
Shock interaction with one-dimensional array of particles in air
P. Sridharan, T. L. Jackson, J. Zhang, and S. Balachandar 
 
Citation: Journal of Applied Physics 117, 075902 (2015); doi: 10.1063/1.4913217 
View online: http://dx.doi.org/10.1063/1.4913217 
View Table of Contents: http://scitation.aip.org/content/aip/journal/jap/117/7?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
3D shock-bubble interaction 
Phys. Fluids 25, 091105 (2013); 10.1063/1.4820017 
 
Simulation of cavitating flows with isentropic one-fluid model 
AIP Conf. Proc. 1440, 828 (2012); 10.1063/1.4704293 
 
Shock-wave solutions in two-layer channel flow. I. One-dimensional flows 
Phys. Fluids 22, 112102 (2010); 10.1063/1.3497032 
 
Numerical investigation of three-dimensional cloud cavitation with special emphasis on collapse induced shock
dynamics 
Phys. Fluids 20, 040703 (2008); 10.1063/1.2911039 
 
On the dynamics of self-sustained one-dimensional detonations: A numerical study in the shock-attached frame 
Phys. Fluids 16, 3566 (2004); 10.1063/1.1776531 
 
 

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

163.118.172.202 On: Mon, 09 Mar 2015 17:29:59

http://scitation.aip.org/content/aip/journal/jap?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1148290502/x01/AIP-PT/JAP_ArticleDL_0115/AIP-2394_JAP_1640x440_Deputy_editors.jpg/6c527a6a713149424c326b414477302f?x
http://scitation.aip.org/search?value1=P.+Sridharan&option1=author
http://scitation.aip.org/search?value1=T.+L.+Jackson&option1=author
http://scitation.aip.org/search?value1=J.+Zhang&option1=author
http://scitation.aip.org/search?value1=S.+Balachandar&option1=author
http://scitation.aip.org/content/aip/journal/jap?ver=pdfcov
http://dx.doi.org/10.1063/1.4913217
http://scitation.aip.org/content/aip/journal/jap/117/7?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/journal/pof2/25/9/10.1063/1.4820017?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4704293?ver=pdfcov
http://scitation.aip.org/content/aip/journal/pof2/22/11/10.1063/1.3497032?ver=pdfcov
http://scitation.aip.org/content/aip/journal/pof2/20/4/10.1063/1.2911039?ver=pdfcov
http://scitation.aip.org/content/aip/journal/pof2/20/4/10.1063/1.2911039?ver=pdfcov
http://scitation.aip.org/content/aip/journal/pof2/16/10/10.1063/1.1776531?ver=pdfcov


Shock interaction with one-dimensional array of particles in air

P. Sridharan,1 T. L. Jackson,1,a) J. Zhang,2 and S. Balachandar2
1Department of Mechanical and Aerospace Engineering, University of Florida, Gainesville, Florida 32611,
USA
2Department of Mechanical and Aerospace Engineering, Florida Institute of Technology, Melbourne, Florida
32901, USA

(Received 4 December 2014; accepted 7 February 2015; published online 19 February 2015)

In this paper, we present axisymmetric numerical simulations of shock propagation in air over an

aluminum particle for Mach numbers up to 10. The numerical method is a finite-volume based

solver on a Cartesian grid that allows for multi-material interfaces and shocks. Validation of the

solver is demonstrated by comparing to existing experimental data. We compute the unsteady

inviscid drag coefficient as a function of time, and show that when normalized by post-shock condi-

tions, the maximum drag coefficient decreases with Mach number. Furthermore, for supercritical

Mach numbers, we show that the inviscid steady-state drag asymptotes to a non-zero value due to

the presence of a bow shock formed just upstream of the particle. Using this information, we also

present a simplified point-particle force model that can be used for mesoscale simulations. Finally,

we investigate the dynamics of a shock propagating over a 1-D array of particles aligned in the

flow direction. We show that the maximum drag coefficient increases as the shock travels deep into

the array and then asymptotes to a final value, which can be as high as 50% more than that of the

first particle, depending on Mach number and particle spacing. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4913217]

I. INTRODUCTION

Shock-particle interactions have many environmental

and industrial applications. For example, shock-particle

interactions dominate the behavior of natural flows such as

explosive volcanic eruptions, supernovae, and dust explo-

sions in coal mines and grain silos. Medical applications

such as needleless drug delivery, lithotrispy, and micro-

bubble enhanced ultrasound imaging rely upon compression

waves or shock interaction with particles and bubbles.

Although turbulence is present in a number of scenarios, we

do not include turbulence here in this study.

The purpose of the present study is to examine shock-

particle interaction in air at the microscale, where the details

of the interaction on the scale of the particle and shock are

well resolved. The results are used to develop point-force

models for use in mesoscale simulations, where we sacrifice

resolution of the flow details on the scale of the particle, in

order to be able to address shock propagation over a layer of

particles. Such models are needed because the characteristic

length and time scales of mesoscale dynamics do not effi-

ciently capture microscale physical phenomena, which occur

at much finer scales. These finer scales cannot be resolved in

a mesoscale simulation, due to prohibitive computational

cost. This problem can be circumvented through use of

“closure” models, which relay information of microscale

behavior to mesoscale simulations. Unfortunately, some

models may rely on empirical relationships determined

through experimental data. This is a drawback in cases

where experiments are difficult to carry out. In addition to

this, difficulty arises in capturing all the physics in an empiri-

cal model even when experimental data exist. Derived mod-

els, as well as numerical simulations, can be used to predict

correlations and bridge this gap as conducted by Refs. 1–11.

The most common correlation used to relay information

from microscale to mesoscale simulations is the particle’s

drag history. The information pertaining to the amount of

momentum transferred to a particle is required to determine

the transient position and velocity of the particle at the meso-

scale. Prior research of the study of the drag-time curve can

be broken up into two groups. The first group focuses on the

long term drag coefficient of a particle in a uniform or non-

uniform flow. The timescale of this type of drag-time curve

is on the order of milliseconds. A particle’s position is

tracked and a curve fit is done to find an equation of the par-

ticle trajectory. Newton’s second law is used to derive a cor-

relation for the particle’s drag history by incorporating the

derivatives of the particle’s trajectory. Numerous prior pub-

lished researches exist detailing these derived drag-time

correlations.12–18

The second group consists of investigating the drag-time

curve during the passage of the shock over the particle. Due

to the complexity of this type of experimental study, only a

few investigations have been conducted to date.19–22 The

timescale considered by the second group is characterized by

the passage time of the shock over the particle, which can be

on the order of microseconds. Prior work of the second group

has shown that the particle experiences a large spike in drag

as the shock passes over it. The amplitude of the spike can

be an order of magnitude, or more, larger than the drag coef-

ficient determined by the first group. For example, Ref. 19

concluded that, in one case, the maximum drag coefficient

was 8, as compared with the prediction of 0.47 by steady
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flow drag. The goal of either group is to predict the net mo-

mentum exchange between the shocked gas and particle over

their respective time scales.

More recently, an investigation of shock propagation

over a random array of two-dimensional particles was carried

out.8,23 In Ref. 8, the authors note that the momentum

exchange of a particle under shock loading can be character-

ized by two quantities of the transient drag curve: total

impulse delivered by the shock, and relaxation time.

Relaxation time is the time over which the impulse acts. The

total impulse can be determined by calculating the area under

the drag-time curve, while an exponential fit of the drag-time

curve relays information regarding the relaxation time. The

motivation for condensing the drag-time curve to numerical

quantities serves to compliment Artificial Neural Network

(ANN) scheme’s ability to lift information across simulation

scales without equations. The premise behind such condensa-

tion infers that the drag reaches, or oscillates, around zero

magnitude at large times (see Fig. 9 of Ref. 8). In Ref. 23, the

authors find that the reflected shock was composed of multiple

shock reflections from each cylinder. As time progressed, the

magnitude of the reflected shock increased as the multiple

reflections coalesced. In addition, they observed similar areas

of high pressure during the passage of the incident shock over

a cylinder. They note that the regular reflections formed by

the incident shock impact transitions to a Mach reflection

when the shock propagates over the cylinder. These Mach

reflections converge at the trailing edge of the cylinder on a

line of symmetry causing a region of high pressure. This

behavior was observed for a sphere in Ref. 20.

The present work pertains to the latter group of drag-

time investigations. We carry out an investigation of an

aluminum spherical particle under various shock loading

conditions, where the drag-time curve is produced for each

condition. The aluminum particle is modelled using a stiff-

ened gas equation of state, while the ideal gas equation of

state is used for air. Two-dimensional axisymmetric numeri-

cal simulations are conducted, with assurance of grid inde-

pendent solutions, to produce the drag-time curve for the

particle. According to Ref. 16, the pressure/shear stresses on

a spherical particle are proportional to the dynamic pressure,

while boundary layer separation occurs at around 80�, which

is approximately constant at various Reynolds numbers. Due

to these two observations, we can expect the drag to be pro-

portional to the dynamic pressure and the projected particle

frontal area. Therefore, the transient drag coefficient is pro-

duced by normalizing the transient drag force by the product

of the post shock dynamic pressure and projected frontal

area of the particle.

Validation of the numerical simulations is carried out

using previously published experimental results from Ref.

20. It was found that negative drag coefficients arose after

the passage of the shock, which replicated results by Ref. 19.

This was attributed to Mach stem convergence at the rear

stagnation point of the particle causing an area of elevated

pressure. This area increases causing a net increase in drag

force toward the upstream direction, which creates negative

drag coefficients. After validation of the numerical simula-

tion, the incident shock Mach number is increased to

ascertain its effect on the transient drag curve. The peak drag

coefficient was found to decrease with increasing Mach

number, which agrees with Ref. 20. It is noted by Ref. 20

that this trend occurs because the drag coefficient is normal-

ized by the dynamic pressure behind the shock. As the Mach

number increases, the dynamic pressure increases faster than

the drag force. A model is created to correlate the Mach

number dependence of the drag-time curve of a single parti-

cle. Our investigation will include shock Mach numbers as

large as 10, so that post shock flow over the particle will be

supersonic. The resulting bow shock upstream of the particle

will contribute to a large persistent quasi-steady drag even

after the passage of the shock.

We also investigate the transient drag curve for a 1-D

in-line array of spherical particles, where the inter-particle

distance is varied. Two incident shock Mach numbers are

considered for the particle array. Pressure enhancement is

observed as the incident shock passes over each particle,

which saturates as the number of particles increases.

For a planar shock crossing a single inert particle, the

appropriate length and time scales are the particle diameter

dp and the shock particle interaction time

s ¼ dp

ui
; (1)

where ui is the shock speed. As far as inviscid forces on the

particle are concerned, the governing equations do not intro-

duce any additional length or time scales. As a consequence,

Zhang et al.24 note that there exists a simple geometric scal-

ing that relates the dynamic response of the surrounding flow

field for a particle with diameter d1 at a given time td1
to the

same state as a particle with diameter d2 at time td2
, via

td2
=td1
¼ d2=d1: (2)

If the particle is allowed to move then there is an additional

time scale ðqp=qgÞd2
p=18� on which the particle will acceler-

ate to the post shock gas velocity. Here, qp is the density of

the particle, qg the density of the medium, dp the particle di-

ameter, and � the kinematic viscosity of the medium. In the

present problem, this time scale is much larger than the

shock particle interaction time scale, so that the acceleration

of the particle remains quite small. In this work, we fix the

particle diameter to be dp¼ 80 mm since viscous effects are

ignored and the particle diameter is the only length scale in

the problem. For viscous problems, an additional length

scale is introduced associated with viscosity, and then the

Reynolds number becomes an additional scaling parameter.

The paper is organized as follows. The governing equa-

tions, numerical method, and several validation tests are pre-

sented in Sec. II. The results are presented in Sec. III. Here,

we compute the drag coefficient as a function of Mach num-

ber and develop a point-particle model. We also examine an

array of particles. Finally, conclusions are given in Sec. IV.

II. BASIC MODEL

To address the dynamics of shock-particle interactions,

a robust numerical framework is needed that can handle
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strong shocks, multi-material interfaces, material deforma-

tion, general equations of state (EOS), and chemistry. A two-

dimensional solver, called RocSDT, that can handle all of

these issues was recently presented in Ref. 25. Here, we

briefly present the governing equations and the numerical

method, albeit in the absence of chemistry.

A. Governing equations

In the present study, we focus on the early time behavior

of shock-particle interaction, where the interaction is domi-

nated by inviscid mechanisms. Since we are restricting our

attention on this early phase, viscous and thermal effects are

ignored. Thus, the particle and medium are governed by the

compressible Euler equations

@q
@t
þr � q~uð Þ ¼ 0; (3)

@ q~uð Þ
@t
þrpþr � q~u~uð Þ ¼ 0; (4)

@E

@t
þr � Eþ pð Þ~uð Þ ¼ 0; (5)

where q is the density,~u ¼ ðu; vÞ the velocity, p the pressure,

and E the total energy per unit volume. The total energy is

given by

E ¼ q eþ 1

2
~u �~u

� �
; (6)

where e is the internal energy. The system is closed once an

equation of state p¼ p(q,e) is chosen.

Since we are assuming the flow to be axisymmetric, we

let u be the streamwise velocity component in the x-direc-

tion, and v be the radial velocity component in the y-radial

direction.

B. Calibration of stiffened gas EOS

In this work, we assume an ideal gas for air with proper-

ties c¼ 1.4, cp¼ 1004.6 J/kg K, and R¼ 287.04 J/kg K. For

the particle, we assume a stiffened gas EOS, given by

p ¼ ðc� 1Þqe� cP1: (7)

Here, c and P1 are constants. Note that in the limit P1! 0

the stiffened gas EOS reduces to the ideal EOS with c being

the ratio of specific heats. The corresponding sound speed is

given by

c2 ¼ c pþ P1ð Þ
q

: (8)

Let (p0, q0, u0¼ 0, e0) be the state ahead of a steady

one-dimensional normal shock, (p1, q1, u1, e1) be the state

behind the shock, and let ui be the speed of the normal shock.

The two states are connected through the Rankine-Hugoniot

(RH) relations

q0ui ¼ q1ðui � u1Þ; (9)

p1 ¼ p0 þ q0uiu1; (10)

e1 ¼ e0 þ
1

2
v0 � v1ð Þ p1 þ p0ð Þ; (11)

e ¼ eðv; pÞ: (12)

Here, v¼ 1=q is the specific volume and e the internal

energy.

The Hugoniot relation for a stiffened gas (derived using

the energy equation) can be written as

v1

v0

¼ cþ 1ð Þp0 þ c� 1ð Þp1 þ 2cP1

cþ 1ð Þp1 þ c� 1ð Þp0 þ 2cP1
: (13)

Thus, given a post-shock pressure p1 and values for the pa-

rameters p0, c, and P1, the specific volume (and hence the

density) can be determined from the Hugoniot relation. The

post-shock speed (piston speed) is then given by

u1 ¼ 1� v1

v0

� �
ui: (14)

The stiffened gas EOS is intended to mimic a solid

where both c and P1 are parameters characteristic of a par-

ticular solid. The values are determined using the fitted

relation

ui ¼ c0 þ su1; (15)

where ui is the shock speed, u1 the particle (piston) speed

behind the shock, c0 is the reference sound speed

c0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c

p0 þ P1

q0

� �s
; (16)

and s is a dimensionless fitting parameter. The value of s is

determined by the experimental Hugoniot curve.

The value of c is determined such that the following

equation:

ui ¼ c2
0 þ

cþ 1

4
u1

� �2
" #1=2

þ cþ 1

4
u1; (17)

derived from the Rankine-Hugoniot relations, gives the clos-

est agreement to the fitted relation (15). Once c is deter-

mined, P1 is obtained from the sound speed

P1 ¼ q0c2
0

c
� p0: (18)

For completeness, the shock speed is given by

ui ¼ v0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1 � p0

v0 � v1

r
; (19)

and the shock Mach number by

M ¼ ui

c0

: (20)

Results for a number of materials are given in Table I.

Plots of ui as a function of u1 are shown in Figure 1 for

selected materials.
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C. Numerical method

We solve the axisymmetric form of the governing equa-

tions (3)–(5) on a uniform grid using the scheme of Shukla

et al.27 (see Ref. 25 for the extension to reacting flows). We

use the finite volume method with the well-known recon-

struct-evolve-average (REA) technique.28,29 In addition, a

total variation diminishing (TVD) reconstruction with the

min-mod limiter29 is employed. The Harten-Lax-van Leer

Contact Riemann solver30 is chosen for its good resolution

of shocks and its positivity of density and internal energy.

Time integration is performed using a strong-stability-pre-

serving third-order Runge-Kutta method.31

For problems that contain shock waves and material

interfaces, a key ingredient of Shukla et al.27 is the use of a

material marker /, initially prescribed as

/ ¼ 1

2
1þ tanh

n

2�h

� �� �
; (21)

and is subsequently advected according to

@/
@t
þ~u � r/ ¼ 0: (22)

Here, n is the spatial coordinate and �h is a grid dependent

parameter. In a continuum description, / jumps discontinu-

ously from 0 to 1 across a material interface, but in a numeri-

cal scheme it changes smoothly over a small number of

mesh points in a narrow region we designate S. Over a time

step Dt, / is advected using Eq. (22), but before moving to

the next time step a correction is calculated on S by means

of the equation

@/
@ŝ
¼ n̂ � r �hjr/j � / 1� /ð Þð Þ; (23)

where ŝ is a pseudo-time and n̂ is the interface normal. This

equation is integrated to steady state in ŝ towards the tanh

profile given by Eq. (21). The nonlinear term leads to con-

vective steepening of the interface region, whereas the diffu-

sion term smears it out; these effects balance, as in Burger’s

equation.

The density q is treated in a similar fashion using

@q
@ŝ
¼ H /ð Þn̂ � r �hn̂ � rqð Þ � 1� 2/ð Þrq

� �
; (24)

where

H /ð Þ ¼ tanh
/ 1� /ð Þ

10�2

� �2
" #

: (25)

The Heaviside function Hð/Þ ensures that the density correc-

tion step is limited to the interface region. This scheme was

fully demonstrated in Ref. 27, and for reacting flows in Ref.

25; see also Refs. 32 and 33.

TABLE I. Calibrated values of c and P1 for different materials, ordered by

values of density. The values of q0, c0, and s are taken from Ref. 26. The

value of p0 is set to 105 Pa.

Particle q0 (kg/m3) c0 (m/s) s c P1 (GPa)

Magnesium AZ31B 1775 4570 1.21 3.4 10.903

Aluminum alloy 2024 2784 5370 1.29 3.8 21.13

Iron sintered 3368 130 1.73 2.8 0.0202

Nickel 8875 4590 1.44 4.2 44.519

FIG. 1. Plot of the linear fit using Eq.

(15) (black solid) and using Eq. (17)

(red dashed), for different materials.

The experimental data are not plotted.

(a) Magnesium; (b) Aluminum; (c)

Iron; (d) Nickel.
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D. Validation

To validate the shock-material capabilities of the code,

we consider a planar shock incident on a material interface

of two ideal gases; see the Appendix for a discussion of the

geometry. The gases taken here are nitrogen and oxygen,

previously considered in Ref. 34. The impedance ratio for

the N-O case is Z¼ 0.519 and so the reflected wave is a

shock wave, while for the O-N case the impedance ratio is

Z¼ 1.62 and so the reflected wave is a rarefaction wave.

Results for the N-O case using N¼ 800 grid points in

the domain x 2 ½�1;þ1� lm at t¼ 0.0032 s are compared

with the exact solution (obtained from a Riemann solver) in

Figure 2. The relative error, defined by

L2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1

Ei � Ai½ �2
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1

Ei½ �2
s (26)

is given in Table II. Here, i corresponds to the ith grid point, Ei

the exact solution, and Ai the approximate solution. The conver-

gence rate is plotted in Figure 3, and we see that the method is

overall first-order accurate, which is expected when shocks are

present. Similar results are obtained for the O-N case.

III. RESULTS

In this section, we present results for a shock propagat-

ing over a 1-D array of aluminum particles. Since our numer-

ical method uses a Cartesian grid and we use a material

marker function / to describe the shock and material boun-

daries, we first present a method for calculating the drag. We

then carry out simulations for a single particle. We also per-

form a grid resolution study to determine the number of grid

points across the particle diameter for converged results. We

also compare our simulations with those found in the litera-

ture at Mach number M¼ 1.22, and show excellent agree-

ment. We next vary the Mach number to determine its effect

FIG. 2. Simulation results for N-O

case with N¼ 800 grid cells (o) with

exact solutions (–); x 2 ½�1;þ1� lm;

t¼ 0.0032 s. The material interface is

initially at x¼ 0. Here, p0¼ 111.3 kPa,

q0¼ 1.429 kg/m3, and c0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
p0=q0

p
.

TABLE II. Table of relative error for density, pressure, and velocity as a

function of mesh size for N-O case.

Mesh Density (%) Pressure (%) Velocity (%)

200 2.17 2.42 4.37

400 1.44 1.60 2.90

800 0.79 0.86 1.66

1600 0.32 0.36 0.69
FIG. 3. Log-log plot of relative error in pressure as a function of mesh size.
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on various quantities such as the drag coefficient. We then

carry out a range of simulations for a 1-D array of particles,

and show how the drag coefficient is influenced by the pro-

ceeding particle in the array. Finally, we develop point-

particle models that can be used in macroscale simulations.

We consider shock Mach numbers of 1.22 to 10; see

Table I for relevant properties. Table III gives the post shock

conditions for air. Note from the table that the Mach number

of the post-shocked state Ms can become supersonic as the

shock Mach number M increases; the critical Mach number

in the post-shocked state for a shock to appear around the

sphere is about Ms� 0.6. As Ms increases above 1.0, the

shock moves upstream and forms a bow shock. Note also

from the table that the post-shock pressure ps in air remains

well below the yield strength for most materials

(Y� 0.2 GPa), and so we do not expect the particle to deform.

A. Drag

For the shock-particle interaction problem, the inviscid

force is defined as

~F ¼
ð

Sp

pn̂ dS �
ð
Vp

rp dV; (27)

where Sp denotes the surface of the particle, Vp the particle

volume, and n̂ the outward pointing normal. The streamwise

component of the force is given by

Fx ¼ ~F � êx �
ð
Vp

rp � êx dV �
ð
Vp

@p

@x
dV; (28)

where êx is the unit vector in the streamwise x-direction. An

equivalent way to compute the drag is to recognize that

jr/jdV ¼ dS, so that

Fx ¼
ð

Sp

p n̂ � êx dS ¼
ð
Vp

jr/j p nx dV; (29)

where

n̂ ¼ r/
jr/j ; (30)

so that

nx ¼
@/
@x
jr/j : (31)

Expressions (28) and (29) are equivalent for computing Fx.

The drag coefficient is given by

CD ¼
Fx

1

2
qsu

2
s A
; (32)

where qs is the post-shock density of the medium, us the cor-

responding post-shock speed, and A ¼ pd2
p=4 is the cross-

sectional area of the particle with diameter dp.

B. Drag calculation

To verify that our code can correctly determine the drag

coefficient, we consider the experimental data and viscous

numerical simulations of Sun et al.20 In this work, the

authors considered a Mach 1.22 shock in air travelling over

an 80 mm diameter aluminum particle. Axisymmetric vis-

cous simulations were also carried out using a body-

conforming grid. The drag coefficient was determined both

experimentally and numerically, and good agreement

between the two was obtained.

Here, we carry out inviscid simulations and compare the

drag coefficient from our simulations to those of Ref. 20.

Since our code includes the dynamics inside the particle, we

use the stiffened gas EOS for the aluminum particle. The

properties of air are given in Table IV, while the properties

of the aluminum particle are: qal¼ 2783 kg/m3; cal¼ 3.8;

and P1al ¼ 21:13 GPa.

Results are presented in Figures 4–6. The domain is

taken to be ðx; rÞ=dp ¼ ½�2; 4� � ½0; 3�; doubling the size of

the domain while fixing the grid spacing did not affect the

drag coefficient values over times of interest. We start our

simulations with the shock located at x=dp¼�1, and use

post-shock values for x=dp < �1 and ambient conditions for

x=dp > �1. Zero gradient conditions are used for all flow

variables at the top and left end of the computational domain.

Along the axis r¼ 0, we use symmetry conditions.

A grid resolution study is first carried out by increasing

the number of grid points on a uniform grid; i.e., Dx¼Dy. If

we define N to be the number of grid points across the diam-

eter of the particle dp before the shock has arrived, then the

grid sizes were chosen by varying dp=N. Figure 4(a) plots the

drag coefficient as a function of nondimensional time and for

various grid sizes. Table V shows the convergence rate. Note

that as N increases our results converge. From the table, we

see that taking 100 points across the diameter of the particle

is sufficient to capture the peak drag coefficient to about 1%.

TABLE III. Values of post-shock pressure ps; density qs; velocity us; and

Mach number Ms¼ us=cs, where cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
cps=qs

p
is the speed of sound in the

post-shock state; shock velocity ui; and shock-particle interaction time

s¼ dp=ui based on 80 mm aluminum particle diameter.

Case M ps (105 Pa) qs (kg/m3) us (m/s) Ms ui (m/s) s (ms)

1 1.22 1.59 1.6574 114.5024 0.31 418.7357 0.19105

2 1.5 2.49 2.2422 238.3514 0.60 514.8390 0.15539

3 2.0 4.55 3.2111 429.0325 0.96 686.4520 0.11654

4 3.0 10.47 4.6446 762.7244 1.36 1029.6780 0.07769

5 6.0 42.39 6.3439 1668.4597 1.73 2059.3560 0.03885

6 10.0 118.04 6.8809 2831.6145 1.83 3432.2600 0.02331

TABLE IV. Air properties used in the code verification simulations. The

post-shock values are based on a shock strength of M¼ 1.22. The shock ve-

locity is ui¼ 418.7357 m/s. The other properties of air used in the simula-

tions are: c¼ 1.4; P1¼ 0; cp¼ 1004.6 J/kg K; and R¼ 287.04 J/kg K.

Air property Pre-shock Post-shock

Density (kg/m3) 1.2042 1.6574

Pressure (Pa) 1.01325� 105 1.5906� 105

Temperature (K) 293.15 334.3497

Velocity (m/s) 0 114.5024

Sound speed (m/s) 343.226 366.5521
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The same convergence rate is also observed for the particle

mass, defined by

mp ¼
ð
Vp

qp dV �
ð
V
/q dV; (33)

where Vp denotes the particle volume, V denotes the volume

of the computational domain, and qp the particle density.

Recall that / is the material marker function that is one

inside the particle and zero outside, with / varying smoothly

between these values over a few grid cells at the particle

boundary. In this way, volume integrals over the particle can

be converted to volume integrals over the computational do-

main. We note that a characteristic of the interface diffuse

method used here is that mass is not precisely conserved; it

is only conserved in an asymptotic sense.27

The corresponding mass-averaged particle pressures are

plotted in Figure 4(b). Mass-averaged quantities are defined by

�ð Þm ¼
ð

mp

�ð Þdm ¼
Ð
Vp

q �ð ÞdVÐ
Vp

qdV ¼
Ð
V/q �ð ÞdVÐ
V/qdV : (34)

Thus, the mass-averaged pressure is defined as

pp m ¼
Ð

V /qpð Þ dVÐ
V /qð Þ dV

: (35)

From the figure, we see that there is little grid dependence on

the mass-averaged particle pressure. The pressure oscilla-

tions observed in (b) will be discussed below.

Figure 5 plots pressure contours for 100 points across

the particle diameter and at four different values of t=s. Note

FIG. 4. Plot of (a) drag coefficient CD

and (b) mass-averaged normalized

pressure, �pp m=p0, as a function of non-

dimensional time t=s. Grid resolutions

of Dx¼D y: dp=33 (green); dp=66

(blue); dp=100 (red). M¼ 1.22; p0 ¼
105 Pa.

FIG. 5. Contour plots of normalized

pressure p=p0 at four instants of nondi-

mensional time t=s. The axes are

scaled by the particle diameter dp.

Only the computational domain near

the particle is shown. The three white

curves indicate contour levels corre-

sponding to / ¼ 10�5, 0.5, and

1–10�5. The grid corresponds to

dp=100. M¼ 1.22; p0 ¼ 105 Pa.

FIG. 6. Plot of drag coefficient CD as a

function of nondimensional time t=s.

Here, the experimental results of Ref.

20 are shown in blue; the viscous com-

pressible simulations of Ref. 20 are

shown in black; and the simulations

carried out here are shown in red for a

grid resolution of Dx¼Dy with

dp=100. In (b), the region near the

maximum is enhanced. M¼ 1.22.
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that the pressure varies inside the particle as the shock trav-

els across it. In addition, the reflected shock wave is clearly

visible in panels (b)–(d). Finally, at early times (panel (a)),

the transmitted shock is convex, in agreement with the dis-

cussion found in the Appendix.

For validation, Figure 6 compares our results to the ex-

perimental results of Ref. 20. The blue curve corresponds to

the experimental data, while the red curve corresponds to our

inviscid simulations. Also shown in the figure are the results

from a compressible, viscous simulation (black) of Ref. 20.

It is important to keep in mind that the simulations of Ref.

20 use a body-conforming grid and thus does not take into

account the dynamics inside the particle. We note that our

inviscid simulations capture the peak and overall trend of the

drag coefficient well.

C. Effect of Mach number

We first show selected results for M¼ 6 for an alumi-

num particle (recall that results for M¼ 1.22 was shown

above in Sec. III B). Figure 7 plots the drag coefficient and

normalized mass-average particle pressure as a function of

grid size dp=N. Similar to the M¼ 1.22 results shown above,

a grid of dp=100 is sufficient to capture the trends.

Comparing the drag coefficient for M¼ 6 (Figure 7(a)) to

that of M¼ 1.22 (Figure 4(a)), we see that at the higher

Mach number the inviscid drag coefficient does not drop to

zero at long times due to the presence of a bow shock ahead

of the particle. This is better illustrated in Figure 8 where

pressure contours are plotted for various times. Also shown

in the figure is the canonical equation of a hyperbola

ðx=dp þ 1� �Þ2 � ðy=dpÞ2 ¼ 1; x=dp 	 �; (36)

where � is the nondimensional shock standoff distance meas-

ured from the center of the particle.35 Here, �¼�0.75. Note

that the hyperbola well describes the bow shock shape. The

mass-averaged particle pressure oscillations observed in

Figure 7(b) will be discussed below.

We next show results for the Mach numbers presented in

Table III. In each case, the grid resolution was chosen to be

100 points per diameter. Figure 9(a) plots the drag coefficient

as a function of nondimensional time t=s and for various Mach

numbers. Note that the maximum drag coefficient decreases as

the Mach number increases; the maximum values being

CD,max¼ 7.5622, 3.7150, 2.3091, 1.7192, 1.4594, 1.4201 for

Mach numbers M¼ 1.22, 1.5, 2.0, 3.0, 6.0, and 10.0, respec-

tively. These values are consistent with the viscous simulations

of Ref. 21. In addition, for M¼ 1.22, the drag coefficient goes

to zero for long time. At M¼ 1.5 and greater, however, the

drag coefficient approaches a constant due to the presence of a

shock around and upstream of the particle.

Figures 9(b)–9(d) plot the mass-averaged particle pres-

sure, position, and velocity as a function of t=s and for vari-

ous Mach numbers. We see that the velocity of particle

appears to become nearly linear in time over the range con-

sidered, although a steeper slope may be discerned at very

small times. The drag force presented in Figure 9(a) can be

conceptually separated into two parts. The first is a transient

component due to the unsteady inviscid added-mass-like

mechanism arising from the rapid relative acceleration

between the particle and the surrounding medium during the

passage of the shock. The transient component is responsible

for the strong peaks seen in Figure 9(a) and also can lead to

the surprising behavior of negative force due to the refocus-

ing of the shock in the particle wake as it defracts around the

particle. The second component is the steady drag on the par-

ticle due to the post-shock flow around the particle. In case

of shock Mach number M¼ 1.22, the post shock flow’s

Mach number is below 0.6 and there will not be any steady

contribution to drag. In other words, the green curve in

Figure 9(a) decays to zero. When post-shock flow Mach

number is in the range of 0.6 to 1.0, locally the flow around

the sphere becomes supersonic and results in the formation

of shocks. When post-shock flow Mach number is above 1.0,

a bow shock forms ahead of the particle. In both these latter

cases, after the initial transient, the drag approaches a steady

value.

TABLE V. Table giving grid size, maximum value of the drag coefficient

CD, and the relative difference (RD) between the grids with respect to the

finest grid.

dp=N CD,max RD (%)

33 6.622 13.6

66 7.365 3.9

100 7.562 1.3

133 7.635 0.3

166 7.661 …

FIG. 7. Plot of (a) drag coefficient CD

and (b) mass-averaged normalized

pressure, �pp m=p0, as a function of non-

dimensional time t=s. dp=33 (green);

dp=66 (blue); dp=100 (red); dp=133

(black); dp=166 (magenta). M¼ 6;

p0 ¼ 105 Pa.
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The short-lived transient force is of larger magnitude

and imparts a near impulsive particle motion. As shown by

Ling et al.,11 the ratio of change in particle velocity due to

this impulsive motion to that of fluid velocity across the

shock scales as fluid-to-particle density ratio. In the present

case of aluminum in air, the density ratio is O(1000) and

thus the initial impulsive gain in particle velocity is small.

From the equation of particle motion, it can be readily

argued that a constant drag coefficient will lead to a nonlin-

ear approach of particle velocity to the post-shock fluid ve-

locity. However, the timescale of this approach is very long

due to the large inertia of the particle (particle-fluid density

ratio is large). Note that even after t=s¼ 6, the particle veloc-

ity is orders of magnitude smaller than the post-shock gas ve-

locity. On the timescale scale shown in Figure 9(c), the

increase in particle velocity appears linear and as expected

the linear increase is recorded only in cases M	 2.0.

Note the oscillations in the mass-averaged pressure in

Figure 9(b). To better understand the nature of these oscilla-

tions, we plot the normalized mass-averaged pressure as a

function of time t in Figure 10. The pressure is normalized

by the respective mean value of the mass-averaged pressure

at each Mach number, so that the oscillations are about the

value one. In addition, the time for each Mach number was

shifted slightly so that the peaks would align. The figure

shows that the period (approximately k¼ 14.8 ls) is weakly

dependent on Mach number, whereas the amplitude is

strongly dependent on M. The particle acoustic time scale,

defined by ta¼ dp=c, with dp¼ 0.08 m and with

c¼ c0¼ 5370 m/s for the un-shocked state (see Table I) or

with c¼ 5362 m/s for the shocked state (at M¼ 2; see Table

VII where the transmitted post-shock value is 15.2� 105 Pa

and the corresponding sound speed is found using the

Rankine-Hugoniot relations for a planar shock, little varia-

tion is observed in c over a wide range in Mach numbers) is

14.9 ls. Hence, the period in the mass-averaged particle

pressure is essentially the particle acoustic time. Had the par-

ticle been a planar slab, based on the theory presented in the

Appendix, it can be shown that the initial transmitted shock

will quickly reach the back end of the slab, where it will be

reflected back into the slab as an expansion wave. This

reflected wave will travel back inside the slab and when it

reaches the front end of the slab will again be reflected as an

expansion wave. This reverberation within the slab will

eventually equilibrate the slab pressure to be that of the post-

shock gas pressure and the signature of these internal wave

reflections within the slab appears as the oscillations.

D. Array of aluminum particles

Figures 11(a) and 11(b) plot the centerline r¼ 0 material

marker function / and nondimensional pressure as a func-

tion of x=dp for Mach number M¼ 1.22 at various times

between t¼ 0 and t=s¼ 4.3. Figure 11(a) shows the integrity

of the particle surface over this range of time. Figure 11(b)

shows significant pressure overshoot along the centerline

above the post shock value as the shock propagates over

the particle; at one particle diameter downstream (x=dp

¼ 1.5, dashed vertical line), the maximum pressure over-

shoot is about 19% greater than the post shock value. At late

times (blue), the pressure relaxes to the post shock value

downstream of the particle around x=dp� 3.5, while there

remains significant pressure variations within the particle

(�0.5< x=dp < þ0.5). Similar behavior is shown in

FIG. 8. Contour plots of normalized

pressure p=p0 at various instants of

time t=s. The axes are scaled by the

particle diameter dp. The three white

curves indicate contour levels corre-

sponding to / ¼ 0:01, 0.5, and 0.99.

dp=166. The white dashed curves cor-

respond to Eq. (36). M¼ 6; p0 ¼ 105

Pa.
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Figures 11(c) and 11(d) for M¼ 6. Here, however, the maxi-

mum pressure overshoot at x=dp¼ 1.5 is about twice the post

shock value. Interestingly, if multiple particles are aligned

horizontally in the x-direction downstream of the first parti-

cle with a spacing of one particle diameter, there could be a

cascading effect of pressure overshoot in that the pressure is

increased as the shock passes over each particle until it

reaches some asymptote. We explore this possibility here.

Although there have been a few limited numerical studies on

random and ordered two-dimensional packs of cylinders,8,23

we are not aware of any numerical studies on 1-D arrays of

spherical particles.

Figure 12 plots the drag coefficient for each particle in a

five-particle array with spacing one particle diameter apart.

For the M¼ 1.22 case, the maximum value of the drag coeffi-

cient begins to asymptote at around 5 particles. The amplitude

of CD for the fifth particle sees an increase of about 15% over

that of the first particle. For the M¼ 6 case, we again see that

the maximum value of the drag coefficient asymptotes around

the fifth particle. The increase in the maximum value of the

drag coefficient for the fifth particle, however, is about 48%

over that of the first particle. To highlight the flow details for

the M¼ 6 case, we plot in Figure 13 pressure and numerical

Schlieren contours at one instant of time. Note the presence of

the bow shocks in front of each particle.

When the particle spacing is reduced to dp=2, the total

increase in drag coefficient is reduced. For M¼ 1.22, the

increase is about 8%, while for M¼ 6 there is an increase of

about 20% (see Figures 14(a) and 14(b)). However, unlike

the one particle diameter spacing in the previous paragraph,

the maximum drag coefficient does not appear to reach a

plateau by the fifth particle; there remains a slight growth in

CD. We estimate that the drag coefficient will asymptote

around the sixth or seventh particle; i.e., when the spacing

between the particles is reduced, the approximate depth

where all subsequent particles experience the same peak

drag coefficient increases. These values are roughly half

that when the particle spacing is dp. To highlight the flow

details for the M¼ 6 case, we plot in Figures 15(a) and

15(b) pressure and numerical Schlieren contours at one

instant of time, respectively.

These observations are summarized in Figure 16, where

we plot the normalized drag coefficient CD=CD,1 for the fifth

FIG. 9. Plot of (a) drag coefficient CD

and (b)–(d) mass-averaged particle

pressure, position, and velocity as a

function of t=s. M¼ 1.22 (green); 1.5

(blue); 2.0 (red); 3.0 (black); 6.0 (ma-

genta); 10.0 (black-dashed). dp=100;

p0 ¼ 105 Pa.

FIG. 10. Plot of normalized pressure as a function of time. M¼ 1.22 (green);

1.5 (blue); 2.0 (red); 3.0 (black); 6.0 (magenta);. 10.0 (black-dashed).

dp=100; p0 ¼ 105 Pa.
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particle as a function of the inverse particle separation distance

dp=sep. Here, CD,1 is the drag coefficient for a single particle,

which corresponds to the case when the separation distance

(sep) approaches infinity and thus dp=sep goes to zero. As

dp=sep goes to infinity, the particles will touch and then act as

a single corrugated body. There are two important trends

observed in the figure. First, a maximum occurs around one

particle spacing, and that the maximum increases as the Mach

number increases. Second, as the particle separation distance

goes to zero, the drag drops below that for a single particle.

It is important to model the increase in drag when using

point-particle models for groups of particles. Recall that

these simulations are based on the axisymmetric equations.

To better understand the increase in drag, we plan on carry-

ing out full three-dimensional simulations over random

packs of spherical particles in future work.

E. Point-particle force modeling

Mass-average quantities are important in developing

point-particle models for mesoscale simulations, where

instead of resolving the flow details around each particle, the

particles are treated as point masses in the governing equa-

tions (e.g., Ref. 11). The Lagrangian evolution equations for

a particle are given by

dxp m

dt
¼ up m

; mp
dup m

dt
¼ F; (37)

where F is the force and mp the particle mass. The overall

hydrodynamic force is expressed as the sum of individual

contributions

F ¼ Fqs þ Fiu þ Fvu; (38)

FIG. 11. Plot of marker function / and

nondimensional pressure along the

centerline r¼ 0 as a function of x=dp at

various times and for Mach numbers

M¼ 1.22 and 6. The initial and final

times are shown in red and blue,

respectively. The vertical dashed line

at x=dp¼ 1.5 in plots (b) and (d) corre-

sponds to one particle diameter down-

stream of the aluminum particle with

center located at x=dp¼ 0. Grid resolu-

tion of dp=100. (a)-(b) M¼ 1.22;

(c)-(d) M¼ 6.0.

FIG. 12. Plot of drag coefficient for

array of five particles with a separation

distance of one particle diameter. Grid

resolution of dp=100. (a) M¼ 1.22; (b)

M¼ 6.0.
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where the terms on the right hand side represent

quasi-steady, inviscid unsteady (pressure-gradient and

added-mass), and viscous-unsteady force contributions,

respectively; see Refs. 3 and 11 for details. Here, for the

shock-particle interaction problem, we are only interested

in the unsteady, inviscid force contribution Fiu, and the

quasi-steady contribution, Fqs that arises at supercritical

Mach numbers.

For a single nondeformable particle in the subcritical re-

gime, the pressure-gradient force term in the flow direction

is modelled as

Fpg ¼ mf
Du

Dt

V

¼ 1

V

ð
V

mf
Du

Dt
dV ¼

ð
V

qf

Du

Dt
dV ¼ �

ð
V

@p

@x
dV

¼ p2 � p1ð ÞAs xs t0ð Þ
� �

;

(39)

where the momentum equation has been used to replace the

material derivative with the pressure gradient term. In the

above expressions, ð�ÞV ¼ V�1
Ð

Vð�ÞdV represents a volume

average, and mf¼ qfV is the mass of the fluid displaced by

the sphere with qf the density of the fluid and V the particle

volume. The last term in Eq. (39) represents the force experi-

enced in the absence of the particle by the medium that

would occupy the volume of the particle. In the model As

represents the area swept by the shock as the shock propa-

gates over the particle. Thus, we have

Asðxsðt0ÞÞ ¼ pða2 � x2
s Þ; xs ¼ �aþ uit

0; for 0 < t0 < s;

(40)

where a¼ dp =2 is the particle radius, ui is the shock speed, s
is the shock-particle interaction time, and xs is the axial coor-

dinate. Note that in writing down this expression we have

assumed that t0 ¼ 0 corresponds to the time when the shock

first hits the particle. The added-mass force term is modelled

as

Fam ¼
ðt

�1
K

D mf uð Þ
Dt

�
d mf vð Þ

dt

� �
d

c0v
a

� �
; (41)

where K ¼ Kðc0ðt� vÞ=a; MÞ is the compressible inviscid

unsteady force kernel, c2
0 ¼ cp0=q0 is the speed of sound in

the ambient unshocked medium, and v is the particle veloc-

ity. In the zero Mach number limit, the kernel is given by

K ¼ e�ss cosðssÞ; (42)

FIG. 13. Contour plots of (a) pressure and (b) numerical Schlieren at one

instant of time. The axes are scaled by the particle diameter dp. Array of five

particles with separation distance of dp. M¼ 6.0. Grid resolution of dp=100.

FIG. 14. Plot of drag coefficient for

array of five particles with separation

distance of dp=2. Grid resolution of

dp=100. (a) M¼ 1.22; (b) M¼ 6.0.

FIG. 15. Contour plots of (a) pressure and (b) numerical Schlieren at one

instant of time. The axes are scaled by the particle diameter dp. Array of five

particles with separation distance of dp=2. M¼ 6.0. Grid resolution of dp=100.
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where ss¼ c0t =a is the nondimensional time based on the

acoustic time scale. Note that in a compressible flow, even in

the zero Mach number limit, the added-mass force takes the

form of a history integral.7,9 This is due to the finite speed of

propagation of the compression and rarefaction waves aris-

ing from the acceleration of the particle. The inviscid

unsteady kernel is analogous to the well known Basset his-

tory kernel and the expression given above in Eq. (42) is

exact in the zero Mach number limit. Also, see Refs. 3 and

11 for additional details.

Here, to develop a simple point-particle model for the

aluminum particle, we model the inviscid contribution to the

drag as

CD;model ¼ CD;pg þ CD;amAðMÞe�BðMÞt=s

þ HðM �McrÞCðMÞð1� e�DðMÞt=sÞ: (43)FIG. 16. Plot of normalized maximum drag coefficient of the fifth particle as

a function of inverse separation distance.

FIG. 17. Plot of drag coefficient from

simulations (black) and model (Eq.

(43); red) for various Mach numbers.

(a) M¼ 1.22; (b) M¼ 1.5; (c) M¼ 2.0;

(d) M¼ 3.0; (e) M¼ 6.0; (f) M¼ 10.0.

075902-13 Sridharan et al. J. Appl. Phys. 117, 075902 (2015)

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

163.118.172.202 On: Mon, 09 Mar 2015 17:29:59



Here, we use expressions (39) and (41) with the kernel given

by Eq. (42) to model the terms CD,pg and CD,am, respectively.

In addition, C is the quasi-steady inviscid drag in the super-

critical regime;16,36,37 H is the step function so that the last

term is zero for subcritical Mach numbers; and A, B, D are

parameters that need to be fitted. Recall that the various drag

coefficients are the corresponding force terms scaled by

post-shock density and velocity values and the particle fron-

tal area according to Eq. (32). Comparison between the

model and the computed drag coefficients for various Mach

numbers is shown in Figure 17. The values for the coeffi-

cients are given in Table VI. Note that for subcritical Mach

numbers we recover the theory of Refs. 3 and 11. Absent of

a rigorous theory to guide in the fitting process, we make no

claim that our fit presented above is unique; our only purpose

here is that such fits can be developed. The fit clearly demon-

strates a need for further model development in the supercrit-

ical regime.

IV. CONCLUSIONS

An investigation of shock-particle interaction of an alu-

minum spherical particle in air is presented. The stiffened

gas equation of state is used to model the aluminum particle.

For this purpose, a brief method is presented to properly cali-

brate the parameters of the stiffened gas equation of state. A

one-dimensional problem of a plane shock passing through a

material interface is constructed to determine key parameters

for shock-particle interactions with a stiffened gas equation

of state. The key parameters relevant to shock-particle inter-

actions are found to be the impedance ratio and the shock-

speed ratio. The impedance ratio determines the type of

reflected wave when the incident shock hits the material

interface. The shock-speed ratio gives information on the

shape of the transmitted shock wave.

Axisymmetric simulations are conducted, with one par-

ticle, at various incident shock Mach numbers. The transient

mass-averaged particle pressure is found to oscillate after

impact of the incident shock. Across all Mach numbers, the

period of oscillation is found to be essentially the particle

acoustic time, while the amplitude of oscillations increases

with increasing Mach number. The drag-time curve for a sin-

gle particle is determined for each Mach number. It is found

that the peak drag coefficient decreases with increasing

Mach number, while the drag coefficient asymptotes to a

non-zero value at supercritical Mach numbers. A Mach num-

ber dependent drag fit is created to develop a point-particle

model for the aluminum particle. Although the drag fit is

absent of a rigorous physico-mathematical based derivation,

it presents the opportunity for future rigorous models to be

developed.

Results are also presented regarding the effect of an

array of particles on the drag-time curve. The inter-particle

spacing is initially taken to be one particle diameter. It is

found that post-shock pressure amplification occurs as the

incident shock wave traverses over each subsequent particle

in the array. This amplification increases the peak drag

coefficient experienced by each subsequent particle. The

pressure and peak drag coefficient saturate after the fourth

particle. This information relays an approximate depth

where all subsequent particles experience the same peak

drag coefficient. We plot the normalized drag coefficient

for the fifth particle as a function of particle spacing for two

Mach numbers, and show there exists an inter-particle spac-

ing where the magnitude of normalized drag coefficient is a

maximum.
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APPENDIX: 1-D SHOCK-MATERIAL INTERFACE
PROBLEM FOR STIFFENED GAS

In this Appendix, we derive two key parameters, the

impedance ratio and the shock-speed ratio, within a one-

dimensional framework. These ratios are useful in under-

standing the flow structure of shock-particle interaction. The

impedance ratio determines the type of reflected wave when

the incident shock hits the material interface. The shock-

speed ratio gives information on the shape of the transmitted

shock wave.

The problem of a planar shock wave passing through a

material interface has been considered previously, e.g., see

Refs. 34, 38, 39, and 40. Here, we apply the analysis of Ref.

39 to a stiffened gas. Consider two materials. For conven-

ience, let material 1 lie in the region x< 0, material 2 lie in

the region x> 0, and x¼ 0 be the initial position of the mate-

rial interface. In the shock-particle interaction problem, mate-

rial 1 will be the medium, and material 2 will be the particle.

Consider the subscript i, j. Let the first index denote the

material (i¼ 1 or 2), and the second index denote the pre-

shocked state (j¼ 0) or the shocked state (j¼ 1).

TABLE VI. Calibrated values of A, B, C, and D as a function of Mach

number.

M A B C D

1.22 1 0 … …

1.5 1.1 0.2 0.3709 2.0

2.0 1.8 1.8 0.9317 1.7

3.0 2.8 2.8 1.0952 1.7

6.0 5.0 5.0 1.1260 3.2

10.0 8.0 8.0 1.4460 5.0
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Material 1 has a pre-shocked state of

ðp1;0; q1;0; u1;0; c1;P
1
1 Þ, while material 2 has a pre-shocked

state of ðp2;0; q2;0; u2;0; c2;P
1
2 Þ. We assume p1;0 ¼ p2;0 ¼ p0

and u1;0 ¼ u2;0 ¼ 0.

Assume a normal shock is propagating in material 1

with speed ui. The post-shock values in material 1 are given

by ðp1;1; q1;1; u1;1; c1;P
1
1 Þ. We assume the incident post-

shock pressure p1,1 is given, along with the material proper-

ties p0, qi,0, ci, and P1i , where i¼ 1, 2.

See Figure 18 for a sketch of the configuration at a time

before the incident shock has reached the material interface.

After the incident shock has hit the material interface, a

transmitted wave and a reflected wave are formed. If the

incident wave is a shock, then the transmitted wave will also

be a shock. The reflected wave can either be a shock wave or

an expansion wave. See Figure 18 for a sketch of the config-

uration at a time after the incident shock has reached the ma-

terial interface, showing the transmitted shock wave with

speed ut, moving material interface with speed um, and

reflected wave with speed ur.

The transmitted wave lies entirely in material 2. The

post-shock states (which lies between the material interface

and the transmitted shock) are ðp2;1; q2;1; u2;1; c2;P
1
2 Þ. The

RH equations yield, in a frame of reference moving with the

transmitted shock speed ut (i.e., n¼ x� utt), the relations

v2;1

v2;0
¼ c2 þ 1ð Þp0 þ c2 � 1ð Þp2;1 þ 2c2P12

c2 þ 1ð Þp2;1 þ c2 � 1ð Þp0 þ 2c2P12
; (A1)

ut ¼ v2;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2;1 � p0

v2;0 � v2;1

r
; (A2)

u2;1 ¼ ut 1� v2;1

v2;0

� �
; (A3)

where v2,1 is the specific volume in the shocked region in

material 2, ut is the transmitted shock speed, and u2,1 is the

post-shock (or particle or piston) speed.

The reflected wave lies entirely in material 1. The state

between the reflected wave and the moving material inter-

face is ðp1;r; q1;r; u1;r; c1;P
1
1 Þ. The RH equations yield, in a

frame of reference moving with the shock speed ur (i.e.,

g¼ x þ urt), the relations

v1;r

v1;1
¼ c1 þ 1ð Þp1;1 þ c1 � 1ð Þp1;r þ 2c1P11

c1 þ 1ð Þp1;r þ c1 � 1ð Þp1;1 þ 2c1P11
; (A4)

ur ¼
u1;1v1;r � v1;1u1;r

v1;1 � v1;r
; (A5)

p1;r þ q1;ru1;rðu1;r þ urÞ ¼ p1;1 þ q1;1u1;1ðu1;1 þ urÞ; (A6)

where ur is the speed of the reflected wave.

We impose equal velocities and pressures at the material

interface, so that u2;1 ¼ u1;r ¼ um and p2;1 ¼ p1;r.

The unknowns are determined using the following steps:

(1) given material 1 initial state: ðp0; q1;0; u1;0 ¼ 0; c1;P
1
1 Þ;

(2) given material 2 initial state: ðp0; q2;0; u2;0 ¼ 0; c2;P
1
2 Þ;

(3) select a post-shock pressure for the incident shock wave

p1,1;

(4) compute the shocked state in material 1 (q1,1, u1,1) and

the shock speed ui as outlined in Sec. II;

(5) solve the nonlinear systems (A1)–(A6) for the unknowns

ðp2;1 ¼ p1;r; q2;1; q1;r; u2;1 ¼ u1;r ¼ um; ur; utÞ using a

Secant method.

Table VII shows results for air (material 1) and alumi-

num (material 2), for M¼ 2. The pre-shocked states are

given in Table I.

1. Impedance ratio

For the incident wave, we define the impedance as

Zi ¼ p1;1 � p0

u1;1
¼ p1;1 � p0

ui � ui � u1;1ð Þ
; (A7)

where p1,1 is the post-shock pressure, p0 the ambient pres-

sure, u1,1 the “piston” speed, and ui is the speed of the inci-

dent shock. Using the RH relations (mass and momentum),

we can show that

Zi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1;1 � p0

v1;0 � v1;1

r
: (A8)

FIG. 18. Top: Sketch of 1-D material interface problem showing incident

shock (ui) before it hits the material interface. Bottom: Sketch showing

the transmitted shock (ut), moving material interface (um), and reflected

wave (ur).

TABLE VII. Table of values for M¼ 2 air shock transmitting through alu-

minum. Here, TS¼ transmitted shock; RW¼ reflected wave; MI¼material

interface.

Quantity Value Unit Comment

p1,1 4.56� 105 Pa Shocked pressure in air

q1,1 3.211 kg/m3 Shocked density in air

u1,1 429.0 m/s Shocked particle speed in air

ui 686.452 m/s Incident shock speed in air

p2,1¼ p1,r 1.52� 106 Pa Pressure between TS and RW

q2,1 2784.05 kg/m3 Shocked density in Al

q1,r 7.22 kg/m3 Density between MI and RW

u2,1¼ u1,r¼ um 0.095 m/s Speed of MI

ur 343.14 m/s Speed of reflected shock

ut 5370.15 m/s Speed of TS
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We can now use the Hugoniot relation (energy) to eliminate

v1,1, to get

Zi ¼ 1

2v1;0
c1þ 1ð Þp1;1þ c1� 1ð Þp0þ 2c1P11

	 
� �1=2

: (A9)

In a similar manner, we define the impedance for the trans-

mitted wave in material 2 as

Zt ¼ p2;1 � p0

u2;1
¼ p2;1 � p0

ut � ut � u2;1ð Þ
; (A10)

where p2,1 is the pressure behind the transmitted wave, p0 the

ambient pressure, u2,1 the “piston” speed behind the trans-

mitted wave, and ut the speed of the transmitted wave. Using

the RH relations (mass and momentum), we can show that

Zt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2;1 � p0

v2;0 � v2;1

r
: (A11)

We can now use the Hugoniot relation (energy) to eliminate

v2,1, to get

Zt¼ 1

2v2;0
c2þ1ð Þp2;1þ c2�1ð Þp0þ2c2P12

	 
� �1=2

: (A12)

The impedance ratio is defined as the ratio of the imped-

ance of the incident wave (Zi) to the impedance of the trans-

mitted wave (Zt),

Z ¼ Zi

Zt
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p0

2v1;0
c1 þ 1ð Þp1;1 þ c1 � 1ð Þp0 þ 2c1P11

	 

p0

2v2;0
c2 þ 1ð Þp2;1 þ c2 � 1ð Þp0 þ 2c2P12

	 

vuuuut :

(A13)

Henderson39 has shown that the nature of the transmitted and

reflected waves depends on the impedance ratio, Z. In

particular,

(1) if the incident wave is a shock, then the transmitted wave

will also be a shock;

(2) when jZtj> jZij, i.e., jZj< 1, both transmitted and

reflected waves are shocks;

(3) when jZtj ¼ jZij, i.e., jZj ¼ 1, there is a transmitted shock

but no reflected wave;

(4) when jZtj< jZij, i.e., jZj> 1, the transmitted wave is a

shock but the reflected wave is an expansion.

In the limit of a weak incident shock, i.e., p1,1=p0 ! 1,

the resulting transmitted shock will also be weak, i.e.,

p2,1=p0 ! 1. In this case, the shock-impedance ratio can be

approximated by

Z ¼
q1;0c1;0

q2;0c2;0
; (A14)

which is the acoustic-impedance ratio. Here, ci,0 is the sound

speed in material i. In the strong incident shock wave limit,

i.e., p1;1=p0 
 P11 =p0 
 1 and p2;1=p0 
 P12 =p0 
 1, the

shock-impedance ratio reduces to

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1;0 c1 þ 1ð Þp1;1

q2;0 c2 þ 1ð Þp2;1

s
: (A15)

If we further assume that the impedances match, we have

that the transmitted shock is equal to the incident shock, i.e.,

p1,1¼ p2,1. Thus,

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1;0 c1 þ 1ð Þ
q2;0 c2 þ 1ð Þ

s
; (A16)

and the type of reflected wave can be determined without

knowledge of the shock strength. See Ref. 11 for more

details.

The impedance ratio given by Eq. (A13) is determined

using the following steps:

(1) given a set of input/material parameters p0, (v1,0,c1,P1
1),

and (v2,0,c2, P12 );

(2) select a post-shock pressure p1,1;

(3) solve the system of nonlinear equations as outlined in the

Appendix to determine p2,1; and

(4) compute Z from Eq. (A13).

2. Shock-speed ratio

Ling et al.11 define the shock-speed ratio as the ratio of

the speed of the transmitted shock to that of the incident

shock. Thus,

U ¼ ut

ui
¼

ffiffiffiffiffiffiffi
v2;0

v1;0

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ 1ð Þp2;1 þ c2 � 1ð Þp0 þ 2c2P12
c1 þ 1ð Þp1;1 þ c1 � 1ð Þp0 þ 2c1P11

s
:

(A17)

They argue that if U > 1, the portion of the incident shock

wave that is not affected by the interaction with the particle

is moving slower than the transmitted shock wave passing

through the particle along the centerline. As a result, the

transmitted shock wave is convex. Conversely, if U < 1, the

transmitted shock is concave.

The impedance and shock-speed ratios are calculated for

a number of materials and are given in Table VIII.
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