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Abstract. We consider the Gibbs-Thomson temperature distribution as an active interface
energy field with gradients and fluxes. Capillarity in conventional dendritic growth theories
acts only as a passive boundary condition on the transport field that conducts latent heat
into the melt to drive the solidification. Instead, we find the vector divergence of capillarymediated interface fluxes autonomously releases or withdraws energy along a curved solid-liquid
interface. Local energy conservation (a Stefan balance) shows that capillary-mediated energy
slightly retards, or enhances, the local freezing rate. At special points near the tip where the
capillary-mediated energy release changes sign, the surface Laplacian of the Gibbs-Thomson
potential vanishes. Locally adjacent freezing rates develop opposed biases from the added or
subtracted capillary energies, which ‘curl’, or rotate, the solid-liquid interface. A noise-free
Greens function dynamic solver confirms that the rotation points induce dendritic branching.
Moreover, capillary-induced rotations occur precisely at points that may be calculated exactly
for different initial shapes with different interface energy anisotropies. This mechanism appears
to provide a deterministic process capable of inducing branching and evolving material-specific
dendritic patterns. Noise and stability play no direct roles in dendritic morphogenesis.

1. Introduction
Crystalline dendrites in metallic systems commonly develop on size scales from 10−6 to 10−2 m,
and exhibit crystallographically selected primary stems with quasi-periodic side branches, and
even tertiary branches. A well-branched 6-pointed dendrite of a body-centered cubic material
is shown growing in situ in its supercooled melt in Figure 1. It is the continuous propensity for
side-branching that establishes the specific patterns, length scales, and spatial distributions of
chemical components within a solidifying alloy. Cast dendritic microstructures strongly affect
a material’s mechanical, physical, and chemical characteristics. Consequently, the growth and
behavior of melt-grown dendrites remain important technical issues that are relevant to alloy
casting, primary metals production, welding, and soldering. Dendrites often dominate the initial
microstructures for materials produced by these industrial processes, determining their as-cast
chemical segregation, grain size, and crystallographic textures.
2. Dendritic Growth Theory
Dendritic growth theory traditionally is divided into two components: 1) transport, which
explains how the large-scale energetics of a ` → s transformation operate and control dendrite
speed and size; and 2) interface physics, which provides the underlying microscopic phenomena
responsible for branching and directionality that characterize complex dendritic patterns in real
materials. This paper explains that the two components of dendrite theory—transport and
Published under licence by IOP Publishing Ltd
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Figure 1. In situ photograph of a single free-growing
dendrite of high-purity, BCC succinonitrile, CN-(CH2 )2 -NC.
This dendrite was photographed while growing in situ in
its transparent supercooled melt. Five of its six equivalent
h100i cube-edge directions are visible, which are the ‘easy’
growth directions for the primary stems. Secondary sidebranches develop along the primary stems just aft of the
advancing tips, generating sheet-like arrays arranged almost
periodically on orthogonal (100) cube planes. Branching
continues until the residual supercooling is exhausted.

Figure 2. Higher resolution micrograph of one of the
primary stems shown growing in Figure 1, fully resolving
its tip structure and a growing train of nearly periodic
side branches. Branches initially grow in non-orthogonal
directions to the primary growth directions, h100i, as the
tips are surrounded by a transport field with strong local
gradients to conduct away the latent heat of fusion. Side
branches, once free of the influence of the steep transport
gradients, eventually grow orthogonally in the easy growth
directions dictated by cubic crystallography.
interface physics—are not actually independent aspects of the crystal growth, but are linked
through an autonomous effect involving capillary-mediated energy fluxes transported along the
solid-liquid interface. The interface gains or loses extra energy where capillary-mediated interface
fluxes develop vector divergences that modify the local growth rates. This aspect of capillaritymediated energy transport leads to dendritic branching and controls the evolving pattern.
2.1. Transport
Ivantsov [1], and other investigators of diffusion-controlled phase transformation [2], developed a
series of well-known mathematical solutions for the thermal conduction and mass-transfer fields
responsible for steady-state dendritic freezing. These analytical steady-state solutions relate
a dimensionless parameter, the growth Péclet number, with the main independent variable,
the supercooling or supersaturation, ∆ϑ, that provides the free energy to drive spontaneously
the ` → s phase transformation. Mathematical expressions for the steady-state transport
fields surrounding branchless dendrites in both pure materials and alloys are essentially the
same, differing merely in their transport coefficients that define the growth Péclet number, P ,
where P ≡ V2αR . The material parameter, α, appearing in the growth Péclet number represents
either the thermal diffusivity, for the case of a pure (one-component) melt, or the interdiffusion
coefficient, for a solidifiying alloy melt. Moreover, the energy transport solution only predicts,
as a function of the melt supercooling or supersaturation, the product V × R, where V is the
dendrite’s tip speed, and R, is its tip radius of curvature. Individual values of the two dependent
variables, V and R, cannot be derived from transport theory alone.
Ivantsov analytically solved the energy equation in the melt surrounding a steadily advancing,
isothermal, branchless, paraboloidal dendrite. However, finding the unique solution to the
dendritic growth problem requires an independent physical condition, involving one, or both,
of the dependent variables. The quest to identify the ‘missing’ physical condition has remained
elusive, despite many attempts to identify it.
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2.2. Interfacial physics
Over time, a number of creative ideas were eventually proposed for the needed interface physics
[3]-[18]. Among them were the following reasonable sounding hypotheses [19]-[24]: maximum
velocity; interfacial stability; shape self-consistency; minimum entropy production; marginal
stability (maximum radius); selective noise amplification; microscopic solvability; trapped wave
theory; and maximum entropy production. Experiments, however, showed that these hypotheses
led to predictions that were inconsistent with observations. Specifically, theories failed to
describe correctly dendritic branching behavior and important scaling laws relating size and
growth speed. Perhaps most disappointing about these hypotheses is that none proved capable
of providing even qualitative descriptions of the solidification patterns found among dendrites
from materials with different crystallography and thermal properties.
3. Capillarity
A peculiar feature found among dendritic growth models is relegating capillarity to be the ‘inner’
boundary condition on the solid-liquid interface, to which the ‘outer’ (Ivantsov) transport field in
the melt conforms. The Gibbs-Thomson condition used in this specific manner provides a more
accurate interface condition than does the isothermal boundary condition, which was assumed by
Ivantsov in developing his transport solutions. The use of capillarity as the boundary condition
applied at the solid-liquid interface has remained unchanged for more than a half century. The
reasons for limiting the Gibbs-Thomson effect as a passive boundary condition are explained
next.
3.1. Gibbs-Thomson—a boundary condition
The Gibbs-Thomson effect relates the solid-liquid equilibrium temperature with the local
interface curvature, at a fixed pressure. Moreover, the equilibrium temperature itself is altered
imperceptibly, by only a few mK, even at a highly curved dendrite tip. The reduction of
the equilibrium temperature from the bulk melting temperature, Tm , is even far less where the
crystal-melt interface is flatter. This circumstance varies little with different substances, because
crystals and their melts have extremely small ratios between their interfacial energy (capillarity)
and their volumetric heat of fusion (transport). So, understandably, models of dendritic growth
assume that capillary fields are energetically irrelevant, and seemingly inconsequential when
compared with the (Ivantsov) field, which controls the energetics of the ` → s transformation.
Indeed, the Ivantsov field involves temperature differences that are orders of magnitude greater
than the Gibbs-Thomson distribution. For these apparently cogent reasons, the Gibbs-Thomson
distribution is used strictly as a passive boundary condition in standard models of dendritic
growth. As will be shown contrary to convention, capillarity plays a subtle, and thus far
unsuspected, role in the initiation and control of dendritic branching. Capillarity, in fact,
provides the elusive interface physics, which, for over 50 years, remained ‘hidden in plain sight’.
3.2. Gibbs-Thomson—an energy field
The Gibbs-Thomson temperature distribution is reconsidered here as a full-fledged energy
field. This reassessment occurred after the author analyzed some experiments on the melting
kinetics of needle-like crystals. These crystals were observed slowly melting while suspended
motionless in their melt under microgravity conditions. Needle-shaped crystals initially melted
self-similarly, i.e., retaining a constant geometric aspect ratio. But prior to their total extinction
by melting, the crystallites altered their shape, and spheroidized [25, 26]. The onset of
spontaneous spheroidization was caused by additional heat currents generated directly from the
Gibbs-Thomson temperature distribution [27]. This finding, discovered in experiments on melting
crystals, prompted a re-examination of the role played by the Gibbs-Thomson temperature for
the reverse case of crystallite freezing: i.e., the role of capillarity in dendrites [27, 28].
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Figure 3. A 3:1 elliptically-shaped
dendritic interface. The tangential
Gibbs-Thomson equilibrium temperature field, Tint (ϕ), and the external transport field act along the
crystal-melt interface. Also shown
are the dimensionless space coordinates, µ = x/a and η = y/a, the
unit normal vector on the interface,
~n, with its normal angle, ϕ, and the
tangent vector, ~σ , directed along
the curved interface.
3.3. Tangential fields
We examine the behavior of a two-dimensional interface in the form of a semi-ellipse, with its
semi-major x-axis, a, longer than its semi-minor y-axis, b. Such a slender finger-like region
is suitable for analysis. See Figure 3 for the configuration of its interfacial energy fields. We
scale the coordinates in units of the semi-major axis a, so that x/a ≡ µ, and y/a ≡ η define
dimensionless axes for the interface. The equation of an elliptical interface transforms to
bp
1 − µ2 .
(1)
a
The presence of an Ivantsov field suggests the transport of latent heat from the advancing
interface into the surrounding supercooled melt. The Gibbs-Thomson temperature distribution,
Tint (ϕ), represents the equilibrium temperatures along the semi-ellipse, with the curved tip
region, near µ = 1, remaining slightly cooler than near the equator where µ → 0. The
temperature along the ellipse’s boundary, allowing some 4-fold anisotropy of the interfacial
energy, is expressed by the Gibbs-Thomson-Herring equation [29, 30],

00 (ϕ) 
γs` (ϕ) + γs`
κ(ϕ).
(2)
Tint (ϕ) = Tm −
∆Sf /Ω`
η=

Here γs` (ϕ) = γ0 (1 +  cos (4ϕ)), is the anisotropic crystal-melt interfacial energy density, and
00 (ϕ) is the second angular derivative of the interface
γ0 is the energy modulus. The term γs`
energy, called the ‘torque’; ∆Sf = ∆Hf /Tm is the molar entropy of fusion; Ω` is the molar
volume of the melt; and κ(ϕ) is the ellipse’s curvature. Note this distribution represents local
two-phase equilibrium, as an ellipse is not the global equilibrium configuration (Wulff shape) for
4-fold anisotropy. The small negative temperature variation, Tint (ϕ) − Tm , caused by interface
curvature corresponds to the dimensionless interface potential, ϑ(ϕ),
ϑ(ϕ) =

Tint (ϕ) − Tm
= −a[1 − 15 cos(4ϕ)]κ(ϕ),
Γ/a

(3)



where Γ/a = a−1 ∆Sγf0/Ω` is the capillary constant, Γ, divided by the semi-major axis a. Γ/a
bears the physical unit [K], and aκ(ϕ) is the dimensionless interface curvature.  is the anisotropy
strength.
4

MCWASP XIII
IOP Conf. Series: Materials Science and Engineering 33 (2012) 012097

The normal angle for a semi-elliptical interface is ϕ =

IOP Publishing
doi:10.1088/1757-899X/33/1/012097

π
2 +arctan


− ab √ µ

1−µ2


, so the interface

potential, ϑ(µ) may be expressed as function of dimensionless distance, µ,
"
 2 
!#− 32
2
b
b
µ
ϑ(µ) = − (1 − µ2 ) 1 −
(0 ≤ µ ≤ 1).
a
a
−1 + µ2

(4)

A 2:1 ellipse is chosen for specificity to represent the solid-liquid interface, so the semi-axes in
Eq.(4) assume values a = 2, b = 1. The interface potential for this ellipse is plotted in Figure 4.

Figure 4. Gibbs-Thomson potential, ϑ(µ), calculated for a 2:1 semiellipse, with a small ( = 0.5%) 4fold anisotropy. The interface potential falls initially quite slowly
then decreases rapidly as the tip is
approached and µ → 1. The GibbsThomson gradient prompts a weak
tangential thermal flux, as energy
is transported from higher to lower
potential along the solid-liquid interface.
The associated vector gradient of the Gibbs-Thomson field transports a tangential flux of
thermal energy, Φ̂(µ) · ~σ , along the interface from higher potential toward lower potential. If
scaled by the interfacial conductivity, kint [watts/K], this dimensionless flux equals minus the
tangential derivative of the potential, ϑ(µ), namely,
~ σ [ϑ(µ)] = −Φ̂(µ) · ~σ ,
∇

(5)

~ σ [ ] is the dimensionless gradient operator acting along the interface. The tangential
where ∇
energy flux is plotted in Figure 5 for a 2:1 semi-ellipse with a small ( = 0.5%) 4-fold anisotropy
of its interface energy .
3.4. Interfacial energy conservation
Although temperature variations caused by the Gibbs-Thomson effect are indeed small, any
energy fluxes, irrespective of their magnitude, must still be conserved and accounted for along
the interface. We assumed that the interface is sharp (zero thickness) and consequently lacks the
capacity to store energy by altering its temperature, i.e., the sharp interface has zero specific
heat. To evaluate the rate of local energy accumulation or dispersal from the capillary field
we calculate the surface divergence of the Gibbs-Thomson gradient, or, equivalently, calculate
(minus) the divergence of the tangential energy flux, namely,
~σ ·∇
~ σ [ϑ(µ)] = −∇
~ σ [Φ̂σ (µ)] = q̇(µ),
∇

(6)

where the term q̇(µ) denotes the dimensionless rate of capillary-mediated energy acquired or
lost along the interface. The requirement for local energy conservation is satisfied by adding
the capillary term, q̇(µ), to the rates of latent heat production and their conduction away from
5
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the interface to the surrounding bulk phases. Conservation of energy at a freezing dendritic
interface yields the following (dimensional) Stefan energy balance,


∆Hf
~ ` + ks ∇T
~ s ) · ~n = 0.
~vn · ~n + Q̇ − (k` ∇T
(7)
Ω`
The first term in Eq.(7) is the rate of latent heat production caused by solidification at a
point, where the normal velocity of the interface is ~vn ; the second term, Q̇, is the dimensional
rate of capillary-mediated energy release re-scaled from the tangential divergence of the GibbsThomson gradients, q̇(µ); and the last term is the net transport of energy conducted from the
interface toward the surrounding bulk phases. The coefficients k` and ks are the bulk thermal
conductivities of the melt and crystal, respectively. These terms must balance everywhere
along the solid-liquid interface. As the macroscopic transport fields change slowly compared
to microscopic interfacial processes, the influence of capillarity occurs both with Q̇ > 0, for
which the normal velocity is slightly reduced relative to its value without capillarity, and with
Q̇ < 0, for which the normal velocity is slightly increased relative to its value without capillarity.
These slight capillary-mediated biases, or modulations, of the normal interface velocity caused
by capillarity are of profound importance, as they explain the occurrence of branching.

Figure 5. Dimensionless tangential flux calculated for the GibbsThomson field plotted in Figure 4.
Although the slope of the potential
in Figure 4 appears monotone negative in the coordinate, µ, its tangential gradient is non-monotone, and
the flux even reverses sign near the
tip. This peculiarity of the GibbsThomson potential gradient has important implications on the process
of interface branching.
Figure 6. Divergence of the gradients of the Gibbs-Thomson potential shown in Figure 5 above versus dimensionless distance. The
divergence equals the rate at
which capillary-mediated energy increases, q̇(µ) > 0, or decreases,
q̇(µ) < 0, at each point along the interface. Capillary-mediated energy
modulates the local freezing velocity, as the total energy released at
each point on the interface (latent
heat plus capillary energy) is conducted away by the transport fields
in the melt and the solid
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4. Dendritic branching
Figure 7-left is a plot of q̇(x) versus the dimensional x-coordinate of the 2:1 elliptical dendrite.
A root occurs at x ≈ 1.7, where the capillary-mediated rate of energy accumulation reverses its
sign. Eq.(7) suggests that where q̇(x) < 0 (in the range 0 ≤ x ≤ 1.7) the interface velocity is
increases slightly by capillarity, but beyond x ≈ 1.7, closer to the tip, q̇(x) > 0, and the interface
velocity decreases slightly. The apposing interface velocity changes lead to a ‘curling’ motion,
or rotation, of the interface at x ≈ 1.7. Figure 7-right shows one frame extracted from the video
output from a dynamic solver evolving in time a 2:1 elliptical starting shape with the same
interface energy anisotropy. The pattern developing in the video frame is adjusted to maintain
a fixed area or number of pixels. The 2:1 starting ellipse, with the same area, is juxtaposed onto
the video frame to allow the capillary-induced interface rotation to be viewed more easily. These
data show the close correspondence between the location of a dynamically evolved rotation point,
where side branch initiation eventually starts, and the root in the q̇(x) plot, which occurs where
the surface Laplacian of the Gibbs-Thomson potential vanishes. A quantitative connection was
verified for different starting shapes and interface energy anisotropies by J. Lowengrub and S.
Li between the zeros of the surface Laplacian of the Gibbs-Thomson potential, the roots of the
energy release rate, q̇(x), and the occurrence dendritic branching [31].
5. Summary
The analysis of capillary energy fields and the verification of interface rotation through dynamic
data suggest that a deterministic mechanism for dendritic branching exists, requiring no
additional physics to explain branching and pattern complexity. Energy released or withdrawn
from the interface slightly slows, or accelerates, local freezing rates, respectively. Local freezing
rates change slightly because capillary-mediated energies add to, or subtract from, the latent heat
transported from the interface. Although capillary-mediated energy releases cause only miniscule
enhancement, or reduction, in the local freezing rate, over time they increase the local curvature
where the capillary energy rate is negative, and increase the local freezing rate. Similarly, a
decrease in local curvature occurs where the capillary-mediated energy rate is positive, which
reduces the local freezing rate. These small velocity and curvature changes, acting over time

Figure 7.
Check
on the initial rotation points.
Left:
Capillary-mediated
energy release rate, q̇,
versus distance, x/a,
(a = 1) showing the
analytically predicted
rotation point where
∇2σ [ϑ] = 0. Right:
Frame from dynamic
simulation of the same
starting shape and
anisotropy.
Initial
rotation point (left
panel) is confirmed by
the dynamic solver at
x/a ≈ 1.70.
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rotate the interface, eventually initiating side-branch formation. Mathematically, rotation points
occur at locations along the interface where the surface Laplacian of the interface potential
vanishes, and the capillary-mediated energy release rate reverses sign. See again Eq.(6) for this
condition.
A number of starting shapes (ellipses of various eccentricities) with different 4-fold
anisotropies have been tested to date against data from a precision dynamic solver. Analytically
derived rotation points are confirmed dynamically. Details of these dendritic branching studies
will be published elsewhere.
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