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Abstract Simplified equations describing the transport and energy spectrum of runaway electrons
are derived from the basic kinematics of the continuity equations. These equations are useful in modeling
the energy distribution of energetic electrons in strong electric fields, such as those found inside
thunderstorms. Dwyer and Babich (2011) investigated the generation of low-energy electrons in relativistic
runaway electron avalanches. The paper also developed simple analytical expressions to describe the
detailed physics of Monte Carlo simulations of relativistic runaway electrons in air. In the current work, the
energy spectra of the runaway electron population are studied in detail. Dependence of electron avalanche
development on properties such as the avalanche length, radiation length, and the effective Møller
scattering efficiency factor are discussed in detail. To describe the shapes of the electron energy spectra
for a wide range of electric field strengths, the diffusion term responsible for random deviation of electron
energy ionization loss from the mean value is added to the kinetic equation. We find that the diffusion in
energy space helps maintain an exponential energy spectrum for electric fields that approach the runaway
electron threshold field.

1. Introduction

According to C.T.R Wilson, electrons may gain large energies from static electric fields in air [Wilson, 1925].
Explicitly, when the rate of energy gain from the electric field exceeds the rate of energy loss from various
interactions with air, then the energy of the electron increases, resulting in it “running away.” However, the
electric field must be sufficiently high in order to start this process. This field value scales with relative den-
sity with respect to that at sea level n and is known as the breakeven field, Eb = 2.18 × 105 V/m × n. This
field value corresponds to the rate that minimum ionizing electrons lose energy. However, due to elastic
scattering, the field required for runaway electrons to propagate over large distances is 30% higher than
Eb [Dwyer, 2003]. In situ measurements have found maximum electric fields near the breakdown field, sug-
gesting that the production of runaway electrons may be common inside thunderstorms [Rakov and Uman,
2003; Marshall et al., 1995].

Figure 1 shows the rate at which electrons lose energy due to ionization in air (solid curve). The plot also
shows the rate at which electrons gain energy from a constant electric field (solid horizontal line). As can
be seen in the figure, electrons with initial kinetic energies larger than the threshold value, 𝜀th, may run
away. These energetic seed particles may be provided by an external source such as cosmic rays or nuclear
decay. The dashed curve in Figure 1 is the energy loss due to bremsstrahlung. The upper bound value for
which the effective frictional forces (including bremsstrahlung) equal the electric force is defined as 𝜀max.
Electrons above this value lose energy rapidly. Notice that as the electric field is increased, the kinetic energy
required for the seed particle to run away, 𝜀th, rapidly decreases. When the electric field is increased above
the energy loss curve in Figure 1, all free electrons may run away. In particular, the thermal electron popu-
lation at low energies may run away. This value is the critical electric field, Ec, at which the so-called cold or
thermal runaway process takes place. In this process, the system does not require any additional external
seed particles.

Gurevich et al. [1992] showed that if electron-electron scattering is included (Møller scattering), then run-
away electrons undergo avalanche multiplication sporadically for every seed electron that enters the electric
field region. Many additional runaway electrons will be created via this avalanche multiplication process.
This mechanism is called Relativistic Runaway Electron Avalanche (RREA) multiplication [Babich et al., 1998].
Figure 2 shows a schematic illustration of an electron avalanche. A cosmic ray is shown colliding with an air
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Figure 1. Effective drag force acting upon an electron as it moves
through air at standard temperature and pressure (STP). The solid
curve is due to inelastic collisions with air molecules, and the
dashed curve includes the effects of bremsstrahlung emission. The
minimum electric field needed for electrons to run away is given by
Eb , while the critical electric field, Ec , is the value for which all elec-
trons run away [Heitler, 1954]. Runaway electrons occur when the
kinetic energies are greater than the threshold energy, 𝜀 > 𝜀th .

molecule or atom, where electrons are
knocked out and become free. If an elec-
tric field is present (E > Eth), then the free
electrons may run away and ionize air,
producing more seeds. In order for this
mechanism to work inside a thunderstorm,
the electric field must exceed the avalanche
threshold electric field, Eth = 2.84×105 V∕m
× n [Dwyer, 2003]. Notice that the avalanche
threshold electric field value is higher than
the breakeven field shown in Figure 1. If the
runaway electrons had traveled along the
field lines without scattering, then the
breakeven field and avalanche field value
would have been the same. However, the
electron’s trajectory is altered due to elastic
collisions via Coulomb scattering. Scattering
also transports electrons to lower energy,
i.e., diffusion in energy space.

The kinematic equations of relativistic
runaway electron avalanches have been
developed and are well known, i.e., Gurevich
et al. [1992], Babich et al. [2004], and
Roussel-Dupre et al. [1994]. The Boltzmann
equation for runaway electrons was derived
by Roussel-Dupre et al. [1994], in which a
numerical solution was computed, assum-
ing a spatially uniform electric field. The
temporal profile of the electron velocity
distribution function was also described in
great detail [Roussel-Dupre et al., 1994].

Figure 2. Schematic of a runaway electron avalanche. Initially, a
cosmic ray particle strikes an incident primary air molecule. The
knocked out electrons ionize other atoms, creating an avalanche of
secondary particles.

Although Monte Carlo simulations
accurately describe runaway electron
avalanches, because the codes are com-
plicated, they do not always provide a
physical insight into the detailed physics.
In this paper, we investigate the physics
details responsible for producing RREAs,
providing understanding of the important
processes involved. In addition, we develop
a simplified set of analytical equations for
describing RREAs, which should be useful
for modeling.

2. Electron Avalanche Parameters

Three fundamental parameters that
are important in the study of electron
avalanches in air are the electron avalanche
length (𝜆e− ), the radiation length (X0), and
the minimum runaway electron kinetic
energy (𝜀th). The analytical results of this
paper are dependent on these three main
parameters. The electron avalanche length,
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Figure 3. Field dependence on the avalanche length. The dia-
monds represent the output from the relativistic runaway electron
avalanche model (REAM), and the solid curve is the empirical fit to
the simulation (equation (1)).

which is a function of electric field, is a mea-
sure of how far an electron must travel
before it produces a 1-e increase in the num-
ber of secondary electrons. Physically, as
the electric field increases, more low-energy
electrons are accelerated, causing the elec-
tron avalanche length, 𝜆e− , to decrease
(see Figure 3). It has been shown that the
avalanche length follows a simple empirical
formula given by Coleman and Dwyer [2006]:

𝜆e− = 7300 kV
E − Ed

, (1)

where Ed is the electric field value (276 kV/m)
creating the force, Fd = eEd , which balances
the drag force. The avalanche speed is
approximately constant with a value of
0.89c [Coleman and Dwyer, 2006].

A second important avalanche parameter is
the radiation length, X0. The radiation length
is defined as the distance an electron must
travel in order to lose all but 1/e of its origi-

nal energy due to bremsstrahlung [Jackson, 1998]. Including quantum corrections, the radiation length can
be expressed in Gaussian units as [Jackson, 1998]

X0 =
[

4N
Z(Z + 1)e2

ℏc

(
z2e2

Mc2

)
ln
( 233M

Z1∕3m

)]−1

. (2)

In this equation, N is the number of atoms per cubic meter in air, Z is the average atomic number of air
atoms, and ze is the particle charge. For electrons, z and M∕m = 1. The remaining symbols in equation (2)
have their usual meaning. It is important to note that for particles heavier than electrons, the factor M∕m
allows screening to become insignificant in the nonrelativistic limit [Jackson, 1998]. At energies where the
radiative energy loss exceeds the losses due to ionization, the complete screening approximation can be

Figure 4. The minimum energy needed for electrons to run away
as a function of electric field strength. This value is determined by
equating the Bethe drag force, Fb(𝜀), to the applied electric force,
eE. The vertical dashed line represents the avalanche threshold
electric field value, Eth = 2.84 × 105 V∕m.

used. For these populations of electrons
moving through air at normal temperature
and pressure (NTP), the radiation length
has a value of 37 g/cm2, or 310 m [Jackson,
1998]. If an electron has an initial kinetic
energy of 𝜀0, then the energy at some dis-
tance x can be found by 𝜀(x) = 𝜀0 exp(-x∕X0)
[Jackson, 1998].

Lastly, consider the minimum energy value
for relativistic electrons to run away, 𝜀th.
This value depends on the applied ambi-
ent electric field and is shown in Figure 1
as the minimum value for which the drag
force equals the applied electric force. This
value can be solved numerically by setting
eE = Fb(𝜀), where Fb(𝜀) is the Bethe force dis-
cussed in equation (4) below. Figure 4 shows
the dependence of 𝜀th on the electric field.
As the electric field strength is increased,
the value for the runaway electron energy
is decreased, making it possible for more
low-energy or thermal electrons to enter the
runaway population.
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3. Monte Carlo Simulations

Monte Carlo simulations are useful in modeling the properties of electron avalanches in air. The first code
to accurately calculate the avalanche rates and the runaway electron energy spectrum was Lehtinen et al.
[1999]. This Monte Carlo code calculated the propagation of electrons in electric and magnetic fields and
also took into account energy losses from ionization and atomic excitation. Møller scattering and angu-
lar diffusion were also taken into account; however, the code did not use the bremsstrahlung production
of gamma rays as a source of energy loss. In 2003, Dwyer developed the runaway electron avalanche
model (REAM), which is a Monte Carlo code that includes all the major relevant physics for the interac-
tion and propagation of photons and energetic electrons in air [Dwyer, 2003, 2007]. The simulation uses a
Runge-Kutta method to solve the relativistic equations of motion for the electrons and positrons as they
move through an external electric and magnetic field. For this study, however, the effects of the geomag-
netic field in the thundercloud region are assumed to be small and so can be safely ignored. The particle
interactions in the simulation include ionization, atomic excitation, and Møller scattering. Elastic scattering
is fully modeled using a shielded Coulomb potential, and the code includes bremsstrahlung production of
X-rays and gamma rays. Photoelectric absorption, Compton scattering, and pair production are also fully
modeled. Bremsstrahlung production from all secondary seed particles and positron annihilated photons
are also included. Production of secondary electrons is computed using the Møller differential cross section
[Berestetskii et al., 1982]:

d𝜎Møller

d𝜀
=

2𝜋r2
e mc2

𝛽′2

[
(𝛾 ′ − 1)2m2c4

𝜀2(mc2(𝛾 ′ − 1) − 𝜀)2
− (2𝛾 ′2 + 2𝛾 ′ − 1)

𝜀(mc2(𝛾 ′ − 1) − 𝜀)𝛾 ′2
+ 1

m2c4𝛾 ′2

]
, (3)

where 𝜀 is the kinetic energy of the scattered secondary electrons, 𝛾 ′ is the Lorentz factor of the primary
runaway electron, and 𝛽′ is the ratio of the primary runaway electron speed to the speed of light. Energy
losses through ionization are fully modeled using the Bethe equation [Bethe and Ashkin, 1953]:

Fb(𝜀′) =
2𝜋NairZr2

e mc2

𝛽′2

[
ln
(

m2c4(𝛾 ′2 − 1)(𝛾 ′ − 1)
I2

)
−
(

1 + 2
𝛾 ′

− 1

𝛾 ′2

)
ln(2) + 1

𝛾 ′2
+ (𝛾 ′ − 1)2

8𝛾 ′2
− 𝛿(𝛾 ′)

]
.

(4)
In this equation, I is the effective ionization potential (85.7 eV for air), Nair is the number density of the gas
atoms in air (5.39×1025 m−3 at sea level), Z is the average atomic number of the gas atoms (7.26 for air),
re = 2.82×10−15 m is the classical electron radius, mc2 = 511 keV is the rest energy of an electron, and 𝛿(𝛾 ’)
is the correction due to the density effect. For the Earth’s atmosphere, this correction is very small below
30 MeV and only increases slightly above that energy. Since Møller scattering is directly modeled in the sim-
ulation, the energy loss due to this process should not be included in the ionization loss, Fd . Therefore, when
calculating the total effective drag force, the quantity

FMøller = NairZ ∫
mc2(𝛾′−1)∕2

𝜀th

𝜀
d𝜎Møller

d𝜀
d𝜀, (5)

should be subtracted from equation (4). The Monte Carlo simulation has been tested with measurements
and experimental data, e.g., Dwyer and Smith [2005] and Hazelton et al. [2009]. In the Monte Carlo sim-
ulation, runaway electrons are assumed to be injected into a volume of air with an exponential energy
distribution of the form exp(−𝜀∕7.3 MeV), as estimated by [Dwyer and Babich, 2011]. The electrons are
allowed to propagate under the influence of a constant electric field of various strengths. The electrons then
travel to a distance of about 5𝜆e− (see equation (1)) where they are collected at the end of the electric field
region. Once collected, the runaway electron’s energy, speed, and positions can all be analyzed. A visual rep-
resentation of the Monte Carlo used in this study is shown in Figure 5. Shown is a top view of the electron
particle beam for two different spatial locations with respect to the z axis. Figure 5a represents the midpoint
of the Monte Carlo, and 5b represents its completion. As one can see, as the beam moves vertically upward,
it widens spatially and becomes more concentrated toward the center of the beam. Three different energy
levels which were plotted for the figures (1, 10, and 20 MeV) grow as you approach the center of the beam.

4. Analytical Expressions for Modeling Runaway Electron Energy Losses

The kinetic theory for runaway electrons has been developed in previous papers, e.g., Roussel-Dupre et al.
[1994] and Gurevich et al. [2007]. However, the kinetic equations previously derived are quite complicated. In
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(a) (b)

Figure 5. Cross section of the relativistic runaway electron avalanche model (REAM) for an electric field strength of
400 kV/m. The resulting electron beam is shown with three different energy ranges. As the energy of the electrons
increases, the beam gets more concentrated toward the center. The snapshots were taken at two different vertical spatial
points, (a) 2.5 𝜆e− (b) 5 𝜆e− .

this analysis, we develop a simplified transport equation, introduced in Dwyer and Babich [2011], from kine-
matics and the continuity equation. We start with the runaway electron energy transport equation derived
in Appendix A, which does not include diffusion effects. This equation can be derived from fundamental
classical mechanics and electrodynamics. Analytical results of the steady state distribution are possible with
the help of several mathematical techniques, simplifications, and assumptions. In this paper, we solve the
transport equation for the runaway electron population, extending the work of Dwyer and Babich [2011],
who mainly considered the transport for intermediate and low-energy electrons.

From equation (A27), we can write down the runaway electron energy transport equation as

𝜕fre(𝜀, t)
𝜕t

= −
𝜕(b(𝜀) fre(𝜀, t))

𝜕𝜀
+ Sre(𝜀, t) (6)

where fre(𝜀, t)=dNre∕d𝜀 is the number of runaway electrons per unit energy. The total force acting on the
electrons, Ftotal is assumed to be eE − F(𝜀), where F(𝜀) is the total effective frictional force, which may include
the Bethe and bremsstrahlung energy loss per unit length, respectively. Therefore, b(𝜀) = d𝜀∕dt = Ftotalv. The
above describes how the runaway electron energy spectrum changes with time and is due to the flow of
electrons that gain/lose energy and the number of electrons that are created due to the source function,
Sre(𝜀, t) [Dwyer and Babich, 2011]. First, following Dwyer and Babich [2011], we assume that a population of
exponentially growing runaway electrons with respect to time can be expressed as fre(𝜀, t)=fre(𝜀) exp(t∕𝜏re),
where fre(𝜀) is the steady state runaway electron distribution function. Assuming that v ≈ vre and 𝜆e− = vre𝜏re

for runaway electrons at sea level, we produce a general steady state formula,

fre(𝜀)
𝜆e−

= −
𝜕
(

Ftotalfre(𝜀)
)

𝜕𝜀
+

Sre(𝜀)
vre

, (7)

which is an ordinary differential equation. We can solve equation (7) by first making simple assumptions,
and then adding complexity to the overall nature of the frictional force and the runaway electron source
term. Table 1 describes a summary of the approaches used to solve equation (7).

Table 1. Solutions to Equation (7)

Approach F(𝜀) S(𝜀) fre(𝜀)
1 Fb ≈ Fd = 276 kV/m 𝛿(𝜀 − 𝜀th) f0 exp

(
−𝜀

e(E−Ed)𝜆e−

)
a

2 Fb ≈ Fd = 276 kV/m ∫ ∞
𝜀

d𝜎Møller
d𝜀

v′fre(𝜀′)d𝜀′
Nre

7.3 MeV

(
1 − 𝜀th

𝜀

)
exp

(
− (𝜀−𝜀th)

7.3 MeV

)
3 Fd+Fbrem = eEd+ 𝜀

X0
𝛿(𝜀 − 𝜀th) f0

[
1 − 𝜀

𝜀max

](X0∕𝜆e− )−1
a,b

4 Fd+Fbrem = eEd+ 𝜀

X0
𝛿(𝜀 − 𝜀th) Approach 3 convolved with ∼ N(𝛿𝜀, 𝜀, 𝜎2(𝜀))

aNormalization constant f0 determined by Nre = ∫ ∞
𝜀th

fre(𝜀)d𝜀.
b𝜀max = 7.3 MeV

(
X0
𝜆e−

)
.
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4.1. Approach 1: Simple Exponential Model
Since the secondary runaway electrons are injected with an approximate 1∕𝜀2 energy spectrum, the major-
ity of them will be at low energies just above threshold (𝜀th). Therefore, we can replace the source term on
the right-hand side of equation (7) with a Dirac delta function,

fre(𝜀)
𝜆e−

= −
𝜕(Ftotal fre(𝜀))

𝜕𝜀
+ 𝛿(𝜀 − 𝜀th). (8)

Considering electrons above the threshold, we obtain

dfre(𝜀)
d𝜀

+
fre(𝜀)

e(E − Ed)𝜆e−
= 0. (9)

In this equation, we assume that the Bethe energy loss rate is approximately the average energy loss per
unit length along the avalanche direction [Babich et al., 2004; Dwyer, 2004, 2007]. The solution to this dif-
ferential equation, integrating from the threshold energy value, is the same result obtained in Dwyer and
Babich [2011]:

fre(𝜀) = f0 exp

(
−𝜀

e(E − Ed)𝜆e−

)
, (10)

where e(E − Ed)𝜆e− = 7.3 MeV. In order to find the normalization constant, f0, we use the fact that the total
number of runaway electrons, Nre, is equal to the integrated runaway electron energy spectrum above the
runaway electron threshold for kinetic energy. Mathematically, since fre is time independent, we can write
this as

Nre = ∫
∞

𝜀th

fre(𝜀) d𝜀

= f0 ∫
∞

𝜀th

exp
(

−𝜀
e(E − Ed)𝜆e−

)
d𝜀. (11)

Performing the trivial integration, we obtain the amplitude, f0 = (Nre∕e(E − Ed)𝜆e− ) exp(𝜀th∕e(E − Ed)𝜆e− ).
Replacing the avalanche length with equation (1), we obtain the full solution to the steady state runaway
electron distribution function,

fre(𝜀) =
Nre

7.3 MeV
exp

(
−
(𝜀 − 𝜀th)
7.3 MeV

)
. (12)

This simple exponential solution has been well accepted in modeling electron avalanches, and
gives an average runaway electron energy of 7.3 MeV [Dwyer and Babich, 2011; Babich et al., 2004; Gurevich
et al., 1992].

4.2. Approach 2: Effects of Møller Scattering
We now consider a second approach, in which we assume a more realistic initial runaway electron distribu-
tion for the source term on the right-hand side of equation (7). From Appendix A, we can write the Møller
scattering source term as

Sre(𝜀) = Nair Z ∫
∞

𝜀

d𝜎Møller(𝜀, 𝜀′)
d𝜀

v′fre(𝜀′)d𝜀′ , (13)

where the incident electron energy is represented by 𝜀′ and the secondary scattered electron energy is
given by 𝜀.

Let us assume that the primary runaway electron spectrum can be approximated by the solution found in
approach 1 above, fre(𝜀′) = f ′0 exp(-𝜀′∕(e(E − Ed)𝜆e− )). Plugging this expression into our source term, we get
the following differential equation:

fre(𝜀)
𝜆e−

= −
𝜕(Ftotal fre(𝜀))

𝜕𝜀
+ 𝜉eff(E)NairZ ∫

∞

𝜀

d𝜎Møller

d𝜀
f
′

0 exp

(
−𝜀′

e(E − Ed)𝜆e−

)
d𝜀′, (14)

where we have assumed that the runaway electrons move with the avalanche speed, v′ ≈ vre. The value
of 𝜉eff(E) in front of the second expression on the right-hand side of equation (14) is added to represent the
effective efficiency factor for Møller scattering to create new runaway electrons (the rate of newly generated
electrons that run away). This efficiency factor is calculated in Appendix C.
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Using the differential Møller cross section of equation (3) in the limit of 𝜀 ≪ mc2(𝛾 ′ − 1), we obtain

fre(𝜀)
𝜆e−

= −
𝜕(Ftotal fre(𝜀))

𝜕𝜀
+

2𝜋NairZr2
e mc2𝜉eff(E)
𝜀2 ∫

∞

𝜀

f
′

0

𝛽′2
exp

(
−𝜀′

e(E − Ed)𝜆e−

)
d𝜀′. (15)

Normalizing this equation and approximating 𝛽′ ≈ 1, we finally can write this as

fre(𝜀)
𝜆e−

= −
𝜕(Ftotal fre(𝜀))

𝜕𝜀
+

2𝜋NairZr2
e mc2𝜉effNre

e(E − Ed)𝜀2𝜆e−
exp

(
𝜀th

e(E − Ed)𝜆e−

)
∫

∞

𝜀

exp

(
−𝜀′

e(E − Ed)𝜆e−

)
d𝜀′. (16)

Notice that we do not include the intermediate energy electron population as was shown in Dwyer and
Babich [2011], since this distribution does not contribute to the runaway electron population. Therefore, we
obtain the following nonhomogeneous ordinary differential equation:

dfre(𝜀)
d𝜀

+
fre(𝜀)

e(E − Ed)𝜆e−
= S̃re(𝜀), (17)

where S̃re(𝜀) is the third term in equation (16) divided by e(E-Ed). Detailed calculations on solving this
equation are given in Appendix B using Green’s functions. The result of solving this equation leads to a
better approximation to the runaway electron energy spectrum at low to moderate electron energies.
This approximation now depends on the electric field strength. The calculation in Appendix C also shows
that the Møller efficiency factor, 𝜉eff, is approximately 25% for a 400 kV/m electric field. We also show that
for high electric fields, this efficiency factor increases (see Figure C1). Using equations (B7), (C5), and nor-
malizing according to equation (C1), we obtain a simple equation for the steady state runaway electron
energy spectrum:

fre(𝜀) =
Nre

7.3 MeV

(
1 −

𝜀th

𝜀

)
exp

(
−
(𝜀 − 𝜀th)
7.3 MeV

)
. (18)

Equation (18) is similar to what was obtained in approach 1; however, it now contains the factor 1−𝜀th∕𝜀 due
to the Møller scattering source term. Note that in the limit of 𝜀 ≫ 𝜀th, equation (18) reduces back to the sim-
ple exponential form obtained in (12). Physically, as the electric field increases, more electrons are injected
into the system due to the fact that more of the Bethe curve is being sampled, and so the energy thresh-
old is reduced. This allows more low-energy electrons to enter the runaway population. Figure 6 shows the
solution to this differential equation for several values of the electric field strength, and its comparison to
the exponential solution is found in equation (12). Notice that both approaches overshoot the behavior of
the high-energy tail of the distribution at low electric field strength values. This issue is discussed in further
detail later in the paper; however, it is important to note that approaches 1 and 2 use several approximations
in solving the differential equation presented above.

4.3. Approach 3: Radiative Losses
In reality, the frictional forces depend on the energy of the particle that is traversing the medium. The
total force in equation (7) should be replaced by an expression that encompasses the exact energy depen-
dence on the drag force in air. In order to do this, radiative losses must be included and added to the
ionization loss. The most dominant contribution from radiative losses for multi-MeV electrons comes from
bremsstrahlung. In order to consider relativistic bremsstrahlung, the screening effect of the atomic electrons
on the nuclear charge must be taken into account. The shielded Coulomb potential for an incident particle
in the field of an atom is given by V(r) = (zZe2∕r) exp(−r∕a) [Jackson, 1998]. In this equation, a = 1.4a0Z−1∕3,
where a0 is the Bohr radius. Semiclassically, for ultrarelativistic high-energy particles, the radiative energy
loss with complete screening is given by [Jackson, 1998]

Fbrem =
d𝜀rad

dx
≃

{
16
3

N
Z2e2

ℏc

(
z2e2

Mc2

)2

ln
( 233M

Z1∕3m

)}
𝛾Mc2. (19)

For energy ranges above 1 MeV, radiative energy loss is the dominant process influencing the spectrum.
Equation (19) can then be written in terms of the radiation length by using the quantum-mechanical
Born approximation for the Bethe-Heitler energy dependence [Jackson, 1998]. The energy loss due to
bremsstrahlung emission can then be approximated by(d𝜀

dx

)
brem

= − 𝜀

X0
. (20)
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Figure 6. Comparison of both equation (12) (approach 1) and equation (18) (approach 2) to the relativistic runaway
electron model (REAM) simulation points. Equation (18) uses the Møller scattering cross section convolved with an
exponential source distribution. Increasing electric field strength is shown from (a) to (d).

For ultrarelativistic electrons, we have used the approximation 𝜀 = (𝛾-1)mc2 ≈ 𝛾mc2. Using this expression,
we can now write the total force in equation (7) as

Ftotal (𝜀) = eE −
(

eEd +
𝜀

X0

)
. (21)

The total force acting on the electron is the total energy gain from the electric field, eE, and the total loss by
a nonconstant frictional term eEd + 𝜀∕X0. Note that since we are interested in multi-MeV electrons, Ed ≈ con-
stant. The total amount of energy that is deposited at the end of the electric field region is therefore now
dependent on the emission of photons by bremsstrahlung. With this dependence, it is possible to analyti-
cally model the very high energy tail of the spectrum. Plugging equation (21) into (7), grouping terms, and
setting 𝜒(𝜀) = 𝜀∕X0, we get

dfre(𝜀)
d𝜀

+ fre(𝜀)
(

1
(e(E − Ed) − 𝜒(𝜀))𝜆e−

− 1
e(E − Ed) − 𝜒(𝜀)

d𝜒(𝜀)
d𝜀

)
=

Sre(𝜀)
vre(e(E − Ed) − 𝜒(𝜀))

. (22)

We also notice that we can express the last term on the left-hand side as d∕d𝜀 (ln(e(E − Ed) − 𝜒(𝜀))), allowing
equation (22) to be written in its final differential form:

dfre(𝜀)
d𝜀

+ fre(𝜀)
(

1
(e(E − Ed) − 𝜒(𝜀))𝜆e−

+ d
d𝜀

{
ln(e(E − Ed) − 𝜒(𝜀))

})
=

Sre(𝜀)
vre(e(E − Ed) − 𝜒(𝜀))

. (23)

It is important to note that as 𝜒 (𝜀) → 0, we recover our original differential equation, which assumed a
constant uniform frictional force.

As low energetic electrons propagate through air, they lose their energy predominately from ionization
losses. Conversely, a highly energetic electron loses energy mostly due to radiative loses such as
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Figure 7. The maximum energy a runaway electron can have while
still being accelerated by the applied electric field.

bremsstrahlung. The energy in which the
two losses are equal is called the critical
energy 𝜀c. It has been tabulated that this
critical energy is approximately 84 MeV for
Z ≈ 7.3 [Grieder, 2009]. Therefore, calculat-
ing equation (21) for the electron energy,
we obtain

𝜀c ≃ X0eEd. (24)

Using the values of the radiation length and
the drag electric field value at STP, we calcu-
late the critical energy to be approximately
86 MeV. The approximations for both the
ionization and radiative losses are therefore
in good agreement with the value docu-
mented in the literature. Expanding out
equation (23), and rearranging, we obtain

dfre(𝜀)
d𝜀

+
(

X0 − 𝜆e−

𝜆e−

)
fre(𝜀)

𝜀max − 𝜀

=
Sre(𝜀)

vre(e(E − Ed) − 𝜀∕X0)
, (25)

where 𝜀max = X0e(E − Ed) = constant, for a particular atmospheric composition and electric field strength.
Physically, this parameter represents the maximum energy for a particular electric field for which electrons
continue to gain energy. This is the energy value for which the electric force equals the frictional force,
and therefore, any electron with an energy exceeding this will lose energy. Figure 7 shows the relationship
between 𝜀max and the electric field strength. In this figure, 𝜀max ≈ 69 MeV, for a 500 kV/m electric field.

Using our earlier approximation by considering energies that are high enough above the threshold
(𝜀 ≫ 𝜀th), so that newly created electrons are injected below that energy, allows the source term to be
ignored. Setting the right-hand side of equation (25) equal to 𝛿(𝜀 − 𝜀th), we finally obtain the expression for
the spectrum with the energy dependent frictional force,

fre(𝜀) = f0

[
1 − 𝜀

𝜀max

](X0∕𝜆e− )−1

. (26)

Equation (26) shows a power law relationship in the energy spectrum. It is interesting to note some spe-
cial properties about this solution. For low values of the electric field so that E ≈ 300 kV∕m, X0 ≈ 𝜆e− , and
so the electron energy distribution simply reduces to a constant, f0 (see Figure 8a). Physically, at these low
electric field strengths, the frictional force dominates and the electron does not have a chance to gain
enough energy to reach the multi-MeV range. Separating the powers in equation (26) and observing that
e(E − Ed) = 7.3 MeV∕𝜆e− , we may rewrite the steady state energy distribution as

fre(𝜀) =
f0

(1 − 𝜀∕𝜀max)

(
1 − 𝜀

𝜀max

)𝜀max∕7.3MeV

. (27)

Note that we have rewritten X0∕𝜆e− in terms of 𝜀max, defined in the previously mentioned relationship.
Using the fact that exp(x) = limn→∞(1 + x∕n)n, we can recover our initial result presented in approach 1
(equation (10)). Therefore, for very large fields, 𝜆e− → 0, or as 𝜀max = (X0∕𝜆e− )7.3 MeV → ∞, the energy dis-
tribution approaches a simple exponential. Finally, after normalizing equation (26) between 𝜀th and 𝜀max,
we obtain

fre(𝜀) =
Nre

7.3 MeV

(
1 −

𝜀th

𝜀max

)−X0∕𝜆e− (
1 − 𝜀

𝜀max

)(X0∕𝜆e− )−1

. (28)

The energy range for equation (28) is such that 𝜀th ≤ 𝜀 ≤ 𝜀max. Beyond this energy value, electrons continue
to bremsstrahlung and lose energy rapidly, causing a sharp cut off in the energy spectrum. Finally, Figure 8
shows the result of equation (28) compared with the values from the Monte Carlo. As one can see, the ana-
lytical equation does not agree with the high-energy tail of the runaway electron distribution for lower
values of the electric field strength. Later in this paper, we explain this behavior by performing a detailed
statistical analysis on the REAM Monte Carlo.
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Figure 8. The differential runaway electron spectrum for several values of the electric field strength using the methods
of approach 3. The black curve represents the analytical formula found in equation (28), which includes bremsstrahlung
to the electron energy loss. This correction forces the spectrum to be asymptotic to the maximum energy 𝜀max. The
discrepancy between the analytical model and the Monte Carlo simulation at low values of the electric field strength can
be rectified with a simple statistical analysis method.

5. Numerical Modeling of Coulomb Scattering

The last piece of physics to consider in analyzing the runaway electron energy spectrum is the effect of
Coulomb collisions. As the electron travels parallel to the electric field, it tends to scatter due to elastic colli-
sions. These elastic collisions knock the electron off of a straight line trajectory and force the particle to lose
more energy or not gain energy as rapidly along its path. Figure 9 shows the effect of Coulomb scattering
in the Monte Carlo simulation. When Coulomb scattering is turned off, the electron continues to travel par-
allel to the electric field and sustain no small angle deflections. However, when Coulomb scattering is taken
into account, the electrons go through multiple small angle scatters and straggle along their path of travel.
This straggling contributes to an increased frictional force along the field line, since the average path length
of the electron is longer. Recall that the shielded Coulomb cross section for elastic scattering of electrons is
[Dwyer, 2007]

d𝜎Coul

dΩ
= 1

4

(
Zre

𝛽2𝛾

)2
(

1 − 𝛽2 sin2(𝜃∕2)
)(

sin2(𝜃∕2) + ℏ2

4p2a2

)2
, (29)

where p is the momentum of the electron during the collision. In this equation, the constant a is obtained
from a fit to the Thomas-Fermi atomic potential and has a value of approximately 183.8 –λ, where –λ is
the Compton wavelength [Mott and Massey, 1965]. Equation (29) is a quantum-mechanical correction to
the Rutherford expression since the classical formula diverges at 𝜃 = 0, due to the infinite range of the
Coulomb potential. However, because of electron screening, the scattering cross section must be finite as 𝜃
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Figure 9. The effect of Coulomb elastic scattering on the trajectory of an electron under the influence of a uniform elec-
tric field. Two seed electrons are shown moving through air (simulation): (a) without Coulomb scattering and (b) with
Coulomb scattering.

approaches zero. Quantum mechanically, the Born approximation can be used to yield a small angle cross
section in the appearance of equation (29) [Jackson, 1998].

The most important parameter to calculate when considering large sequences of small angle deflections is
the mean square angle of a single scattering defined by [Jackson, 1998]

⟨𝜃2⟩ = ∫ 𝜃2 d𝜎
dΩ

dΩ

∫ d𝜎
dΩ

dΩ
. (30)

The root mean scattering angle was calculated from the Monte Carlo simulation and is shown in Figure 10.
We notice that the angular root mean square values are best fit by a logarithmic function. As one can see,
as the electric field strength increases, the electron’s angular distribution narrows. Physically, this is what we
would expect since a higher electric field strength allows the electrons to travel more forward along the field
line. The logarithmic function that well fits the Monte Carlo can be expressed as

𝜃RMS(𝜀) = A0(E) + A1(E) log10(𝜀) + A2(E) log2
10(𝜀), (31)
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Figure 10. Empirical fits (solid lines) to the output root mean
square angular distribution of the Monte Carlo (symbols) for a
low, medium, and high electric field strength as a function of the
electron energy.

where the constant coefficients depend on
the electric field strength. A list of these con-
stant coefficients for several electric fields
can be found in Table 2.

Once the RMS scattering angle is known,
the effect of Coulomb scattering on the
path length of the electron can be quanti-
fied. As mentioned earlier, in the absence
of Coulomb scattering the average drag
force experienced by a runaway electron
is Fb = eEb = 215 kV/m, where Eb is the
breakeven field. In the presence of Coulomb
scattering, the path length of the electron is
increased, and thus, the average drag force
is increased by an amount

Fd =
Fb

cos(𝜃RMS)
≈ 276 kV/m. (32)

In the calculations presented in this paper,
we use this value as the average drag force
experienced by a runaway electron in air.
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Table 2. Constant Coefficients to the Empirical Fit of 𝜃RMS(𝜀) Given by
Equation (31)

E (kV∕m) A0 A1 A2

300 61.94 −1.20 −2.14
350 72.80 −7.80 −1.22
400 77.95 −11.71 −0.60
500 84.23 −16.21 0.04
750 90.67 −22.21 0.99
1000 95.52 −26.43 1.63
1200 99.13 −29.42 2.07
1500 100.33 −31.35 2.40
1700 98.73 −31.12 2.40
2000 103.95 −35.05 2.99
2200 100.52 −33.82 2.87
2500 102.43 −35.76 3.19
3000 103.33 −37.48 3.51

6. Approach 4: Modeling a Run-
away Electron Random Walk
Process in Energy Space

The analytical result of the power law of
equation (28) deviates drastically from
the solution found by the Monte Carlo
at the high-energy tail of the distribu-
tion for lower values of the electric field
strength. In order to understand this
difference, we must first model the sta-
tistical fluctuations of the Monte Carlo
simulations. In the MC, a single runaway
electron with energy 𝜀 has a proba-
bility to emit zero photons, a single
photon, or multiple photons due to the

bremsstrahlung process. Each primary runaway electron also has a probability to create secondary runaway
electrons from Møller scattering.

In order to treat the difference in the spectra at low fields, statistical fluctuations of electron energy loss
should be taken into account. In the MC, this is simulated via the randomness of each act of electron scat-
tering and radiation. In this approach, fluctuations can be regarded as the sum of a very large number
of statistically independent displacements about the mean value corresponding to a succession of small
energy losses. This can be modeled by considering a Gaussian function of a certain width. Therefore, if we
observe a runaway electron that makes it to the end of the electric field region with a measured average
energy 𝜀, the probability of that electron obtaining an amount of fluctuation in energy loss or gain, 𝛿𝜀, is
given by the normal distribution

N(𝛿𝜀, 𝜀, 𝜎2(𝜀)) = 1√
2𝜋 𝜎(𝜀)

exp

(
−
(
𝛿𝜀 − 𝜀

)2

2𝜎2(𝜀)

)
. (33)

Notice that we use the symbol 𝜎 to represent standard deviation in order to avoid confusion with the
symbol 𝜎, which represents the total cross section.

In order to calculate the width of the Gaussian distribution, we first need to consider the total
stopping power,

d𝜀
dx

=
(d𝜀

dx

)
scatt

+
(d𝜀

dx

)
rad

, (34)

due to scattering (ionizing collisions and multiple Coulomb scattering) and radiative emission
(bremsstrahlung) [Roy and Reed, 1968]. Since the total stopping power depends linearly on the collision and
radiative terms, which are uncorrelated, we can use the propagation of errors to write the standard deviation
of equation (33) as

𝜎(𝜀) =
√

𝜎2
Møller + 𝜎2

Brem + 𝜎2
Coulomb . (35)

The production of secondary electrons described by Møller scattering is the dominant process in the scat-
tering term for the low-energy population of the distribution. At very high energies, the bremsstrahlung
losses in the radiation term dominate. For values of the electric field close to the threshold, Eth, Coulomb
scattering becomes the main source of electron energy fluctuations. This is due to the fact that the runaway
electrons experience less force from the electric field at these values and thus can scatter off the field lines
and perform multiple collisions with air molecules. The change in energy in a single collision produces a
small fluctuation in energy; however, by the time the runaway electron reaches the end of the electric field
region, its path length would result in a large fluctuation in energy. Therefore, equation (35) is an expression
that encompasses the most dominant processes in the low- and high-energy regimes that contribute to the
statistical fluctuations of the runaway electron energy spectrum. For Møller secondary electrons, the energy
distribution is proportional to 1∕𝜀2, where 𝜀 is the energy of the secondary electron. The bremsstrahlung
differential energy spectrum of photon emission from a runaway electron is approximately a power law with
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Figure 11. The individual variances of the Møller scattering pro-
cess (solid) and Bremsstrahlung emission (dashed) as a function
of the runaway electron energy. At lower energies, Møller scatter-
ing dominates the fluctuations, while at higher energy values, the
bremsstrahlung effect rapidly increases. This figure is on a log scale,
so small differences between the lines result in order of magnitudes
of separation. The point where both statistical errors are the same is
shown to be 𝜀𝜎 and is approximately equal to 640 keV.

index equal to −1 [Koch and Motz, 1959].
Therefore, since the RREA spectrum is
approximately exponential, the convolu-
tion with the emitted 1/𝜀p bremsstrahlung
spectrum produces the approximate pho-
ton spectrum of 𝜀−1

p exp(−𝜀p∕7.3 MeV). The
Bremsstrahlung differential cross section
in energy is approximated to be [Segrè and
Staub, 1959]

d𝜎brem

d𝜀p
≈

4Z2r2
e𝛼 ln(183Z−1∕3)

𝜀p
, (36)

where 𝛼 is the electromagnetic fine struc-
ture constant with a value of 1/137.
Appendix D shows the detailed calculations
involved in determining the widening of
the electron energy loss distribution, or the
expected displacement from the average
energy, 𝜀. The variance of the distribution is
given by equation (D17), which includes the
three effects mentioned above. As shown
in Appendix D, for field strengths much
greater than the threshold value, E ≫ Eth,
the Coulomb scattering term becomes neg-
ligible, and so the main source of fluctuation
in energy loss is determined from Møller
scattering and bremsstrahlung emission. In
order to determine which of these contribu-

tions dominates, it is useful to calculate the energy value for which the fluctuations due to these processes
are the same. By setting both the Møller scattering and bremsstrahlung terms of equation (D17) equal to
each other, it can be determined that

𝜀𝜎 = 3
2

kbbX0

Z
, (37)

where kbb is equal to 2𝜋reNairZmc2∕𝛽 . Equation (37) is the energy value for which both Møller scattering and
bremsstrahlung contribute equally to the fluctuations in electron energy loss. Plugging in the numbers for
air, 𝜀𝜎 ≈ 640 keV. Figure 11 shows the two contributions from Møller scattering and bremsstrahlung emis-
sion, respectively. Therefore, we can divide the expression for the total standard deviation of the probability
distribution into three distinct cases,

𝜎(𝜀) =

⎧⎪⎪⎨⎪⎪⎩

√
𝜀th

7.3MeV 𝜉eff

𝜀2

4Z
+ 𝜀3

6 𝜀max
+ 𝜎2

Coulomb if E ≈ Eth, 𝜀th < 𝜀 < 𝜀max√
𝜀th

7.3MeV 𝜉eff Z
𝜀

2
if E ≫ Eth, 𝜀 ≪ 𝜀max

𝜀3∕2√
6 𝜀max

if E ≫ Eth , 𝜀 ≫ 𝜀th

(38)

Equation (38) serves to explain why the statistical fluctuations for the electron energy loss in the Monte
Carlo simulation are prominent in both the high-energy regime of the distribution and lower values of the
electric field.

Figure 12 shows how the amount of energy loss or gain for a runaway electron in a 400 kV/m field changes
with respect to its energy at the end of the simulation. Naturally, the probability distributions widen with
increasing electron energy, giving greater possibility that a high-energy electron will have significant fluc-
tuations in energy loss. Figure 12 shows that an electron at the end of the simulation region with average
energy 𝜀 has a probability to be shifted by an amount 𝛿𝜀. According to the calculation of equation (33), the
lower the output energy of the electron, the more chance it has to lose or gain zero energy and thus cause
no shift in the spectrum.
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Figure 12. Energy loss or gain probability distributions for a
400 kV/m electric field and primary runaway electron energies of 5,
10, 20, and 30 MeV. The lower the energy of the electron, the nar-
rower the distribution becomes, resulting in a smaller error in the
variation of electron energy. This energy value is later added or sub-
tracted to the initial runaway electron energy to represent statistical
fluctuations in the MC.

If we instead keep constant the runaway
electron energy in equation (38) and vary
the field, we can show why at higher
strengths the fluctuations become negli-
gible. Figure 13 shows two plots depicting
the probability of energy loss or gain with
respect to the electric field. Figure 13a
assumes a runaway electron energy of
10 MeV, and 13b assumes a runaway elec-
tron energy of 30 MeV. For a fixed runaway
electron average energy, 𝜀, the fluctua-
tion in energy loss or gain lies between 𝜀

and 𝜀 + 𝛿𝜀. Therefore, the higher the field
strength, the less dominant these fluctua-
tions become. The explanation of why the
spectrum assumes a power law at lower
electric fields and an exponential at higher
fields is simply due to the widening and
narrowing of this probability distribution.

Using this analysis, the effects on the run-
away electron spectrum in equation (28) can
be found by

fre(𝛿𝜀) =
Nre

7.3 MeV

(
1 −

𝜀th

𝜀max

)−X0∕𝜆e− (
1 − 𝜀

𝜀max

)(X0∕𝜆e− )−1

◦
1√

2𝜋 𝜎(𝜀)
exp

(
−
(
𝛿𝜀 − 𝜀

)2

2𝜎2(𝜀)

)
, (39)

where “◦” represents the convolution operator defined as (f◦g)(t) = ∫ ∞
−∞ f (𝜏)g(t − 𝜏)d𝜏 . Figure 14 com-

pares the result of numerically calculating the convolution of (39) with the analytical solution developed in
equation (28). As one can see, by introducing the Gaussian fluctuations, this convolution results in conver-
gence to the REAM simulation. This calculation is significant since it concludes that the exponential rollover
that was previously assumed to be proportional to exp(−𝜀∕7.3 MeV) is in fact due to an electron random
walk process in energy space at low electric field strengths. For high electric field values, the minimization
of the statistical fluctuations, combined with the fact that the spectrum no longer becomes asymptotic
to the value of 𝜀max, allows the electron energy distribution to behave as an exponential, thus matching
previous theories.
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Figure 13. Probability loss curves for different values of the electric fields: (a) 𝜀 = 10 MeV and (b) 𝜀 = 30 MeV.
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Figure 14. The runaway electron energy spectrum for several values of the electric field strength. Shown is the result
of the analytical calculations of approach 3 and the numerical convolution with the statistical fluctuations in energy
loss of approach 4. Frames (a) to (d) show increases in field strength. Notice that as the electric field is increased, both
approaches give approximately the same result.

7. Approach 5: Numerical Solution of Diffusion

In section 6, we modeled the random energy fluctuations of an electron traveling through a region of air.
Since the average distance traveled by an electron is composed of the addition of many different processes
and scattering contributions with finite variances, their distribution can be described by a Gaussian. Dif-
fusion is defined as the net transport due to random motion, so the model obtained in section 6 can be
directly related to this process. In fact, the continuous Gaussian distribution is a solution to the continuous
diffusion equation. Recall that the transport equation derived in Appendix A only considered advective flux
in the continuity equation. We therefore must modify this theory by adding two diffusion terms, one from
spacial coordinates r, and the other in momentum coordinates, p. Appendix E starts with Fick’s law, which
relates the diffusion coefficient to the diffusion current density, Jdiffusion, and derives a modified electron
transport equation. If we ignore all lateral diffusion processes and consider only the component along the
direction of propagation of the avalanche, then the diffusion contribution (averaged over all pitch angles)
can be described by the term

𝜕

𝜕pz

(
Dpz

𝜕f̄ (z, pz, t)
𝜕pz

)
, (40)

where Dpz
is the momentum diffusion coefficient parallel to the avalanche motion. It is important to note

that for this work, we consider a uniform electric field in the −z direction, while the runaway electron
avalanche moves in the +z direction. Physically, this term represents energy gain around the average energy
increase from the electric field, which effectively acts like a diffusion gradient in momentum space. This pro-
cess refers to the chaotic motion of particles subjected to an arbitrary random force [Burby et al., 2013] and
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Figure 15. The runaway electron energy spectrum for several values of the electric field strength. Shown is the result of
approach 5 using the diffusion transport equation (E11). Frames (a) to (d) show increases in field strength. The diffusion
coefficient, D𝜀, was determined from the Gaussian model of approach 4.

is similar to second-order Fermi acceleration in cosmic ray astrophysics. It should also be understood that
we can relate the width of the Gaussian model with the diffusion coefficient by noticing that

𝜎(𝜀) =
√

2D𝜀t. (41)

The width of the distribution was calculated in equation (D17), so we may approximate the diffusion
coefficient in energy space as

D𝜀 ≈
𝜀th

7.3MeV 𝜉eff

𝜀2

8Zt
+ 𝜀3

12 𝜀max t
+

𝜎2
Coulomb

2t
. (42)

With this new information, we can construct the final physical equation that governs the runaway electron
energy spectrum. Combining the diffusion transport equation (E11), the Møller scattering source term, and
the total force experienced by a runaway electron including Coulomb scattering effects, we finally obtain

𝜕fre(𝜀, t)
𝜕t

+ 𝜕

𝜕𝜀

([
eE −

(
Fb + 𝜀∕X0

cos(𝜃RMS)

)]
vfre(𝜀, t)

)
= 𝜉effNairZ ∫

∞

𝜀

d𝜎Møller

d𝜀
v′fre(𝜀′, t)d𝜀′

+ 𝜕

𝜕𝜀

(
D𝜀

(𝜀 + 𝜀rest)2

𝜀(𝜀 + 2𝜀rest)
𝜕fre(𝜀, t)

𝜕𝜀

)
. (43)

In this equation, we have used the analysis in section 5 to rewrite the drag force. The Coulomb diffusion term
also depends on the bremsstrahlung energy loss, 𝜎F(𝜀) = Fd+𝜀∕X0

cos(𝜃RMS)
(see equation (D10)). This second-order

linear differential equation can be solved numerically using a finite difference method, which is shown in
Figure 15 for several values of the electric field strength.
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Figure 16. The average energy of runaway electrons at the end of
the avalanche region as a function of electric field. The solid maroon
line represents the accepted average of 𝜀re = 7.3 MeV.

8. Average Kinetic Energy
of Runaway Electrons

We can now find the average kinetic energy
of the runaway electrons as a function of the
electric field strength using the following
calculation:

⟨𝜀⟩ = ∫ ∞
0 𝜀 fre(𝜀) d𝜀

∫ ∞
0 fre(𝜀) d𝜀

, (44)

where 𝜀 is the runaway electron kinetic
energy. The result of this calculation is
shown in Figure 16, computed from the
numerical solution of approach 5. The
deviation in the mid-field range, E =
[500, 1200] kV/m is most likely due to the
approximations made in the drag force. If
the full Bethe formula is used (equation (4)),
then the frictional force becomes depen-
dent on electron energy, and so the approxi-
mation F(𝜀) ≈ Fd becomes invalid. However,
this approximation was necessary through-

out the analysis to get a simplistic analytical approximation to the runaway electron transport equation. If
a closer result to the Monte Carlo simulation is desired, then the general transport equation (E13) can be
solved numerically. It is also worth noting that the average value calculated from the model of approach 5
is within 10% of the REAM Monte Carlo results. The solid line in Figure 16 represents the accepted value of
the average runaway electron energy, assumed to be approximately 𝜀re = 7.3 MeV over a wide range of elec-
tric fields. However, for electric fields just over the runaway electron threshold value, Eth, the average energy
is reduced due to the relativistic rise in the bremsstrahlung energy loss. As the electric field strength is
increased, more low-energy electrons are pulled into the runaway electron distribution due to the decrease
in the threshold kinetic energy, 𝜀th. Recall that the solution to the runaway electron spectrum behaves expo-
nentially as the electric field reaches higher values. Therefore, we could use the approximation in approach
1 at these fields to conclude the average energy is approximately 7.3 MeV. When E ≈ Ec, both the low- and
high-energy species can run away, and as a result, more runaway electrons are introduced into the system.
For fields very close to the threshold value, Eth, the only runaway electrons present in the system are those
with very high energies. Previous calculations, such as those by Roussel-Dupre et al. [1994], Symbalisty et al.
[1998], and Babich [2004] include different energy thresholds to consider, and thus, their calculated average
distribution slightly differs from the value obtained in this paper, 𝜀re ≈ 7.3 MeV.

9. Discussion

Using classical mechanics and electrodynamics, we were able to construct the equation that describes the
energy spectrum of energetic electrons. Equation (E11) is the continuity equation in phase space allow-
ing for collisions, and it is in the same form that is used for cosmic ray transport throughout the interstellar
medium [Ginzburg and Syrovatskii, 1969].

The work presented in this paper shows simple analytical calculations for describing the runaway electron
energy spectrum in the thundercloud region. Specifically, the physics governing the high-energy tail of the
distribution was studied in great detail. When considering radiative energy loss, the solution to the spec-
trum equation reveals a power law with an index proportional to the ratio of the radiation length to the
avalanche length. However, when comparing the solution to the Monte Carlo results, a discrepancy arrives
at the high-energy tail. Since the solution presented in equation (28) is physically asymptotically bounded
by the parameter 𝜀max, the spectrum cannot roll over past this value to reach the solution given by the expo-
nentially decaying result from the simulation. The asymptotic behavior arises from the quick increase in the
frictional force due to bremsstrahlung emission at high energies and changes according to the electric field
strength. At electric fields double that of the threshold value (Ed = 276 kV∕m), the analytical formula found
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in approach 3 returns to the simple exponential solution found in approach 1. The physics of this effect is
the fact that at very large electric fields, the upper limit for the energy of the electrons, 𝜀max, is so large that
this boundary no longer affects the runaway electron population.

The disagreement of the solution pertaining to bremsstrahlung losses with the Monte Carlo simulation can
be modeled by fluctuations in energy space. The processes involved in the energy loss, namely, ionization
for low-energy electrons, bremsstrahlung for high-energy electrons, and Coulomb scattering for low values
of the electric field strength, are assumed to be the sources of fluctuations in the simulation domain. A nor-
mal distribution was used to describe the fluctuation in electron energy at the end of the avalanche region.
The normal distribution was chosen since the electron goes through hundreds of meters of air, effectively
causing a random walk process in energy space. In the end, the width of the Gaussian distribution is depen-
dent on the processes mentioned above. This width turns out to be inversely proportional with increasing
strength of the electric field and for lower energetic electrons. We can also interpret these results as a dif-
fusion process in energy space. Physically, when all the cross sections and relevant collisional processes are
included into our kinematic equation, we recover a power law distribution in the energy spectrum. How-
ever, if the diffusion effects are included, the spectrum can be described by the well-known exponential
distribution with an average runaway electron energy of 7.3 MeV.

These calculations are useful in studying both terrestrial gamma-ray flashes and X-ray emission from
lightning. For example, the equations developed here can be used to predict the electron source flu-
ence inside the thundercloud region. The analysis presented in this paper could also have implications for
the power-law photon energy spectrum observed by the Astro-Rivelatore Gamma a Immagini Leggero
(AGILE) spacecraft [Tavani et al., 2011]. This observation is important to understand since it presents the first
serious challenge to the RREA mechanism for TGFs. However, it is important to note that the AGILE obser-
vation has not been confirmed independently by another mission to eliminate the possibility of cosmic
ray contamination.

The work presented in this paper does allow for a power law relation at low electric fields. However, the
runaway electron spectrum only approaches tens of MeV before being cut off by bremsstrahlung physics
and thus does not offer an explanation of the 100 MeV photon observed by AGILE. Although the runaway
electron energy cutoff increases with increasing field strength, the distribution function approaches an
exponential function, not a power law. The correction for diffusion in energy space is responsible for this
exponential dependence and allows the possibility for electrons to be accelerated to energies exceeding
the electrostatic potential (minus the drag force) inside the thundercloud. This result seems to suggest that
the runaway electron spectrum is dependent on the diffusive nature of the particle acceleration inside the
high field region of thunderclouds. Therefore, it is not obvious how one would obtain a 100 MeV power-law
spectrum, although more work can be done using the analysis presented here. Since this diffusion pro-
cess depends on the applied electric field strength, we may also gain insight into the typical values that
would be found inside thunderclouds. If proven correct, this would offer a new insight into particle acceler-
ation in our atmosphere, while preserving the RREA theory for TGFs. However, more detailed measurements
of the high-energy tail of TGF spectra and improved models must be developed in order to make any
definite conclusions.

Appendix A: Derivation of the Runaway Electron Transport Equation

Here, we derive the partial differential equation used to describe the transport of electrons through a
medium and their change in energy along the path of travel. If we consider the number of electrons that all
have positions lying within a volume element d3r about r and momenta lying within a momentum space
element d3p about p at time t, then we can write

f (r,p, t) =
dNe−

d3r d3p
(A1)

where f is the phase space density function, Ne− is the number of electrons, and d3r d3p is the total volume
in Hamiltonian phase space. We can also define the gradient and current density in phase space as

∇ = ∇r + ∇p (A2)
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J = Jr + Jp, (A3)

where r and p represent spatial and momentum coordinates, respectively. From these relations, we can write
our starting point using the continuity equation in differential form [Chen Francis, 1974],

𝜕f (r,p, t)
𝜕t

+ ∇ ⋅ J = S(r,p, t) (A4)

Equation (A4) states that the rate of change of the phase space density function is given by the flow and
diffusion into and out of the phase space volume [Chen Francis, 1974]. The right-hand side of equation (A4)
represents a source term describing the generation of electrons per unit volume of phase space per unit
time. Terms that add (S> 0) or remove (S< 0) electrons are described as sources and sinks, respectively.

Considering only advection in the system, we can write the total flux J as

Jadvective = vf (r,p, t), (A5)

where v is the average velocity of the electrons. We can therefore write the current densities as

Jr =
dr
dt

f (r,p, t) (A6)

Jp =
dp
dt

f (r,p, t) (A7)

If we now plug in these relations into equation (A4), we obtain

𝜕f (r,p, t)
𝜕t

+ ∇r ⋅
(dr

dt
f (r,p, t)

)
+ ∇p ⋅

(
dp
dt

f (r,p, t)
)

= S(r,p, t) (A8)

Equation (A8) is the convective-diffusion transport equation for electrons and has been used in Dwyer
[2010] and Liu and Dwyer [2013] to describe the runaway electron feedback discharge model for terrestrial
gamma-ray flashes. Expanding out the divergence terms in equation (A8), we obtain

𝜕f (r,p, t)
𝜕t

+ v ⋅ ∇rf (r,p, t) + F ⋅ ∇pf (r,p, t) + f (r,p, t)
[
∇r ⋅

dr
dt

+ ∇p ⋅
dp
dt

]
= S(r,p, t) (A9)

where we have used the fact that v = dr∕dt and F = dp∕dt. Now, from classical mechanics, we know that
the Hamiltonian equations of motion can be used to express the generalized coordinates and momenta
such that

ṙ = dr
dt

= 𝜕H
𝜕p

= ∇pH

ṗ =
dp
dt

= −𝜕H
𝜕r

= −∇rH (A10)

where H is the Hamiltonian of the system [Goldstein and Poole, 2002]. Therefore, if the system in question
obeys Hamiltonian mechanics, we may write the bracket term in equation (A9) as[

∇r ⋅
dr
dt

+ ∇p ⋅
dp
dt

]
=
[
∇r ⋅ ∇pH − ∇p ⋅ ∇rH

]
= 0 (A11)

If the three terms on the right-hand side of equation (A9) are due to collisions, we end up with the
Boltzmann equation

𝜕f (r,p, t)
𝜕t

+
p
m

⋅ ∇rf (r,p, t) + F ⋅ ∇pf (r,p, t) = Scollisions (A12)

Note, however, that the runaway electron avalanche system considered in this paper is not Hamiltonian; i.e.,
the phase space volume is not conserved (Liouville’s theorem). The system is also non-Hamiltonian since the
total force considered includes frictional terms that are nonconservative, and thus, (A8) cannot be derived
from the Boltzmann equation for an arbitrary force.
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For the electron energy spectrum, if we are not concerned about the direction of the particles, we can
integrate equation (A8) over all solid angle in momentum space Ωp,

𝜕

𝜕t ∫ f (r,p, t)dΩp + ∇r ⋅
(
∫

dr
dt

f (r,p, t)dΩp

)
+ ∫ ∇p ⋅

(
dp
dt

f (r,p, t)
)

dΩp = ∫ S(r,p, t)dΩp (A13)

where dΩp = sin(𝜃p)d𝜃pd𝜑p [Bradt, 2008]. Therefore, we can define the average quantities in equation (A13)
over all solid angle as

f̄ (r, p, t) = ∫ f (r,p, t)dΩp

S̄(r, p, t) = ∫ S(r,p, t)dΩp

v̄(r, p, t) =
∫ dr

dt
f (r,p, t)dΩp

f̄ (r, p, t)

F̄(r, p, t) =
∫ dp

dt
f (r,p, t)dΩp

f̄ (r, p, t)
(A14)

Recall that we can write the divergence in spherical coordinates as

∇p ⋅ A = 1
p2

𝜕

𝜕p

(
p2Ap

)
+ 1

p sin(𝜃p)
𝜕

𝜕𝜃p

(
sin(𝜃p)A𝜃p

)
+ 1

p sin(𝜃p)

𝜕A𝜑p

𝜕𝜑p
, (A15)

where A is an arbitrary vector. Using this relation in the third term in equation (A13), we obtain

∫ ∇p ⋅
(

dp
dt

f (r,p, t)
)

dΩp = ∫
1

p2

𝜕

𝜕p

(
p2Fpf (r,p, t)

)
dΩp + ∫

1
p sin(𝜃p)

𝜕

𝜕𝜃p

(
sin(𝜃p)F𝜃p

f (r,p, t)
)

dΩp

+ ∫
1

p sin(𝜃p)
𝜕

𝜕𝜑p

(
F𝜑p

f (r,p, t)
)

dΩp. (A16)

Let us now examine the three terms in equation (A16) separately. Using the definitions in equation (A14), we
can write the first term as

∫
1

p2

𝜕

𝜕p

(
p2Fpf (r,p, t)

)
dΩp = 1

p2

𝜕

𝜕p

[
p2F̄‖ f̄ (r, p, t)

]
, (A17)

where F̄‖ is the parallel component of force to the momentum vector. We can now integrate the angular
terms starting with the 𝜃p dependence:

∫
1

p sin(𝜃p)
𝜕

𝜕𝜃p

(
sin(𝜃p)F𝜃p

f (r,p, t)
)

dΩp = 1
p ∫

2𝜋

0 ∫
𝜋

0

𝜕

𝜕𝜃p

(
sin(𝜃p)F𝜃p

f (r,p, t)
)

d𝜃pd𝜑p (A18)

As one can see from equation (A18), if we perform the integration over the polar angle and evaluate at the
limits between 0 and 𝜋, then the result is zero; therefore, this integration term vanishes. Last, if we evaluate
the 𝜑p dependent term, we end up with

∫
1

p sin(𝜃p)
𝜕

𝜕𝜑p

(
F𝜑p

f (r,p, t)
)

dΩp = 1
p ∫

2𝜋

0 ∫
𝜋

0

𝜕

𝜕𝜑p

(
F𝜑p

f (r,p, t)
)

d𝜃pd𝜑p

= 𝜋

p

[
F𝜑p

f (r,p, t)
]2𝜋

0
= 0, (A19)

therefore eliminating both angular dependent terms. Using the above and rewriting equation (A13) with
the relations in (A14), we finally obtain

𝜕f̄ (r, p, t)
𝜕t

+ ∇r ⋅
(

v̄f̄ (r, p, t)
)
+ 1

p2

𝜕

𝜕p

[
p2F̄‖ f̄ (r, p, t)

]
= S̄(r, p, t) (A20)

Now in order to turn our phase space density function into an electron energy distribution function, we
must utilize the following relation [Raizer et al., 1991]:

f𝜀(r, 𝜀, t)d𝜀 = 4𝜋p2 f̄ (r, p, t)dp, (A21)
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where f𝜀(r, 𝜀, t) is the number of electrons per unit volume per unit energy interval. Since d𝜀∕dp = v for both
relativistic and nonrelativistic particles, we can use the chain rule such that

𝜕

𝜕p
= v

𝜕

𝜕𝜀
(A22)

Inserting this relationship into equation (A21), we can write a simple conversion formula between the phase
space distribution function and the electron energy distribution function,

f̄ (r, p, t) = v
4𝜋p2

f𝜀(r, 𝜀, t) (A23)

Plugging these relations into equation (E6), we can finally write the electron energy spectrum distribution
transport equation as

𝜕f𝜀(r, 𝜀, t)
𝜕t

+ ∇ ⋅
(

v̄f𝜀(r, 𝜀, t)
)
+ 𝜕

𝜕𝜀

(
b(r, 𝜀, t)f𝜀(r, 𝜀, t)

)
= S𝜀(r, 𝜀, t) (A24)

where

b(r, 𝜀, t) = F̄‖v = d𝜀
dt

(A25)

and

S𝜀(r, 𝜀, t) = 4𝜋p2 S̄(r, p, t)
v

. (A26)

In equation (A25), b(r, 𝜀, t) represents the change in particle energy [Ginzburg and Syrovatskii, 1969]. There-
fore, b(r, 𝜀, t)f𝜀(r, 𝜀, t) is the flux of particles in energy space with b(r, 𝜀, t) representing the velocity in this
space. Note that in general, F̄‖ = F̄‖(𝜀, t), and thus, the energy losses can also depend on time. However,
in this study, we assume that the electric force and the air density in the electron avalanche is indepen-
dent of time; therefore, the total force acting on the electrons is simply a function of energy. Equation (A26)
represents the desired source of particles per unit energy.

If we now consider only the homogeneous case, i.e., the distribution does not depend on spatial coordi-
nates, and also consider that the total force on the particles does not depend on time, we recover

𝜕f𝜀(𝜀, t)
𝜕t

= − 𝜕

𝜕𝜀

(
b(𝜀)f𝜀(𝜀, t)

)
+ S𝜀(𝜀, t) (A27)

which is the desired electron energy transport equation.

For runaway electrons, the source term in equation (A27) represents the creation of secondary electrons due
to Møller scattering. This scattering cross section in the limit of 𝜀≪ mc2(𝛾 ′-1) can be written as

d𝜎Møller(𝜀, 𝜀′)
d𝜀

≈
2𝜋r2

e mc2

𝛽′2𝜀2
(A28)

and represents the number of scattered electrons per unit energy. Please note that primed variables rep-
resent the quantities related to the primary runaway electron, and unprimed variables are related to the
secondary scattered particles. The parameters re and 𝛽′2 are the classical electron radius and the velocity of
the primary runaway electrons divided by the speed of light, respectively. Since electrons are indistinguish-
able, we take the lower energy of the Møller scattered electrons to be the secondary (𝛿-ray) and the more
energetic electron to be the incident particle. Since the source term describes the number of particles per
unit energy per unit time, we can write equation (A26) in terms of Møller scattering as

Sre(𝜀, t) = Nair Z ∫
∞

𝜀

d𝜎Møller(𝜀, 𝜀′)
d𝜀

v′fre(𝜀′, t)d𝜀′ , (A29)

where fre(𝜀, t) represents the runaway electron energy spectrum [Dwyer and Babich, 2011]. Plugging this
source term back into equation (A27), we recover the runaway electron energy spectrum equation that is
used to describe energy transport throughout the avalanche region:

𝜕fre(𝜀, t)
𝜕t

= − 𝜕

𝜕𝜀

(
b(𝜀)fre(𝜀, t)

)
+ Nair Z 𝜉eff(E)∫

∞

𝜀

d𝜎Møller(𝜀, 𝜀′)
d𝜀

v′fre(𝜀′, t)d𝜀′ (A30)
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Since not all secondary 𝛿-ray electrons run away, the variable 𝜉eff(E) is multiplied by the source function to
represent the percentage of generated runaway electrons from the Møller scattering interaction. Although
𝜉eff most likely depends on the electron energy, for simplicity we pull it out of the integral and assume that it
is one effective number. Therefore, this efficiency factor is assumed to only depend on the external electric
field, E, and can be determined by normalizing the solution to equation (A30).

We now turn our focus to the term describing the losses and acceleration in equation (A27) and note that
b(𝜀) can be expressed as an expansion in energy under the influence of a uniform electric field [Wilson and
Wouthuysen, 1956]:

b(𝜀) = v
(

eE|| − [a(𝜀) + 𝛼𝜀]
)

(A31)

where a(𝜀) represents ionization losses and 𝛼 describes the bremsstrahlung energy losses. In studying
the runaway electron avalanche, we will investigate the case in which a = eEd , 𝛼 = 0, and the case a = eEd ,
𝛼 = 1∕X0, where Ed is the drag electric field value in air (276 kV∕m) and X0 is the radiation length in
air (310 m).

Appendix B: Green’s Function Calculation

In this appendix, we go through the details in solving equation (17) for the runaway electron energy spec-
trum. In contrast to equation (12), we show that adding the Møller scattering source term gives us a better
approximation to the overall nature of the low-energy regime of the spectrum. Recall that by using the
Green’s function approach, we look for solutions of the form

fre(𝜀) = ∫ Gre(𝜀, 𝜀0)S̃re(𝜀0)d𝜖0 (B1)

where S̃re(𝜀0) is the source term of equation (16). Therefore, the Green’s function of a linear operator, L,
acting on a distribution at a point 𝜀0, is any solution of

LGre(𝜀, 𝜀0) = 𝛿(𝜀 − 𝜀0) (B2)

The linear operator in equation (17) is in the form of Lu= u′ + ku= S̃re(𝜀), where k = 1∕e(E − Ed)𝜆e− . Using this
fact in equation (B2), we obtain

G′
re(𝜀, 𝜀0) +

Gre(𝜀, 𝜀0)
e(E − Ed)𝜆e−

= 𝛿(𝜀 − 𝜀0). (B3)

Now, using 𝜇(𝜀) = exp(𝜀∕e(E − Ed)𝜆e− ) as the integrating factor, and setting the limits from the threshold
energy value, 𝜀th, to the secondary electron energy, 𝜀, we obtain

exp(𝜀∕e(E − Ed)𝜆e− ) Gre(𝜀, 𝜀0) = ∫
𝜀

𝜀th

𝛿(𝜀 − 𝜀0) exp(𝜀∕e(E − Ed)𝜆e− )d𝜀 (B4)

Note that we now use the property of the delta function such that ∫ f (𝜀)𝛿(𝜀 − 𝜀0)d𝜀 = f (𝜀0). Using this
property, we obtain the Green’s function in the form of

Gre(𝜀, 𝜀0) = exp
(

𝜀0 − 𝜀

e(E − Ed)𝜆e−

)
(B5)

Finally, a solution to the runaway electron spectrum can be obtained by plugging in the Green’s function
into equation (B1) and performing the integration with respect to 𝜀0:

fre(𝜀) =
2𝜋NairZr2

e mc2𝜉effNre

e(E − Ed)𝛽′2
exp

(
𝜀th∕e(E − Ed)𝜆e−

)
∫

𝜀

𝜀th

exp
(
−𝜀0∕e(E − Ed)𝜆e−

)
exp

(
(𝜀0 − 𝜀)∕e(E − Ed)𝜆e−

)
𝜀2

0

d𝜀0 (B6)

The numerator of equation (B6) does not depend on 𝜀0, and thus, the equation becomes a trivial integration
over 1∕𝜀2

0. The full solution to the steady state runaway electron spectrum becomes

fre(𝜀) =
2𝜋NairZr2

e mc2𝜉effNre

e(E − Ed)𝛽′2
exp

(
−

(𝜀 − 𝜀th)
e(E − Ed)𝜆e−

){
1
𝜀th

− 1
𝜀

}
(B7)

Equation (B7) represents the modified equation for the steady state runaway electron spectrum by the
Møller scattering cross section. This modification now demands that the runaway electron spectrum, fre(𝜀),
is a function of electric field.
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Appendix C: Calculation of the
Møller Scattering Efficiency
Factor, 𝝃eff
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Figure C1. The effective Møller efficiency factor as a function of elec-
tric field from equation (C5). As expected, as the electric field strength
is increased, more runaway electrons are allowed to enter the system,
and thus, Møller scattering contributes more to the overall spectrum.

From Appendix B, the steady state run-
away electron distribution is written in
terms of the Møller efficiency, 𝜉eff. We
are now in a position to solve for this
coefficient analytically by observing the
fact that

Nre = ∫
∞

𝜀th

fre(𝜀, 𝜉eff)d𝜀 (C1)

Letting kbb = 2𝜋NairZr2
e mc2∕𝛽′2,

Ftotal = e(E − Ed), and rearranging for 𝜉eff

by plugging in (B7) into (C1), we obtain

𝜉eff

{
Ftotal𝜆e−

𝜀th
− exp

(
𝜀th∕Ftotal𝜆e−

)
∫

∞

𝜀th

1
𝜀

exp
(
−𝜀∕Ftotal𝜆e−

)
d𝜀

}
=

Ftotal

kbb
.

(C2)

The second expression on the left-hand side is in the form of the exponential integral function defined as
[Kreyszig, 2007]:

Ei(x) = ∫
∞

x

exp(−t)
t

dt. (C3)

Equation (C3) is used frequently in astrophysical problems involving gas with a Maxwell-Boltzmann energy
distribution. This equation also appears in time-dependent heat transfer and radiative transfer in stellar
atmospheres. If we now make a substitution such that t = (𝜀∕𝜆e− )Ftotal, equation (C2) becomes

𝜉eff

{1
x
− exp(x)Ei(x)

}
=

Ftotal

kbb
(C4)

where x = 𝜀th∕(Ftotal𝜆e− ). Evaluating equation (C4) in the limit of x ≪ 1, we can see that the second term
can be neglected since 1∕x diverges, whereas exp(x)Ei(x) vanishes as x → 0. Replacing the value of x, this
condition can be written as 𝜀th ≪ 7.3 MeV, which is true for the electric field values used in this study. Under
this condition, a simple expression for the Møller efficiency factor can be found:

𝜉eff(E) ≈
𝜀th

kbb𝜆e−
. (C5)

Note that the efficiency factor is constant for a given choice of electric field, since the threshold value
decreases with increasing field strength. Figure C1 shows the result of equation (C5). Please note that even
though equation (C5) does not explicitly depend on the electric field, the ratio of 𝜀th∕𝜆e− implicitly depends
on the applied field and the constant kbb varies with atmospheric composition.

Appendix D: Calculation of Electron Energy Loss Fluctuations

Consider a distance x in which an electron undergoes many collisions that will affect the resulting energy
loss. First, let us consider only the fluctuations due to the secondary electrons from the Møller scattering
process. In Figure D1, we have divided this length scale into small intervals of width dx. The goal is to calcu-
late the fluctuations in the energy loss for each interval and integrate over the entire path of the runaway
electron. Two equivalent approaches can be used to solve this problem. First, we can consider the RMS fluc-
tuations in the Møller differential energy spectrum, and second, we can divide the Møller differential energy
spectrum into smaller intervals, each containing individual Poisson fluctuations.
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Figure D1. Schematic diagram of a runaway electron moving
a distance x in a uniform electric field. The entire path length
can be subdivided so that the deviation in the energy loss or
gain can be calculated at each step. The energy loss is due
to collisions with air molecules that produce secondary run-
away electrons (Møller scattering), the emission of photons
by the bremsstrahlung process, and straggling due to multi-
ple Coulomb scattering. The cumulative error is the sum of all
these slices in which the electron can undergo many of the
above collisions.

For the first method, we can calculate the fluc-
tuations in the energy loss in each interval
dx by taking the RMS of the secondary run-
away electron energies in the Møller spectrum
multiplied by the square root of the number
of secondary electrons that are created. In
mathematical terms, this can be written as

Δ𝜎Møller = 𝜀RMS ⋅
√

NMøller. (D1)

In order to determine the expression for the
RMS in the secondary electron energy, we can
use the information in Figure D2a to write the
distribution fMøller(𝜀) = dNMøller∕d𝜀. Therefore,
we can write the RMS as

𝜀RMS =

√√√√√∫ 𝜀u
𝜀l

𝜀2 dNMøller

d𝜀
d𝜀

∫ 𝜀u
𝜀l

dNMøller

d𝜀
d𝜀

(D2)

Notice that the denominator in equation (D2)
is simply the total number of secondary
electrons, NMøller , that are produced by the run-
away electron. Inserting equation (D2) into
equation (D1), squaring, and canceling terms,
we are able to calculate the variance of the

amount of energy loss from secondary electrons in a length of travel dx by the primary runaway electron,

Δ𝜎2
Møller = ∫

𝜀u

𝜀l

𝜀2 dNMøller

d𝜀
d𝜀 (D3)

A second approach can be used in order to calculate the energy fluctuations in the interval dx. Consider the
Møller differential energy spectrum of Figure D2a, which depends inversely on the square of the secondary
electron energy. If we now break up this distribution into tiny slices of width d𝜀, then the error in the energy
given to the secondary electrons produced in a single interval can be described by Poison statistics and has
the form of

Δ𝜎Møller = 𝜀

√
dNMøller

d𝜀
d𝜀. (D4)

Squaring equation (D4) and integrating over every slice of the distribution in Figure D2a, one obtains the
variance in the energy loss due to Møller scattering over the length of travel dx of the primary electron,
given in equation (D3). Therefore, two different approaches can be used in order to find the error in the
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Figure D2. Differential energy spectrum for (a) Møller scattering and (b) Bremsstrahlung emission.
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energy loss, one looking at the RMS fluctuations in the distribution of Møller secondary electrons and the
other by breaking up the distribution into smaller intervals and using Poison statistics to calculate the error.

Now that we have the error in an interval dx, we must integrate over the entire path of the runaway elec-
tron. Since the Møller differential cross section gives the number of secondary electrons in units of m2∕keV,
multiplying by the air density gives the total number of Møller electrons per unit energy per unit length.
Therefore, we can write dNMøller∕d𝜀=Nair ⋅ (d𝜎Møller∕d𝜀)dx. We also assume that 𝜀 ≪ mc2(𝛾 − 1), so that the
simplified version of the Møller scattering cross section can be used. Using these relations and integrating
over the entire path length of the runaway electron, we can write the total deviation in energy loss due to
Møller scattering as

𝜎2
Møller = Nair ∫

xmax

xmin
∫

𝜀u

𝜀l

𝜀2 d𝜎Møller

d𝜀
d𝜀dx (D5)

Recall also that the average kinetic energy gained by a primary runaway electron that moves a distance x in
a constant electric field is given by 𝜀′ = x(eE − Fd). In this equation, eE − Fd is the net force applied to the
minimum ionizing electrons along the avalanche direction. Using this relation to change variables from x to
𝜀′ allows us to rewrite equation (D5) as

𝜎2
Møller = Nair ∫

𝜀max

𝜀th
∫

𝜀′∕2

𝜀l

𝜀2

eE − Fd

d𝜎Møller

d𝜀
d𝜀d𝜀′ (D6)

The limits of equation (D6) are determined in the following way. Since electrons are indistinguishable, it
cannot be determined which of the electrons was the scattered particle and which was the incident parti-
cle during the Møller process. To correct for this, we define the lower energetic electron as the secondary
particle and the higher energetic electron as the primary particle. Therefore, this places a limit on the sec-
ondary electron energy to 𝜀′∕ 2. For the outside integration, the minimum energy of the runaway electron
is the threshold value, 𝜀th. Assuming that 𝜀l ≪𝜀′, plugging in the value for the differential cross section, and
performing the double integral, we obtain

𝜎2
Møller =

2𝜋r2
e mc2Nair𝜆e−

7.3 MeV 𝛽′2
𝜀′2

4
(D7)

In this equation, we used the assumption that Fd ≈ eEd , and then used the fact that 𝜆e− = 7.3 MeV∕(eE − Fd),
to express it in terms of the avalanche length.

Repeating the exact same procedure with the bremsstrahlung differential energy spectrum in Figure D2b,
we can express the total variance due to the radiation emission as

𝜎2
Brem = Nair ∫

𝜀′

𝜀th
∫

𝜀′

𝜀pl

𝜀2
p

eE − Fd

d𝜎brem

d𝜀p
d𝜀pd𝜀′ (D8)

For the bremsstrahlung process, the highest energy the emitted photon can have is the energy of the
primary electron that created it; therefore, we set 𝜀pmax

= 𝜀′. Plugging in the differential cross section
from equation (36), using the assumptions from the last calculations and performing the double integral,
we obtain

𝜎2
Brem =

4𝛼Z2r2
e Nair𝜆e−

7.3 MeV
ln
(

183Z−1∕3
) 𝜀′3

6
(D9)

The last deviation to consider is that due to Coulomb scattering. Calculating this value is somewhat complex
since the energy loss does not result in a single process, but with multiple scattering by an electron with an
air molecule. Let us first consider the numerical calculations computed in section 5. Equation (31) represents
an empirical fit to the root mean square angle from the Monte Carlo data for different electric field strengths.
Recall that the RMS scattering angle depends both on the electric field strength and the electron energy.
We can therefore find the deviation in the drag force by using the cosine of the RMS scattering angle to find
the projected path of the electron with respect to the electric field vector. Putting this all together with the
approximate minimum ionizing drag force, Fd , we can write the total variation in the drag force experienced
by the runaway electron as

𝜎F(𝜀) =
Fd

cos(𝜃RMS)
. (D10)
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Figure D3. The probability in the magnitude of the frictional force
as a function of the electric field strength. The width of this distribu-
tion is centered around the average value of the drag force, Fd . As
the electric field strength increases above the threshold, Ed = 276
kV∕m, the probability distributions converge to the average value
of the drag force. Therefore, the Coulomb scattering is important
at low electric field strengths, since the electrons tend to scatter in
larger angles than those at higher electric fields.

This equation gives the modification to the
average drag force for different values of the
electric field strengths. In order to see the
effect at different values of the electric field
strength, we can construct a probability
distribution around the average value, Fd ,

P(F(𝜀)) = 1√
2𝜋 (Fd − 𝜎F(𝜀))

⋅ exp

(
−

(F(𝜀) − Fd)2

2(Fd − 𝜎F(𝜀))2

)
.

(D11)

Figure D3 shows the result of equation (D11)
for several different values of the electric
field strength. As predicted by the Coulomb
analysis performed above, as the field
strength is increased above the threshold
value, the probability that the drag force
will exceed the average value of Fd becomes
small. By the same token, as the electric
field increases, the angle between the field
direction and the electron trajectory due to
multiple Coulomb scattering becomes neg-
ligible. Therefore, a small scattering angle
results in a shorter path length through air
thickness and results in the runaway elec-

tron experiencing less drag. The last piece of information that is needed is the total distance traveled by the
runaway electron. Using the same transformation as used above, where x in a constant electric field is given
by 𝜀′ = x(eE − Fd), we can write the total variance in the runaway electron energy loss due to Coulomb
scattering as

𝜎2
Coulomb =

𝜆e−

7.3 MeV ∫
𝜀

𝜀th

𝜎2
F(𝜀′) d𝜀′. (D12)

Numerical algorithms can be used to calculate equation (D12) for every runaway electron and have been
implemented in this work. It can also be shown that this effect is mostly dominant in the low electric field
region and only affects the runaway electron spectrum at values just above the threshold, Eth.

We can now use the propagation of errors in equation (35) to write the total variance in the energy loss of
the runaway electron as

𝜎2(𝜀) =
2𝜋r2

e mc2Nair𝜆e−

7.3 MeV 𝛽2

𝜀2

4
+

4𝛼Z2r2
e Nair𝜆e−

7.3 MeV
ln
(

183Z−1∕3
) 𝜀3

6
+ 𝜎2

Coulomb (D13)

Please note that we have dropped all the primes in this equation due to the fact that all the electrons con-
sidered at the end of the avalanche region are classified as runaway electrons, and therefore, we can just use
𝜀 to represent their energies. Factoring out the constant term 𝜆e−∕7.3 MeV, we can rewrite equation (D13) as

𝜎2(𝜀) =
𝜆e−

7.3MeV

(
Ccoll

𝜀2

4
+ Crad

𝜀3

6

)
+ 𝜎2

Coulomb, (D14)

where Ccoll and Crad are the constant coefficients in equation (D13). Recall that the constant kbb used in the
calculation of the Møller efficiency factor 𝜉eff is 2𝜋r2

e NairZmc2∕𝛽2, which is simply Z times Ccoll . We also notice
that we can rewrite the radiation length, using all the standard values of air, as

1
X0

=
4𝛼NAZ(Z + 1)r2

e log
(

183Z−1∕3
)

A
≈ 4𝛼Nairr2

e Z2log
(

183Z−1∕3
)

(D15)
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Comparing equations (D15) and (D13), we notice that this is precisely the value for Crad . Therefore, we can
rewrite equation (D14) as

𝜎2(𝜀) =
kbb𝜆e−

7.3MeV
𝜀2

4Z
+

𝜆e−

7.3MeV X0

𝜀3

6
+ 𝜎2

Coulomb (D16)

Cleaning this up further, it is convenient to write both analytical pieces in terms of quantities that were
derived in this paper. Recall that the Møller efficiency factor can be expressed as 𝜉eff ≈ 𝜀th∕kbb𝜆e− . We also
recall that the threshold at which an electron will continue to gain energy is below 𝜀max = (X0 ∕𝜆e− )7.3 MeV.
We finally arrive at an elegant expression for the variance in the energy loss of runaway electrons:

𝜎2(𝜀) =
𝜀th

7.3MeV 𝜉eff

𝜀2

4Z
+ 𝜀3

6 𝜀max
+ 𝜎2

Coulomb. (D17)

Appendix E: Diffusion Effects in Energy Space

Using Fick’s first law, we can write the diffusion current density as

Jdiffusion = −D̂∇f (r,p, t), (E1)

where D̂ is the diffusion coefficient tensor [Chen Francis, 1974]. The diffusion current density describes how
the bulk motion in the system is related to the concentration gradient. Combining the advection terms from
Appendix A, the grand equation for the transport of runaway electrons in phase space can be written as

𝜕f (r,p, t)
𝜕t

+ v ⋅ ∇rf (r,p, t) + F ⋅ ∇pf (r,p, t) + f (r,p, t)
[
∇r ⋅

dr
dt

+ ∇p ⋅
dp
dt

]
= S(r,p, t) + ∇r ⋅

(
D̂r∇rf (r,p, t)

)
+ ∇p ⋅

(
D̂p∇pf (r,p, t)

)
. (E2)

The spatial diffusion coefficient tensor, D̂r , was found in Dwyer [2010] using Monte Carlo simulations. It was
found that under the assumption of cylindrical symmetry, the lateral and longitudinal diffusion coefficients
best fit the following functions [Dwyer, 2010]:

Dr||∕v = (5.86 × 104)E−1.79[m] (E3)

Dr⊥
∕v = (3.80 × 103)E−1.57[m]. (E4)

If our system does not contain any magnetic fields, then there is a natural symmetry about the r and p axes.
If we are also interested in the rate of runaway electrons moving along the electric field direction (+z) pass-
ing through a plane, perpendicular to the avalanche, then the diffusion coefficient tensors reduce to Dr||
and Dp|| , respectively. That is, the average over the pitch angle distribution function from the diffusion terms
evolves according to

∇r ⋅
(
∫ D̂r ∇rf (r,p, t)dΩp

)
+∫ ∇p ⋅

(
D̂p ∇pf (r,p, t)

)
dΩp = Dz

𝜕2 f̄ (z, pz, t)
𝜕z2

+ 𝜕

𝜕pz

(
Dpz

𝜕f̄ (z, pz, t)
𝜕pz

)
, (E5)

where Dz =Dr|| from equation (E3) and thus does not depend on the coordinate r. The study of the electron
pitch angle distribution is left for future work.

Using the fact that the total current density in the continuity equation is now modified to include diffusion
along the direction of the propagation of the avalanche, Jz = Jadvective + Jdiffusion, we can write a modified
transport equation along the z direction (averaged over all pitch angles) in the form of

𝜕f̄ (z, pz, t)
𝜕t

+ 𝜕

𝜕z

(
v̄z f̄ (z, pz, t)

)
+ 𝜕

𝜕pz

[
F̄z f̄ (z, pz, t)

]
= S̄(z, pz, t) + Dz

𝜕2 f̄ (z, pz, t)
𝜕z2

+ 𝜕

𝜕pz

(
Dpz

𝜕f̄ (z, pz, t)
𝜕pz

)
(E6)

Considering the homogeneous case, we now convert from momentum coordinates to energy space by
using the relation d𝜀∕dpz = v̄z . Notice that we can write the distribution function as

f̄ (pz, t) = dN
dpz

= dN
d𝜀

d𝜀
dpz

= f̄𝜀(𝜀, t)v̄z. (E7)
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We also recall that the total electron energy, 𝜀T , can be expressed as 𝜀T
2 = c2p2 +m2c4. The total energy is

the sum of the rest energy and kinetic energy, 𝜀T = 𝜀 + mc2. Therefore, these relationships give a conversion
between momentum and kinetic energy, p2c2 = 𝜀2 + 2𝜀𝜀rest , where 𝜀rest = mc2. Differentiating this equation
on both sides, and using the fact that Dpz

= ⟨Δp2
z ⟩∕2Δt, Glauert and Horne [2005] showed that

Dpz
=

p2
z

𝜀2
D𝜀

(𝜀 + 𝜀rest)2

(𝜀 + 2𝜀rest)2
. (E8)

Plugging these relations into equation (E6), and taking the homogeneous case, we can write the electron
energy spectrum distribution transport equation with diffusion as

𝜕f̄𝜀(𝜀, t)
𝜕t

+ 𝜕

𝜕𝜀

(
b(𝜀, t)f̄𝜀(𝜀, t)

)
= S(𝜀, t) + 𝜕

𝜕𝜀

(
p2

z v̄2
z

𝜀2
D𝜀

(𝜀 + 𝜀rest)2

(𝜀 + 2𝜀rest)2

𝜕f̄𝜀(𝜀, t)
𝜕𝜀

)
, (E9)

where the diffusion coefficient, D𝜀, is in terms of keV2∕s. From the Fokker-Planck equation [Glauert and
Horne, 2005], we can analytically characterize this coefficient as

D𝜀 =
𝜎2(𝜀)
2Δt

, (E10)

where 𝜎2(𝜀) describes the widening of the particle energy distribution, or expected displacement about its
average value, 𝜀.

Finally, for runaway electrons, we have p2
z v̄2

z ≈ p2
z v2

re ≈ p2
z c2, and therefore, equation (E9) can be written as

𝜕fre(𝜀, t)
𝜕t

+ 𝜕

𝜕𝜀

(
b(𝜀, t)fre(𝜀, t)

)
= Sre(𝜀, t) + 𝜕

𝜕𝜀

(
D̃𝜀

𝜕fre(𝜀, t)
𝜕𝜀

)
, (E11)

where

D̃𝜀 = D𝜀

(𝜀 + 𝜀rest)2

𝜀(𝜀 + 2𝜀rest)
. (E12)

Assuming steady state, and writing equation (E11) in the standard form, we recover the following
second-order nonhomogeneous differential equation:

D̃𝜀

𝜕2fre(𝜀)
𝜕𝜀2

=
(

b(𝜀) −
𝜕D̃𝜀

𝜕𝜀

)
𝜕fre(𝜀)
𝜕𝜀

+
(

1
𝜏re

− 𝜕b(𝜀)
𝜕𝜀

)
fre(𝜀) − Sre(𝜀). (E13)

This equation represents the general form of the steady state runaway electron energy transport equation
with diffusion effects. In this paper, we make assumptions about the nature of b(𝜀), D̃𝜀, and Sre(𝜀) in order
to make the solutions to equation (E13) understandable for the reader. In general, however, equation (E13)
can be solved for the full physical equation, e.g., using the full Bethe formula, Fb(𝜀), instead of the constant
average value Fd for the ionization losses. Using the full numerical values for these terms results in a better
approximation for the average kinetic energy of the runaway electron population produced by the REAM
Monte Carlo simulation (see Figure 16).

Notation

𝛽 = v∕c speed of secondary electrons divided by the speed of light.
𝛽′ = v′∕c speed of primary electrons divided by the speed of light.

c = 2.99979 × 108 m/s speed of light in vacuum.
d𝜎Møller

d𝜀
differential Møller scattering cross section.

𝛿(𝛾) density effect correction in energy loss equation.
e= 1.6 × 10−19 C elementary charge of an electron.

𝜉eff efficiency factor for Møller scattering.
𝜀′ kinetic energy of the incident electrons.
𝜀 kinetic energy of the secondary scattered electrons / electron energy.
𝜀p emitted bremsstrahlung photon energy.
𝜀th runaway electron threshold kinetic energy.
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𝜀max maximum runaway electron energy such that eE > F(𝜀).
E electric field strength.

Eth runaway electron avalanche threshold field, equal to 284 kV/m.
Eb breakeven electric field, i.e. Eb =min(Fb)∕e, equal to 215 kV/m.
Ec critical electric field strength equal to 30,000 kV/m.
Ed drag electric field value including Coulomb effects, equal to 276 kV/m.

fre(𝜀, t) electron distribution function of runaway electrons (number per unit energy).
fre(𝜀) steady state electron distribution function of runaway electrons.
Ftotal total force experienced by runaway electrons.

Fb(𝜀′) =− d𝜀′

dx
Bethe energy loss per unit energy.

Fd = 276 keV/m average energy loss per unit length along the avalanche direction.
F(𝜀) total drag or frictional force experienced by runaway electrons.

𝛾 = 1∕
√

1 − 𝛽2 Lorentz factor of the secondary scattered electrons.
𝛾 ′ = 1∕

√
1 − 𝛽′2 Lorentz factor of the primary incident electrons.

I = 85.7 eV effective ionization potential in air.
kbb =

2𝜋r2
e NairZmc2

𝛽′2
constant used in the Bethe equation.

𝜆e− runaway electron avalanche (efolding) length.
mc2 = 511 keV rest energy of an electron.

Nair = 5.39 × 1025m−3 density of air atoms at sea level.
N0 total number of initial seed runaway electrons injected in the simulation.

Ne− total number of electrons.
Nre total number of runaway electrons.
𝜎 total cross section.
𝜎 standard deviation.

re = 2.82 × 10−15 m classical electron radius.
𝜏re runaway electron avalanche (efolding) time.

v speed of secondary scattered electrons.
v′ speed of incident electrons.

vre = 0.89c average speed of runaway electrons.
Z = 7.26 average atomic number of air atoms.
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