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We derive an integrodifferential diffusion equation for decoupled continuous time random walk that is valid
for a generic waiting time probability density function and external force. Using this equation we also study
diffusion behaviors for a couple of specific waiting time probability density functions such as exponential, a
combination of power law and generalized Mittag-Leffler function and a sum of exponentials under the
influence of a harmonic trap. We show that first two waiting time probability density functions can reproduce
the results of the ordinary and fractional diffusion equations for all the time regions from small to large times.
But the third one shows a much more complicated pattern. Furthermore, from the integrodifferential diffusion
equation we show that the second Einstein relation can hold for any waiting time probability density function.
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I. INTRODUCTION

Diffusion is a ubiquitous phenomenon and a fundamental
mechanism for transport of materials in physical, chemical,
geophysical, and biological systems. Diffusion processes are
classified according to their mean-square displacements. In
the case of normal diffusion, the mean-squared displacement
grows linearly with time, whereas anomalous diffusion ex-
hibits distinct deviations from this fundamental property.
Moreover, anomalous diffusion processes have been ob-
served in a variety of systems such as bacterial cytoplasm
motion �1�, conformational fluctuations within a single pro-
tein molecule �2�, and fluorescence intermittency in single
enzymes �3�. In order to describe anomalous diffusion pro-
cesses, there are several approaches developed, for example,
generalized Langevin equation �GLE� and generalized
Fokker-Planck equation �GFPE� �4�, continuous time random
walk �CTRW� �5�, and fractional Fokker-Planck equation
�FFPE� �6�. Anomalous diffusion is important in a wide
range of applications from biophysics to geoscience �6–10�.
Despite progresses in this field have been made, the origin of
anomalous diffusion in a given system is often unknown
�11�, and more approaches need to be developed for the de-
scription of anomalous diffusion �12�.

The CTRW model was originally introduced in Montroll
and Weiss’ seminal paper �5�. Since that time the CTRW
model was proved to be a useful tool for the description of
systems out of equilibrium, especially of anomalous diffu-
sion phenomena �13–18�. Within the CTRW model without
external force, the motion of a particle is completely deter-
mined by the two probability density functions �PDFs�,
namely, jump length PDF and waiting time PDF. Different
types of CTRW models come out through specifying the
waiting time PDF. The CTRW with a power-law waiting
time PDF has extensively been studied because it results in
anomalous diffusion in the long-time range �6�. The solutions
of PDF ��x , t� for the CTRW model with long-tailed waiting

time PDF can be found in Refs. �19–21�. Furthermore, the
CTRW with a power-law waiting time PDF in the presence
of external force F�x� �22,23� was also linked to the follow-
ing FFPE:

���x,t�
�t

= 0Dt
1−�LFPK���x,t� , �1�

where K� is the generalized diffusion coefficient. LFP is an
operator given by

LFP = −
�

�x

F�x�
kBT

+
�2

�x2 , �2�

and

0Dt
1−���x,t� =

1

����
�

�t
�

0

t ��x,t1�
�t − t1�1−�dt1, �3�

is the Riemann-Liouville fractional derivative. F�x� is the
external force, kB is the Boltzmann constant, T is the absolute
temperature, and ��z� is the Gamma function. ��x , t�dx is the
probability for finding particle at position between x and x
+dx at time t.

In the CTRW model without external force, the PDF
��x , t� obeys the following equation in Fourier-Laplace space
�5,6�:

��k,s� =
1 − g�s�

s

�0�k�
1 − ��k,s�

, �4�

where �0�k� is the Fourier transform of the initial condi-
tion �0�x�, ��x , t� is the jump PDF and g�t� is the waiting
time PDF defined by g�t�=�−�

� ��x , t�dx. Moreover, from the
jump PDF we also have the jump length PDF defined by
��x�=�0

���x , t�dt.
The CTRW model can be simplified through the decou-

pled jump PDF ��k ,s�=��k�g�s�. Furthermore, jump length
PDF in Fourier space can be approximated �6� as ��k��1
−Dk2+O�k4�, and substituting ��k��1−Dk2 into Eq. �4�,
we have*kwok@dfi.uem.br
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��k,s� =
1 − g�s�

s

�0�k�
1 − �1 − Dk2�g�s�

. �5�

In particular, the CTRW model can be classified according to
the mean �characteristic� waiting time W and the jump length
variance �2 defined by

W = �
0

�

tg�t�dt �6�

and

�2 = �
−�

�

x2��x�dx , �7�

respectively. For finite W and �2, the motion of the particle
in the long-time limit exhibits the Brownian motion or nor-
mal diffusion �6�. Although Eq. �5� is valid for a finite jump
length variance, anomalous diffusion can be produced by Eq.
�5� with appropriate choices of waiting time PDF g�t�. Equa-
tion �5� was already employed to study diffusion behavior
when the form of waiting time PDF g�t� was first specified as
simple functions such as exponential function or a power-law
function in the long-time limit �6�. However, Eq. �5� is not
convenient to be used to investigate systems with finite do-
mains. Recently, we derived an integrodifferential equation
for the force-free CTRW with generic waiting PDF from Eq.
�5� �24�, which is written as

���x,t�
�t

− �
0

t

g�t − t1�
���x,t1�

�t1
dt1

= D
�

�t
�

0

t

g�t − t1�
�2��x,t1�

�x2 dt1 �8�

This integrodifferential equation for PDF, Eq. �8�, is different
from the differential equation for PDF in conventional
CTRW model.

The aim of this work is to study the CTRW model with a
generic waiting time PDF and external force. Specifically, we
will focus on the following tasks: �1� to develop an integrod-
ifferential equation of PDF for the CTRW model with a ge-
neric waiting time PDF and external force; �2� to investigate
the effects of different waiting time PDFs on the behavior of
particle’s diffusion in the framework of CTRW, to calculate
the first two moments and their relationship under the influ-
ence of a constant force, and to discover new anomalous
diffusion behaviors; �3� to obtain exact solution for PDF
��x , t� under the influence of a linear force with the waiting
time PDFs given by a combination of a power law and gen-
eralized Mittag-Leffler function and by a sum of exponen-
tials.

II. CTRW WITH GENERIC WAITING TIME PDF
AND EXTERNAL FORCE

We consider a random walk on one-dimensional lattice
with a lattice spacing a. Once the random walk has arrived at
site n it is trapped there for some random time �waiting
time�. These waiting times are given according to the waiting

time PDF g�t�. Therefore, the probability, Qi�t�, that the ran-
dom walker has jumped i times in the interval �0, t�, is given
in Laplace space by �23�.

Qi�s� =
1 − g�s�

s
gi�s� , �9�

where �1−g�s�� /s corresponds to the cumulative probability
�6�. Now let us consider �n�t� the probability of finding the
random walk at site n at time t, and pi�n� be the probability
to be on site n after step i. Then, we have

�n�t� = �
i=0

�

pi�n�Qi�t� . �10�

Using Eqs. �9� and �10�, we can obtain �n�t� in Laplace space
as follows:

�n�s� =
1 − g�s�

s
�
i=0

�

pi�n�gi�s� . �11�

The evolution of pi�n� in discrete time and space is replaced
by its continuum limit by pi�n�→pi�x�, and is determined by

pi+1�x� = R�x − a�pi�x − a� + L�x + a�pi�x + a� , �12�

where R�x� and L�x� are the directional jumping probabilities
with considering independent of the waiting times. By con-
sidering that the system is close to thermal equilibrium with
temperature T, R�x�	L�x�	1 /2 and the detailed balance
R�x�−L�x�	aF�x� / �2kBT� �where F�x� is the external
force�, we now expand Eq. �12� in a Taylor series and omit
the higher terms than a2, and we obtain

pi+1�x� = pi�x� +
a2

2

 �2

�x2 pi�x� −
�

�x

F�x�
kBT

pi�x�� . �13�

Considering the continuum limit �n�s�→��x ,s� in Eq. �11�
and substituting Eq. �13� in Eq. �11�, we obtain the following
result:

��x,s� =
1 − g�s�

s
��x,0� + g�s��1 +

a2

2

 �2

�x2

−
�

�x

F�x�
kBT

���x,s� . �14�

Performance of the inverse Laplace transform of Eq. �14�
yields

���x,t�
�t

+ g�t���x,0� −
�

�t
�

0

t

g�t − t1���x,t1�dt1

= DLFP
�

�t
�

0

t

g�t − t1���x,t1�dt1, �15�

where D=a2 /2. Following our method �24�, we can rewrite
Eq. �15� as
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���x,t�
�t

− �
0

t

g�t − t1�
���x,t1�

�t1
dt1

= DLFP
�

�t
�

0

t

g�t − t1���x,t1�dt1. �16�

Equation �16� is the extension of Eq. �8� with the inclusion
of external force.

The definition of the derivative of the q-th moment of
PDF ��x , t� with respect to t is as follows:

d�xq�t��
dt

= �
−�

�

xq���x,t�
�t

dx , �17�

where q is a positive integer number. Substituting Eq. �16�
into Eq. �17�, we can obtain the derivative of the first mo-
ment of PDF ��x , t� with respect to t

d�x�t��
dt

= �
0

t

g�t − t1�
d�x�t1��

dt1
dt1

+
D

kBT

d

dt
�

0

t

g�t − t1��
−�

�

F�x���x,t1�dxdt1

�18�

and the derivative of the second moment of PDF ��x , t� with
respect to t

d�x2�t��
dt

= �
0

t

g�t − t1�
d�x2�t1��

dt1
dt1 + 2D

d

dt
�

0

t

g�t − t1�dt1

+
2D

kBT

d

dt
�

0

t

g�t − t1��
−�

�

xF�x���x,t1�dxdt1. �19�

Equations �16�, �18�, and �19� are the main equations of
this paper because they provide a general framework for
studying the CTRW with generic waiting time PDF and ex-
ternal force. Equation �16� is valid for any form of waiting
time PDF and any kind of force, and is different from the
FFPE �1� that is valid only for a power-law waiting PDF. We
also note that Eq. �16� has different form from those ones
given in Ref. �25�. When F�x� is 0, Eq. �16� reduces to the
integrodifferential Eq. �8� that is for force-free CTRW.

Exact solution for the PDF ��x , t� can also be obtained
from Eq. �16�. In order to do so, we employ the method of
separation of variables �n�x , t�=Xn�x�Tn�t�; substituting it
into Eq. �16� yields

dTn�t�
dt

− �
0

t

g�t − t1�
dTn�t1�

dt1
dt1 = − 	n

d

dt
�

0

t

g�t − t1�Tn�t1�dt1

�20�

and

DLFPXn�x� = − 	nXn�x� , �21�

where 	n are the eigenvalues. Then, the solution for ��x , t� is
given by the expansion of eigenfunctions

��x,t�x�,0� = e�
�x��/2�−�
�x�/2��
n

�n�x���n�x�Tn�t� , �22�

where 
�x�=V�x� /kBT, V�x� is the potential given by F�x�
=−dV�x� /dx, and �n�x�=e
�x�/2Xn�x�. We note that the eigen-
value equation of the operator LFP, Eq. �21�, is the same as
that of eigenvalue equation of ordinary Fokker-Planck opera-
tor �26�.

III. CONSTANT AND LINEAR FORCES

In particular, many physical systems are subject to the
influence of an external force. We note that the harmonic
potential has been used to model the conformational fluctua-
tions within a single enzymes �2�. We now use Eqs. �16�,
�18�, and �19� to study the case of constant force F�x�=F,
which may correspond to the case of a constant electrical
field acting on a charge particle. From Eqs. �18� and �19� we
obtain the following relation:

�x�t��F =
F

2kBT
�x2�t��F=0. �23�

The result Eq. �23� is also very general since it is valid for
any form of waiting time PDF g�t�. Moreover, it is the well-
known second Einstein relation, which connects the first mo-
ment in the presence of the constant force F to the second
moment without any external force. The relation Eq. �23� has
also been verified experimentally in strongly disordered ma-
terials �27�, in which there exists subdiffusive diffusion.

We study the case of a linear force F�x�=−m�2x with any
waiting time PDF, g�t�. The first two moments can be ob-
tained by applying the Laplace transform to Eqs. �18� and
�19�, and they are given by

�x�s�� =
�x�0���1 − g�s��

s − sg�s� +
Dm�2

kBT
sg�s�

�24�

and

�x2�s�� =
�x2�0���1 − g�s��

s − sg�s� +
2Dm�2

kBT
sg�s�

+
2Dg�s�

s − sg�s� +
2Dm�2

kBT
sg�s�

. �25�

Now we consider the case of a linear force F�x�
=−m�2x with two kinds of specific waiting time PDFs given
by

g��t� = �−�t�−1E�,��− �t/���� �26�

and

g�t� = AN�
i=0

N

cie
−it, �27�

where ci and i are positive constants, AN=1 /�i=0
N �ci /i� and

E	,��y� is the generalized Mittag-Leffler function defined by
�28�
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E	,��y� = �
n=0

�
yn

��� + 	n�
, 	 � 0, � � 0. �28�

The waiting time PDF g��t� has been used in different
processes such as subordination function �29–31�. Fulger
et al. �32� incorporated this waiting time PDF into Monte
Carlo simulation for uncoupled continuous-time random
walks with a Lévy �-stable distribution of jumps. For our
purpose, the parameter � is restricted to 0���1 because
E�,��−�t /����, in this interval, is completely monotone for
t�0 �28�. In the case of g��t�, using Eqs. �24� and �25� we
have

�x�t�� = �x�0��E�,1�− �t/���� �29�

and

�x2�t�� =
kBT

m�2 + ��x2�0�� −
kBT

m�2�E�,1�− 2�t/���� . �30�

It is found that the first two moments have the Mittag-Leffler
decay. For �=1 all the above results reduce to those of nor-
mal diffusion from the ordinary diffusion equation, and the
Mittag-Leffler function decays like the exponential function.
The thermal equilibrium is reached when t→�, then we
have �x2����=kBT /m�2. If the particle satisfies the special
initial spatial condition as �x�0��=0 and �x2�0��=kBT /m�2,
�x�t��=0 and �x2�t��=kBT /m�2 for all the time. Therefore,
average of displacement and its second moment are indepen-
dent of time.

Exact solution for the PDF ��x , t� can also be obtained
from Eqs. �20�–�22� in the case of linear external force. We
note that the eigenvalue equation of the operator LFP, Eq.
�21�, is the same as that of eigenvalue equation of ordinary
Fokker-Planck operator, then its solution, for a linear force,
is given in terms of the Hermite polynomials �26�. For the
case of g��t�, we only need to solve Eq. �20� that depends
only on time. Applying the Laplace transform to Eq. �20�
yields

Tn�s� =
Tn�0��1 − g�s��

s − sg�s� + 	nsg�s�
. �31�

Substituting g��s� into Eq. �31� we obtain

Tn�t� = E�,1�− n� t

�
��� , �32�

where we have omitted the term Tn�0�. It is worth mention-
ing that this solution is the same as that one of the fractional
diffusion Eq. �1�. Then, the solution for ��x , t �x� ,0� is given
by

��x,t�x�,0� =� m�2

2�kBT
�
n=0

� E�,1�− n� t

�
���

2nn!

�Hn� x̄
�2
�Hn� x�

�2
�e−x̄2/2, �33�

where x̄=x�m�2 / �kBT�, 	n=n, and Hn�y� denotes the Her-
mite polynomials.

On the other hand, the waiting time PDF g�t� has been
used to describe relaxation, friction, and fluorescence decay
in physical and biological complex systems �33–35�. It has a
finite characteristic waiting time given by W=AN
�i=0

N �ci /i
2�; then, the long-time limit corresponds to the nor-

mal diffusion in the force-free case. The solution for the
second moment of displacement can be obtained by substi-
tuting g�s�=AN �i=0

N �ci / �i+s�� into Eq. �25�, and we have

�x2�s�� =
D

B

1

s
+ ��x2�0�� −

D

B
� 1

�1 − 2B�s

��1 −
2B

1 − �1 − 2B�AN�i=0

N ci

i + s
� , �34�

where B=Dm�2 /kBT. Using the binomial expansion to the
second term of Eq. �34� we obtain

�x2�t�� =
D

B
+
��x2�0�� −

D

B
�

1 − 2B

�
1 − 2B �
nN+1=0

�
�− KNN+1tN+1�nN+1

nN+1!

¯�
n2=0

�
�− KN2t2�n2

n2!

��
j=0

N+1

PNjt
jE

1,1+j+�k1=1
N �k1n1+k1�

�k2=1
N �n1+k2� �− KN1t�� , �35�

where E	,�
p �y�=dpE	,��y� /dyp and the coefficients PNi

and KNi correspond to the expansions of �0+s�¯ �N+s�
and �0+s�¯ �N+s�+�nAN�c0�1+s�¯ �N+s�+c1�0
+s��2+s�¯ �N+s�+ ¯+cN�0+s�¯ �N−1+s��, respec-
tively, with �n= �2B−1� and N�1. Although the waiting
time PDF g�t� has a finite characteristic waiting time, it can
describe a power-law behavior at the intermediate times with
logarithmic oscillations �33,35�, i.e., it can generate anoma-
lous diffusion at the intermediate times and normal diffusion
in the long-time limit. It is noted that this mean-squared dis-
placement �Eq. �35�� is different from that one in the case of
g��t�. Equation �35� has a much more complicated form. In
the long-time limit we also obtain �x2����→ kBT / m�2 for
t→�, which recovers the classic result for oscillator system.

In order to obtain the PDF ��x , t� with waiting time PDF
g�t� we need to solve Eq. �31�. The solution for Tn�t� is
given by

Tn�t� =
1

1 − 	n

1 − 	n �

nN+1=0

�
�− KNN+1tN+1�nN+1

nN+1!

¯�
n2=0

�
�− KN2t2�n2

n2! �
j=0

N+1

PNjt
jE

1,1+j+�k1=1
N �k1n1+k1�

�k2=1
N �n1+k2�

��− KN1t��, n � 1, �36�

and
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T1�t� = AN�
i=0

N

cie
−it, �37�

where �n= �	n−1�, 	n=n. It is noted that the pattern given
by Eqs. �36� and �37� cannot be expressed in terms of a
simple Mittag-Leffler function, and it is more complicated.

Figure 1 shows the PDF ��x , t �x� ,0� as a function of x
coordinate in different instances for given g��t� and g�t�. In
Fig. 1�a�, the PDFs in different instances are plotted for
given g��t� with �=0.6 and �=1. The curves show cusps that
are characteristic of anomalous diffusion behavior in the
CTRW model. In Fig. 1�b�, the PDFs in different instances
are plotted for given g��t� with �=1 and �=1. The curves
show Gaussian shape due to the normal diffusion behavior.
In Fig. 1�c�, we show the PDFs for given g�t� with a sum of
two exponentials, and in this case the intermediate curve is
similar to the one in Fig. 1�a�, which deviates from a smooth

Gaussian shape. From Fig. 1, it is noted that all the positions
of maxima of PDFs shift toward the origin with increase of
time.

IV. CONCLUSION

To summarize this work, we have derived the integrodif-
ferential diffusion Eq. �16� for CTRW in the presence of
external force with generic waiting time PDF. Equation �16�
valid for any type of waiting time PDF is more general than
the FFPE Eq. �1� only for the case of a power-law waiting
time PDF. From Eq. �16� we have derived diffusion behavior
that is explicitly related to the waiting time PDF. In particu-
lar, we have found a very interesting result related to the
second Einstein relation Eq. �23�, which is valid for any
waiting time PDF. Using Eq. �16� we have studied diffusion
behaviors for the waiting time PDF given by g��t� and g�t�
and in the presence of linear external force. For g��t� we
have discovered a subdiffusive behavior for the all time re-
gions rather than only for long-time or short-time regions
that appears in the literature, for F�x�=0. For the harmonic
trap we have found the second moment of displacement fol-
lowing the Mittag-Leffler decay. Furthermore, we have ob-
tained the exact solution for PDF, and it reproduces exactly
the solution of the fractional diffusion Eq. �1�. For g�t� we
have also shown that the second moment of displacement,
Eq. �35�, has a different pattern; in the force-free case it can
generate a power-law anomalous diffusion in the intermedi-
ate times and normal diffusion in the long-time limit. Finally,
the PDF ��x , t �x� ,0� is plotted as a function of x coordinate
in different instances for given g��t� and g�t� in Fig. 1. We
found that all the positions of maxima of PDFs shift toward
the origin with increase in time.
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