

of lightning. Observations from the TERA stations showed that x-ray emissions

from both triggered lightning and natural cloud-to-ground lightning are related to

the leader step formation, providing a bridge between the two different lightning

phenomena [Biagi et al., 2010]. As a result of the very high energy x-ray emis-

Figure 1.5: Data taken from a NaI detector depicting the change in the electric
field and the associated radiation emitted before the lightning return stroke.
Figure taken from Moore et al. [2001].

sion and the given temperature of the lightning return stroke of 30,000 K (Uman

[2001]), it was determined that thermal electron emission is not the mechanism for

which the high energy radiation is produced. Therefore, the only other mechanism

that could account for such strong radiation would be the production of runaway
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electrons. However, Dwyer [2004] showed that the measurements collected at the

ICLRT were not consistent with runaway electron avalanche theory. Specifically,

the photon fluence and energy spectra did not match RREA and thus it was de-

termined that thermal runaway proposed by Gurevich [1961] was the source of

these emissions. Much theoretical work has been conducted on thermal runaway

electron production, e.g. Moss et al. [2006]; Celestin and Pasko [2011]; Gurevich

et al. [2007]; Cooray et al. [2010].

Figure 1.6 shows an x-ray signal taken from a 3” NaI PMT at the ICLRT. There

are 24 detectors on the grounds of the ICLRT spread across the 1 km2 field. To-

gether, they form what is known as the TERA array [Saleh et al., 2009; Schaal

et al., 2012]. A pair of detectors are housed inside an aluminum casing that shields

the instrumentation from water, light leaks and RF noise. In order to calibrate

Figure 1.6: Top: Waveform from a 3” NaI PMT detector calibrated with a 662
keV gamma-ray from a Cs-137 radioactive source placed on top of the instrument.
Bottom: Waveform of a measured x-ray signal just before the return stroke (t =
0) of triggered lightning. The times and the energies of the detected x-rays are
depicted on the plot. The solid line is the instrumental response of the detector.
Figure taken from Dwyer et al. [2004].

the PMTs, a Cs-137 source is used. The half life of the Caesium isotope is 30.17

years, and decays by beta emission to barium-137m [Unterweger, 2002]. Ba-137

is responsible for the gamma ray emissions in samples of Cs-137 and has a main
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photon peak at 662 keV [Delacroix et al., 2002]. The properties of the NaI(TI)

scintillator can be found in Knoll [2010].

Saleh et al. [2009] and Schaal et al. [2012] conducted investigations of both the

spatial extent and geometry of the x-ray emission seen by the TERA instruments

at the ICLRT. Specifically, Saleh et al. [2009] studied the radial distribution of

the x-rays generated from the lightning channel, and used detailed Monte Carlo

simulations to infer properties of the energetic electrons at the source of the emis-

sion. The main results from the three lightning flashes studied in the paper showed

that the x-ray emission occurred during the dart leader phase of each stroke [Saleh

et al., 2009]. The radial extent of the x-ray emission reached up to a distance of

500 m from the lightning channel and up to 200 µs before the start of the return

stroke. It was also shown that the x-rays were emitted isotropically across the

ICLRT and that the electron luminosities of the leader channel decreases with

increasing height. This study was important in confirming the fact that runaway

electron avalanches could not be responsible for the x-ray emission since the char-

acteristic energy of the electrons were above an MeV [Saleh et al., 2009]. The work

by Schaal et al. [2012] extended this study and investigated the emission from one

rocket-triggered “chaotic” dart leader and two natural negative cloud-to-ground

stepped leaders. It was found that the electron luminosity increases exponentially

with return stroke current up to about 10 kA. The maximum electron luminosity

was also determined to be on the order of 1017 electrons/s [Schaal et al., 2012].

Recently, the first images were made of high time resolution x-ray emission from

lightning Dwyer et al. [2011]. These images were taken with pinhole type x-ray

camera located on the grounds of the ICLRT. The camera contains 30 NaI PMTs

arranged in a hexagonal geometry and thus contains 30 pixels. However, what the

camera lacks in resolution, it makes up for in speed since it records at 10 million

frames per second. This timing allows for very detailed x-ray images that show the

structure of the emission and how it relates to the lightning channel [Dwyer et al.,

2011; Schaal et al., 2014]. The energy spectrum of the x-rays from rocket triggered

lightning was also recently studied using a spectrometer containing 7 different NaI

PMTs with different shielding s of Pb [Arabshahi et al., 2012]. Further details

about the design, construction, and operation of these instruments are provided

in Dwyer et al. [2011], Schaal et al. [2014], and Arabshahi et al. [2012].
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1.2.4 Terrestrial Gamma-ray Flashes

One of the great mysteries in the atmospheric sciences is the source of terrestrial

gamma-ray flashes (TGFs). TGFs are short bursts of gamma-rays, observed by

satellites in low Earth orbit, that come from the atmosphere with energies extend-

ing up to several tens of MeV. As a result, these gamma-rays were first thought

to come from large scale electrical discharges in the upper atmosphere, called

sprites. Initially, observations made by the Burst and Transient Source Exper-

iment (BATSE) on the Compton Gamma-Ray Observatory (CGRO) concluded

that TGFs must originate at heights above 30 km in order to escape atmospheric

absorption and reach the orbiting detectors [Fishman et al., 1994]. Figure 1.7

shows one of the first observations of TGFs. The number of counts per 100 µs

measured by the Large Area Detectors (LAD) onboard BATSE are shown. These

detectors were intended to study gamma ray emission from distant galaxies, how-

ever, Figure 1.7 was the first concrete evidence that high energy radiation is being

emitted from Earth’s atmosphere at very short time durations. Since their discov-

ery by BATSE, other space based instruments have observed this phenomenon,

including the Reuven Ramaty High Energy Solar Spectroscopic Imager (RHESSI)

[Smith et al., 2005], the Astrorivelatore Gamma a Immagini Leggero (AGILE)

[Tavani et al., 2011], and the Gamma-ray Burst Monitor (GBM) on the Fermi

Gamma-ray Space Telescope [Briggs et al., 2010, 2013; Connaughton et al., 2010].

In this dissertation, we will primarily focus on the data obtained by the latter

instrument (see chapter 4).

In 2005, Dwyer and Smith compared the Monte Carlo simulations for terrestrial

gamma-ray flashes to data collected from the Reuven Ramaty High-Energy Solar

Spectroscopic Imager (RHESSI). RHESSI has nine coaxial germanium detectors

that cover an energy range from 3 keV to 17 MeV with very high power resolution

[Smith et al., 2005]. It was shown that the RHESSI spectrum was not consistent

with a source altitude above 24 km, but can be best fitted to a source altitude

of 15-21 km [Dwyer and Smith, 2005]. Since 15-21 km is less than the typical

minimum sprite altitude, it was concluded from the RHESSI data that thunder-

clouds may be the source of TGFs in the atmosphere. Figure 1.8 illustrates the

TGF counts spectrum as measured by RHESSI and the x-ray emission spectra,

corrected for the instrumental response. The spectra was calculated by a Monte
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Figure 1.7: Time profile of a terrestrial gamma-ray flash (TGF) observed by
BATSE. Figure taken from Fishman et al. [1994].

Carlo simulation of runaway breakdown for E/n= 400 kV/m at four atmospheric

depths. As one can see from the figure, the runaway breakdown spectra for a

source altitude of 21 km (50 g/cm2), results in a spectrum that closely correlates

to the RHESSI data. One of the most complex problems in dealing with the spec-

tral analysis of TGFs is dead-time and pulse-pileup. Dead-time is defined as the

time after each event during which the system is not able to record another event.

A simple example is what happens when a flash is used to take a photo. Since the

flash needs a few seconds to recharge, it is not possible to take another picture

immediately. Pulse-pileup occurs when detections occur faster than the detector’s

shaping and recovery time. A reanalysis of BATSE TGFs showed that the in-

strument suffered significant dead-time due to the high count rates of the TGFs,

and therefore these TGFs were actually much brighter than previously thought

[Grefenstette et al., 2008]. For example, a typical BATSE TGF spectrum will

soften with time due to Compton scattering in the atmosphere and instrumental

dead-time artificially lengthening the duration of the measured TGF. This instru-

mental effect also resulted in incorrect source heights as reported by Gjesteland

et al. [2010]. With the Fermi Gamma-ray Burst Monitor (GBM), Fishman et al.

[2011] was able to calculate the width of TGFs with a range from 50 µs to 700
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Figure 1.8: RHESSI TGF spectrum and model fits. Figure taken from Dwyer
and Smith [2005].

µs. This time duration is significantly shorter than those reported by the BATSE

experiment, presumably due to the dead time effects.

When this phenomenon was first observed, many competing models on TGF pro-

duction were formed, including models with large charge transfers associated with

+CG lightning and sprites and large electric fields that exist following a lightning

discharge [Lehtinen et al., 1999]. An alternate theory is that an electromagnetic

pulse generates TGFs and that perhaps other types of lightning can accelerate elec-

trons, provided that there is a strong enough field [Pasko et al., 1997]. However,

recent developments have pointed to two widely believed and competing models.

The first model suggests that a self-sustaining discharge is produced by the rela-

tivistic feedback from the RREA production inside thunderclouds [Dwyer, 2012].

The theory for this model is based on the production of high energy positrons

that produce back scattering x-rays. The second type of model is based on light-

ning leaders and the very high electric fields associated with the leader tips, e.g.

Gurevich [1961]. In principle, this model predicts that TGFs consist of just one

avalanche pulse with an injection of a very large number of runaway electrons, and

are very short, on the order of 30 ns [Celestin et al., 2012]. The relativistic feed-

back mechanism has been shown to produce the observed fluences, time-intensity



Chapter 1. Introduction 17

profiles, pulse structures and angular distributions of the emitted gamma-rays.

Cummer et al. [2005] made very low frequency (VLF) radio measurements of

30 kHz or lower for 26 RHESSI TGFs. He concluded that 13 of the TGFs oc-

curred within several milliseconds of detectable positive polarity lightning pro-

cesses. These processes involve positive charge transfer downward or negative

charge transfer upward. Cummer also concluded that these charge moment changes

were on the order of 50-500 times smaller than what is necessary to drive the

RREA process at higher altitudes. In effect, Cummer et al. [2005] showed that

the early stages of positive intra-cloud discharges (IC) are responsible for TGFs

and helped confirm the theory that TGFs originate inside thunderstorms. Using

TGFs measured by RHESSI, Inan et al. [1996] showed that most events are as-

sociated in time, up to several milliseconds, with individual radio atmospherics

(“sferics”). One observation revealed that a very strong VLF emission occurred

1.5 ms of the terrestrial gamma-ray flash. This observation was interpreted as a

cloud to ground (CG) discharge that was associated with the TGF. Many more

measurements made by Cohen et al. [2010] showed that the radio emissions were

geolocated with the location of the TGF. As a result of these findings, it was

natural to conclude that there was a close relationship between the lightning dis-

charge and these high energy TGF events. These results helped constrain the

source mechanism to ones that had a relationship between the runaway electron

production and the lightning leader propagation.

A new development occurred when Cummer et al. [2011] showed that a much

slower process (≈ 100-200 µs duration) than that of the lightning leader stepping,

was associated with the TGF gamma-ray profile as measured by the Fermi space-

craft. The radio source and gamma-ray signal lined up to about 10 µs, therefore

suggesting the radio signature came from the TGF itself. This new finding about

the nature of terrestrial gamma-ray flashes led Dwyer to produce a new model

based on the effects of positron production and relativistic feedback [Dwyer, 2007].

The Relativistic Feedback Discharge Model (RFD) considers the charge motion

of the drifting low energy electrons and ions. The model also shows that if rela-

tivistic feedback is considered, that bright gamma-ray flashes are a consequence of

upward moving positive intra-cloud discharges [Dwyer, 2007]. Using this model,

Dwyer also found that the current pulses associated with TGFs produce signifi-

cant radio signals in the VLF and LF bands. The initial results of the RFD model
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indicated that although IC lightning leaders may be present during the time of a

TGF, the radio sferics associated with the TGFs were not being measured from

the normal lightning process. Instead, the “lightning” sferics were associated with

the runaway electrons and associated currents produced by low-energy electrons

and ions. The TGF time intensity profiles and currents can also be explained

using the relativistic discharge model.

Since the main mechanism in producing light by RFDs is the fluorescence from

runaway electrons and the excitation of neutral molecules, TGFs associated with

RFDs can be thought of as “dark lightning” [Dwyer et al., 2013]. The runaway

electrons that produce the discharges are not part of the hot channel of “normal”

lightning. In fact, [Dwyer et al., 2013] showed that the properties of these dark

lightning discharges inside thunderstorms emit relatively little optical light (in the

purplish region of the visible spectrum). Dwyer et al. [2013] also calculated that

the total optical energy radiated is approximately 40 J, which is many orders less

than that of normal lightning. The dark lightning discharge, which is now known

to originate inside thunderstorms, may present radiation hazards to individuals

inside an aircraft. Calculations show that if an aircraft flew through the high-field

region of a thunderstorm, and a TGF occurred, passengers and crew would receive

a significant radiation dose on the order of 0.1 Sv [Dwyer et al., 2010]. In order

to receive this significant dose, the plane would also have to be flying where the

runaway electron flux is the largest. However, since TGFs are very short in dura-

tion (a fraction of a second), the airplane has to be in the wrong place at exactly

the wrong time. Since TGFs are a health hazard, it is important to continue to

research and model the effects of the high energy radiation that is emitted.

1.3 Monte Carlo Simulations

Monte Carlo simulations are useful in modeling the properties of electron avalanches

in air. The first code to accurately calculate the avalanche rates and the runaway

electron energy spectrum was Lehtinen et al. [1999]. This Monte Carlo code cal-

culated the propagation of electrons in electric and magnetic fields and also took

into account energy losses from ionization and atomic excitation. Møller scatter-

ing and angular diffusion was also taken into account; however, the code did not
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use the bremsstrahlung production of gamma rays as a source of energy loss.

The ELIZA code, which is a universal Monte Carlo designed to simulate the physics

of the combined transport of electrons, positrons, and photons through gaseous

and solid media, contained Compton scattering, Rayleigh scattering, photo ab-

sorption and pair production [Babich et al., 2001, 2004b, 2005]. Unlike Lehtinen

et al. [1999], the ELIZA code includes bremsstrahlung interactions for relativistic

electrons and positrons. Babich et al. [2001] compared avalanche rates previ-

ously calculated by Monte Carlo and kinetic models, e.g. Symbalisty et al. [1998];

Babich et al. [1998], to those obtained using the ELIZA code. Babich et al. [2001]

attributed the differences obtained in avalanche rates to the fact that the ELIZA

code takes into account energy fluctuations due to the production of secondary

electrons with energies between 10 eV - 1 keV.

Other numerical and MC codes were developed, e.g. Roussel-Dupre et al. [2008],

in order to solve the Fokker Planck form of the Boltzmann equation. These meth-

ods employed finite volume, finite difference, and and finite time domain numerical

algorithms. Celestin and Pasko [2010] developed their own Monte Carlo simula-

tion for relativistic runaway electron avalanches using the binary-encounter-Bethe

(RBEB) electron impact model. In this model, the RBEB differential cross-

section yields different results then the Møller scattering cross-sections used in

other works, e.g. Dwyer [2007]; Babich et al. [2004b]; Lehtinen et al. [1999]. How-

ever, this code followed the work of Lehtinen et al. [1999], and did not include

energy losses due to bremsstrahlung emission.

Dwyer et al. [2003] developed the runaway electron avalanche model (REAM),

which is a Monte Carlo code that includes all the major relevant physics for the

interaction and propagation of photons and energetic electrons in air [Dwyer,

2003, 2007]. The simulation uses a Runge-Kutta method to solve the relativis-

tic equations of motion for the electrons and positrons as they move through an

external electric and magnetic field. For this study, however, the effects of the

geomagnetic field in the thundercloud region are assumed to be small, and so can

be safely ignored. The particle interactions in the simulation include ionization,

atomic excitation, and Møller scattering. Elastic scattering is fully modeled using

a shielded Coulomb potential, and the code includes bremsstrahlung production of

x-rays and gamma rays. Photoelectric absorption, Compton scattering, and pair

production are also fully modeled. Bremsstrahlung production from all secondary
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seed particles and positron annihilated photons are also included. In the Monte

Carlo simulation, runaway electrons are assumed to be injected into a volume of

air with an exponential energy distribution of the form exp(-ε/7.3MeV), as esti-

mated by [Dwyer and Babich, 2011]. The electrons are allowed to propagate under

the influence of a constant electric field of various strengths.
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Figure 1.9: Cross section of the relativistic runaway electron avalanche model
(REAM) for an electric field strength of 400 kV/m. The resulting electron beam
is shown with three different energy ranges. As the energy of the electrons
increases, the beam gets more concentrated towards the center. The snapshots
were taken at two different vertical spatial points, (a) 2.5 λe− (b) 5 λe− .
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The electrons then travel to a distance of about 5λe− (see Equation (2.8)) where

they are collected at the end of the electric field region. Once collected, the run-

away electron’s energy, speed, and positions can all be analyzed. A visual cross

section of the Monte Carlo used in this study is shown in Figure 1.9. Shown is

a top view of the electron particle beam for two different spatial locations with

respect to the z axis. Figure 1.9(a) represents the midpoint of the Monte Carlo

and 1.9(b) represents its completion. As one can see, as the beam moves vertically

upward, it widens spatially and becomes more concentrated towards the center of

the beam. Three different energy levels which were plotted for the figures (1, 10,

and 20 MeV), grow as you approach the center of the beam.

In this dissertation, we use the REAM code for comparison with the derived kine-

matic equations describing the runaway electron energy spectrum. The REAM

code is written in the environment of the Interactive Data Language (IDL) and

consists of approximately twelve subroutines with hundreds of lines of code. The

original development was made by Dwyer [2003, 2004, 2007] to study x-ray emis-

sion from lightning. Later on, the code was used to model TGFs observed from

satellite measurements [Dwyer and Smith, 2005; Hazelton et al., 2009; Dwyer,

2012; Connaughton et al., 2013]. REAM has also been used as a tool to mea-

sure the instrumental response of the TERA detectors at the ICLRT [Saleh et al.,

2009; Schaal et al., 2012, 2014]. Recently, REAM has been modified to include

direct positron production from relativistic runaway electrons [Vodopiyanov et al.,

2015]. Calculations produced by the Monte Carlo simulation have also bee con-

firmed from other independent codes. Most recently, relativistic runaway electron

avalanche development has been simulated with GEANT 4, which is a toolkit for

the passage of particles through matter and has been used by CERN in the study

of high energy physics [Skeltved et al., 2014]. Finally, Figure 1.10 presents a snap-

shot of REAM as it was being run for a uniform electric field of magnitude 350

kV/m.
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Figure 1.10: Left: Two dimensional view of a runaway electron avalanche. Seed
runaway electrons are injected at the bottom of the volume (x = 0, z = 0) and
allowed to propagate under the influence of a uniform electric field oriented in
the -z direction. These electrons then create an avalanche of runaway electrons,
as demonstrated in the figure. Right: The parallel vs perpendicular momentum
for runaway electrons. The electrons momentum tends to follow the direction of
the electric field, however, collisions with air atoms do produce a small diffusion
towards the perpendicular direction.
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1.4 Scientific Contributions

The first analytical work of the avalanche process was made by Gurevich et al.

[1992]. Subsequently, other work was done on the analytical description of runaway

electron avalanches [Roussel-Dupre et al., 1994; Symbalisty et al., 1998; Babich

et al., 1998; Dwyer, 2003; Dwyer and Babich, 2011]. However, as pointed out

above, many of these descriptions are complex and do not provide a comprehensive

understanding of the physics involved in the generation of the electron avalanches

inside the high field regions of thunderclouds. The results of Cramer et al. [2014]

are presented in this dissertation. All analytical calculations are then compared

to the relativistic runaway electron model (REAM).

The specific contributions of this work to High Energy Atmospheric Physics are:

1. Production of simple analytical relationships between avalanche variables

such as avalanche length, the Møller scattering efficiency factor, and the

minimum and maximum runaway electron energy for a given field value

(Chapter 2 & 3).

2. The formulation of a kinetic model of runaway electron avalanches in the

high electric field regions of thunderclouds (Chapter 3).

3. Analytical solutions to the kinetic equation describing runaway electron en-

ergy spectra (Chapter 3).

4. Formulation of the Sturm-Liouville problem for the Fokker Planck equa-

tion, including the diffusion term, for future investigations in developing an

analytical solution (Appendix C).

5. Model photon source properties of TGFs such as energy spectra and angular

distributions (Chapter 4).

6. Model the characteristics of the Compton scattered TGF photons observed

by GBM (Chapter 4).

7. The addition of the direct positron code to the Runaway Electron Avalanche

Model (REAM) and calculation of corrected feedback rates (contribution to

Vodopiyanov et al. [2015]).



Chapter 2

Electron Interactions in Air

This chapter describes the interactions an electron encounters as it moves through

a uniform electric field. The motivation here is to use these processes in the

kinetic equation describing the energy spectrum of runaway electrons (see chapter

3). These interactions are also integrated in the REAM Monte Carlo code which

is used to generate runaway electron avalanches. These processes are relevant

in the production of terrestrial gamma-ray flashes since they are composed of

bremsstrahlung photons. The cross sections and formulas used in this chapter,

with some approximations, will later be used in our analytical model.

2.1 Motion in a Uniform Electric Field

In order to set up our problem, lets look at the motion of an electron under the

influence of a uniform electric field.

24
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Figure 2.1: Illustration of an electron in a uniform electric field. The domain
for which the relativistic avalanche is allowed to develop in this dissertation is
analogous to a parallel plate capacitor. L is the length of the electric field region
which depends on avalanche parameters. For our purposes, the electric field is
allowed to vary as long as the total potential difference stays constant.

Figure 2.1 shows a schematic of the physical domain being studied here. For

our purposes, the electron will travel in a uniform electric field and allowed to

accelerate to a distance L. This distance represents the bounds of the electric field

and is a function of avalanche parameters (explained below). More complex fields

have been studied (e.g. Gurevich et al. [2001]), however for the purposes of the

equations derived in this dissertation work, we stick to the most simplistic case.
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Recall the equation of motion of a relativistic electron in a uniform electric field,

dp

dt
= eE, (2.1)

where p = γmv [Jackson, 1998]. If the motion is in one dimension, as shown in

Figure 2.1, then the solution to Equation (2.1) is

vx(t) =
(eE/m)t√

1 + (eEt/mc)2
, (2.2)

where we have assumed vx0 = 0 and we use the fact that γ = 1/
√

1− (vx/c)2.

Integrating once more, we finally obtain the electron trajectory,

x(t) =
mc2

eE

[√
1 + (eEt/mc)2 − 1

]
. (2.3)

Since relativity must be taken into account, the electron undergoes hyperbolic

motion, rather than a parabolic path seen in classical electrodynamics [Griffiths

and College, 1999].

2.2 Brownian Motion

The random and statistical behavior of relativistic energetic electrons studied in

this dissertation can be described by Albert Einstein’s theory of Brownian Motion

[Einstein, 1905]. This theory is based on the fact that particles will undergo

random movement due to the collisions with quick atoms in the surrounding gas

or liquid. Einstein’s theory consists of the development of a diffusion equation to

describe the motion of Brownian particles. In this formulation, Einstein realized

one important fact,

“We see that from this formulation, that the path described by a molecule

on an average is not proportional to time, but proportional to the square

root of the time”
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[Einstein, 1905]. In terms of mathematics, we can write this as

⟨(∆x)2⟩ = 2Dt, (2.4)

where the left hand side of the equation is the variance in the displacement, and D

is the diffusion coefficient. The second part of Einstein’s theory was to determine

the diffusion coefficient in terms of physically measured quantities. In this work,

he considered an osmotic pressure experiment, however, the same arguments hold

for any system undergoing diffusion. Classically, Einstein was able to obtain a

relation between macroscopic diffusion and the atomic properties of matter

D =
RT

NA6πηa
=
kBT

6πηa
, (2.5)

where R is the gas constant, NA = 6.06×1023 mol−1 is Avagadro’s number, T is

the temperature, η is the viscosity of the liquid, a is the radius of the Brownian

particle, and kB is the Boltzmann constant [Coffey et al., 1996]. Equation (2.5) is

called the Einstein relation of kinetic theory [Chen, 1974].

The theory of Einstein [1905] can be used in understanding runaway electron

motion. Since runaway electrons will undergo both elastic and inelastic collisions

with air, we can write a stochastic force term on the right hand side of Equation

(2.1) as
dp

dt
= eE + Λ(t) (2.6)

[Lehtinen et al., 1999]. The force term, Λ(t) includes both the dynamic frictional

force (section 3.3) and the angular diffusion due to the momentum change of the

particles [Lehtinen et al., 1999]. This expression for electron motion is a Langevin

equation, which is a type of stochastic differential equation. In chapter 3 we use

this theory to develop a Fokker Planck equation describing the time evolution of

the runaway electron energy spectrum. Recall that the Fokker Planck equation is

a deterministic equation for a time dependent probability density function with a

stochastic (random) variable. For the purposes of this dissertation, the random

variable in consideration will be the electron kinetic energy since the stochastic

interactions that the electron will experience along its path of travel will either

accelerate or decelerate the particle. In terms of mathematics, Brownian motion

can be described by the Wiener process, e.g. Ricciardi [1976]; Engelbert and
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Schmidt [1981]. In physics, the Brownian motion of a particle can be modeled

with a random walk (see section 3.2.4).

Previous work studied the forcing term, or the Boltzmann collision integral for

electron-air interactions, e.g. Roussel-Dupre et al. [1994]. Numerical solutions

to the kinetic equation were obtained using methods from computational fluid

mechanics such as the finite volume method [Symbalisty et al., 1998]. Babich et al.

[2001] employed both the finite volume and finite difference techniques to compare

Monte Carlo results of relativistic runaway electron avalanches with the numerical

kinematic solutions. Bulanov et al. [1997] also studied the electron distribution

function (EDF) and compared their numerical solution to an asymptotic analytical

solution. In this work, however, we look to compare Monte Carlo simulations with

analytical kinetic equations derived from basic plasma physics. This work also

takes into account the energy loss of electrons from bremsstrahlung radiation. In

chapter 3, it is shown that the shape of the energy spectrum is determined when

this stochastic term is taken into account.

2.3 Avalanche Length, λe−

As discussed in chapter 1, as an electron accelerates in an electric field, it will

produce an avalanche of secondary runaway electrons [Gurevich et al., 1992]. The

electron avalanche length, which is a function of electric field, is a measure of how

far an electron must travel before it produces a 1-e increase in the number of

secondary electrons. The number of runaway electrons exponentially increases as

the avalanche develops and can be calculated by the equation

Nre = N0exp(z/λe−) (2.7)

[Dwyer, 2007; Dwyer and Babich, 2011; Cramer et al., 2014]. Notice that we do

not consider any relativistic feedback effects here, as we did in Equation (1.1),

and so only the runaway electron avalanche mechanism is studied. We assume in

Equation (2.7) that the runaway electron avalanche propagates in the +z direction,

so that the electric field is directed in the -z direction.
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Figure 2.2: Field dependence on the avalanche length. The diamonds represent
the output from the relativistic runaway electron avalanche model (REAM) and
the solid curve is the empirical fit to the simulation (Equation (2.8)).

Physically, as the electric field increases, more low energy electrons are accelerated,

causing the electron avalanche length, λe− , to decrease (see Figure 2.2). A signifi-

cant amount of work has been done on the study of avalanche rates, e.g. Gurevich

et al. [1992]; Lehtinen et al. [1999]; Babich et al. [2004b, 2005]. However, it has

been shown that the avalanche length follows a simple empirical formula given by

Coleman and Dwyer [2006]:

λe− =
7300 kV

E − Ed
, (2.8)

where Ed is the electric field value (276 kV/m) creating the force, Fd = eEd, which

balances the drag force. It should be noted that Equation (2.8) is valid in the range

of electric field strengths 300 ≤ E ≤3,000 kV/m [Coleman and Dwyer, 2006].

The avalanche length can be related to the avalanche time, τre, by using the

relation λe− = τrevre. The avalanche speed is approximately constant with a
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value of 0.89c [Coleman and Dwyer, 2006]. Using the runaway electron avalanche

model (REAM), the empirical formula of Equation (2.8) was validated [Cramer

et al., 2014]. Figure 2.2 shows this comparison, in which one can see the decrease

in the avalanche length with increased electric field strength. In order to calculate

the avalanche length from the Monte Carlo simulation, the natural log of Equation

(2.8) was taken so that

ln(Nre) = ln(N0) + (1/λe−) ∗ z, (2.9)

which is an equation of a line. From the Monte Carlo data, the number of runaway

electrons at a specific point z can be determined. The seed electrons N0 are the

initial runaway electrons that are injected into the volume. Therefore, a best fit

line can be used to determine the avalanche length, λe− .

In a review paper by Dwyer et al. [2012b], the electron avalanche was compared

between four different codes. Figure 2.2 is taken from the model of Coleman and

Dwyer [2006]; Dwyer [2003, 2007]; Dwyer and Babich [2011]; Cramer et al. [2014],

etc. This model was compared to codes from Lehtinen et al. [1999]; Inan and

Lehtinen [2005]; Babich et al. [2004b]; Roussel-Dupre et al. [2008]; Milikh and

Roussel-Dupre [2010]; Celestin and Pasko [2011, 2010], and the results were all in

agreement over a wide range of electric field strengths. In this dissertation, we use

the expression in Equation (2.8) since it will later on help illustrate a connection

between the avalanche length and the runaway electron energy spectrum (chapter

3).

2.4 Bethe Formula for Ionization Energy Loss

Energy losses through ionization are fully modeled using the Bethe equation [Bethe

and Ashkin, 1953]:

Fb(ε
′) =

2πNairZr
2
emc

2

β′2

[
ln

(
m2c4(γ′2 − 1)(γ′ − 1)

I2

)

−
(
1 +

2

γ′
− 1

γ′2

)
ln(2) +

1

γ′2
+

(γ′ − 1)2

8γ′2
− δ(γ′)

]
. (2.10)
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In this equation, γ′ is the Lorentz factor of the runaway electron, β′ is the velocity

of the electron divided by the speed of light, I is the effective ionization potential

(85.7 eV for air); N air is the number density of the gas atoms in air (5.39×1025

m−3 at sea level); Z is the average atomic number of the gas atoms (7.26 for air);

re = 2.82×10−15 m is the classical electron radius; mc2 = 511 keV is the rest

energy of an electron; and δ(γ’) is the correction due to the density effect. For the

Earth’s atmosphere, this correction is very small below 30 MeV and only increases

slightly above that energy.

The solid curve in Figure 1.1 shows Equation (2.10), which creates a drag force

on the electron [Dwyer, 2007]. It should be noted that Equation (2.10) is often

replaced with the average energy loss rate on minimum ionizing electrons along the

avalanche direction, Fd = 276 keV/m. This equation is also called the dynamic

friction function or the stopping power and is directed opposite to the velocity

vector of the electron [Lehtinen et al., 1999]. In order to use Equation (2.10) in

our kinetic model, we write the constant as

kbb =
2πNairZr

2
emc

2

β′2
(2.11)

Dwyer [2007]; Dwyer and Babich [2011]; Cramer et al. [2014]. In writing the

energy loss due to ionization in this dissertation, we will use this expression as the

“Bethe constant”.

2.4.1 Minimum Runaway Electron Energy, εth

Consider the minimum energy value for relativistic electrons to run away, εth.

This value depends on the applied ambient electric field and is shown in Figure

1.1 as the minimum value for which the drag force equals the applied electric force.

This value can be solved numerically by setting eE = Fb(ε), where Fb(ε) is the

Bethe force discussed in Equation (2.10) above. Figure 2.3 shows the dependence

of εth on the electric field. As the electric field strength is increased, the value

for the runaway electron energy is decreased, making it possible for more low

energy or thermal electrons to enter the runaway population. This parameter

is important since it will later become the minimum bound in the differential

equation describing the runaway electron energy spectrum (chapter 3).
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Figure 2.3: The minimum energy needed for electrons to run away as a function
of electric field strength. This value is determined by equating the Bethe drag
force, Fb(ε), to the applied electric force, eE. The vertical dashed line represents
the avalanche threshold electric field value, Eth = 2.84 × 105 V/m.

2.5 Møller Scattering

2.5.1 Differential Cross Section

Production of secondary electrons is computed using the Møller differential cross

section [Berestetskii et al., 1982]:

dσMøller

dε
=

2πr2emc
2

β′2

[
(γ′ − 1)2m2c4

ε2(mc2(γ′ − 1)− ε)2
−

(2γ′2 + 2γ′ − 1)

ε(mc2(γ′ − 1)− ε)γ′2
+

1

m2c4γ′2

]
, (2.12)
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where ε is the kinetic energy of the scattered secondary electrons, γ′ is the Lorentz

factor of the primary runaway electron, and β′ is the ratio of the primary runaway

electron speed to the speed of light. Møller scattering describes electron-electron

scattering in quantum field theory and has a Feynman diagram given by Figure

2.4. In classical physics this process is Coulomb repulsion, however in quantum

electrodynamics, the process is mediated by the exchange of a photon [Griffiths,

2008].

Figure 2.4: First order t-channel Feynman diagram of Møller scattering. This
process involves electron-electron elastic scattering [Griffiths, 2008].

It should be noted that when calculating the total effective drag force, the quantity

FMøller = NairZ

∫ mc2(γ′−1)/2

εth

ε
dσMøller

dε
dε, (2.13)

should be subtracted from Equation (2.10). In this equation, ε is the kinetic en-

ergy of the scattered secondary electrons, γ′ is the Lorentz factor of the primary

runaway electron, and β′ is the ratio of the primary runaway electron speed to the

speed of light.
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2.5.2 Efficiency Factor, ξeff

It should be noted that the results of this subsection are from the peer-reviewed

publication Cramer et al. [2014]. Here we analytically calculate the percentage of

“knock on” secondaries that become runaway electrons. This is termed the Møller

efficiency factor, ξeff and gets multiplied by the source function on the right hand

side of the kinetic equation. As was shown in Dwyer and Babich [2011], the

number of runaway electrons in the avalanche region can be calculated from the

energy distribution function in the following way,

Nre =

∫ ∞

εth

fre(ε, ξeff )dε (2.14)

It will be shown in section 3.2.2 that we can solve a closed form analytical solu-

tion for fre. Therefore, rearranging Equation 3.47, using the Bethe constant, and

observing the fact that Ftotal = e(E-Ed), we obtain

ξeff

{
Ftotalλe−

εth
− exp (εth/Ftotalλe−)∫ ∞

εth

1

ε
exp (−ε/Ftotalλe−) dε

}
=
Ftotal

kbb
(2.15)

The second expression on the left hand side is in the form of a special function,

namely the upper incomplete gamma function [Bender and Orszag, 1978]:

Γ(a, x) =

∫ ∞

x
ta−1exp(−t) dt (2.16)

By inspection of Equation (2.15), we see that a = 0, allowing Equation (2.16) to

become the exponential integral function defined as

Ei(x) = Γ(0, x) =

∫ ∞

x

exp(−t)
t

dt (2.17)

[Kreyszig, 2007]. Equation (2.17) is used frequently in astrophysical problems in-

volving gas with a Maxwell-Boltzmann energy distribution. This equation also

appears in time-dependent heat transfer and radiative transfer in stellar atmo-

spheres. If we now make a substitution such that u = (ε/λe−) Ftotal, Equation
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(2.15) becomes

ξeff

{
Ftotalλe−

εth
− exp(x)Ei(x)

}
=
Ftotal

kbb
(2.18)

where x = (εth/λe−)Ftotal. Using the properties of the Digamma function, integrat-

ing the Taylor series of exp(-u)/u, and withdrawing the logarithmic singularity,

we obtain a rapidly converging series

Ei(x) ∼ −γ − ln(x)−
∞∑
n=1

(−1)nxn

n · n!
(2.19)

[Arfken and Weber, 2001]. In this equation, γ is the Euler-Mascheroni constant

and is defined to be the difference between the harmonic series and the natural

logarithm. The “∼” symbolizes that this is an asymptotic approximation to the

integral equation. The numerical value of this constant has been tabulated to be

approximately 0.577. Plugging this back into Equation (2.18), we finally obtain

ξeff

{
Ftotalλe−

εth
− exp (εth/Ftotalλe−)

[−γ − ln (εth/Ftotalλe−)−
∞∑
n=1

(−1)n (εth/Ftotalλe−)
n

n · n!

]}
=
Ftotal

kbb
(2.20)

Equation (2.20) looks rather complex; however, we can make an approximation

since the second, third, and fourth terms are small compared with the leading

Ftotalλe−/εth term. By safely ignoring the Ei(x) term, a simple expression for the

Møller efficiency factor can be found:

ξeff (E) ≈ εth
kbbλe−

(2.21)

Note, the efficiency factor is constant for a given choice of electric field, since

the threshold value decreases with increasing field strength. To prove that this

assumption is valid, we note that

exp(x)Ei(x) = exp(x)

∫ ∞

x

exp(−u)
u

du

∼ sn(x) =
1

x
− 1!

x2
+

2!

x3
− 3!

x4
+ ... =

∞∑
n=0

(−1)n
n!

xn+1
(2.22)
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Figure 2.5: The effective Møller efficiency factor as a function of electric field.
Both Equations (2.21) and (2.23) are plotted and compared. The full asymptotic
solution behaves as a very small correction to Equation (2.21). Subsequently, we
can use the simpler and more elegant formula, εth/kbbλe− , for measuring the
efficiency. As expected, as the electric field strength is increased, more runaway
electrons are allowed to enter the system, and thus Møller scattering contributes
more to the overall spectrum.

Therefore, the solution is an asymptotic series that is not convergent for any non-

zero value of x. However, since x = εth/7.3 MeV is sufficiently small, the series can

be truncated to a finite number of terms, allowing a good approximation to the

value of Ei(x). Plugging this expression in (2.18), rearranging and substituting for

x = εth/7.3 MeV, we get the asymptotic solution

ξeff (E) ∼ Ftotal

kbb

{
Ftotalλe−

εth
−
∑∞

n=0(−1)n n!
(εth/7.3MeV )n+1

} (2.23)
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Figure 2.5 shows the result of both the approximation in Equation (2.21) and the

full asymptotic expansion in Equation (2.23). The figure demonstrates that both

solutions are about equal, and thus we can use the simple and elegant formula for

the Møller efficiency factor. Please note that even though Equation (2.21) does

not explicitly depend on the electric field, the ratio of εth/λe− implicitly depends

on the applied field and the constant kbb varies with atmospheric composition.

2.6 Electron-Nuclear Bremsstrahlung

From classical electrodynamics, when a particle is accelerated, it will emit radia-

tion in the form of an electromagnetic wave. In quantum mechanics, every time an

electron is accelerated, there is a probability that a photon will be emitted. The

word “bremsstrahlung” is German and translates to “braking radiation”. This

process occurs when an electron is deflected by an atomic nucleus. Many formu-

las exist for the bremsstrahlung differential cross section, e.g. Bethe and Heitler

[1934]; Jackson [1998]; Haug and Nakel [2004]. Complete bremsstrahlung cross

sections and angular distributions can be found in Koch and Motz [1959]; Köhn

and Ebert [2014].

2.6.1 Triply Differential Cross Section

To derive the bremsstrahlung cross section, we start with the relativistic wave

equation (Dirac equation) given by

i~
∂Ψ

∂t
= i~Ψ̇ = HΨ = {α⃗ · (p− eA)c+ βmc2 + eφ}Ψ = 0, (2.24)

where p = -i~∇ is the momentum operator in quantum mechanics, H is the Hamil-

tonian, φ is the scalar potential, A is the vector potential, and α, β are represented

by the 2×2 Pauli spin matrices [Haug and Nakel, 2004; Heitler, 1954; Jauch and

Rohrlich, 1976]. Using the Dirac equation, which describes the interactions be-

tween electrons and the electromagnetic field, we can write the triply differential
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cross section as

d3σbrem
dk dΩk dΩpf

=
α

(2π)4
ε0 εf pf k

p0

(
~
mc

)2 ∣∣M ∣∣2, (2.25)

where k is the emitted photon momentum, ε0 and εf are the electron energy before

and after the interaction, respectively, p0 and pf are the electron momentum be-

fore and after the interaction, respectively, α is the electromagnetic fine structure

constant, and dΩk and dΩpf are the elements of solid angle in the direction of the

outgoing photon and electron, respectively [Haug and Nakel, 2004]. The matrix

element, M can be determined from the wave functions of the electron before and

after the interaction, as follows

M =

∫
ψ†
f (r)(α⃗ · e∗)exp (−ik · r/~)ψ0(r) d

3r, (2.26)

where e is the unit vector in the direction of polarization and is always oriented

perpendicular to k [Haug and Nakel, 2004]. This unit vector is complex since

circularly polarized photons must also be taken into account. Recall that the

symbol “†” represents the Hermitian conjugate [Shankar et al., 1994]. The matrix

element can be found using the Born approximation, which is a perturbation

method used in scattering theory [Bethe and Heitler, 1934]. Therefore, for an

electron moving in the electric field of a static nucleus, the scalar potential becomes

Coulombic in nature. After much mathematical work, the Dirac equation with the

Coulomb potential can be solved, and the triply differential cross section can be

written in its final form

d3σbrem
dk dΩk dΩpf

=
αZ2r2e
4π2

pf
kp0q4

{
(4ε2f − q2)

p20 sin
2(θ0)

(ε0 − p0cos(θf ))
2

+(4ε20 − q2)
p2f sin

2(θf )

(εf − pfcos(θf ))
2

−(4ε0εf − q2 + 2k2)
2p0pfsin(θ0)sin(θf )cos(φ)

(ε0 − p0cos(θ0)) (εf − pfcos(θf ))

+2k2
p20 sin

2(θ0) + p2f sin
2(θf )

(ε0 − p0cos(θ0)) (εf − pfcos(θf ))

}
(2.27)



Chapter 2. Electron Interactions in Air 39

where

q2 = 2k [(ε0 − p0cos(θ0))− (εf − pfcos(θf ))]

+2 [ε0εf − p0pf (cos(θ0)cos(θf ) + sin(θ0)sin(θf )cos(φ))− 1] . (2.28)

Note that q = p0 - pf - k, and represents the momentum transferred to the nucleus

or atom [Haug and Nakel, 2004]. θ0 and θf are the angels of the electron’s mo-

mentum before and after the interaction with respect to the photon’s momentum

vector k. Finally, the angle φ is the angel between the planes that are formed

from the pair of vectors (p0, k) and (pf , k). Note that Equation (2.27) is an ex-

pression that describes the probability that an electron with an initial momentum

vector p0 will be scattered into the direction pf with the emission of a photon of

momentum k.

For relativistic runaway electrons, Dwyer [2007] derived an expression for the

triply differential cross section in terms of energy. However, the cross section in

Equation (2.27) must be modified to include the effects of atomic screening. In

order to do this, we must introduce the atomic form factor, F(q) [Dwyer, 2007].

Since our system consists of a pure Coulomb potential, we have the following for

the atomic form factor

F (q) = − 1

Ze

∫
ρ(r)exp(−iq · r) d3r (2.29)

[Haug and Nakel, 2004]. The shielded coulomb potential for an incident particle in

the field of an atom is given by V(r) = (zZe2/r) exp(-r/a) [Jackson, 1998]. In this

equation, a = 1.4a0Z
−1/3, where a0 is the Bohr radius. The constant a is obtained

from a fit to the Thomas-Fermi atomic potential and has a value of approximately

183.8λ̄Z−1/3, where λ̄ is the Compton wavelength [Mott and Massey, 1965]. The

Thomas-Fermi model gives the charge density of

ρ(r) = Zeδ3(r)− Ze

4πa2r
exp(−r/a) (2.30)

[Dwyer, 2007]. Finally, with this information, the bremsstrahlung cross section

for relativistic runaway electrons (including screening and particle spin) can be
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obtained

dσ3brem
dεγ dΩk dΩpf

=
αZ2r2epf
4π2εγp0

m2c2

q4
∣∣F (q)∣∣2{p2f sin2(θf ) (4ε20 − q2c2

)
(εf − pfc cos(θf ))

2

+
p20 sin

2(θ0)
(
4ε2γ − q2c2

)
(ε0 − p0c cos(θ0))

2 −
2pfp0sin(θf )sin(θ0)cos(φ)

(
4εfε0 − q2c2

)
(εf − pfc cos(θf )) (ε0 − p0c cos(θ0))

+
2ε2γ

(
p2f sin

2(θf ) + p20 sin
2(θ0)− 2pfp0sin(θf )sin(θ0)cos(φ)

)
(εf − pfc cos(θf )) (ε0 − p0c cos(θ0))

 (2.31)

where

q2 = p2f + p20 +
E2

γ

c2
− 2p0

Eγ

c
cos(θ0) + 2pf

Eγ

c
cos(θf )

−2pfp0 (cos(θf )cos(θ0) + sin(θf )sin(θ0)cos(φ)) (2.32)

[Dwyer, 2007]. For the purposes of this dissertation, Equation (2.31) is used in

the Monte Carlo model used to compare the kinematic model [Dwyer et al., 2003;

Dwyer, 2007; Dwyer and Babich, 2011; Cramer et al., 2014].

2.6.2 Radiation Length, X0

The radiation length is defined as the distance an electron must travel in order

to lose all but 1/e of its original energy due to bremsstrahlung [Jackson, 1998].

Including quantum corrections, the radiation length can be expressed in Gaussian

units as [Jackson, 1998]

X0 =

[
4N

Z(Z + 1)e2

~c

(
z2e2

Mc2

)
ln

(
233M

Z1/3m

)]−1

. (2.33)

In this equation, N is the number of atoms per m3 in air, Z is the average atomic

number of air atoms, and ze is the particle charge. For electrons, z and M/m

= 1. The remaining symbols in Equation (2.33) have their usual meaning. It is

important to note that for particles heavier than electrons, the factor M/m allows

screening to become insignificant in the non-relativistic limit [Jackson, 1998]. At

energies where the radiative energy loss exceeds the losses due to ionization, the
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Figure 2.6: The energy of a relativistic electron as a function of the distance
traversed in air. The electron energy loss due to bremsstrahlung can be charac-
terized by the radiation length, X0. Physically, this parameter is the distance a
particle travels while its energy falls to 1/e of its initial value. The plot shows
five different values of the initial electron energy.

complete screening approximation can be used. For these populations of electrons

moving through air at normal temperature and pressure (NTP), the radiation

length has a value of 37 g/cm2, or 310 m [Jackson, 1998]. Figure 2.6 shows that

if an electron has an initial kinetic energy of ε0, then the energy at some distance

x can be found by ε(x) = ε0 exp(-x/X0) [Jackson, 1998].
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2.6.3 Energy Loss Formula

Semi-classically, for ultra-relativistic high energy particles, the radiative energy

loss with complete screening is given by [Jackson, 1998]

Fbrem =
dεrad
dx

≃

{
16

3
N
Z2e2

~c

(
z2e2

Mc2

)2

ln

(
233M

Z1/3m

)}
γMc2. (2.34)

For energy ranges above 1 MeV, radiative energy loss is the dominant process

influencing the runaway electron energy spectrum. Equation (2.34) can then be

written in terms of the radiation length X0, given by Equation (2.33). The energy

loss due to bremsstrahlung emission can then be approximated by(
dε

dx

)
brem

= − ε

X0
. (2.35)

The quantum-mechanical Born approximation includes replacing the coefficient

16/3 in Equation (2.34) by 4, and if atomic electrons are counted, replacing the

factor Z2 by Z(Z+1) [Jackson, 1998]. For ultra-relativistic electrons, we have used

the approximation ε = (γ-1)mc2 ≈ γmc2.

2.7 Coulomb Scattering

2.7.1 Differential Cross Section

As the electron travels parallel to the electric field, it tends to scatter due to elastic

collisions. These elastic collisions knock the electron off of a straight line trajectory

and force the particle to lose more energy or not gain energy as rapidly along its

path. Figure 2.7 shows the effect of Coulomb scattering in the REAMMonte Carlo

simulation. When Coulomb scattering is turned off, the electron continues to travel

parallel to the electric field and sustain no small angle deflections. However, when

Coulomb scattering is taken into account, the electrons go through multiple small

angle scatters and straggle along their path of travel. This straggling contributes

to an increased frictional force along the field line, since the average path length

of the electron is longer. Recall that the shielded-Coulomb cross section for elastic
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scattering of electrons is [Dwyer, 2007]

dσCoul

dΩ
=

1

4

(
Zre
β2γ

)2
(
1− β2sin2(θ/2)

)(
sin2(θ/2) + ~2

4p2a2

)2 , (2.36)

where p is the momentum of the electron during the collision. Equation (2.36) is

a quantum mechanical correction to the Rutherford expression since the classical

formula diverges at θ = 0, due to the infinite range of the Coulomb potential.

However, because of electron screening, the scattering cross section must be finite

as theta approaches zero. Quantum mechanically, the Born approximation can

be used to yield a small angle cross section in the appearance of Equation (2.36)

[Jackson, 1998].
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Figure 2.7: The effect of Coulomb elastic scattering on the trajectory of an
electron under the influence of a uniform electric field. Two seed electrons are
shown moving through air (simulation): (a) without Coulomb scattering. (b)
with Coulomb scattering.
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2.7.2 Root Mean Square Scattering Angle, θrms

It should be noted that the results of this subsection are from the peer-reviewed

publication Cramer et al. [2014]. The most important parameter to calculate when

considering large sequences of small angle deflections is the mean square angle of

a single scattering defined by [Jackson, 1998]

⟨θ2⟩ =
∫
θ2 dσ

dΩdΩ∫
dσ
dΩdΩ

. (2.37)
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Figure 2.8: Empirical fits (solid lines) to the output root mean square angular
distribution of the Monte Carlo (symbols) for a low, medium, and high electric
field strength as a function of the electron energy.

The root mean scattering angle was calculated from the Monte Carlo simulation

and is shown in Figure 2.8. We notice that the angular root mean square values
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are best fit by a logarithmic function. As one can see, as the electric field strength

increases, the electron’s angular distribution narrows. Physically, this is what we

would expect since a higher electric field strength allows the electrons to travel

more forward along the field line. The logarithmic function that well fits the Monte

Carlo can be expressed as

θrms(ε) = A0(E) +A1(E) log10(ε) +A2(E) log210(ε), (2.38)

where the constant coefficients depend on the electric field strength. A list of these

constant coefficients for several electric fields can be found in Table 2.1.

Table 2.1: Constant coefficients to the empirical fit of θRMS(ε) given by Equa-
tion (2.38)

E (kV/m) A0 A1 A2

300 61.94 -1.20 -2.14

350 72.80 -7.80 -1.22

400 77.95 -11.71 -0.60

500 84.23 -16.21 0.04

750 90.67 -22.21 0.99

1000 95.52 -26.43 1.63

1200 99.13 -29.42 2.07

1500 100.33 -31.35 2.40

1700 98.73 -31.12 2.40

2000 103.95 -35.05 2.99

2200 100.52 -33.82 2.87

2500 102.43 -35.76 3.19

3000 103.33 -37.48 3.51

Once the RMS scattering angle is known, the effect of Coulomb scattering on the

path length of the electron can be quantified. As mentioned earlier, in the absence

of Coulomb scattering the average drag force experienced by a runaway electron

is Fb = eEb = 215 kV/m, where Eb is the breakeven field. In the presence of
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Coulomb scattering, the path length of the electron is increased, and thus the

average drag force is increased by an amount

Fd =
Fb

cos(θRMS)
≈ 276 kV/m. (2.39)

In the calculations presented in this dissertation, we use this value as the average

drag force experienced by a runaway electron in air.



Chapter 3

Runaway Electron Energy

Spectra

The main motivation for this chapter is to formulate analytical solutions to Monte

Carlo results of the runaway electron energy spectrum. The hope here is to replace

numerical models of runaway electron physics with simple kinematic relationships

that describe the physics of the avalanche process. It should be noted that the re-

search investigated in this chapter is part of the peer-reviewed publication Cramer

et al. [2014].

3.1 Derivation of the Kinetic Equation

Here, we derive the partial differential equation used to describe the transport of

electrons through a medium and their change in energy along the path of travel. If

we consider the number of electrons that all have positions lying within a volume

element d3r about r and momenta lying within a momentum space element d3p

about p at time t, then we can write

f(r,p, t) =
dNe−

d3r d3p
(3.1)

48



Chapter 3. Runaway Electron Energy Spectra 49

where f is the phase space density function, Ne− is the number of electrons, and

d3r d3p is the total volume in Hamiltonian phase space. We can also define the

gradient and current density in phase space as

∇ = ∇r +∇p (3.2)

J = Jr + Jp, (3.3)

where r and p represent spatial and momentum coordinates respectively. From

these relations, we can write our starting point using the continuity equation in

differential form [Chen, 1974],

∂f(r,p, t)

∂t
+∇ · J = S(r,p, t) (3.4)

Equation (3.4) states that the rate of change of the phase space density function

is given by the flow and diffusion into and out of the phase space volume [Chen,

1974]. The right hand side of Equation (3.4) represents a source term describing

the generation of electrons per unit volume of phase space per unit time. Terms

that add (S > 0) or remove (S < 0) electrons are described as sources and sinks

respectively.

Considering only advection in the system, we can write the total flux J as

Jadvective = vf(r,p, t), (3.5)

where v is the average velocity of the electrons. We can therefore write the current

densities as

Jr =
dr

dt
f(r,p, t) (3.6)

Jp =
dp

dt
f(r,p, t) (3.7)

If we now plug in these relations into Equation (3.4), we obtain

∂f(r,p, t)

∂t
+∇r ·

(
dr

dt
f(r,p, t)

)
+∇p ·

(
dp

dt
f(r,p, t)

)
= S(r,p, t) (3.8)

Equation (3.8) is the convective-diffusion transport equation for electrons and has

been used in Dwyer [2010] and Liu and Dwyer [2013] to describe the runaway
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electron feedback discharge model for terrestrial gamma-ray flashes. Expanding

out the divergence terms in Equation (3.8), we obtain

∂f(r,p, t)

∂t
+ v · ∇rf(r,p, t) + F · ∇pf(r,p, t)

+f(r,p, t)

[
∇r ·

dr

dt
+∇p ·

dp

dt

]
= S(r,p, t) (3.9)

where we have used the fact that v = dr/dt, and F = dp/dt. Now, from classical

mechanics we know that the Hamiltonian equations of motion can be used to

express the generalized coordinates and momenta such that

ṙ =
dr

dt
=
∂H

∂p
= ∇pH

ṗ =
dp

dt
= −∂H

∂r
= −∇rH (3.10)

where H is the Hamiltonian of the system [Goldstein and Poole, 2002]. Therefore,

if the system in question obeys Hamiltonian mechanics, we may write the bracket

term in Equation (3.9) as[
∇r ·

dr

dt
+∇p ·

dp

dt

]
= [∇r · ∇pH −∇p · ∇rH] = 0 (3.11)

If the source term on the right hand side of Equation (3.9) is due to collisions, we

end up with the Boltzmann equation

∂f(r,p, t)

∂t
+

p

m
· ∇rf(r,p, t) + F · ∇pf(r,p, t) = Scollisions (3.12)

Note, however, that the runaway electron avalanche system considered in this

dissertation is not Hamiltonian, i.e., the phase space volume is not conserved

(Liouville’s theorem). The system is also non Hamiltonian since the total force

considered includes frictional terms that are non-conservative, and thus (3.8) can-

not be derived from the Boltzmann equation for an arbitrary force.

For the electron energy spectrum, if we are not concerned about the direction of

the particles, we can integrate Equation (3.8) over all solid angle in momentum
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space Ωp,

∂

∂t

∫
f(r,p, t)dΩp +∇r ·

(∫
dr

dt
f(r,p, t)dΩp

)
+∫

∇p ·
(
dp

dt
f(r,p, t)

)
dΩp =

∫
S(r,p, t)dΩp (3.13)

where dΩp = sin(θp)dθpdφp [Bradt, 2008]. Therefore, we can define the average

quantities in Equation (3.13) over all solid angle as

f̄(r, p, t) =

∫
f(r,p, t)dΩp (3.14)

S̄(r, p, t) =

∫
S(r,p, t)dΩp

v̄(r, p, t) =

∫
dr
dt f(r,p, t)dΩp

f̄(r, p, t)

F̄(r, p, t) =

∫ dp
dt f(r,p, t)dΩp

f̄(r, p, t)

Recall that we can write the divergence in spherical coordinates as

∇p ·A =
1

p2
∂

∂p

(
p2Ap

)
+

1

p sin(θp)

∂

∂θp

(
sin(θp)Aθp

)
+

1

p sin(θp)

∂Aφp

∂φp
, (3.15)

where A is an arbitrary vector. Using this relation in the third term in Equation

(3.13), we obtain∫
∇p ·

(
dp

dt
f(r,p, t)

)
dΩp =

∫
1

p2
∂

∂p

(
p2Fpf(r,p, t)

)
dΩp

+

∫
1

p sin(θp)

∂

∂θp

(
sin(θp)Fθpf(r,p, t)

)
dΩp +∫

1

p sin(θp)

∂

∂φp

(
Fφpf(r,p, t)

)
dΩp. (3.16)

Let us now examine the three terms in Equation (3.16) separately. Using the

definitions in Equation (3.14), we can write the first term as∫
1

p2
∂

∂p

(
p2Fpf(r,p, t)

)
dΩp =

1

p2
∂

∂p

[
p2F̄∥f̄(r, p, t)

]
, (3.17)
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where F̄∥ is the parallel component of force to the momentum vector. We can now

integrate the angular terms starting with the θp dependence:∫
1

p sin(θp)

∂

∂θp

(
sin(θp)Fθpf(r,p, t)

)
dΩp =

1

p

∫ 2π

0

∫ π

0

∂

∂θp

(
sin(θp)Fθpf(r,p, t)

)
dθpdφp (3.18)

As one can see from Equation (3.18), if we perform the integration over the polar

angle and evaluate at the limits between 0 and π, then the result is zero; therefore,

this integration term vanishes. Lastly, if we evaluate the φp dependent term, we

end up with ∫
1

p sin(θp)

∂

∂φp

(
Fφpf(r,p, t)

)
dΩp =

1

p

∫ 2π

0

∫ π

0

∂

∂φp

(
Fφpf(r,p, t)

)
dθpdφp

=
π

p

[
Fφpf(r,p, t)

]2π
0

= 0, (3.19)

therefore eliminating both angular dependent terms. Using the above and rewrit-

ing Equation (3.13) with the relations in (3.14), we finally obtain

∂f̄(r, p, t)

∂t
+∇r ·

(
v̄f̄(r, p, t)

)
+

1

p2
∂

∂p

[
p2F̄∥f̄(r, p, t)

]
= S̄(r, p, t) (3.20)

Now in order to turn our phase space density function into an electron energy

distribution function, we must utilize the following relation [Raizer et al., 1991]:

fε(r, ε, t)dε = 4πp2f̄(r, p, t)dp, (3.21)

where fε(r, ε, t) is the number of electrons per unit volume per unit energy interval.

Since dε/dp = v for both relativistic and non-relativistic particles, we can use the

chain rule such that
∂

∂p
= v

∂

∂ε
(3.22)

Inserting this relationship into Equation (3.21), we can write a simple conversion

formula between the phase space distribution function and the electron energy
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distribution function,

f̄(r, p, t) =
v

4πp2
fε(r, ε, t) (3.23)

Plugging these relations into Equation (C.6), we can finally write the electron

energy spectrum distribution transport equation as

∂fε(r, ε, t)

∂t
+∇ · (v̄fε(r, ε, t)) +

∂

∂ε
(b(r, ε, t)fε(r, ε, t))

= Sε(r, ε, t) (3.24)

where

b(r, ε, t) = F̄∥v =
dε

dt
(3.25)

and

Sε(r, ε, t) = 4πp2
S̄(r, p, t)

v
. (3.26)

In Equation (3.25), b(r,ε,t) represents the change in particle energy [Ginzburg

and Syrovatskii, 1969]. Therefore, b(r,ε,t)fε(r,ε,t) is the flux of particles in energy

space with b(r,ε,t) representing the velocity in this space. Note that in general,

F̄∥ = F̄∥(ε, t), and thus the energy losses can also depend on time. However, in

this study, we assume that the electric force and the air density in the electron

avalanche is independent of time; therefore, the total force acting on the electrons

is simply a function of energy. Equation (3.26) represents the desired source of

particles per unit energy.

If we now consider only the homogeneous case, i.e., the distribution does not de-

pend on spatial coordinates, and also consider that the total force on the particles

does not depend on time, we recover

∂fε(ε, t)

∂t
= − ∂

∂ε
(b(ε)fε(ε, t)) + Sε(ε, t) (3.27)

which is the desired electron energy transport equation.

For runaway electrons, the source term in Equation (3.27) represents the creation

of secondary electrons due to Møller scattering. The scattering cross section of

Equation (2.12) in the limit of ε ≪ mc2(γ′-1), can be written as

dσMøller(ε, ε
′)

dε
≈ 2πr2emc

2

β′2ε2
(3.28)



Chapter 3. Runaway Electron Energy Spectra 54

and represents the number of scattered electrons per unit energy. Please note

that primed variables represent the quantities related to the primary runaway

electron, and unprimed variables are related to the secondary scattered particles.

The parameters re and β′2 are the classical electron radius and the velocity of

the primary runaway electrons divided by the speed of light, respectively. Since

electrons are indistinguishable, we take the lower energy of the Møller scattered

electrons to be the secondary (δ-ray), and the more energetic electron to be the

incident particle. Since the source term describes the number of particles per unit

energy per unit time, we can write Equation (3.26) in terms of Møller scattering

as

Sre(ε, t) = Nair Z

∫ ∞

ε

dσMøller(ε, ε
′)

dε
v′fre(ε

′, t)dε′ , (3.29)

where fre(ε, t) represents the runaway electron energy spectrum [Dwyer and Babich,

2011]. Plugging this source term back into Equation (3.27), we recover the run-

away electron energy spectrum equation that is used to describe energy transport

throughout the avalanche region:

∂fre(ε, t)

∂t
= − ∂

∂ε
(b(ε)fre(ε, t)) +Nair Z ξeff (E)∫ ∞

ε

dσMøller(ε, ε
′)

dε
v′fre(ε

′, t)dε′ (3.30)

Since not all secondary δ-ray electrons run away, the variable ξeff (E) is multiplied

by the source function to represent the percentage of generated runaway electrons

from the Møller scattering interaction. Although ξeff most likely depends on the

electron energy, for simplicity we pull it out of the integral and assume that it is

one effective number. Therefore, this efficiency factor is assumed to only depend

on the external electric field, E, and can be determined by normalizing the solu-

tion to Equation (3.30) (see section 2.5.2).

We now turn our focus to the term describing the losses and acceleration in Equa-

tion (3.27), and note that b(ε) can be expressed as an expansion in energy under

the influence of a uniform electric field [Wilson and Wouthuysen, 1956]:

b(ε) = v
(
eE|| − [a(ε) + αε]

)
(3.31)
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where a(ε) represents ionization losses, and α describes the bremsstrahlung energy

losses. Here, we consider only the forces acting parallel to the electron motion.

We will see later that this approximation needs to be corrected by considering the

random motion of the electrons in the perpendicular direction using a diffusion

term. In studying the runaway electron avalanche, we will investigate the case in

which a = eEd, α = 0, and the case a = eEd, α = 1/X0, where Ed is the drag

electric field value in air (276 kV/m) and X0 is the radiation length in air (310

m).

3.2 An Analytical Approach

Analytical results of the steady state distribution are possible with the help of

several mathematical techniques, simplifications, and assumptions. In this dis-

sertation, we solve the transport equation for the runaway electron population,

extending the work of Dwyer and Babich [2011], who mainly considered the trans-

port for intermediate and low energy electrons. Notice from Equation (3.27) that

fre(ε,t)=dNre/dε, which is the number of runaway electrons per unit energy. The

total force acting on the electrons, Ftotal is assumed to be eE-F(ε), where F(ε) is the

total effective frictional force, which may include the Bethe and bremsstrahlung

energy loss per unit length, respectively. Therefore, b(ε) = dε/dt = Ftotalv. Equa-

tion (3.27) describes how the runaway electron energy spectrum changes with

time and is due to the flow of electrons that gain/lose energy and the number of

electrons that are created due to the source function, Sre(ε,t) [Dwyer and Babich,

2011]. We first use the method of separation of variables on the homogeneous part

of Equation (3.27) by setting fre(ε,t) = Υ(ε)T(t). This equation then becomes

ΥT ′ + b(ε)Υ′T + b′(ε)ΥT = 0. (3.32)

We will choose the separation constant as 1/τre for reasons that will become appar-

ent later. Therefore, the partial differential equation reduces to two independent

ordinary differential equations by dividing Equation (3.32) by ΥT,

T ′

T
= −b(ε)Υ

′

Υ
− b′(ε) =

1

τre
. (3.33)
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The time dependent is easily solvable since the differential equation is separable.

Performing the integration, we find that T(t) = exp(t/τre). The energy part of

the partial differential equation becomes

Υ

τre
+ b(ε)Υ′ + b′(ε)Υ = 0 (3.34)

Switching notation and setting Υ(ε) = fre(ε) to represent the steady state runaway

electron spectrum, we obtain

fre(ε)

τre
+

d

dε
(b(ε)fre(ε)) = 0. (3.35)

Notice that this is the same result from Dwyer and Babich [2011], where we have

represented a population of exponentially growing runaway electrons with respect

to time, fre(ε,t)=fre(ε)exp(t/τre). Assuming that v ≈ vre and λe− = vreτre for

runaway electrons at sea level, we produce a general steady state formula,

fre(ε)

λe−
= − d

dε
(Ftotalfre(ε)) +

Sre(ε)

vre
, (3.36)

which is an ordinary differential equation. Notice that we added the non homoge-

neous part of Equation (3.27) to the right hand side of Equation (3.35) since the

source term does not depend on time in this case. We can solve Equation (3.36)

by first making simple assumptions, and then adding complexity to the overall

nature of the frictional force and the runaway electron source term. Table 3.1

describes a summary of the approaches used to solve Equation (3.36).
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Table 3.1: Solutions to Equation (3.36)

Section F(ε) Sre(ε) fre(ε)

3.2.1 Fd δ(ε− εth) f0 exp
(

−ε
e(E−Ed)λe−

)
a

3.2.2 Fd

∫∞
ε

dσMøller

dε v′fre(ε
′)dε′ Nre

7.3 MeV

(
1− εth

ε

)
exp

(
− (ε−εth)

7.3 MeV

)

3.2.3 Fd+Fbrem δ(ε− εth) f0

[
1− ε

εmax

](X0/λe− )−1
b

3.2.4 Fd+Fbrem δ(ε− εth) Convolution with ∼ N(δε, ε, σ̂
2(ε))

aNormalization constant f0 determined by Nre =
∫∞
εth

fre(ε)dε
bεmax = 7.3 MeV

(
X0
λ
e−

)

3.2.1 Simple Exponential Model

Since the secondary runaway electrons are injected with an approximate 1/ε2

energy spectrum, the majority of them will be at low energies just above threshold

(εth). Therefore, we can replace the source term on the right hand side of Equation

(3.36) with a Dirac delta function,

fre(ε)

λe−
= −∂(Ftotal fre(ε))

∂ε
+ δ(ε− εth). (3.37)

Considering electrons above the threshold, and setting F(ε) = Fb(ε) ≈ Fd= 276

keV/m, we obtain
dfre(ε)

dε
+

fre(ε)

e(E − Ed)λe−
= 0. (3.38)

In this equation, we assume that the Bethe energy loss rate is approximately the

average energy loss per unit length along the avalanche direction [Babich et al.,

2004a; Dwyer, 2004, 2007]. The solution to this differential equation, integrating

from the threshold energy value, is the same result obtained in Dwyer and Babich

[2011]:

fre(ε) = f0 exp

(
−ε

e(E − Ed)λe−

)
, (3.39)
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where e(E-Ed)λe− = 7.3 MeV. In order to find the normalization constant, f0, we

use the fact that the total number of runaway electrons, Nre, is equal to the in-

tegrated runaway electron energy spectrum above the runaway electron threshold

for kinetic energy. Mathematically, since fre is time independent, we can write

this as

Nre =

∫ ∞

εth

fre(ε) dε = f0

∫ ∞

εth

exp

(
−ε

e(E − Ed)λe−

)
dε. (3.40)

Performing the trivial integration, we obtain the amplitude, f0=(Nre/e(E-Ed)λe−)

exp(εth/e(E-Ed)λe−). Replacing the avalanche length with Equation (2.8), we

obtain the full solution to the steady state runaway electron distribution function,

fre(ε) =
Nre

7.3 MeV
exp

(
− (ε− εth)

7.3 MeV

)
. (3.41)

This simple exponential solution has been well accepted in modeling electron

avalanches, and gives an average runaway electron energy of 7.3 MeV [Dwyer

and Babich, 2011; Babich et al., 2004a; Gurevich et al., 1992].

3.2.2 Møller Scattering Source Term

We now consider a second approach, in which we assume a more realistic initial

runaway electron distribution for the source term on the right hand side of Equa-

tion (3.36). From section 3.1, we can write the Møller scattering source term

as

Sre(ε) = Nair Z

∫ ∞

ε

dσMøller(ε, ε
′)

dε
v′fre(ε

′)dε′ , (3.42)

where the incident electron energy is represented by ε′ and the secondary scattered

electron energy is given by ε.

Let us assume that the primary runaway electron spectrum can be approximated

by the solution found in approach 1 above, fre(ε
′) = f0

′exp(-ε′/(e(E-Ed)λe−). Plug-

ging this expression into our source term, we get the following differential equation:

fre(ε)

λe−
= −∂(Ftotal fre(ε))

∂ε
+ ξeff (E)NairZ∫ ∞

ε

dσMøller

dε
f

′
0exp

(
−ε′

e(E − Ed)λe−

)
dε′, (3.43)
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where we have assumed that the runaway electrons move with the avalanche speed,

v′ ≈ vre. The value of ξeff (E ) in front of the second expression on the right hand

side of Equation (3.43) is added to represent the effective efficiency factor for

Møller scattering to create new runaway electrons (the rate of newly generated

electrons that run away). This efficiency factor is calculated in section 2.5.2.

Using the differential Møller cross section of Equation (2.12) in the limit of ε ≪
mc2 (γ′-1), we obtain

fre(ε)

λe−
= −∂(Ftotal fre(ε))

∂ε
+

2πNairZr
2
emc

2ξeff (E)

ε2∫ ∞

ε

f
′
0

β′2
exp

(
−ε′

e(E − Ed)λe−

)
dε′. (3.44)

Normalizing this equation and approximating β′ ≈ 1, we finally can write this as

fre(ε)

λe−
= −∂(Ftotal fre(ε))

∂ε
+

2πNairZr
2
emc

2ξeffNre

e(E −Ed)ε2λe−

exp

(
εth

e(E − Ed)λe−

)∫ ∞

ε
exp

(
−ε′

e(E − Ed)λe−

)
dε′. (3.45)

Notice that we do not include the intermediate energy electron population as

was shown in Dwyer and Babich [2011], since this distribution does not con-

tribute to the runaway electron population. Therefore, we obtain the following

non-homogeneous ordinary differential equation:

dfre(ε)

dε
+

fre(ε)

e(E − Ed)λe−
= S̃re(ε), (3.46)

where S̃re(ε) is the third term in Equation (3.45) describing the Møller source

function divided by e(E−Ed). Detailed calculations on solving this equation are

given in Appendix A using Green’s functions. The result of solving this equation

leads to a better approximation to the runaway electron energy spectrum at low

to moderate electron energies. This approximation now depends on the electric

field strength. The calculation in Appendix A also shows that the Møller efficiency

factor, ξeff , is approximately 25% for a 400 kV/m electric field. We also show

that for high electric fields, this efficiency factor increases (see Figure 2.5). Using

Equations (A.7), and (2.21), and normalizing according to Equation (2.14), we
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obtain a simple equation for the steady state runaway electron energy spectrum

fre(ε) =
Nre

7.3 MeV

(
1− εth

ε

)
exp

(
− (ε− εth)

7.3 MeV

)
. (3.47)

10
3

10
4

10
5

ε (keV)

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

N
o

rm
a

li
ze

d
 e

le
ct

ro
n

s 
/ 

k
e

V

 REAM

Equation (3.41)

Equation (3.47)

300 kV/m

10
3

10
4

10
5

ε (keV)

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

N
o

rm
a

li
ze

d
 e

le
ct

ro
n

s 
/ 

k
e

V

 REAM

Equation (3.41)

Equation (3.47)

400 kV/m

(a) (b)

10
2

10
3

10
4

10
5

ε (keV)

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

N
o

rm
a

li
ze

d
 e

le
ct

ro
n

s 
/ 

k
e

V

 REAM

Equation (3.41)

Equation (3.47)

750 kV/m

10
2

10
3

10
4

10
5

ε (keV)

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

N
o

rm
a

li
ze

d
 e

le
ct

ro
n

s 
/ 

k
e

V

 REAM

Equation (3.41)

Equation (3.47)

1500 kV/m

(c) (d)

Figure 3.1: Comparison of both Equation (3.41) and Equation (3.47) to the
relativistic runaway electron model (REAM) simulation points. Equation (3.47)
uses the Møller scattering cross section convolved with an exponential source
distribution. Increasing electric field strength is shown from (a) to (d).

Equation (3.47) is similar to what was obtained in section 3.2.1; however, it now
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contains the factor 1 - εth/ε due to the Møller scattering source term. Note that

in the limit of ε ≫ εth, Equation (3.47) reduces back to the simple exponential

form obtained in (3.41). Physically, as the electric field increases, more electrons

are injected into the system due to the fact that more of the Bethe curve is

being sampled, and so the energy threshold is reduced. This allows more low

energy electrons to enter the runaway population. Figure 3.1 shows the solution

to this differential equation for several values of the electric field strength, and its

comparison to the exponential solution is found in Equation (3.41). Notice that

both approaches overshoot the behavior of the high energy tail of the distribution

at low electric field strength values. This issue is discussed in further detail later

in the dissertation; however, it is important to note that solutions 3.41 and 3.47

use several approximations in solving the differential equation presented above.

3.2.3 Radiative Losses

In reality, the frictional forces depend on the energy of the particle that is travers-

ing the medium. The total force in Equation (3.36) should be replaced by an

expression that encompasses the exact energy dependence on the drag force in air.

In order to do this, radiative losses must be included and added to the ionization

loss. The most dominant contribution from radiative losses for multi MeV elec-

trons comes from bremsstrahlung. In order to consider relativistic bremsstrahlung,

the screening effect of the atomic electrons on the nuclear charge must be taken

into account. Using the energy loss equation expressed in terms of the radiation

length (Equation 2.35), we can write the total force in Equation (3.36) as

Ftotal (ε) = eE −
(
eEd +

ε

X0

)
. (3.48)

The total force acting on the electron is the total energy gain from the electric field,

eE, and the total loss by a non-constant frictional term eEd + ε/X0. Note that

since we are interested in multi-MeV electrons, Ed ≈ constant. The total amount

of energy that is deposited at the end of the electric field region is therefore now

dependent on the emission of photons by bremsstrahlung. With this dependence,

it is possible to analytically model the very high energy tail of the spectrum.

Plugging Equation (3.48) into (3.36), grouping terms, and setting χ(ε) = ε/X0,
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we get

dfre(ε)

dε
+ fre(ε)

(
1

(e(E −Ed)− χ(ε))λe−
− 1

e(E −Ed)− χ(ε)

dχ(ε)

dε

)
=

Sre(ε)

vre(e(E − Ed)− χ(ε))
. (3.49)

We also notice that we can express the last term on the left hand side as d/

dε(ln(e(E-Ed)-χ(ε))), allowing Equation (3.49) to be written in its final differential

form:

dfre(ε)

dε
+ fre(ε)

(
1

(e(E − Ed)− χ(ε))λe−
+

d

dε
{ln(e(E − Ed)− χ(ε))}

)
=

Sre(ε)

vre(e(E − Ed)− χ(ε))
. (3.50)

It is important to note that as χ(ε) → 0, we recover our original differential equa-

tion, which assumed a constant uniform frictional force.

As low energetic electrons propagate through air, they lose their energy predomi-

nately from ionization losses. Conversely, a highly energetic electron loses energy

mostly due to radiative loses such as bremsstrahlung. The energy in which the

two losses are equal is called the critical energy εc. It has been tabulated that this

critical energy is approximately 84 MeV for Z ≈ 7.3 [Grieder, 2009]. Therefore,

calculating Equation (3.48) for the electron energy, we obtain

εc ≃ X0eEd. (3.51)

Using the values of the radiation length and the drag electric field value at STP,

we calculate the critical energy to be approximately 86 MeV. The approximations

for both the ionization and radiative losses are therefore in good agreement with

the value documented in the literature. Expanding out Equation (3.50), and

rearranging, we obtain

dfre(ε)

dε
+

(
X0 − λe−

λe−

)
fre(ε)

εmax − ε
=

Sre(ε)

vre(e(E − Ed)− ε/X0)
, (3.52)

where εmax = X0e(E-Ed) = constant, for a particular atmospheric composition

and electric field strength. Physically, this parameter represents the maximum
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energy for a particular electric field for which electrons continue to gain energy.

This is the energy value for which the electric force equals the frictional force, and

therefore any electron with an energy exceeding this will lose energy. Figure 3.2

shows the relationship between εmax and the electric field strength. In this figure,

εmax ≈ 69 MeV, for a 500 kV/m electric field.

500 1000 1500 2000 2500 3000
E (kV/m)

10
5

10
6

ε m
ax

 (
ke

V
)

Figure 3.2: The maximum energy a runaway electron can have while still being
accelerated by the applied electric field.

Using our earlier approximation by considering energies that are high enough

above the threshold (ε ≫ εth), so that newly created electrons are injected below

that energy, allows the source term to be ignored. Setting the right hand side

of Equation (3.52) equal to δ(ε − εth), we finally obtain the expression for the

spectrum with the energy dependent frictional force,

fre(ε) = f0

[
1− ε

εmax

](X0/λe− )−1

. (3.53)
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Equation (3.53) shows a power law relationship in the energy spectrum. It is

interesting to note some special properties about this solution. For low values of

the electric field so that E ≈ 300 kV/m, X0 ≈ λe− , and so the electron energy

distribution simply reduces to a constant, f0 (see Figure 3.3(a)). Physically, at

these low electric field strengths, the frictional force dominates and the electron

does not have a chance to gain enough energy to reach the multi MeV range.

Separating the powers in Equation (3.53) and observing that e(E-Ed)=7.3 MeV/

λe− , we may rewrite the steady state energy distribution as

fre(ε) =
f0

(1− ε/εmax)

(
1− ε

εmax

)εmax/7.3MeV

. (3.54)

Note that we have rewritten X0/λe− in terms of εmax, defined in the previously

mentioned relationship. Using the fact that exp(x) = limn→∞(1+x/n)n, we can

recover our initial result presented in approach 1. Therefore, for very large fields,

λe− → 0, or as εmax = (X0/λe−)7.3 MeV → ∞, the energy distribution approaches

a simple exponential. Finally, after normalizing Equation (3.53) between εth and

εmax, we obtain

fre(ε) =
Nre

7.3 MeV

(
1− εth

εmax

)−X0/λe−
(
1− ε

εmax

)(X0/λe− )−1

. (3.55)

The energy range for Equation (3.55) is such that εth ≤ ε ≤ εmax. Beyond this

energy value, electrons continue to bremsstrahlung and lose energy rapidly, causing

a sharp cut off in the energy spectrum. Finally, Figure 3.3 shows the result of

Equation (3.55) compared with the values from the Monte Carlo. As one can see,

the analytical equation does not agree with the high energy tail of the runaway

electron distribution for lower values of the electric field strength. Later in this

dissertation, we explain this behavior by performing a detailed statistical analysis

on the REAM Monte Carlo.
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Figure 3.3: The differential runaway electron spectrum for several values
of the electric field strength using the methods of section 3.2.3. The black
curve represents the analytical formula found in Equation (3.55), which includes
bremsstrahlung to the electron energy loss. This correction forces the spectrum
to be asymptotic to the maximum energy εmax. The discrepancy between the
analytical model and the Monte Carlo simulation at low values of the electric
field strength can be rectified with a simple statistical analysis method.

3.2.4 Random Walk Model

The analytical result of the power law of Equation (3.55) deviates drastically from

the solution found by the Monte Carlo at the high energy tail of the distribution
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for lower values of the electric field strength. In order to understand this difference,

we must first model the statistical fluctuations of the Monte Carlo simulations. In

the MC, a single runaway electron with energy ε, has a probability to emit zero

photons, a single photon, or multiple photons due to the bremsstrahlung process.

Each primary runaway electron also has a probability to create secondary runaway

electrons from Møller scattering.

In order to treat the difference in the spectra at low fields, statistical fluctuations of

electron energy loss should be taken into account. In the MC, this is simulated via

the randomness of each act of electron scattering and radiation. In this approach,

fluctuations can be regarded as the sum of a very large number of statistically

independent displacements about the mean value corresponding to a succession of

small energy losses. This can be modeled by considering a Gaussian function of

a certain width. Therefore, if we observe a runaway electron that makes it to the

end of the electric field region with a measured average energy ε, the probability

of that electron obtaining an amount of fluctuation in energy loss or gain, δε, is

given by the normal distribution

N(δε, ε, σ̂
2(ε)) =

1√
2π σ̂(ε)

exp

(
−(δε − ε)2

2σ̂2(ε)

)
. (3.56)

Notice that we use the symbol σ̂ to represent standard deviation in order to avoid

confusion with the symbol σ, which represents the total cross section.

In order to calculate the width of the Gaussian distribution, we first need to

consider the total stopping power,

dε

dx
=

(
dε

dx

)
scatt

+

(
dε

dx

)
rad

, (3.57)

due to scattering (ionizing collisions and multiple Coulomb scattering), and ra-

diative emission (bremsstrahlung) [Roy and Reed, 1968]. Since the total stopping

power depends linearly on the collision and radiative terms, which are uncorre-

lated, we can use the propagation of errors to write the standard deviation of

Equation (3.56) as

σ̂(ε) =
√
σ̂2Møller + σ̂2Brem + σ̂2Coulomb . (3.58)
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The production of secondary electrons described by Møller scattering is the dom-

inant process in the scattering term for the low energy population of the distri-

bution. At very high energies, the bremsstrahlung losses in the radiation term

dominate. For values of the electric field close to the threshold, Eth, Coulomb

scattering becomes the main source of electron energy fluctuations. This is due to

the fact that the runaway electrons experience less force from the electric field at

these values, and thus can scatter off the field lines and perform multiple collisions

with air molecules. The change in energy in a single collision produces a small

fluctuation in energy; however, by the time the runaway electron reaches the end

of the electric field region, its path length would result in a large fluctuation in

energy. Therefore, Equation (3.58) is an expression that encompasses the most

dominant processes in the low and high energy regime that contribute to the statis-

tical fluctuations of the runaway electron energy spectrum. For Møller secondary

electrons, the energy distribution is proportional to 1/ε2, where ε is the energy of

the secondary electron. The bremsstrahlung differential energy spectrum of pho-

ton emission from a runaway electron is approximately a power law with index

equal to -1 [Koch and Motz, 1959]. Therefore, since the RREA spectrum is ap-

proximately exponential, the convolution with the emitted 1/εp bremsstrahlung

spectrum produces the approximate photon spectrum of ε−1
p exp(-εp/7.3 MeV).

The Bremsstrahlung differential cross section in energy is approximated to be

[Segrè and Staub, 1959]

dσbrem
dεp

≈ 4Z2r2eα ln(183Z−1/3)

εp
, (3.59)

where α is the electromagnetic fine structure constant with a value of 1/137.

Appendix B shows the detailed calculations involved in determining the widening

of the electron energy loss distribution, or the expected displacement from the

average energy, ε. The variance of the distribution is given by Equation (B.17),

which includes the three effects mentioned above. As shown in Appendix B,

for field strengths much greater than the threshold value, E ≫ Eth, the Coulomb

scattering term becomes negligible, and so the main source of fluctuation in energy

loss is determined from Møller scattering and bremsstrahlung emission. In order

to determine which of these contributions dominates, it is useful to calculate the

energy value for which the fluctuations due to these processes are the same. By
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setting both the Møller scattering and bremsstrahlung terms of Equation (B.17)

equal to each other, it can be determined that

εσ̂ =
3

2

kbbX0

Z
. (3.60)

Equation (3.60) is the energy value for which both Møller scattering and bremsstrahlung
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Figure 3.4: The individual variances of the Møller scattering process (solid)
and Bremsstrahlung emission (dashed) as a function of the runaway electron
energy. At lower energies, Møller scattering dominates the fluctuations, while at
higher energy values, the bremsstrahlung effect rapidly increases. This figure is
on a log scale, so small differences between the lines result in order of magnitudes
of separation. The point where both statistical errors are the same is shown to
be εσ̂ and is approximately equal to 640 keV.

contribute equally to the fluctuations in electron energy loss. Plugging in the num-

bers for air, εσ̂ ≈ 640 keV. Figure 3.4 shows the two contributions from Møller

scattering and bremsstrahlung emission, respectively. Therefore, we can divide

the expression for the total standard deviation of the probability distribution into
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three distinct cases,

σ̂(ε) =



√
εth

7.3MeV ξeff

ε2

4Z
+

ε3

6 εmax
+ σ̂2Coulomb if E ≈ Eth, εth < ε < εmax

√
εth

7.3MeV ξeff Z

ε

2
if E ≫ Eth, ε≪ εmax

ε3/2√
6 εmax

if E ≫ Eth , ε≫ εth

(3.61)

Equation (3.61) serves to explain why the statistical fluctuations for the electron

energy loss in the Monte Carlo simulation are prominent in both the high energy

regime of the distribution, and for lower values of the electric field.

Figure 3.5 shows how the amount of energy loss or gain for a runaway electron in

a 400 kV/m field changes with respect to its energy at the end of the simulation.

Naturally, the probability distributions widen with increasing electron energy, giv-

ing greater possibility that a high energy electron will have significant fluctuations

in energy loss. Figure 3.5 shows that an electron at the end of the simulation region

with average energy ε, has a probability to be shifted by an amount δε. According

to the calculation of Equation (3.56), the lower the output energy of the electron,

the more chance it has to lose or gain zero energy and thus cause no shift in the

spectrum. If we instead keep constant the runaway electron energy in Equation

(3.61) and vary the field, we can show why at higher strengths the fluctuations

become negligible. Figure 3.6 shows two plots depicting the probability of energy

loss or gain with respect to the electric field. Figure 3.6(a) assumes a runaway

electron energy of 10 MeV and 3.6(b) assumes a runaway electron energy of 30

MeV. For a fixed runaway electron average energy, ε, the fluctuation in energy

loss or gain lies between ε and ε+δε. Therefore, the higher the field strength, the

less dominant these fluctuations become. The explanation of why the spectrum

assumes a power law at lower electric fields and an exponential at higher fields is

simply due to the widening and narrowing of this probability distribution.

Using this analysis, the effects on the runaway electron spectrum in Equation
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Figure 3.5: Energy loss or gain probability distributions for a 400 kV/m electric
field and primary runaway electron energies of 5, 10, 20, and 30 MeV. The lower
the energy of the electron, the narrower the distribution becomes, resulting in
a smaller error in the variation of electron energy. This energy value is later
added or subtracted to the initial runaway electron energy to represent statistical
fluctuations in the MC.

(3.55) can be found by

fre(δε) =
Nre

7.3 MeV

(
1− εth

εmax

)−X0/λe−
(
1− ε

εmax

)(X0/λe− )−1

◦ 1√
2π σ̂(ε)

exp

(
−(δε − ε)2

2σ̂2(ε)

)
, (3.62)

where “◦” represents the convolution operator defined as (f◦g)(t) =
∫∞
−∞ f(τ)g(t-

τ)d. Figure 3.7 compares the result of numerically calculating the convolution of

(3.62) with the analytical solution developed in Equation (3.55). As one can see,

by introducing the Gaussian fluctuations, this convolution results in convergence
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to the REAM simulation. This calculation is significant since it concludes that

the exponential roll-over that was previously assumed to be proportional to exp(-

ε / 7.3 MeV) is in fact due to an electron random walk process in energy space

at low electric field strengths. For high electric field values, the minimization of

the statistical fluctuations, combined with the fact that the spectrum no longer

becomes asymptotic to the value of εmax, allows the electron energy distribution

to behave as an exponential and thus matching previous theories.
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Figure 3.6: Probability loss curves for different values of the electric fields, (a)
ε = 10 MeV. (b) ε = 30 MeV
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Figure 3.7: The runaway electron energy spectrum for several values of the elec-
tric field strength. Shown is the result of the analytical calculations of approach
3 and the numerical convolution with the statistical fluctuations in energy loss.
Frames (a) to (d) show increases in field strength. Notice that as the electric
field is increased, both approaches give approximately the same result.
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3.3 Average Kinetic Energy

We can now find the average kinetic energy of the runaway electrons as a function

of the electric field strength using the following calculation:

⟨ε⟩ =
∫∞
0 ε fre(ε) dε∫∞
0 fre(ε) dε

, (3.63)

where ε is the runaway electron kinetic energy. The result of this calculation is

shown in Figure 3.8, computed from the numerical solution of Equation (3.62).

The deviation in the mid-field range, E = [500,750] kV/m is most likely due to the

approximations made in the drag force. If the full Bethe formula is used (Equation

(3.62)), then the frictional force becomes dependent on electron energy, and so the

approximation F(ε) ≈ Fd becomes invalid. However, this approximation was nec-

essary throughout the analysis to get a simplistic analytical approximation to the

runaway electron transport equation. If a closer result to the Monte Carlo simu-

lation is desired, then the general transport equation can be solved numerically.

It is also worth noting that the average value calculated from the model of section

3.2.4 is within 10% of the REAM Monte Carlo results. The solid line in Figure

3.8 represents the accepted value of the average runaway electron energy, assumed

to be approximately εre = 7.3 MeV over a wide range of electric fields. However,

for electric fields just over the runaway electron threshold value, Eth, the average

energy is reduced due to the relativistic rise in the bremsstrahlung energy loss.

As the electric field strength is increased, more low energy electrons are pulled

into the runaway electron distribution due to the decrease in the threshold kinetic

energy, εth. Recall that the solution to the runaway electron spectrum behaves

exponentially as the electric field reaches higher values. Therefore, we could use

the approximation in section 3.2.1 at these fields to conclude the average energy is

approximately 7.3 MeV. When E ≈ Ec, both the low and high energy species can

run away, and as a result, more runaway electrons are introduced into the system.

For fields very close to the threshold value, Eth, the only runaway electrons present

in the system are those with very high energies. Previous calculations, such as

those by Roussel-Dupre et al. [1994], Symbalisty et al. [1998], and Babich [2004]

include different energy thresholds to consider, and thus their calculated average

distribution slightly differs from the value obtained in this work, εre ≈ 7.3 MeV.
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Figure 3.8: The average energy of runaway electrons at the end of the avalanche
region as a function of electric field. The solid maroon line represents the ac-
cepted average of εre = 7.3 MeV.

3.4 Discussion

Using classical mechanics and electrodynamics, we were able to construct the equa-

tion that describes the energy spectrum of energetic electrons. Equation (3.27) is

the continuity equation in phase space allowing for collisions, and it is in the same

form that is used for cosmic ray transport throughout the interstellar medium

[Ginzburg and Syrovatskii, 1969]. The work presented in this chapter shows sim-

ple analytical calculations for describing the runaway electron energy spectrum

in the thundercloud region. Specifically, the physics governing the high energy

tail of the distribution was studied in great detail. When considering radiative

energy loss, the solution to the spectrum equation reveals a power law with an

index proportional to the ratio of the radiation length to the avalanche length.

However, when comparing the solution to the Monte Carlo results, a discrepancy

arrives at the high energy tail. Since the solution presented in Equation (3.55) is
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physically asymptotically bounded by the parameter εmax, the spectrum cannot

roll over past this value to reach the solution given by the exponentially decaying

result from the simulation. The asymptotic behavior arises from the quick in-

crease in the frictional force due to bremsstrahlung emission at high energies and

changes according to the electric field strength. At electric fields double that of

the threshold value (Ed = 276 kV/m), the analytical formula found in Equation

(3.55) returns to the simple exponential solution found in Equation (3.41). The

physics of this effect is the fact that at very large electric fields, the upper limit for

the energy of the electrons, εmax, is so large that this boundary no longer affects

the runaway electron population.

The disagreement of the solution pertaining to bremsstrahlung losses with the

Monte Carlo simulation can be reconciled by fluctuations in energy space. The

processes involved in the energy loss, namely ionization for low energy electrons,

bremsstrahlung for high energy electrons, and Coulomb scattering for low values

of the electric field strength, are assumed to be the sources of fluctuations in the

simulation domain. A normal distribution was used to describe the fluctuation

in electron energy at the end of the avalanche region. The normal distribution

was chosen since the electron goes through hundreds of meters of air, effectively

causing a random walk process in energy space. In the end, the width of the

Gaussian distribution is dependent on the processes mentioned above. This width

turns out to be inversely proportional with increasing strength of the electric field

and for lower energetic electrons. We can also interpret these results as a diffusion

process in energy space. Physically, when all the cross sections and relevant colli-

sional processes are included into our kinematic equation, we recover a power law

distribution in the energy spectrum. However, if the diffusion effects are included,

the spectrum can be described by the well known exponential distribution with

an average runaway electron energy of 7.3 MeV.

These calculations are useful in studying both terrestrial gamma-ray flashes and

x-ray emission from lightning. For example, the equations developed here can be

used to predict the electron source fluence inside the thundercloud region. The

analysis presented in this chapter could also have implications for the power-law

photon energy spectrum observed by the Astro-Rivelatore Gamma a Immagini

Leggero (AGILE) spacecraft [Tavani et al., 2011]. This observation is important

to understand since it presents the first serious challenge to the RREA mechanism
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for TGFs. However, it is important to note that the AGILE observation has not

been confirmed independently by another mission to eliminate the possibility of

cosmic ray contamination.

The work presented here does allow for a power-law relation at low electric fields.

However, the runaway electron spectrum only approaches tens of MeV before be-

ing cut off by bremsstrahlung physics, and thus does not offer an explanation of

the 100 MeV photon observed by AGILE. Although the runaway electron energy

cutoff increases with increasing field strength, the distribution function approaches

an exponential function, not a power-law. The correction for diffusion in energy

space is responsible for this exponential dependence and allows the possibility for

electrons to be accelerated to energies exceeding the electrostatic potential (minus

the drag force) inside the thundercloud. This result seems to suggest that the

runaway electron spectrum is dependent on the diffusive nature of the particle ac-

celeration inside the high field region of thunderclouds. Therefore, it is not obvious

how one would obtain a 100 MeV power-law spectrum, although more work can

be done using the analysis presented here. Since this diffusion process depends

on the applied electric field strength, we may also gain insight into the typical

values that would be found inside thunderclouds. If proven correct, this would

offer a new insight into particle acceleration in our atmosphere, while preserving

the RREA theory for TGFs. However, more detailed measurements of the high

energy tail of TGF spectra and improved models must be developed in order to

make any definite conclusions.
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TGF Source Mechanisms

In this chapter, we discuss modeling the source parameters for the generation

of TGFs. We then present results for comparing theoretical models to observed

GBM data. It should be noted that this work was conducted as part of the NASA

Graduate Student Research Program (GSRP), and was in collaboration with the

GBM instrument team in Huntsville, AL.

4.1 GBM Observations

In the summer of 2008, NASA launched the Fermi Gamma-ray Space Telescope,

with the mission of observing the universe in the high photon energy range [Mee-

gan et al., 2009]. A smaller experiment on the satellite, the Gamma-ray Burst

Monitor (GBM), is responsible for detecting terrestrial gamma-ray flashes ema-

nating from the Earths atmosphere. Since its launch, GBM has detected hundreds

of TGFs from various locations around the world [Briggs et al., 2010, 2013]. GBM

consists of twelve sodium iodide (NaI) photomultiplier tubes and two bismuth

germinate (BGO) detectors. The NaI detectors cover an energy range from ≈ 8

keV to 1 MeV, while the two BGO’s have a much higher energy range, spanning

200 keV to ≈ 40 MeV [Briggs et al., 2010]. The Fermi satellite has a circular orbit

at an altitude of 568 km above the surface of the Earth. The inclination angle

of about 25.6◦ provides the instrument with a good view of the tropical regions,

78
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where thunderstorms are more likely to occur [Briggs et al., 2010].

The triggering algorithm is based on the total number of counts that are received

within a longer time bin (16 ms), compared to the TGF duration. Once the in-

strument triggers, the data is transmitted to the ground via time-tagged events

(TTE), which contain the arrival times and energies of individual photons [Briggs

et al., 2010]. Figure 4.1 shows raw data from the BGO detectors from GBM.

The data shows a very distinct energetic peak in both detectors reaching up to 30

MeV. This bright and intense burst of gamma rays is well above the background

and thus can be classified as a TGF.

GBM also deploys an algorithm to collect individual photon data in certain points

Figure 4.1: Plots of individual counts from both BGO detectors onboard GBM.
This event is designated “TGF 081001” and occurred on October 1, 2008. BGO
0 is shown in red circles and BGO 1 is shown in blue crosses. Time t = 0 is
the start of the TGF. As one can see from the right vertical scale, this event
was very bright, reaching a maximum energy greater than 30 MeV. Figure taken
from Briggs et al. [2010].

along its orbit [Briggs, 2011]. Once the data is transmitted to the ground, it is

searched for sub millisecond signals, which improves the detection sensitivity of

TGFs [Briggs et al., 2013]. As a result, a larger sample of TGFs were discov-

ered which included shorter duration events that those of the onboard trigger-

ing algorithm. The population of TGF events also expanded the distribution of

spacecraft-nadir-to-source offset to larger distances, giving a sampling rate of 750
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events per year. Of these events, 40% have very low frequency (VLF) radio asso-

ciations. Using this alternative search method, the Fermi position with respect to

the source location of the lightning discharge believed to have produced the TGF,

reached up to approximately 800 km. Compared to results previously reported

by Connaughton et al. [2010], this greatly increases the offset distance for which

TGFs can be detected.

(a)

(b)

Figure 4.2: Histograms of the temporal data from two different TGF events.
The curves are fits to the data using (a) an asymmetric lognormal function and
(b) a symmetric Gaussian distribution. Figure taken from Briggs et al. [2010].

GBM has an advantage over previous instruments, e.g. BATSE and RHESSI, in
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that the detectors contain an large effective area and good time and energy resolu-

tion. This is important in order to study the spectral and temporal characteristics

of TGFs (section 4.5.1 and 4.5.2).

Fishman et al. [2011] presented an overview of the time profiles for the first 50

GBM TGFs. In this analysis, which was mostly qualitative, TGF observations

showed risetimes as short as 10 µs and falltimes as short as 30 µs. Foley et al.

[2014] studied the symmetric and asymmetric time profiles of GBM TGFs. This

analysis looked at the behavior of 278 events, including the rise and fall times of

TGF pulses and their duration. Figure 4.2 shows two TGF events, one with an

asymmetric profile (a), and one with a symmetric profile (b). Foley et al. [2014]

concluded that 67% of observed TGFs at satellite altitude exhibit asymmetric be-

havior and that the rise times are almost always shorter than the fall time. This

was an important conclusion since the asymmetric shapes of the arrival time pro-

file of the gamma rays supports the relativistic feedback discharge model [Dwyer,

2012]. An asymmetric time profile indicates that less energetic photons Comp-

ton scatter and arrive to the spacecraft later in time then the initial main pulse

of gamma rays. Indeed, these results were confirmed by modeling from Liu and

Dwyer [2013] who showed that TGF pulses that were generated by the relativistic

feedback pulse varied from tens of microseconds to several milliseconds, confirming

the observations made by GBM.

Spectral analysis of GBM TGFs have been attempted by several groups, e.g.

Gjesteland et al. [2011]; Briggs et al. [2011]; Dwyer [2012]. The analysis from

Briggs et al. [2011] shows that electrons traveled along the magnetic field lines to

reach the orbiting spacecraft. The spectrum in Figure 4.3 shows a distinct 511

keV positron annihilation line. This suggests that the electron TGF events also

contain a substantial amount of positrons [Briggs et al., 2011]. This annihilation

occurs when the positrons impact Fermi, producing a flux of photons. For this

instant, the spacecraft becomes its own source of gamma rays and triggers its

detectors that capture the event.
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Figure 4.3: Spectral TGF data from GBM. Shown in magenta is the raw ob-
served counts and blue shows the model fits. The best fit models are composed
of a mixture of positrons and electrons and are converted into expected observa-
tional counts in BGO 0. TGFs 080807 and 091214 are shifted by factors of fifty
since they overlap. Figure is taken from Briggs et al. [2011].

The model fits in Figure 4.3 were produced by the REAM code by simulating

runaway electron avalanches and the resulting bremsstrahlung photon propaga-

tion to satellite altitude. Dwyer [2012] was able to show that relativistic feedback

effects naturally produce large fluxes of gamma rays which are consistent with

a +IC lightning discharge propagating upwards and have the same time struc-

tures, energy spectrum, and angular distributions as observed TGFs. In modeling

individual TGF events, complications arise due to instrumental effects such as

pulse pileup and deadtime. A detailed analytical treatment of pulse pileup and
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deadtime can be found in Chaplin et al. [2013]. These results were confirmed

experimentally by Bhat et al. [2014], who used Cs137 and Co60 radioactive sources

to produce spectra from detectors in the laboratory.

4.2 Photon Interactions

Once runaway electron avalanches are developed in the high field regions of thun-

derclouds, the resulting bremsstrahlung radiation is emitted and propagates inside

the thunderstorm region. Since the attenuation length of a photon is much longer

than an energetic electron, it will travel much further in the atmosphere. Photons

have three major interactions: Compton scattering, photo-electric absorption, and

pair production. Figure 4.4 shows the total cross sections of these three processes

as a function of photon energy in nitrogen. Rayleigh scattering, which changes

only the direction of the photon, plays a minor role at the energies considered. It

was shown by Lehtinen et al. [1999] that the ratio of the Rayleigh scattering to

Compton scattering cross section is much smaller than 1, so is not important in

this system. However, the Monte Carlo used here includes all the interactions of

photons with energetic electrons and positrons, including Rayleigh scattering.

Figure 4.4: Photon interaction cross sections for energies ranging from 1 keV to
1 GeV. The bold curve represents the total cross section and the solid curves rep-
resent each process. The label is shown in the energy range where the interaction
dominates. Figure taken from Carlson [2009].
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4.2.1 Compton Scattering

Figure 4.5: Compton scattering diagram. An incident photon with initial
energy K0 interacts with an orbital electron and scatters with an energy K.

The dominant interaction of a photon in air with energy between 100 keV to

several MeV is Compton scattering. As Figure 4.5 shows, this interaction is a

result of inelastic scattering of a photon by a charged particle. In this case, the

interaction with a free electron causes the photon with an initial energy K0, to

lose energy (or increase its wavelength) to a value of K. This energy is transferred

to the recoiled electron. It is important to note that this process can happen in

reverse, which is known as inverse Compton scattering. In this process, an electron

will transfer its energy to a photon. A Compton scattered photon will also change

its direction, which will be important in its path of travel to an orbiting detector

from its source location. According to conservation of momentum, we have the

following from Figure 4.5

pγ = pecos(θ) + p′γcos(ϕ). (4.1)
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Using special relativity and the de Broglie relation, λ = h/p, we get the following

formula for the Compton wavelength,

λ′ − λ =
h

mec
(1− cos(θ)) (4.2)

[Eisberg and Resnick, 1974]. Notice that in Equations (4.1) and (4.2), the primed

quantities represent the values after the interaction and γ, e represent quantities

associated with the photon and recoiled electron respectively. We can now calcu-

late the final energy of the photon using the fact that Eγ = hc / λ′ = hν ′, where

ν is the frequency. The photon energy can then be expressed as

Eγ =
hc

λ′
=

hc

λ+ h
mec

(1− cos(θ))
=

hν

1 + γ (1− cos(θ))
, (4.3)

where γ = hν/mec
2 [Eisberg and Resnick, 1974]. Therefore, the kinetic energy

of the recoiled electron, ε is equal to the difference between the initial and final

photon energy,

ε = hν − hν ′ = hν
γ (1− cos(θ))

1 + γ (1 + cos(θ))
(4.4)

The differential cross section for Compton scattering can be calculated from the

so called Klein-Nishina formula which describes the scattering of photons from a

single free electron in the lowest order of quantum electrodynamics [Lehtinen et al.,

1999; Carlson, 2009]. According to Heitler [1954], we can write the differential

cross section in solid angle of Compton scattering as

dσCompton

dΩ
=
r2e
2

1

[1 + γ (1− cos(θ))]2{
1 +

γ2 (1− cos(θ))2

(1 + cos2(θ)) [1 + γ (1− cos(θ))]

}
(4.5)

Integrating over all solid angle, the total Compton scattering cross section can be

found

σCompton = 2πr2e

{
1 + γ

γ2

[
2(1 + γ)

1 + 2γ
− ln(1 + 2γ)

γ

]
+
ln(1 + 2γ)

2γ
− 1 + 3γ

(1 + 2γ)2

}
(4.6)
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[Carlson, 2009; Heitler, 1954]. An important fact that will be relevant later in

section 4.5.2 is that multiple Compton scattered photons will accumulate around

100 keV, causing what is known as a “Compton bump” or peak in the TGF energy

spectrum [Dwyer et al., 2012b; Østgaard et al., 2008]. As one can see by Equation

(4.6), for large photon energies, the Compton scattering cross section becomes

negligible. At these high energies, pair production becomes the most dominant

interaction for photons.

4.2.2 Photo-Electric Absorption

At very small energies below the 100 keV Compton peak, photons are lost mainly

due to photo-electric absorption. This process occurs when an energetic photon

is lost to an atom, resulting in the ejection of an atomic electron. In the classical

theory of the photoelectric effect, the maximum kinetic energy of the ejected

electron, ε can be expressed by Einstein’s equation

ε = hν − φ, (4.7)

where φ is defined as the work function, which is the minimum thermodynamic

work needed to eject an electron from a solid in a vacuum [Eisberg and Resnick,

1974]. In quantum field theory, the total cross section is difficult to compute due

to the nature of the relativistic atomic electron wave-functions. However, if the

photon energy is greater than the K shell binding energy and smaller than the

rest energy of the electron, then we can use the Born approximation to write an

analytical expression as

σphoto = 4
√
2σTα

4Z5

(
mec

2

hν

)7/2

, (4.8)

where σT is the Thomas scattering cross section defined as

σT =
8π

3
r2e (4.9)
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[Longair, 2011]. Replacing this cross section into Equation (4.8), we recover what

has been published previously in Carlson [2009],

σphoto =
32

√
2α4r2eZ

5

3

(
mec

2

hν

)7/2

(4.10)

As one can see from the formula for the cross section, as the photon energy is

increased, the importance of photo-electric absorption rapidly decreases. Smith

et al. [2005] argued that the TGF source height of observed RHESSI events could

be estimated based on this absorption cross section. Their argument was that

the existence of photons below 60 keV in their data indicated that the altitude

of TGFs should originate at a height greater than 25 km. However, modeling

done later by Dwyer and Smith [2005]; Carlson et al. [2007]; Babich et al. [2008];

Hazelton et al. [2009] included all the physics of photon interactions, and showed

that high altitude Compton scattered photons can be produced, thus lowering the

source altitude of TGFs to thunderstorm altitudes.

4.2.3 Pair Production

For a photon with energy that of twice the rest energy of an electron, i.e. hν >

2mec
2 = 1.022 MeV, the production of an electron/positron pair occurs (γ + γ →

e− + e+). The total cross section for this interaction is often quite complicated

due to the quantum electrodynamics involved in deriving it. However, some sim-

plifications can be made in the limit of hν ≫ mec
2 [Carlson, 2009]. Just as we

used the radiation length to describe the energy loss of a high energy electron, we

can also describe the mean free path of a high energy photon in a similar manner.

The relation between the mean free path for pair production by a high-energy

photon and the radiation length is

λγ =
9

7
X0 (4.11)

[Jackson, 1998]. According to Carlson [2009], an approximate complete screening

formula when hν ≫ 137mec
2Z−1/3 is

σpair ≃ 4Z2αr2e

{
7

9

[
ln
(
183Z−1/3

)
− f(Z)

]
− 1

54

}
, (4.12)



Chapter 4. TGF Source Mechanisms 88

where f(Z) is a correction due to Coulomb interactions of the produced particles

with the nucleus. However, in the non screening limit, we can make a vast sim-

plification based on the radiation length. According to Bichsel et al. [2010], the

radiation length in Equation (2.33) can be written as

X0 =

(
4αNAZ(Z + 1)r2e ln(183Z

−1/3)

A

)−1

, (4.13)

where NA is Avogadros number, and A is the mass number of the nucleus. Com-

paring this to Equation (4.12) and using the fact that if atomic electrons are

counted, then Z(Z+1) = Z2, then the non screening formula can be written in

terms of the radiation length as

σpair ≃
7

9

(
A

X0NA

)
(4.14)

[Bichsel et al., 2010]. It is important to note that above a few MeV, pair production

becomes important and electron-positron pairs are created. The cross sections

for direct-positron production were also developed for the creation of positrons

without the need of the interaction with a photon [Vodopiyanov et al., 2015].

These formulas were added to the REAM Monte Carlo code.

4.3 Source Properties of Energetic Photons

In this section, we present simulation results of the properties of bremsstrahlung

photons that are within the avalanche region. These properties are important to

study since the resulting energy spectra and angular distributions give us infor-

mation about the runaway electrons at the source of the TGF.

4.3.1 Photon Energy Spectrum

The bremsstrahlung energy spectrum has been recorded in past work, e.g., Dwyer

et al. [2008]; Babich et al. [2008]; Østgaard et al. [2008]. An electron with kinetic

energy ε produces a differential photon energy spectrum proportional to 1/εγ .

The maximum energy that a photon can obtain is up to the kinetic energy of the
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electron. We showed in section 3.2.1 that the RREA spectrum is approximately

exp(-ε/7.3 MeV). Therefore, the photon spectrum produced by the runaway elec-

trons is approximately the convolution of this energy distribution with the 1/εγ

energy spectrum. We can also see from Equation (2.31) that the photons are

emitted in the forward direction with a half angle of one over the Lorentz factor

(1/γ) of the energetic electron [Koch and Motz, 1959].
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Figure 4.6: The differential energy spectrum of photons inside the avalanche
region. The Compton scattered bump is clearly evident around 100 keV and
becomes smaller as the applied electric field is increased. The cutoff on the
energy spectrum increases with increasing field. These plots were the results of
the REAM Monte Carlo simulation.

Figure 4.6 shows the differential energy spectrum of the photons inside the avalanche

region for different values of the applied electric field. As one can see, the distinct

Compton scattered bump is visible at 100 keV. The bremsstrahlung photons in

the avalanche region can then propagate back to the start of the avalanche and

create more runaway electrons via Compton scattering. These photons may also

pair produce, creating positrons that run backwards in the direction of the elec-

tric field and create new secondary electrons via Bhahab scattering. In reality, the

presence of runaway electrons makes the gamma ray spectrum even harder than
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1/εγ . Since the maximum energy observed in a TGF is sensitive to an electric

field and provides information about the source region, Figure 4.6 is useful in un-

derstanding the source mechanisms. Therefore, predictions made by the Monte

Carlo simulations show that by measuring the highest energy photons in the TGF,

information can be gained about the electric fields in this region.

4.3.2 Angular Distribution
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Figure 4.7: Photon angular distribution inside the runaway electron avalanche.
The plot is a result of the intrinsic angular distribution of the runaway electrons
plus the bremsstrahlung emission distribution. Results were taken from the
REAM Monte Carlo simulation.

The angular distribution for bremsstrahlung has been calculated by several au-

thors, e.g. Koch and Motz [1959]; Lehtinen et al. [1999]; Köhn and Ebert [2014].

According to Jackson [1998], we can write the angular distribution of bremsstrahlung
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emission as

dP

dΩ
=

3

16π

1

γ2 (1− βcos(θ))2

[
1 +

(cos(θ)− β)2

(1− βcos(θ))2

]
, (4.15)

where γ = 1 + ε/mc2, β = v/c, and P represents the radiative power. The
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Figure 4.8: The root mean square angle as a function of electric field strength.
Two different energy thresholds are shown, less than and greater than 1 MeV.
Results taken from the REAM Monte Carlo simulation.

bremsstrahlung cross section falls off sharply at large θ, so that the bremsstrahlung

radiation is forward directed. For photons in the relativistic runaway electron

avalanche, the distribution is a result of the intrinsic angular distribution of the

runaway electrons plus the bremsstrahlung emission distribution. Figure 4.7 shows

the photon angular distribution produced by the Monte Carlo simulation for var-

ious field strengths.

As the electric field strength is increased above threshold, the photon beam begins
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to narrow, as most of the photons are directed forward. The figure also shows that

for a uniform electric field the angular distribution remains beamed for all field

values. As a result, in order to produce a wide beam at the source, e.g. Dwyer

and Smith [2005], converging or diverging electric field lines may be necessary.

Figure 4.8 shows the rms distribution as a function of electric field for a popu-

lation of photons less than and greater than 1 MeV. According to the figure, for

energies above 1 MeV and fields just greater than Eth, the rms scattering angle is

around 20 degrees. According to Dwyer [2012], due to Coulomb scattering as well

as bremsstrahlung, the γ-ray emission in RREA has an opening angle of approxi-

mately 20 degrees. Therefore, Figure 4.8 gives good insight into the nature of the

intrinsic spreading of the photons in the avalanche region.

4.3.3 Particle Composition of the Beam

As the electric field is increased, more low energy electrons are allowed to run away

according to the Bethe curve (see Figure 1.1). However, due to shorter avalanche

lengths at higher fields, electrons have less time to interact with air. This results

in a decrease number of photon flux. Recall that the nuclear interaction length,

which is the mean free path of a particle before undergoing a nuclear reaction, can

be expressed as

χ =
A

NAρσT
, (4.16)

where we use the symbol χ to represent the mean free path, A is the atomic weight,

ρ is the density of the medium, and σT is the total nuclear cross section [Rossi,

1952]. The probability density of successive collisions is given by

Φ(x)dx = (1/χ) exp (−x/χ) dx (4.17)

[Rossi, 1952]. In air, we have A = 28.97 g mol−1, ρ = 1.2754 kg m−3. Therefore,

as Figure 4.9 shows, the number of γ-rays inside the electron avalanche region

decreases with increasing value of the electric field strength. The interaction length

for an energetic electron to produce a bremsstrahlung photon is on the order of

50 m. As Figure 2.1 shows, the ratio of the number of γ-rays to those of electrons

produced in the avalanche region at a field strength of 400 kV/m is approximately
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1. Notice that the avalanche length at this field value is also on the order of 50

m, the same distance required for an electron to produce an energetic photon.

Therefore, the results of the Monte Carlo reflect what we would expect physically

from the cross sections of the interactions of energetic electrons in air.
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Figure 4.9: The ratio of the number of gamma rays to the number of electrons
inside the avalanche region. As the electric field increases, the production rate
of photons decreases due to the short avalanche length. The ratio becomes equal
to 1 around 400 kV/m where the avalanche length is approximately the same
as the distance required for an energetic electron to produce a bremsstrahlung
photon. Results take from the REAM Monte Carlo simulation.

4.4 γ-Ray Propagation in the Atmosphere

Atmospheric propagation can be modeled in detail once the runaway electrons

propagate through the electric field region and create energetic photons through

bremsstrahlung. The resulting bremsstrahlung photons are propagated into a cone
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with half-angle θ through the atmosphere and are observed by radiation detectors

onboard spacecraft [Carlson et al., 2007; Hazelton et al., 2009; Gjesteland et al.,

2011]. The x-rays and gamma-rays will propagate through the atmosphere in a

straight line, unimpeded by the electromagnetic field of the earth. The simula-

tions presented in this section contain two variable parameters: source altitude

and beam width. The source altitudes of the TGFs are assumed to be between

8 to 20 km and the beaming profiles are denoted “narrow” and “wide”. The

source altitude has great effect on TGF intensity, time evolution, and the spec-

trum of photons that are observed. For sources at higher altitudes (> 15 km), less

atmosphere must be penetrated to reach the spacecraft, and thus less Compton

scattering occurs.

Low source altitude (< 15 km) events generate significantly more photons; how-

ever, they are quickly attenuated due to the amount of atmosphere that must be

penetrated. Lower energetic photons that are created lower in the atmosphere are

more susceptible to atmospheric scattering and absorption, creating a flattening

in the observed spectrum. On the contrary, photons produced at higher TGF

altitudes have a softer spectrum and fall off less rapidly. The flux of photons

received by the detectors in the orbiting spacecraft can be expressed using the

Beer-Lambert law,

Φγ = Φγ0e
−τ , (4.18)

where Φγ is the flux observed by the spacecraft, Φγ0 is the flux without any

absorption or scattering, and τ is the optical depth of medium [Chandrasekhar,

2013]. The optical depth was considered in the calculations of Lehtinen et al.

[1999], who concluded that the attenuation was less than 1 % for bremsstrahlung

photons produced at altitudes between 60-70 km. However, the thunderstorm

altitudes used in this work are much lower (10-20 km), and so the attenuation

plays a significant role in calculating the flux and energy spectrum at satellite

altitude.
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Figure 4.10: Cartoon demonstrating the procedure to propagate photons to the
space craft using the Monte Carlo simulation. First, REAM is used to generate
the runaway electron avalanches inside the electric field region of a thundercloud.
Once these avalanches are produced, the resulting γ-ray emission is propagated
into a cone and reaches the orbiting spacecraft.

For a narrow beam model, the intrinsic angular distribution of the emitted photons

are unaltered. For a wide beam model, the bremsstrahlung photons are emitted

isotropically in an upper cone of a half width of 45◦, as was done in Dwyer and

Smith [2005] and Hazelton et al. [2009]. In this model, the coordinate system of

the photon is changed by using the standard rotation matrix such that the photons

are emitted isotropically. This process artificially widens the source beam, which

represents the path that runaway electrons would take following either a diverging

or converging electric field near the end of the avalanche region [Dwyer, 2012]. The

energy structure of the emitted TGF beam consists of higher energy photons in

a narrower cone than the lower energy photons, see section 4.3.2 [Hazelton et al.,

2009].

Figure 4.10 shows a cartoon of the process of using the REAM Monte Carlo
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simulation to propagate a TGF through the atmosphere and into the spacecraft

detectors. The exact model of the geometry of the spacecraft with respect to

the TGF beam can be determined by correlating with the World Wide Lightning

Network (WWLLN). We utilize the data available by Connaughton et al. [2010],

that correlated 15 of the TGFs detected by Fermi with individual discharges using

WWLLN. The search criteria for matches between WWLLN sferics and the GBM

detection were within 5 ms and 1000 km [Connaughton et al., 2010]. Once we

know the location of the lightning strike with respect to the spacecraft position,

we can use the Monte Carlo simulation to model the exact geometry between the

source and the instrument.

The Monte Carlo simulation is used to propagate photons up to an altitude of 100

km, since almost no interactions occur above this height until the particles reach

the spacecraft. Therefore, it is useful to study the properties of the photons that

reach the 100 km altitude in the simulation.

Figure 4.11 shows the Monte Carlo simulation results for photons propagated up

to the end of the atmosphere from a 15 km source altitude. The results presented

here from the REAM Monte Carlo code is similar to those of Hazelton et al.

[2009] in that the high energy photons are concentrated in a narrow emission cone

than the lower energetic photons. One can also notice the different widening of the

beams from Figure 4.11(a), which represents the “narrow beam” model, and Figure

4.11(b), which represents the “wide beam” model. In this dissertation, we present

the results of matching the theory and the GBM data with the latter model, since

Dwyer and Smith [2005] showed that this represented a more realistic distribution

when comparing with energy spectra. It is important to note that although the

angular distribution is smeared with the wide beam model, the energy structure

of the beam is preserved.
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Figure 4.11: The photon beam at the top of the atmosphere for three different
energy thresholds, all energies (black), greater than 1 MeV (blue), and less than
1 MeV (red). An altitude of 15 km was used to represent the source altitude of
the TGF. The photon beam was assumed to be (a) narrow and (b) wide in order
to produce the REAM Monte Carlo results shown.
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Figure 4.12: The number of the three different species of particles at the top of
the atmosphere as a function of TGF source altitude for a wide beam geometry.
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Figure 4.12 shows the ratio of the number of photons, positrons, and electrons

at the top of the atmosphere. It is important to note that while the electrons

contained inside the electron avalanche are confined to the electric field region,

secondary electrons and positrons are produced by propagating γ-rays via pair

production up to 100 km. The figure shows that the number of γ-rays quickly falls

off as the source altitude is lowered below 15 km due to atmospheric attenuation.

4.5 Monte Carlo Modeling of GBM Data
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Figure 4.13: Graphic showing the steps to be taken when modeling observed
GBM TGF data. In this dissertation, we use the REAM Monte Carlo code to
produce a theoretical photon energy spectrum at satellite altitude. This distri-
bution then has to be convolved with the instrument response of the satellite,
which requires filtering for pulse pileup and dead time.

As Figure 4.13 shows, the process of comparing theoretical models to observed

GBM data requires several steps. The goal of generating runaway electron avalanches

and the subsequent bremsstrahlung photons is to compare the theoretical models

to observed Fermi GBM data. The models presented here include several free

parameters, such as dependence on the TGF spectrum and intensity on source

altitude, angular distribution, electric fields, and distance from the source of the



Chapter 4. TGF Source Mechanisms 99

TGF to the location of the spacecraft. The initial generation of the photons in the

avalanche region is dependent on the applied electric field strength, however, the

spectral shape is not sensitive to this parameter. Therefore, we use a value of 400

kV/m for our simulations since this is the upper range that has been measured

inside thunderstorms [Marshall et al., 2005]. The photons that are generated from

the initial avalanche simulations are then taken and propagated in Earth’s atmo-

sphere. Photoelectric absorption, Compton scattering, and pair production are

all included with the cross sections similar to those discussed in section 4.2. The

photons that leave the atmosphere are then translated up to 568 km, where GBM

orbits the Earth. The photons are then binned in concentric rings in such a way

to keep the statistics high, e.g. radii of 25 km (see Figure 4.14). The generation

of concentric rings represents the offset of the satellite to the TGF source region.
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Figure 4.14: Concentric rings with a diameter of 50 km. These are used to bin
the photon data at spacecraft altitude for a certain offset from the TGF source.

It is important to note that photon light-travel times were considered and taken
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into account when propagating the photons from 100 to 568 km. The binned

photon flux is then filtered through a detector response matrix (DRM). A DRM

is used to determine the response of the instrument to a known photon radiation

field and convert the population of x-rays and gamma-rays into “counts”. A

more detailed version of the DRM is known as the General Response Simulation

System (GRESS), and is a code that has one computation-intensive step in order

to generate the physical response of an instrument and to incorporate non-ideal

instrument-specific effects into the response function (http://public.lanl.gov/

mkippen/gress/doc/GRESS_UsersGuide.pdf).

4.5.1 Spectral Analysis
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Figure 4.15: Simulation results for a 15 km wide beam model. The right panel
shows the photon energy spectra for different radial rings (left panel) at the
spacecraft altitude. A radial step size of 100 km was used to create the different
disks. The black curve represents the entire energy spectrum. One can notice
that as the spacecraft to TGF source distance increases, the photon spectrum
becomes softer.

An example of a TGF model from REAM can be shown in Figure 4.15. In this

model, a source height of 15 km was used to propagate the photons up through the

atmosphere and into the detectors onboard Fermi. Once the simulated photons

reach the spacecraft, radial rings of 100 km around the location of the instrument

are taken in order to generate good statistics. The results of these simulations

show that as the spacecraft moves more off-axis from the source of the TGF, the

spectrum gets softer. This is an atmospheric effect, since photons off to the side
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of the beam tend to penetrate more atmosphere, and thus have less energy by the

time they reach the instrument. The energy spectra is also very dependent on

the TGF altitude since the lower the source, the harder the spectrum becomes at

satellite altitude.
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Figure 4.16: The GBM corrected count spectrum for a narrow beam geometry
at the source. The source altitude was varied from 8 to 20 km, where the photons
propagated to the spacecraft altitude. Spectra was created from the detector
response matrix (DRM) that converts a photon model (ph/keV/cm2) to a count
spectrum. The initial photon spectrum was generated by the REAM Monte
Carlo code.

Figure 4.16 shows simulated spectra for source altitudes varying from 8 to 20

km. The distinct feature at 511 keV is the positron annihilation line since this

is the rest energy of an electron or positron. The photon model produced by

REAM is binned according to the energy channels onboard GBM. The spectrum

is then multiplied by the DRM to get an observed count spectrum, which is plotted

here. As one can notice, the deeper the source, the harder the spectrum is at the

detectors. The physical effects of source to satellite offset and satellite altitude

have profound effects on the energy spectra as observed in Figures 4.15 and 4.16

and must be adjusted for individual events based on the hardness or softness of

the spectrum. Previous work has looked at this modeling including Carlson et al.

[2007]; Carlson [2009]; Gjesteland et al. [2011]; Østgaard et al. [2008].
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Figure 4.17: Summary of model fits to 36 GBM TGFs. The black curve shows
the distribution of preferred models using the minimum C-stat value. Just about
every event has a good fit with at least one model. However, due to the coupling
of low-statistics in the data with the fits, some ambiguity exists. As a result,
several models have equally statistical merit. In order to capture this, a red curve
is showed that “splits” events into one or more model bins. Figure produced in
collaboration with the GBM team.

Figure 4.17 shows a summary of model fits to 36 GBM triggered TGFs. Four

models from the REAM Monte Carlo simulation were used here with source alti-

tudes of 10, 15, 20 and 22 km. The 20 and 24 km altitudes are grouped together

since they gave a similar γ-ray spectrum. The histogram shows best fit altitude

and beaming distributions to single BGO data for a set of TGFs. The black

curve represents the best fit models based on the use of C-stat [Cash, 1979]. This

likelihood-ratio test is widely used in the parameter estimation in X-ray astron-

omy. In photon counting experiments, detectors have finite energy range and are
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performed using finite number of real bins. The expected number of counts in

each bin are represented by ei, and the finite number of counts collected at the

end of the measurement is represented by ni [Cash, 1979]. Using this notation, we

can write the C-statistic as

C = −2ln(P ) = −2
N∑
i=0

(niln(ei)− ei − ln(ni!)) , (4.19)

where P is the probability of obtaining a result and ei is a function of the model

describing the instrumental response [Cash, 1979].

Since there is some uncertainty in the parameter space used in the models, com-

bined with the low counting statistics from the GBM data, several of the models

have equal statistical significance. In order to capture this, a red curve is shown

in Figure 4.17 that serves to split TGF events into one or more model bins. First,

a C-stat interval was chosen for each GBM event and then the number of fits with

a C-stat in this interval was recorded. Once this was done, a fraction was added

to each model fitting in this interval. For example, if model A had the lowest

C-stat of 100 but models B and C had 101 and 102, respectively, a factor of 1/3

was added to the A,B, and C bins. Therefore, the normalization was the same,

but the histogram was smoothed to show the statistical differences. This process

was developed in collaboration with the GBM instrument team. This analysis was

followed by a more detailed study using more TGF events. Figure 4.18 shows a

summary of spectral fitting with twenty different models with source altitudes of

8, 10, 15, 20, and 22 km and two different beam geometries of narrow and wide. To

explain the model names, “10km 0deg on” means 10 km source height, a narrow

opening angle, and an on-axis integration (assuming the beam is vertically ori-

ented). A name such as “45deg off” means 45 degree opening for the beam and an

integration of the beam that uses the spacecraft off-axis position. The wide beam

geometry assumes that the electric field lines diverge in the source region, which

creates a wider distribution in angle of the photons as they propagate through

the atmosphere and into space. The narrow beam geometry assumes no further

spreading in the photon beam and thus is more concentrated toward the center

of the beam. A list of the Fermi TGFs that were used in this study is listed on

the right hand side. Each TGF id has a “b0” or a “b1” listed next to it which

represents the two bismuth germinate detectors respectively. The number to the
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Figure 4.18: A table showing the variety of adequate fits for each TGF. The red
“∆” shows the best fit and the black “X” is the worst fit. The more constrained
TGFs are those with fewer entries in the row and the table is sorted so that
these appear from top to bottom. The upper entries that are constrained seem
to have a good fit by eye. The last column represents the offset angle between
the spacecraft and the beam of the TGF. A correlation can be seen between
events greater than a 30 degree offset from the TGF source and a wide beam
model. The “+” symbols represent fits between the best and worst. Figure was
produced in collaboration with the GBM team.

right of this designation represents the offset angle between the position of the

Fermi spacecraft and the TGF source distribution. The “∆” and “X” symbols

represent best and worst fits respectively. As one can see, the first few entries are

more constrained since there appears to be one or two models that fit the best.

The correlation that was found is that for offset angles greater than 30 degrees, a

wider beam model seems to work the best. It is important to note that we draw

no concrete conclusions from this analysis; it serves as a study on how certain

individual terrestrial gamma-ray flashes seem to behave, however future studies

will work to confirm a specific model. Figure 4.19 shows a sample of a model fit

with the GBM data. The x-axis is the energy of the photons in keV and the y-axis

is the count rate (number per keV per s). The blue cure is the result of the con-

volution of the REAM Monte Carlo simulation with the detector response matrix.

The green crosses represent data from BGO 0 and the red circles represent BGO 1.
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Notice that the NaI detectors are not considered here. This TGF model seems to

fit the observed count spectrum, however TGF090510 may have originated deeper

in the atmosphere than what is shown in this particular simulation. This plot

represents one specific set of simulated parameters and should not serve to draw

general conclusions about TGFs.

Figure 4.19: The combined plots of the output simulations (blue curve) for
BGO 0 (green crosses) and BGO 01 (red circles) with the REAM input spectrum
for an electric field of 400 kV/m and the actual observed TGF data. The values
displayed here are the actual rates (counts/s×keV). The data for this plot was
taken from TGF090510, as observed from Fermi over Central Africa.



Chapter 4. TGF Source Mechanisms 106

4.5.2 Temporal Analysis
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Figure 4.20: Simulation of a TGF with a source altitude of 15 km and a wide
beam geometry. The sub-satellite point is taken between 250-300 km, i.e. one
collection ring. The plot shows the theoretical time dispersion of photons that
arrive at the satellite. The lower energetic Compton scattered photons arrive
later in time to the detector and can be seen as a prominent tail in the data.
These results were produced by the REAM Monte Carlo simulation.

In this analysis, we attempt to characterize the time dispersion of instantaneous

TGF emission with the REAM Monte Carlo simulation. We also attempt to

demonstrate clear dependence of the time dispersion of photons in TGFs with the

distance between the sub-satellite point and the TGF source location. We note

that the work presented here is part of the peer review publication of Fitzpatrick

et al. [2014].

It has been demonstrated in section 4.5.1 that the photon energy spectrum softens

as the spacecraft moves radially off axis from the TGF source. Here, we show that

this softening is due to the Compton scattering of photons in the atmosphere



Chapter 4. TGF Source Mechanisms 107

which creates a “tail” in the arrival times as a function of photon energy. Figure

4.20 is a result of a REAM Monte Carlo simulation and shows the arrival times

of photons that leave the source region (assumed 15 km) and travel to a height of

568 km (spacecraft altitude). As one can see, the main peak of the TGF arrives

in the first 20µs, while the tail feature can be seen stretching many hundreds of

microseconds.

There have been many different methods to determine the duration of TGFs, e.g.

Celestin and Pasko [2012], and Briggs et al. [2013]. One method is the use of

the t50 measurement, as done in previous work, e.g. Fishman et al. [2011]. This

measurement is the duration from which 25% to 75% of the total number of counts

are detected by GBM during the event. In other words, the t50 is the central 50% of

the total number of counts. Figure 4.21 shows the cumulative sum of the photons

that reach the detector as a function of arrival time. The circled points represent

the times where 25% and 75% of the total photons in the TGF population reach

the spacecraft, respectively. The t50 value is then the difference between these

two points, which for this model is on the order of 20 µs. However, for the data

analysis, determining the point at which the TGF begins is somewhat a subjective

procedure. For weak sources, the duration can be significantly altered by changing

the time intervals. For bright sources, the derived duration is insensitive to small

changes in the accumulation time intervals. The work of Fitzpatrick et al. [2014]

employed a Bayesian Block algorithm to separate the data and simulations into

time intervals corresponding to the TGF and the background. Bayesian Block

binning is a method that determines an optimal binning for input data based on a

Bayesian prior [Scargle et al., 2013]. In practice, this essentially means binning the

data into non-uniform bins of common rate. One of the key results of this analysis

is the dependence on the t50 values on the spacecraft distance to the TGF source

location, as shown in Figure 4.22. In this model, we used a TGF source height of

15 km and a wide beam geometry, as we did in the spectral analysis. A similar

calculation was done by Celestin and Pasko [2012], in which it was concluded that

the maximum probability of TGF detection occurs at a sub-satellite to source

distance of 200 km. While Celestin and Pasko used one specific source altitude to

make their conclusions, we attempt to sample a variety of source heights, including

one as low as 8 km, to establish the properties of terrestrial gamma-ray flashes.

Another key in this analysis is to quantify the effect of dead-time on the GBM
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Figure 4.21: The cumulative sum of photons reaching the detector as a function
of arrival time. The t50 value can be calculated as the time between the two
horizontal maroon dashed lines. For this particular model, we find a t50 value of
approximately 20 µs.

observations. Chaplin et al. [2013] correctly predicted dead-time, pileup losses,

and energy-dependent losses due to tail subtraction effects. However, recent work

by Tierney et al. [2013], calculates corrections for dead-time, pulse-pileup and

detection efficiency in a model independent analysis for approximately 100 TGFs

that were detected by GBM. The conclusion of this paper is that the primary

observational effect of dead-time on the data was the observed maximum rate and

fluence, and that the temporal properties were not significantly affected [Tierney

et al., 2013]. The data used for this analysis, however, came from the two Bismuth

germinate (BGO) detectors and did not consider the twelve NaI photo-multipliers,

which experience greater instrumental effects.

The results of Fitzpatrick et al. [2014] show that the source electron distributions

of observed GBM TGFs vary on time scales of at least tens of microseconds. It
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Figure 4.22: The parameter t50 as a function of the distance between the space-
craft and the TGF source region. As the satellite moves off axis, an elongation
of the duration is observed. Results were produced by the REAM Monte Carlo
code.

was also demonstrated that the basic RREA model may not be enough to explain

the harness ratio seen in the GBM data. For this analysis, a REAM Monte Carlo

simulation was used with a source height of 15 km and a wide beam geometry.

This configuration is well believed to be common among TGFs, e.g. Smith et al.

[2005]; Grefenstette et al. [2008]; Østgaard et al. [2008]; Carlson et al. [2007];

Hazelton et al. [2009]; Gjesteland et al. [2011]. A comparison of these simulations

to the data was performed with a range of source electron variation time scales

[Fitzpatrick et al., 2014]. Although comparing TGF data to simulations is an

enormously large task, as was shown in section 4.5.1, a statistical analysis for

which we assume an altitude and beam geometry can be performed to study the

effects of increasing source offset from the satellite distance. In these calculations,

Compton scattering was fully modeled, allowing for the production of secondary
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electrons. Once the photon beam is propagated to the spacecraft orbital plane,

concentric annuli of diameter 50 km was used. This diameter was chosen in order

to provide enough statistics, while also allowing the effect of the increased source

distance to be studied. Figure 4.23 shows the evolution of both the spectral and

Figure 4.23: The duration (crosses) and the hardness ratio (circles) for the
REAM RREA simulations at an altitude of 565 km, as a function of the TGF
source to sub-satellite distance for a 15 km altitude wide beam model. The
duration is calculated using T50 and the hardness ratio is calculated similar to
Grefenstette et al. [2008], in which the number of events > 300 keV is divided
by the number of events < 300 keV. Due to Compton scattering, as the source
off-axis distance is increased, a growth in the duration of TGFs is observed.
Similarly, there is a clear softening in the spectrum the further the source is
from the spacecraft due to the greater volume of air that the photons must
travel. Figure taken from Fitzpatrick et al. [2014].

temporal properties of the RREA simulations at spacecraft altitude as a function

of the source distance to the satellite [Fitzpatrick et al., 2014]. The hardness ratio

here follows the convention of Grefenstette et al. [2008] in which we take the ratio

of photons with energies greater than 300 keV to those that have energies lower

than 300 keV. Although the hardness ratio threshold is arbitrary, e.g. Gjesteland

et al. [2012] used a cutoff of 1 MeV, Figure 4.23 clearly shows softening in the

spectrum as the source is moved off axis.
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In order to generate a realistic electron distribution at the source of the TGF, the

photon arrival time at the spacecraft is smeared with a Gaussian distribution. The

standard deviations that were used in the Gaussian distributions were 25, 50, 75,

and 100 µs [Fitzpatrick et al., 2014]. The comparison of GBM time delay data to

those of simulations is shown in Figure 4.24(a). Notice that the simulations that

have not undergone any smearing show no significant variation and are consistently

longer than the mean of the observed data. The four different time scales used in

the smearing are all consistent with the mean of the data up to 200 km, however,

after this point the simulated delays are consistently longer than the observed

data [Fitzpatrick et al., 2014]. Figure 4.24 shows the hardness ratio for both the

RREA simulations and the observed data. Notice that the photons without any

smearing are completely inconsistent with the data. Photons with 25 µs smearing

are consistent with the observations up to 150 km, and the longer smearing of 50,

75, and 100 µs agree the best with the data.

4.6 Discussion

In order to model the observed TGFs seen by the GBM detectors effectively,

different TGF source altitudes, beaming geometries, particle compositions, elec-

tric or magnetic field strengths and configurations, must be sampled. The TGF

simulations in tandem with the spacecraft geometry and response matrix allows

the comparison between theory and observations to be made. In this work, we

established the process for going about modeling these TGF events using the rela-

tivistic runaway electron avalanche model. Figure 4.19 shows an example of going

through this process for an individual TGF. The model spectrum seems to do

well against the data for this particular event, however, a single set of parame-

ters were used here and should not be interpreted as a general conclusion. In the

temporal analysis conducted by Fitzpatrick et al. [2014], we used a wide beam

model and a single altitude source to predict that TGF duration increases and

spectral hardness decreases as the distance from the source to the GBM instru-

ments are increased. However, both the data and the models do not not show

the temporal distribution that we expected. This could be due to the fact that

the incident fluence also decreases as the source distance increases, allowing for
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insufficient statistics. The spectral softening versus offset however, clearly was

present in the GBM data. The RREA simulations generated by REAM had to

be smeared with a Gaussian distribution in order to get a more realistic temporal

dispersion at the satellite plane. We conclude that or σ < 50 µs, the simulations

are inconsistent with the mean of the data (see Figure 4.24). This suggests that

the source electron distribution for the TGFs presented in Fitzpatrick et al. [2014]

are not created instantaneously at the source, but vary on times scales greater

than 50 µs. This result seems to challenge the idea of instantaneous sources, as

the temporal elongation due to Compton scattering is not enough to explain the

observations. Therefore an intrinsic time variation at the source on the order of

tens of microseconds is necessary. There are a few explanations here about these

results. First, the assumption that the TGF heights are at a constant 15 km may

not be correct. In fact, a range of altitudes should be sampled here to see if the

simulations will agree with the data on shorter time scales. This would also effect

the HR with off-axis distance results since it would tend to broaden the distribu-

tion. It also may be possible that TGFs with harder spectra originate at higher

altitudes, since these events would be less susceptible to Compton scattering. Fi-

nally, the RREA models used in this analysis may be too simplistic since we only

considered a vertical beam that emits photons isotropically. In reality, we may

need to consider more complex systems such as tilted beams and also model a more

realistic electron source distribution, as done in Dwyer [2012]. However, the HR

distribution for a tilted TGF should exhibit the same behavior since the photons

must traverse more atmosphere to reach the spacecraft. As the source distance is

increased from the detectors, TGFs originating at higher altitudes or containing

tilted beams would preferably be detected. Adding this into our parameter space

is not possible in the simple model shown here. However, we will mention here

that future work would be aimed to investigate these possibilities with improved

modeling and a larger sample size. The time delays, HR distribution, and dura-

tion results presented here are also consistent up to 200-250 km off-axis. After

this point, insufficient statistics make it impossible to conclude anything about

the temporal or spectral distributions. In conclusion, the RREA simulations here

are in qualitative agreement with the GBM data. However, a quantitative analysis

suggest that TGF spectra can be much harder than what is predicted by a RREA

model consisting of a single source altitude.
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(a)

(b)

Figure 4.24: (a) The time delays between soft and hard counts as a function
of the distance between the source and the Fermi sub-satellite position. The
individual TGF Fermi data is plotted in gray, and the average in the 50 km rings
are plotted as cyan squares. The values of the RREA simulations are plotted in
orange. The different smearing for the simulations are indicated by the markers,
circles for no smearing and squares for smearing of 100 µs. (b) The hardness
ratio as a function of the distance between the source and the Fermi sub-satellite
point. The softening with increasing distance is clear from the figure in both the
data and the simulations. The simulations with longer smearing time scales, >
50 µs, are more realistic in representing the data. Figure taken from Fitzpatrick
et al. [2014].



Chapter 5

Conclusions and Suggestions

for Future Work

5.1 Conclusions

In this dissertation, we developed a kinematic model of relativistic runaway elec-

tron avalanches in air. This model was based on the Fokker Planck equation

describing the runaway electron energy distribution function, fre(ε, t). This dis-

sertation extended the work of Dwyer and Babich [2011], and including looking

at the runaway electron regime of the energy spectrum (≈ 100 keV to 30 MeV).

We also developed expressions relating key variables in understanding runaway

electron physics such as the avalanche length (λe−), the minimum energy value

needed for an electron to run away (εth), the maximum energy that an electron

can sustain before losing all of its energy to bremsstrahlung (εmax), and the ef-

fective Møller scattering efficiency factor (ξeff ). Using certain assumptions about

the nature of both the force acting upon a runaway electron in air, and the source

term describing the injection of new runaway electrons into the system, we were

able to calculate the steady state energy spectrum analytically for a wide range of

electric fields. However, when we compared these results to Monte Carlo simula-

tions produced by REAM, we found that it was necessary to include an electron

random walk to describe the shapes of energy spectra for field values approaching

114
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the threshold electric field, Eth. This diffusion effect is responsible for random

deviations of electron energy loss from the mean value it obtains at the end of the

avalanche region. Physically, this describes the stochastic nature of the collisions

that an electron undergoes as it moves through air. To model this diffusion process,

we used a Gaussian random walk approximation, similar to one used by Einstein

to explain Brownian motion. We found that when this model is included into our

kinetic equation, the energy spectra for all the simulated field values match the

results from the REAM Monte Carlo. Therefore, the equations developed in this

dissertation can be used as a model for future investigations into runaway electron

physics, eliminating the need to run intensive Monte Carlo codes.

Investigations into TGF physics were also conducted using the REAM Monte

Carlo simulation. In this work, we first studied the properties of bremsstrahlung

photons from relativistic runaway electron avalanches. Properties such as γ-ray

energy spectra and angular distributions were calculated for various electric fields

used to generate RREA’s. Once the photon lists were generated from the sim-

ulation, we conducted atmospheric propagation calculations in order to model

escaping photons to satellite altitude. In these models, we were free to adjust the

TGF source altitude and beaming geometry in order to get a matrix of simulations

that we could use to later compare to observed GBM data of TGFs. The goal

of this comparison is to determine the source generating mechanisms of TGFs.

Although no definite quantitative conclusions were reached for individual TGF

spectra, we were able to qualitatively show that certain TGFs were constrained

to specific types of models, i.e. source altitude and beam geometry.

Using a single source altitude model of 15 km, we were able to show the spectral

softening as the distance of the spacecraft to the source increased [Fitzpatrick

et al., 2014]. However, the temporal elongation expected as this distance in-

creased, was not observed in either the data or the simulations. This suggests

that Compton scattering alone can not explain the temporal dispersion observed

in TGFs, and that it is likely that an intrinsic time variation is required at the

source. When the simulated photons were smeared with a Gaussian distribution

of σ > 50 µs, the models were in relative agreement with the mean of the sample

of GBM data considered. This suggests that the TGFs observed are not created

instantaneously, but vary on time scales greater than 50 microseconds. However,

for smearing of 50 microseconds, the simulations are in agreement with observed
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temporal and spectral properties, i.e. delay, duration and hardness, up to an offset

distance of 200-250 km.

5.2 Suggestions for Future Work

The following, in no particular order of relevance, are suggestions for work beyond

this dissertation

1. Determination of the diffusion coefficients used in the Fokker Planck equation

outlined in Appendix C.

2. Computation of the Sturm-Liouville approach to the analytical solution of

the second order differential equation describing the steady state runaway

electron energy spectrum (specified in section C.3).

3. Solution to the angular part of the kinetic equation developed in section 3.1.

4. Inclusion of the Lorentz force into the kinetic model to describe the magnetic

field effects on runaway electron propagation and resulting energy spectrum.

5. Development of a radiative transfer model of the resulting bremsstrahlung

photons produced from relativistic runaway electron avalanches using the

interactions discussed in section 4.2.

6. Extension of the temporal and spectral analysis of Fitzpatrick et al. [2014] on

GBM data correlated with WWLLN and ENTLN lightning locations. Popu-

lation synthesis models should include tilted beams, various source altitudes,

and realistic electron source parameters calculated from the relativistic feed-

back discharge model [Dwyer, 2012].



Appendix A

Green’s Function Calculation

In this appendix, we go through the details in solving Equation (3.46) for the

runaway electron energy spectrum. In contrast to Equation (3.41), we show that

adding the Møller scattering source term gives us a better approximation to the

overall nature of the low energy regime of the spectrum. Recall that by using the

Green’s function approach, we look for solutions of the form

fre(ε) =

∫
Gre(ε, ε0)S̃re(ε0)dϵ0 (A.1)

where S̃re(ε0) is the source term of Equation (3.45). Therefore, the Green’s func-

tion of a linear operator, L, acting on a distribution at a point ε0, is any solution

of

LGre(ε, ε0) = δ(ε− ε0) (A.2)

The linear operator in Equation (3.46) is in the form of Lu = u′+ku = S̃re(ε),

where k = 1/e(E-Ed)λe− . Using this fact in Equation (A.2), we obtain

G′
re(ε, ε0) +

Gre(ε, ε0)

e(E − Ed)λe−
= δ(ε− ε0). (A.3)

Now, using µ(ε) = exp(ε/e(E-Ed)λe−) as the integrating factor, and setting the

limits from the threshold energy value, εth, to the secondary electron energy, ε,
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we obtain

exp(ε/e(E − Ed)λe−) Gre(ε, ε0)

=

∫ ε

εth

δ(ε− ε0) exp(ε/e(E − Ed)λe−)dε (A.4)

Note that we now use the property of the delta function such that
∫
f(ε)δ(ε−ε0)dε

= f(ε0). Using this property, we obtain the Green’s function in the form of

Gre(ε, ε0) = exp

(
ε0 − ε

e(E − Ed)λe−

)
(A.5)

Finally, a solution to the runaway electron spectrum can be obtained by plugging

in the Green’s function into Equation (A.1) and performing the integration with

respect to ε0:

fre(ε) =
2πNairZr

2
emc

2ξeffNre

e(E − Ed)β′
2 exp (εth/e(E − Ed)λe−)∫ ε

εth

exp (−ε0/e(E − Ed)λe−) exp ((ε0 − ε)/e(E − Ed)λe−)

ε20
dε0 (A.6)

The numerator of Equation (A.6) does not depend on ε0, and thus the equation

becomes a trivial integration over 1/ε20. The full solution to the steady state

runaway electron spectrum becomes

fre(ε) =
2πNairZr

2
emc

2ξeffNre

e(E − Ed)β′
2 exp

(
− (ε− εth)

e(E −Ed)λe−

){
1

εth
− 1

ε

}
(A.7)

Equation (A.7) represents the modified equation for the steady state runaway

electron spectrum by the Møller scattering cross section. This modification now

demands that the runaway electron spectrum, fre(ε), is a function of electric field.



Appendix B

Calculation of Electron Energy

Loss Fluctuations

Consider a distance x in which an electron undergoes many collisions that will

affect the resulting energy loss. First, let us consider only the fluctuations due

to the secondary electrons from the Møller scattering process. In Figure B.1 we

have divided this length scale into small intervals of width dx. The goal is to

calculate the fluctuations in the energy loss for each interval and integrate over

the entire path of the runaway electron. Two equivalent approaches can be used

to solve this problem. First we can consider the RMS fluctuations in the Møller

differential energy spectrum, and secondly, we can divide the Møller differential

energy spectrum into smaller intervals, each containing individual Poisson fluctu-

ations. For the first method, we can calculate the fluctuations in the energy loss

in each interval dx by taking the RMS of the secondary runaway electron energies

in the Møller spectrum multiplied by the square root of the number of secondary

electrons that are created. In mathematical terms, this can be written as

∆σ̂Møller = εRMS ·
√
NMøller. (B.1)

In order to determine the expression for the RMS in the secondary electron energy,

we can use the information in Figure B.2(a) to write the distribution fMøller(ε) =

dNMøller / dε. Therefore, we can write the RMS as

119



Appendix B. Calculation of Electron Energy Loss Fluctuations 120

Figure B.1: Schematic diagram of a runaway electron moving a distance x
in a uniform electric field. The entire path length can be subdivided so that
the deviation in the energy loss or gain can be calculated at each step. The
energy loss is due to collisions with air molecules that produce secondary runaway
electrons (Møller scattering), the emission of photons by the bremsstrahlung
process, and straggling due to multiple Coulomb scattering. The cumulative
error is the sum of all these slices in which the electron can undergo many of the
above collisions.

εRMS =

√√√√∫ εu
εl
ε2 dNMøller

dε dε∫ εu
εl

dNMøller

dε dε
(B.2)

Notice that the denominator in Equation (B.2) is simply the total number of

secondary electrons, NMøller, that are produced by the runaway electron. Inserting

Equation (B.2) into Equation (B.1), squaring, and canceling terms, we are able to

calculate the variance of the amount of energy loss from secondary electrons in a

length of travel dx by the primary runaway electron,

∆σ̂2Møller =

∫ εu

εl

ε2
dNMøller

dε
dε (B.3)
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Figure B.2: Differential energy spectrum for (a) Møller scattering and (b)
Bremsstrahlung emission
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A second approach can be used in order to calculate the energy fluctuations in

the interval dx. Consider the Møller differential energy spectrum of Figure B.2(a),

which depends inversely on the square of the secondary electron energy. If we now

break up this distribution into tiny slices of width dε, then the error in the energy

given to the secondary electrons produced in a single interval can be described by

Poison statistics and has the form of

∆σ̂Møller = ε

√
dNMøller

dε
dε. (B.4)

Squaring Equation (B.4) and integrating over every slice of the distribution in

Figure B.2(a), one obtains the variance in the energy loss due to Møller scattering

over the length of travel dx of the primary electron, given in Equation (B.3).

Therefore, two different approaches can be used in order to find the error in the

energy loss, one looking at the RMS fluctuations in the distribution of Møller

secondary electrons, and the other by breaking up the distribution into smaller

intervals and using Poison statistics to calculate the error.

Now that we have the error in an interval dx, we must integrate over the entire

path of the runaway electron. Since the Møller differential cross section gives

the number of secondary electrons in units of m2/keV, multiplying by the air

density gives the total number of Møller electrons per unit energy per unit length.

Therefore, we can write dNMøller/dε = Nair · (dσMøller/dε)dx. We also assume

that ε≪ mc2(γ − 1), so that the simplified version of the Møller scattering cross

section can be used. Using these relations and integrating over the entire path

length of the runaway electron, we can write the total deviation in energy loss due

to Møller scattering as

σ̂2Møller = Nair

∫ xmax

xmin

∫ εu

εl

ε2
dσMøller

dε
dεdx (B.5)

Recall also that the average kinetic energy gained by a primary runaway electron

that moves a distance x in a constant electric field is given by ε′ = x(eE − Fd).

In this equation, eE-Fd is the net force applied to the minimum ionizing electrons

along the avalanche direction. Using this relation to change variables from x to ε′
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allows us to rewrite Equation (B.5) as

σ̂2Møller = Nair

∫ εmax

εth

∫ ε′/2

εl

ε2

eE − Fd

dσMøller

dε
dεdε′ (B.6)

The limits of Equation (B.6) are determined in the following way. Since electrons

are indistinguishable, it cannot be determined which of the electrons was the

scattered particle and which was the incident particle during the Møller process.

To correct for this, we define the lower energetic electron as the secondary particle

and the higher energetic electron as the primary particle. Therefore, this places

a limit on the secondary electron energy to ε′/ 2. For the outside integration, the

minimum energy of the runaway electron is the threshold value, εth. Assuming

that εl ≪ ε′, plugging in the value for the differential cross section, and performing

the double integral, we obtain

σ̂2Møller =
2πr2emc

2Nairλe−

7.3 MeV β′2
ε′2

4
(B.7)

In this equation, we used the assumption that Fd ≈ eEd, and then used the fact

that λe− = 7.3 MeV/(eE-Fd), to express it in terms of the avalanche length.

Repeating the exact same procedure with the bremsstrahlung differential energy

spectrum in Figure B.2(b), we can express the total variance due to the radiation

emission as

σ̂2Brem = Nair

∫ ε′

εth

∫ ε′

εpl

ε2p
eE − Fd

dσbrem
dεp

dεpdε̃′ (B.8)

For the bremsstrahlung process, the highest energy the emitted photon can have

is the energy of the primary electron that created it; therefore, we set εpmax = ε′.

Plugging in the differential cross section from Equation (3.59), using the assump-

tions from the last calculations and performing the double integral, we obtain

σ̂2Brem =
4αZ2r2eNairλe−

7.3 MeV
ln
(
183Z−1/3

) ε′3

6
(B.9)

The last deviation to consider is that due to Coulomb scattering. Calculating this

value is somewhat complex since the energy loss does not result in a single process,

but with multiple scattering by an electron with an air molecule. Let us first

consider the calculations computed in Section 2.7.2. Equation (2.38) represents
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an empirical fit to the root mean square angle from the Monte Carlo data for

different electric field strengths. Recall that the RMS scattering angle depends

both on the electric field strength and the electron energy. We can therefore find

the deviation in the drag force by using the cosine of the RMS scattering angle

to find the projected path of the electron with respect to the electric field vector.

Putting this all together with the approximate minimum ionizing drag force, Fd,

we can write the total variation in the drag force experienced by the runaway

electron as

σ̂F (ε) =
Fd

cos(θRMS)
. (B.10)

This equation gives the modification to the average drag force for different values

of the electric field strengths. In order to see the effect at different values of

the electric field strength, we can construct a probability distribution around the

average value, Fd,

P (F (ε)) =
1√

2π (Fd − σ̂F (ε))
exp

(
− (F (ε)− Fd)

2

2(Fd − σ̂F (ε))2

)
. (B.11)

Figure B.3 shows the result of Equation (B.11) for several different values of the

electric field strength. As predicted by the Coulomb analysis performed above,

as the field strength is increased above the threshold value, the probability that

the drag force will exceed the average value of Fd becomes small. By the same

token, as the electric field increases, the angle between the field direction and

the electron trajectory due to multiple Coulomb scattering becomes negligible.

Therefore a small scattering angle results in a shorter path length through air

thickness, and results in the runaway electron experiencing less drag. The last

piece of information that is needed is the total distance traveled by the runaway

electron. Using the same transformation as used above, where x in a constant

electric field is given by ε′ = x(eE − Fd), we can write the total variance in the

runaway electron energy loss due to Coulomb scattering as

σ̂2Coulomb =
λe−

7.3 MeV

∫ ε

εth

σ̂2F (ε′) dε
′. (B.12)

Numerical algorithms can be used to calculate Equation (B.12) for every runaway

electron, and have been implemented in this work. It can also be shown that
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Figure B.3: The probability in the magnitude of the frictional force as a func-
tion of the electric field strength. The width of this distribution is centered
around the average value of the drag force, Fd. As the electric field strength
increases above the threshold, Ed = 276 kV/m, the probability distributions
converge to the average value of the drag force. Therefore, the Coulomb scatter-
ing is important at low electric field strengths, since the electrons tend to scatter
in larger angles than those at higher electric fields.

this effect is mostly dominant in the low electric field region and only affects the

runaway electron spectrum at values just above the threshold, Eth.

We can now use the propagation of errors in Equation (3.58) to write the total

variance in the energy loss of the runaway electron as

σ̂2(ε) =
2πr2emc

2Nairλe−

7.3 MeV β2
ε2

4

+
4αZ2r2eNairλe−

7.3 MeV
ln
(
183Z−1/3

) ε3

6
+σ̂2Coulomb (B.13)
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Please note that we have dropped all the primes in this equation due to the fact

that all the electrons considered at the end of the avalanche region are classified

as runaway electrons, and therefore, we can just use ε to represent their energies.

Factoring out the constant term λe−/7.3 MeV, we can rewrite Equation (B.13) as

σ̂2(ε) =
λe−

7.3MeV

(
Ccoll

ε2

4
+ Crad

ε3

6

)
+ σ̂2Coulomb, (B.14)

where Ccoll and Crad are the constant coefficients in Equation (B.13). Recall

that the constant kbb used in the calculation of the Møller efficiency factor ξeff ,

is 2πr2eNairZmc2/β2, which is simply Z times Ccoll. We also notice that we can

rewrite the radiation length, using all the standard values of air, as

1

X0
=

4αNAZ(Z + 1)r2e log
(
183Z−1/3

)
A

≈ 4αNairr
2
eZ

2log
(
183Z−1/3

)
(B.15)

Comparing Equations (B.15) and (B.13), we notice that this is precisely the value

for Crad. Therefore, we can rewrite Equation (B.14) as

σ̂2(ε) =
kbbλe−

7.3MeV

ε2

4Z
+

λe−

7.3MeV X0

ε3

6
+ σ̂2Coulomb (B.16)

Cleaning this up further, it is convenient to write both analytical pieces in terms of

quantities that were derived in this dissertation. Recall that the Møller efficiency

factor can be expressed as ξeff ≈ εth/kbbλe− . We also recall that the threshold

at which an electron will continue to gain energy is below εmax = (X0 /λe−)7.3

MeV. We finally arrive at an elegant expression for the variance in the energy loss

of runaway electrons:

σ̂2(ε) =
εth

7.3MeV ξeff

ε2

4Z
+

ε3

6 εmax
+ σ̂2Coulomb. (B.17)



Appendix C

The Diffusion Term

C.1 Derivation of the Fokker Planck Equation

Recall that the transport equation derived in section 3.1 only considered advective

flux in the continuity equation. We therefore must modify this theory by adding

two diffusion terms, one from spacial coordinates r, and the other in momentum

coordinates, p.

Using Fick’s first law, we can write the diffusion current density as

Jdiffusion = −D̂∇f(r,p, t), (C.1)

where D̂ is the diffusion coefficient tensor [Chen, 1974]. The diffusion current

density describes how the bulk motion in the system is related to the concentration

gradient. Combining the advection terms from section 3.1, the grand equation for

the transport of runaway electrons in phase space can be written as

∂f(r,p, t)

∂t
+ v · ∇rf(r,p, t) + F · ∇pf(r,p, t)

+f(r,p, t)

[
∇r ·

dr

dt
+∇p ·

dp

dt

]
= S(r,p, t) +∇r ·

(
D̂r∇rf(r,p, t)

)
+∇p ·

(
D̂p∇pf(r,p, t)

)
. (C.2)

127
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The spatial diffusion coefficient tensor, D̂r, was found in Dwyer [2010] using Monte

Carlo simulations. It was found that under the assumption of cylindrical symme-

try, the lateral and longitudinal diffusion coefficients best fit the following functions

[Dwyer, 2010]:

Dr||/v = (5.86× 104)E−1.79[m] (C.3)

Dr⊥/v = (3.80× 103)E−1.57[m]. (C.4)

If our system does not contain any magnetic fields, then there is a natural sym-

metry about the r and p axes. If we are also interested in the rate of runaway

electrons moving along the electric field direction (+z) passing through a plane,

perpendicular to the avalanche, then the diffusion coefficient tensors reduce to

Dr|| and Dp|| , respectively. That is, the average over the pitch angle distribution

function from the diffusion terms evolves according to

∇r ·
(∫

D̂r ∇rf(r,p, t)dΩp

)
+

∫
∇p ·

(
D̂p ∇pf(r,p, t)

)
dΩp (C.5)

= Dz
∂2f(z, pz, t)

∂z2
+

∂

∂pz

(
Dpz

∂f(z, pz, t)

∂pz

)
,

where, Dz = Dr|| from Equation (C.3), and thus does not depend on the coordi-

nate r. The study of the electron pitch angle distribution is left for future work.

Using the fact that the total current density in the continuity equation is now mod-

ified to include diffusion along the direction of the propagation of the avalanche,

Jz = Jadvective + Jdiffusion, we can write a modified transport equation along the

z direction (averaged over all pitch angles) in the form of

∂f(z, pz, t)

∂t
+

∂

∂z
(vzf(z, pz, t)) +

∂

∂pz
[Fzf(z, pz, t)]

= S(z, pz, t) +Dz
∂2f(z, pz, t)

∂z2
+

∂

∂pz

(
Dpz

∂f(z, pz, t)

∂pz

)
, (C.6)

where Dpz is the momentum diffusion coefficient parallel to the avalanche motion.

Physically, the last term on the right side of Equation (C.6) represents the energy

gain around the average energy increase from the electric field, which effectively
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acts like a diffusion gradient in momentum space. This process refers to the

chaotic motion of particles subjected to an arbitrary random force and is similar

to second order Fermi acceleration in cosmic ray astrophysics [Burby et al., 2013].

Considering the homogeneous case, we now convert from momentum coordinates

to energy space by using the relation dε/dpz = vz. Notice that we can write the

distribution function as

f(pz, t) =
dN

dpz
=
dN

dε

dε

dpz
= fε(ε, t)vz. (C.7)

We also recall that the total electron energy, εT , can be expressed as εT
2 = c2p2

+ m2c4. The total energy is the sum of the rest energy and kinetic energy, εT

= ε + mc2. Therefore, these relationships give a conversion between momentum

and kinetic energy, p2c2 = ε2 + 2εεrest, where εrest = mc2. Differentiating this

equation on both sides, and using the fact that Dpz = ⟨∆pz
2⟩/2∆t, Glauert and

Horne [2005] showed that

Dpz =
p2z
ε2
Dε

(ε+ εrest)
2

(ε+ 2εrest)2
. (C.8)

Plugging these relations into Equation (C.6), and taking the homogeneous case,

we can write the electron energy spectrum distribution transport equation with

diffusion as

∂fε(ε, t)

∂t
+

∂

∂ε
(b(ε, t)fε(ε, t)) = S(ε, t)

+
∂

∂ε

(
p2zv

2
z

ε2
Dε

(ε+ εrest)
2

(ε+ 2εrest)2
∂fε(ε, t)

∂ε

)
, (C.9)

where the diffusion coefficient, Dε, is in terms of keV 2/s. From the Fokker-

Planck equation [Glauert and Horne, 2005], we can analytically approximate this

coefficient as

Dε =
⟨∆ε2⟩
2∆t

, (C.10)

where ⟨∆ε2⟩ describes the expected displacement about the average energy, ε, in

the time step ∆t. Therefore, Equation(C.10) represents the instantaneous diffusion

coefficient.

Finally, for runaway electrons, we have pz
2vz

2 ≈ pz
2vre

2 ≈ pz
2c2, and therefore
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Equation (C.9) can be written as

∂fre(ε, t)

∂t
+

∂

∂ε
(b(ε, t)fre(ε, t)) = Sre(ε, t) +

∂

∂ε

(
D̃ε

∂fre(ε, t)

∂ε

)
, (C.11)

where

D̃ε = Dε
(ε+ εrest)

2

ε(ε+ 2εrest)
. (C.12)

Again using separation of variables, we can write the steady state part of Equation

(C.11) in the standard form,

D̃ε
dfre(ε)

dε2
=

(
b(ε)− dD̃ε

dε

)
dfre(ε)

dε

+

(
1

τre
+
db(ε)

dε

)
fre(ε)− Sre(ε). (C.13)

This equation represents the general form of the steady state runaway electron

energy transport equation with diffusion effects. In this work we make assumptions

about the nature of b(ε), D̃ε, and Sre(ε) in order to make the solutions to Equation

(C.13) understandable for the reader. In general, however, Equation (C.13) can

be solved for the full physical equation, e.g., using the full Bethe formula, Fb(ε),

instead of the constant average value Fd for the ionization losses. Using the full

numerical values for these terms results in a better approximation for the average

kinetic energy of the runaway electron population produced by the REAM Monte

Carlo simulation (see section 3.3).

C.2 Method of Determining the Diffusion Coefficients

In Section 3.2.4, we modeled the random energy fluctuations of an electron trav-

eling through a region of air. Since the average distance traveled by an electron is

composed of the addition of many different processes and scattering contributions

with finite variances, their distribution can be described by a Gaussian function.

Diffusion is defined as the net transport due to random motion, so the model

obtained in section 3.2.4 can be directly related to this process. In fact, the con-

tinuous Gaussian distribution is a solution to the continuous diffusion equation.

It should also be understood from Brownian motion and the random walk model
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that was developed in section (3.2.4), that we can relate the width of the Gaussian

distribution with the diffusion coefficient. We start by by noticing that

⟨∆ε2⟩ ≈ dσ̂2(ε′)

dε′
=

∫ ε′/2

εl

ε2
dNMøller

dε
dε +

∫ ε′

εpl

ε2p
dNγ

dεp
dεp + σ̂2F (ε′)dx, (C.14)

where we have used the analysis presented in Appendix B to write the three

terms corresponding to Møller scattering, bremsstrahlung, and Coulomb scattering

respectively. Now using the fact that we can write dN/dε = Nair · (dσ/dε)dx and

the definition of the Coulomb term using Equation (B.10), we can rewrite Equation

(C.14) as

⟨∆ε2⟩ ≈ dσ̂2(ε′)

dε′
= Nair

∫ ε′/2

εl

ε2
dσMøller

dε
dεdx

+Nair

∫ ε′

εpl

ε2p
dσbrem
dεp

dεpdx+
F 2
d

cos2(θrms)
dx. (C.15)

Now we use the fact that dx = vredt to write this as

⟨∆ε2⟩ ≈ dσ̂2(ε′)

dε′
= Nairvre

∫ ε′/2

εl

ε2
dσMøller

dε
dεdt

+Nairvre

∫ ε′

εpl

ε2p
dσbrem
dεp

dεpdt+ vre
F 2
d

cos2(θrms)
dt. (C.16)

We are now in a position to relate this quantity to the instantaneous diffusion

coefficient by using Equation (C.10). We also use the approximations that εl ≪
ε′ and εpl ≪ ε′ so that we can set the lower limits of the integrals to zero. Using

the definitions of the cross sections of Møller scattering and bremsstrahlung, we

can rewrite this as

2Dεdt ≈ Nairvre

∫ ε′/2

0
ε2
dσMøller

dε
dεdt

+Nairvre

∫ ε′

0
ε2p
dσbrem
dεp

dεpdt+ vre
F 2
d

cos2(θrms)
dt. (C.17)
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Canceling the dt terms, we can finally write the diffusion coefficient as

Dε ≈
Nairvre

2

∫ ε′/2

0
ε2
dσMøller

dε
dε

+
Nairvre

2

∫ ε′

0
ε2p
dσbrem
dεp

dεp +
vre
2

F 2
d

cos2(θrms)
. (C.18)

The solution to this equation will be addressed in future research.

C.3 Sturm-Liouville Form

We can write the general Sturm-Liouville equation for the Fokker Planck equation

presented in this dissertation. From Equation (C.13), we see that the integrating

factor takes the following form

µ(ε) = exp

{∫ ε D̃u − b(u)

D̃u

du

}
. (C.19)

Multiplying Equation (C.13) by the integrating factor and dividing by D̃ε, we

obtain

µ(ε)f ′′re(ε)− µ(ε)

(
b(ε)− D̃′

ε

)
D̃ε

f ′re(ε)−
µ(ε)

τreD̃ε

fre(ε)−
µb′(ε)

D̃ε

fre(ε) = 0 (C.20)

We notice that the second term on the left hand side of this equation can be

written as µ′(ε)fre
′(ε). Therefore we can convert the equation into the following

[
µ(ε)f ′re(ε)

]′ − µ(ε)b′(ε)

D̃ε

fre(ε) =
µ(ε)

τreD̃ε

fre(ε) (C.21)

Therefore, the general S.L. problem becomes

−
[
p(ε)f ′re(ε)

]′
+ q(ε)fre(ε) = λr(ε)fre(ε), (C.22)

where the eigenvalue λ = -1/τ re, p(ε) = µ(ε), q(ε) = µ(ε)b′(ε)/D̃ε, and r(ε) =

µ(ε)/D̃ε. The Sturm-Liouville theory for energy space diffusion in plasma physics

is discussed further in [Wilkening and Cerfon, 2015].
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