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ABSTRACT

Title:

Intermittency Scaling Laws in Magnetohydrodynamic Turbulence:

Theory, Simulations and Observations

Author:

Juan Carlos Palacios Caicedo

Major Advisor:

Jean Carlos Perez, Ph.D.

The main objective of this dissertation is to investigate intermittency of Magnetohydrody-

namic (MHD) plasmas by means of high-resolution numerical simulations and large sets of

solar wind data. Understanding intermittency scaling laws is a significant step forward to-

wards understanding the fundamental properties of plasma turbulence and how spatial struc-

tures influence dissipation, heating, transport and acceleration of charged particles, which is

important in a wide range of laboratory, space and astrophysical plasmas. The current state-

of-the art in the theoretical understanding of intermittency in MHD turbulence is based on

phenomenological (non-exact) models, numerical simulations and solar wind observations of

structure functions of velocity and magnetic field fluctuations, which measure the statistical

moments of random field increments characterizing the turbulent flow at each lengthscale.

Although velocity and magnetic field are physically intuitive variables to describe a plasma,

the so-called Elsasser fields represent a more natural set of variables to describe MHD turbu-

lence. In this work we use state-of-the-art numerical simulations and solar wind observations

from the WIND spacecraft to accomplish the following goals: 1) measure probability distri-

bution functions (PDF) of Elsasser fields scale by scale from simulations and large data sets

of solar wind data, 2) develop empirical models of the resulting distributions to determine

scaling laws, and 3) use the resulting models of PDFs to determine scaling laws of structure

functions and compare with phenomenological theories of MHD turbulence.
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Chapter 1

Introduction

Plasma is the most common state of visible matter in the universe. Solar and stellar corona,

solar and stellar winds, planetary magnetospheres and ionospheres, the interstellar medium,

and in general, most of the visible matter in the universe is observed to be in a gas-like

state composed of a mixture of electrically charged particles (ions and electrons) and neutral

atoms. Plasmas behave much differently than neutral gases, mainly as a consequence of

the nonlinear coupling between constituent charged particles and the electromagnetic fields

through the Lorentz force. The properties of a plasma are markedly dependent upon inter-

particle electromagnetic interactions. One of the fundamental features that distinguishes

plasma behavior from neutral gasses is the presence of collective effects. Each charged

particle in the plasma interacts simultaneously with a considerable number of other charged

particles due to the long range of electromagnetic forces [1].

The heliosphere is the region of space influenced by the Sun through the solar wind,

and marks the edge of the Sun’s magnetic influence. The heliosphere is permeated by the

solar wind, a supersonic and super-Alfvénic magnetized plasma flow of solar origin, which

continuously expands throughout the solar system. The solar wind originates in the solar

corona and owes its existence to the very high temperature of the coronal plasma. Figure 1.1

1



Figure 1.1: The solar corona in white light during an eclipse near Mitchell, Oregon, USA, August 21, 2017.
Image Credit: Miloslav Druckmüller.

shows one of the most detailed pictures of the solar corona to date [2], taken during a solar

eclipse on August 21 2017, in which white light emission from the corona is revealed as the

intense light emission from the Sun is blocked by the Moon. In this figure the structure of the

magnetic field can be observed in the form of fine threads that permeate the coronal plasma.

As we will see later in this work, the coronal magnetic field and its complex interaction with

the solar plasma are key to understand the energy transfer processes that heat and accelerate

the corona to produce the solar wind.

The solar wind streams out in all directions from the rotating Sun, filling the vast in-

terplanetary space before it terminates in a shock front, called the heliopause, where it es-

tablishes pressure-balance with the local interestellar medium (LISM), which is predicted

to lie between 110 and 160 AU (Astronomical Unit =1.5× 1011 m) from the center of the

Sun [3]. Because of the presence of a strong magnetic field carried by the wind, and for

scales large enough (larger than any characteristic plasma microscale), low-frequency fluc-

tuations in the solar wind can be well described using magnetohydrodynamic (MHD) theory,

2
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Figure 1.2: Temperature and density variation with of the solar atmosphere according to the (Vernazza-Avrett-
Loeset) model. Copyright 2010, Kenneth R. Lang PhD, Tufts University.

i.e., treating the plasma as an electrically conducting single fluid. Two very important ques-

tions in heliophysics that remain unsolved are related to the temperature of the solar corona

and solar wind. The first one is the observed increase of the temperature from approximately

6× 103 K at the photosphere (the visible surface of the Sun), to the solar corona at around

around 1− 2× 106 K. Figure 1.2 shows observationally-motivated Vernazza-Avrett-Loeset

(VAL) [4, 5] model of the plasma temperature and mass density in the solar atmosphere,

which can be roughly split into the photosphere, chromosphere, the transition region (TR)

and the solar corona. In this model, it can be seen that the temperature remains fairly con-

stant around a few thousand degrees throughout the photosphere and chromosphere, before it

dramatically increases by hundreds of times within the narrow TR, to million degrees in the

solar corona. At the same time, the density dramatically drops several orders of magnitude

from its value at the much denser chromosphere.

The second important heliophysics problem is related to the expansion of the solar wind.

Spacecraft measurements show that the solar wind is 10 times hotter at 1 AU than expected

3
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if one assumes it undergoes an adiabatic expansion, and 100 times hotter near the limits of

the heliosphere. One of the leading mechanisms that have been proposed for why the solar

corona is so hot and for the slow decay of the solar wind temperature is plasma turbulence,

which can mediate the transfer of large-scale magnetic energy to smaller scales, where this

energy is ultimately transformed into heat by still-unknown microscopic mechanisms.

Decades of spacecraft observations have shown that the solar wind properties exhibit

random fluctuations over a wide range of lengthscales consistent with a turbulent state [6,7].

The most notable signature of turbulence in the solar wind is the observation that the spectral

distribution of energy for velocity and magnetic fluctuations across scales obeys well defined

power-laws akin to those present in fluid turbulence [8]. Turbulence can be understood as

an irregular state of a fluid system characterized by the excitation of motion that produces

a collection of eddies spanning a wide range of lengthscales. In the turbulent state, energy

injected at a certain scale L (known as the outer scale) is conservatively transferred by non-

linear interactions to progressively smaller scales until it reaches a certain scale lD where

it can be efficiently dissipated by microscopic mechanisms, such as viscosity. This process

by which energy is transferred from large to small scales due to nonlinear interactions is

normally called a turbulence cascade. The turbulent state occurs when the injection scale L

is much larger than the dissipative scale lD, which allows for a wide range of intermediate

scales (between injection and dissipation) where the dynamics is solely governed by non-

linear interactions. This range of scales between energy injection and dissipation scales is

dominated by inertial (internal fluid forces), and is therefore called inertial range [8].

As opposed to its fluid counterpart, the nature of solar wind turbulence changes when

the turbulence cascade approaches certain characteristic plasma microscales, such as the ion

and electron gyroradius, at which kinetic effects become important [9]. This multi-scale

behavior is evident in the observation of multiple power-laws in the spectrum of solar wind

fluctuations [10, 11]. For scales larger than any plasma microscale, the power spectra of
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velocity and magnetic fluctuations exhibit a power law similar to the Kolmogorov k−5/3 law

for fluid turbulence [12, 13] (K41 hereafter), which has long been thought to arise from an

incompressible MHD turbulent cascade mediated by Alfvén-like fluctuations [14, 15]. In

this context k ∼ 1/l represents the wavevector associated with fluctuations of scale size l.

The irreversible conversion of fluctuation energy into thermal energy of the plasma occurs at

scales much smaller than MHD scales, where the plasma can only be described kinetically.

The first phenomenological model for MHD turbulence was independently introduced

by Iroshnikov [16,17] and Kraichnan [18] (IK hereafter) based on simple scaling arguments

like those used by Kolmogorov in hydrodynamics, predicting an isotropic power-law spec-

trum E(k) ∼ k−3/2. Although a number of numerical simulations have shown a spectral

index consistent with the IK prediction [19–22] of -3/2, they also have shown that MHD

turbulence is inherently anisotropic, contradicting IK isotropy assumption. More advanced

models that account for the observed anisotropy have been proposed, but they remain largely

split between those that predict a field-perpendicular spectrum E(k⊥)∼ k−5/3
⊥ [23–26] and

E(k⊥) ∼ k−3/2
⊥ [27–31]. Spacecraft observations and numerical simulations have provided

compelling evidence that solar wind turbulence is anisotropic, see for instance [32], but they

also remain inconclusive about the spectral index due to the numerical proximity between

5/3 and 3/2.

These phenomenological models for MHD represent extensions of Kolmogorov’s theory

of incompressible hydrodynamic turbulence [12,13], which was built on the assumption that

the statistical properties of turbulent fluctuations in the inertial range scales are universal

and self-similar, in other words, the spatial distributions of eddies (fluctuations) look the

same at any scale level in the inertial range (self-similarity) [12, 13]. However, as in fluid

turbulence experiments [33, 34], solar wind observations and MHD simulations show that

at smaller scales the distribution of turbulent fluctuations (or eddies) becomes increasingly

sparse [35–37]. When the fluctuations of a quantity become statistically distributed in a less
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uniform way as the scale decreases, the system is no longer self-similar (or scale-invariant).

This departure from self-similarity is called intermittency.

As it will become clear later, intermittency can be also understood as a process caused

by the stochastic disposition of the turbulent energy cascade as it proceeds from large to

small scales. This phenomenon is very important in the understanding of the inhomogeneous

distribution of turbulent structures at different scales. In plasmas, intermittency forms sites

for magnetic reconnection, particle heating, and particle acceleration [38–43], playing a very

important role in plasma heating processes because of the presence of coherent structures of

current density, vorticity or density, which are enhanced sites for energy dissipation. A better

understanding of intermittency of MHD scales in the solar wind will allow us to understand

the nature of the turbulent fluctuations when they reach kinetic scales, providing crucial

insights and physical constraints on the kinetic processes that heat and accelerate the solar

wind.

Most models of fluid and MHD turbulence are phenomenological due to the mathemati-

cal complexities inherent in the nonlinear equations describing the dynamics. In these phe-

nomenological models, the concept of a turbulent eddy is often invoked but vaguely defined.

In this thesis, an eddy or fluctuation qualitatively describes plasma or fluid motion with char-

acteristic size (or lengthscale) l, and quantitatively is represented by spatial differences of

velocity, and any other variables describing the plasma. These spatial differences of tur-

bulent quantities, also referred to as increments, can be seen as a special kind of filter that

measures the variation of such quantities over the specified distance l, thereby removing

variations over larger or smaller scales. The statistical distribution of eddies of size l can

thus be described in terms of the moments of these increments, which are well known in the

turbulence literature as structure functions. Of special interest is the understanding of their

potentially universal scaling properties in the inertial range [8, 44].

The statistics of turbulent fluctuations can be also characterized by the Probability Dis-
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tribution Functions (PDF) of increments at each scale l. Understanding these distributions

is arguably the holy grail of any turbulence theory, as it allows a better interpretation of the

turbulence distribution of energy at different scales and the nature of the turbulent dissipation

process. However, the theoretical framework describing these distributions is mathematically

more complex than traditional turbulence theory, requiring advanced and not well understood

methods of functional analysis and functional differential equations [45]. Understanding the

statistical properties of the fluctuating fields scale-by-scale and/or the accurate determina-

tion of high order moments of their distributions could also help discriminate among several

models of turbulent cascades.

Since Kolmogorov’s influential papers, a large body of works have investigated inter-

mittency of velocity fluctuations in fluids and of velocity and magnetic fluctuations in plas-

mas. The starting point for the investigation of intermittency in the solar wind dates back

to 1991, when Burlaga demonstrated the existence of intermittent turbulence in the solar

wind at 8.5 AU using Voyager 2 spacecraft [46] showing a scaling behavior of structure

functions in the range of 0.85 h to 13.6 h. Horbury and Balogh in 1997 calculated structure

functions for magnetic field using the Ulysses spacecraft and compared with intermittent

turbulent models, suggesting that high order structure functions are consistent with Kol-

mogorov energy cascade [47]. Bruno, Carbone and Sorriso-Valvo since 2001 have made

important contributions investigating intermittency using Helios spacecraft data for velocity

and magnetic field [48–51]. Greco et al. studied 2D MHD and Hall MHD simulations of

40962 and 2563 grid points respectively and measurements of magnetic field of solar wind

using the Advanced Composition Explorer (ACE) spacecraft to identify intermittent struc-

tures and magnetic discontinuities formed spontaneously due to nonlinear couplings, cascade

and turbulence [52, 53]. Osman et al. in 2014 used data from the Solar Terrestrial relations

Observatory (STEREO) spacecraft to study magnetic field intermittency at 1 AU suggesting

that fluctuations parallel to the local magnetic field are mainly invariant while perpendicular
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fluctuations are scale dependent [54]. A recent overview of spatial and temporal intermit-

tency for simulations and observations of magnetic field using ACE and Cluster spacecrafts

can be found in Matthaeus et al. 2015 [37]. Mallet et al. have conducted extensive research

on the three-dimensional anisotropy and intermittency in strong Alfvénic turbulence using

simulations of Reduced MHD of 10243 grid points [55]. More recently, some studies have

focused on intermittency near dissipative scales in observations. For instance, Kiyani in 2009

and Chen in 2014 studied intermittency of magnetic field fluctuations [56] and density fluc-

tuations [57] close to the ion scales, using Cluster data, suggesting that PDF do not display

large changes for different scales with almost linear structure function scaling exponents.

Roberts et al. 2020 used Magnetospheric Multiscale spacecraft (MMS) spacecraft to analyze

high order statistics in compressive plasma for magnetic field [58], while Chibber et al. in

2021 used Parker Solar Probe (PSP) to study intermittency of magnetic field at subproton

scales [59], showing again self-similar behavior at small scales.

Most of these works focused on the intermittency of the turbulent mass density ρ , ve-

locity v and magnetic field B, however, as opposed to fluid turbulence, the velocity (or the

magnetic field) are not ideal invariants subject to a conservative turbulence cascade. Further-

more, the only exact analytical result in hydrodynamic turbulence know as Kolmogorov’s

4/5 law, which states that the third order structure function of velocity scales linearly with

the fluctuation scale-size, does not apply in MHD. The generalization of the 4/5 law, which

was obtained by Politano and Pouquet 1998 [60, 61], instead relates to a mixed third order

structure function that contains the so-called Elsasser fields z± = v∓B/
√

4πρ , where ρ is

the plasma mass density. As it will be clear later, the Elsasser fields are a more fundamental

set of variables in MHD turbulence, as they represent Alfvénic fluctuations that mediate the

turbulence cascade and are subject to conservation laws in the inertial range. One of the main

novelties of this thesis is that it will focus on the analysis of intermittency of Elsasser vari-

ables, whose energies represent ideal invariants, and can be seen as the fundamental building
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blocks of incompressible MHD turbulence.

The solar wind is arguably the best laboratory to study a wide range of natural plasma

phenomena at all scales, such as turbulence, waves, coronal mass ejections (CMEs), solar

flares, and shock waves are just some examples of the diversity of plasma phenomena that

can be studied and analyzed via remote or in-situ observations. In the specific case of plasma

turbulence, complications could arise when long periods of contiguous in-situ data are taken

as the spacecraft moves through the solar wind. The most common approach to solar wind

turbulence data analysis, including those investigations of intermittency described above,

strongly relies on correlation and spectral analysis. This type of analysis requires large sta-

tistical data set of contiguous measurements (intervals) of the plasma properties under study.

The problem that these approaches face is that it is hard to obtain long intervals of "pris-

tine" solar wind with the desired conditions. As we will discuss later, the solar wind can be

roughly classified into three main qualitative types of wind: slow wind, fast wind and tran-

sient wind. The slow wind, with speeds between 300 and 450 km/s, is believed to originate

in equatorial regions of the Sun that are dominated by active regions where coronal loops are

prevalent. The fast wind, with speeds between 500 and 800 km/s is believed to arise from

high heliocentric latitudes that are dominated by coronal holes, regions dominated by open

magnetic field lines emanating from the solar surface into interplanetary space. Because

the plasma can easily stream along field lines, this plasma is typically cooler, more tenu-

ous and less structured that the slow wind. The transient wind is associated with transient

solar events, such as solar flares or coronal mass ejections that propagate and flow by the

spacecraft.

The problem associated with the standard correlation and spectral analysis arises because

it is less likely that spacecraft measurements can remain for a long time in the same solar

wind stream, or on similar streams with similar characteristics. Mixing different types of

wind in the analysis of spacecraft signals can lead to undesired results that are difficult to
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interpret, or even meaningless, given that the measurements may correspond to different

plasma regimes. For this reason, the standard practice in the literature is to limit the analysis

to intervals of a few hours to a few days depending on the physics under investigation. There-

fore, a very careful selection of data is needed in order to discriminate the characteristics of

the solar wind plasma. In this thesis we use a recently introduced technique [62] based on

conditional statistical analysis that allows one to overcome the need for contiguous signals,

which will allow us to study intermittency for the first time using a sample of 23 years worth

of data, from 1995 to 2017, from the WIND spacecraft. The results from the analysis of

spacecraft data will be compared with the corresponding analysis on the largest simulation

to date of Reduced MHD with a mesh up to 20483 points [22], to study the characteristics

of intermittency in the inertial range. Data from WIND spacecraft, located around 1 AU, is

carefully selected to accumulate the largest possible statistic of incompressible MHD-like

plasma and construct empirical PDF to compare with theory and simulations.

An important limitation often overlooked in calculating the structure functions is that

averages are sample estimators of the theoretical moments. Our approach aims to overcome

this limitation by instead modeling the empirical PDF for fluctuations in plasmas at different

scales using analytical parametric distributions to infer scaling laws in the PDF and provide

a better comparison with existing phenomenological models of solar wind and MHD turbu-

lence. However, because of the non-Gaussian behavior of the PDF, modeling these distribu-

tions is not a simple task. For instance, in order to understand and calculate accurate values

of high order structure functions it is crucial to accurately determine tail behavior of PDF

beyond two or three times the standard deviations. Different models have been proposed in

order to model the characteristics of PDF in fluids and plasmas. The log-normal distribution

was the first model proposed by Kolmogorov [63], then a more refined method was proposed

by She and Lévéque using log-Poisson distribution [64]. A novel approach was presented by

Castaing proposing a sequence of Gaussian distributions with random standard deviations
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with a log-normal distribution [34]. These models, originally proposed for fluids, also have

been tested on plasmas [42,48,65,66], largely focused on velocity and magnetic field statis-

tics. One complication of these distribution is related to the symmetry with respect to the

mean value, while turbulence seems to have little but non-zero skewness. One distribution

widely used in economy and fluids [45,67,68] is the generalized hyperbolic distribution pro-

posed by Bandorff [69, 70], which includes skweness, to model the distribution of particle

sizes in sand dust deposits. Generalized hyperbolic distributions are a family of PDF given

in terms of modified Bessel functions of the second kind Kλ that also arise as stationary

solutions to the Kolmogorov-Hopf functional differential equation of the PDF of velocity

increments in fluid turbulence [67]. Two particular cases are the hyperbolic distributions

where the logarithm of the PDF is a hyperbola and the Normal-inverse Gaussian distribution

(NIG) where the PDF have heavy exponential tails and a convex peak at the origin.

In summary, this work represents an important advance to our current understanding of

intermittency in the solar wind and MHD turbulence in a number of ways. First, we in-

vestigate intermittency in the solar wind and MHD turbulence simulations with the largest

statistical sample of turbulent increments to date, using 23 years of measurements from the

WIND spacecraft and data from numerical simulations with the highest resolution to date

in steady state over tens of turbulence correlation times. Second, we focus our analysis on

the more fundamental Elsasser fields, which allows for direct comparisons with existing the-

oretical models. Third, because our analysis will be based on a conditional statistics that

ensures increments belong to Alfvénic fluctuations, more meaningful comparisons with the-

ory and simulations can be made. The conventional (unconditional) analysis of contiguous

intervals, may lead to undesired results associated with mixing Alfvénic with non-Alfvénic

fluctuations, mixing qualitatively different types of solar wind streams (fast or slow wind),

or other transient phenomena. Fourth, our large statistical sample will allow us to empiri-

cally estimate PDF’s tails beyond three standard deviations and determine the highest order
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moment that can be reliably determined. Fifth, we will use parametric distributions to fit the

empirical PDF, and establish universal scaling laws associated with these parameters. The

advantage of this approach is that it will allow us to understand intermittency in terms of

well defined analytical PDF whose parameter scaling allow us to capture the development of

non-Gaussian statistics as the cascade proceeds from large to small scales. Last but not least,

the resulting PDF will allow us to make predictions for structure function scaling beyond the

highest order allowed by the statistical sample. All of these aspects lead to the most accurate

comparison between solar wind and MHD intermittency to date.

Therefore, this research presents an in depth investigation of intermittency in MHD tur-

bulence using spacecraft observations, numerical simulations and theoretical modeling. This

work is organized as follows. Chapter 2 presents the theoretical framework for MHD, and

MHD turbulence. Chapter 3 introduces the fundamental concepts of intermittency in MHD,

the definition of structure functions and recent phenomenological models. The methodology

used in this work, including data selection from solar wind observations and MHD simu-

lations, as well as the statistical tools used to analyze the data are introduced in Chapter 4.

Chapter 5 is divided in three parts. In the first section we present the results of experimental

structure functions and scaling exponents of fluctuations in solar wind and MHD simulations

based entirely on empirical data. In the second section, we describe a family of parametric

functions based on Generalized Hyperbolic (GHD) distributions, which we use to describe

and to extrapolate the tails of the empirical distributions. The free parameters of the GHD

are fit at each scale to the empirical PDF and their dependence with the scale size is pre-

sented. In the third section we show the comparison between the structure functions and

scaling exponents calculated using the analytical PDF and the experimental data. Finally, in

chapter 6 we summarize and discuss our results, followed by conclusions and future work in

this topic.
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Chapter 2

Turbulence in fluids and plasmas

In order to understand the dynamics and state of a fluid or plasma, it is necessary to under-

stand the role of fluctuations. When the nonlinear interactions among these fluctuations lead

to the excitation of motions over a wide range of lengthscales, the phenomenon is called tur-

bulence [8]. Dissipation of turbulent energy may explain the large temperatures observed in

different astrophysical plasmas, such as the solar corona and the solar wind [7]. In this chap-

ter we briefly introduce the basic properties used to characterize space plasmas in section

2.1. In section 2.2 we present an introduction to the equations of Magnetohydrodynamics

(MHD) used to describe electrically conducting fluids, which under certain conditions, pro-

vide a suitable description of space and astrophysical plasmas. In section 2.3 we present an

overview of the linear waves supported by MHD. Quiescent plasmas are rarely found in na-

ture, instead, fluctuations about the average state generated by local instabilities or excited by

external sources are often observed. These fluctuations often arise as small amplitude oscilla-

tions about an equilibrium and propagate in the plasma, and also form the building blocks of

any turbulence description. The conditions of validity of the incompressible approximation,

which is often assumed in most turbulence treatises, are discussed in section 2.4. Finally,

section 2.5 and 2.6 describe the theoretical framework for MHD turbulence.
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2.1 Brief description of space plasmas

A significant part of early plasma physics dealt with space and astronomical phenomena. A

particular interest for space plasma physics in the early 1900s was radio broadcasting and the

reflection in the ionosphere. In the same decade, Sidney Chapman and Vincenzo Ferraro sug-

gested that magnetospheric storms are caused when magnetized plasma clouds ejected from

the Sun envelop the Earth’s magnetosphere [71]. In 1940s Hannes Alfvén developed the for-

malism of MHD theory, which today is one of the main tools to study plasma physics [72]. In

the late 1950s Eugene Parker postulated the existence of the solar wind in his 1958 seminal

paper [73], based on the finding that due to the high coronal temperatures, it is not possible

to obtain hydrostatic solutions for the solar atmosphere that can equilibrate with the weakly

ionized interstellar medium at sufficiently long distances from the Sun. The proposed exis-

tence of the solar wind, and its verification by Mariner 2 in 1962 [74, 75] marked a turning

point in the study of modern heliophysics [3]. Space plasma research was greatly stimulated

when it became possible to use spacecraft to make routine in situ plasma measurements [76].

Plasmas are ionized gases consisting of positively charged particles (ions and electrons)

and neutral atoms, with the property that any deviation from charge neutrality is typically

very small. One of the signatures of plasma behavior is that its constituent charges collec-

tively respond to neutralize local charge accumulations, which in combination with particle’s

inertia, give rise to plasma oscillations characterized by the plasma frequency

ω
2
p =

4πn0e2

m
, (2.1)

where n0 is the plasma number density, e = 1.60217662×10−19 C is the fundamental elec-

tron charge and m is the charged particle mass (for ions or electrons). This frequency estab-

lishes one of the most fundamental timescales in plasma physics, associated with the typical

electrostatic oscillation frequency of a given species in response to a small charge separa-
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tion, which in turn produces an electric field that leads to a restoring force on the displaced

species [1].

Plasmas are also characterized by a fundamental length-scale determined by the temper-

ature T and number density n0 of the charged particles, called Debye length

λD =

√
T

4πn0e2 , (2.2)

which provides a measure of the distance over which the influence of the electric field of an

individual charged particle is felt by the other charged particles inside the plasma [1].

Two additional properties present in magnetized plasmas are gyroradius and gyrofre-

quency

ρ =
mcv⊥

eB
, and Ωc =

eB
mc

, (2.3)

where B the the magnetic field, c is the speed of light and v⊥ is the perpendicular speed

associated with thermal motion. The gyroradius represents the radius of the circular orbits

that charged particles undergo around the magnetic field, with angular frequency Ωc, by

virtue of the Lorentz force and their thermal motion.

In plasmas, long range electrical forces are much more important than short range forces,

therefore, plasmas are mainly dominated by collective motions involving correlated move-

ments of large number of particles rather than uncorrelated interactions between neighboring

particles [1].

A major science goal in heliophysics is to understand the fundamental properties of mag-

netized, turbulent plasmas in the solar system and how they impact the evolution of the he-

liosphere. Understanding the dynamics and the evolution of solar wind turbulence is critical

for explaining how the solar wind plasma is heated and accelerated.
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2.2 Magnetohydrodynamics

A large number of space plasmas are systems that have scale sizes that are much larger

than any plasma microscale (such as the ion or electron gyroradius, Debye length, etc), and

evolve with relatively low frequency with respect to their corresponding gyrofrequency Ωc

and plasma frequency ωp. For large scale motions (larger than any plasma microscale) it is

possible to provide a macroscopic plasma description using Magnetohydrodynamics (MHD),

treating the plasma as an electrically conducting fluid coupled with Maxwell’s equations

through the Lorentz force. Ideal MHD describes the dynamics of plasma mass density ρ ,

bulk velocity v, pressure p and magnetic field B through the system of equations

∂ρ

∂ t
+∇ · (ρv) = 0, (2.4)

ρ

(
∂

∂ t
+v ·∇

)
v = −∇P+

1
4π

(B ·∇)B, (2.5)

∂B

∂ t
= ∇× (v×B), (2.6)

where P = p+B2/8π is the combined thermal and magnetic pressure [1]. These equations

need to be closed with either a dynamical energy equation (for p) or with a suitable equation

of state that relates pressure to other plasma variables. For conditions close to local ther-

modynamic equilibrium and when heat conduction can be neglected, the pressure equation

leads to the adiabatic law
D(pρ−γ)

Dt
= 0, (2.7)

where γ represents the ratio of specific heats γ =Cp/CV , and

D
Dt

≡ ∂

∂ t
+v ·∇ (2.8)
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is the convective (or material derivative), which measures the rate of variation of a given

quantity along the motion of a fluid parcel.

The simplest way to close these equations, such as using the adiabatic law above, is when

the plasma can be considered collisional, i.e., when collisions can quickly drive the system

toward a state of local thermal equilibrium over times much shorter than the plasma dynam-

ical scales. Unfortunately, most magnetized plasmas encountered in nature, such as the solar

wind, are collisionless. Fortunately, when the plasma is strongly magnetized, another partial

closure can be achieved. In fact, the strong magnetization acts to confine charged particles

in directions perpendicular to magnetic field lines, by forcing them to execute tight Larmor

orbits, playing a similar role to collisions in the collisional case. However, this closure can

be only be accomplished in the field-perpendicular direction as an asymptotic expansion in

terms of the small parameter ρ/L, where ρ is the Larmor radius and L is a characteristic

dynamical scale with ρ ≪ L. The plasma dynamics in the magnetic field direction is more

complex because there is no confinement in this direction. Motion of the plasma parallel

to the magnetic field lines is associated with the dynamics of sound waves, which depends

on the pressure, whereas the motion in the perpendicular direction involves the vibration of

magnetic field lines, known as Alfvén waves which depends on the magnetic pressure. The

dominance between thermal and magnetic pressure can be established through the β param-

eter, defined as the ratio of the thermal pressure p to the magnetic pressure pB = B2/8π

β =
p
pB

. (2.9)

The case where β ≪ 1 ensures that the collisionless parallel plasma dynamics are too slow

to affect the perpendicular dynamics. Hence, for a low-β , collisionless, magnetized plasma,

incompressible MHD theory describes the plasma dynamics fairly well [3].
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2.3 Linear MHD waves

Perturbations about a plasma equilibrium state often lead to waves that can transport energy

between different parts of the plasma. The simplest way to investigate plasma waves is to

assume that the perturbation amplitudes about an equilibrium state are sufficiently small that

we can linearize equations (2.4), (2.5), (2.6) and (2.7). In that case, one can split the variables

into the background and the (small) perturbation parts

ρ = ρ0 + ερ̃, v = V0 + εṽ, p = p0 + ε p̃, and B =B0 + εB̃, (2.10)

where we further assume ρ0,V0, p0 and B0 represent an equilibrium, i.e., time-independent,

solution to the MHD equations. We note that the perturbed variables ρ̃, ṽ, p̃ and B̃ are

multiplied by a dimensionless parameter ε ≪ 1 that will be used to keep track of the order

of each term in the dynamical equations.

The simplest equilibrium state is that of a plasma with a uniform equilibrium, i.e., ρ0,

V0, p0 and B0 all constant. Because the plasma background velocity is constant, we can

always perform a Galilean transformation to work in the plasma frame, in which case we can

set V0 = 0 without losing generality. After substitution of (2.10) into the MHD equations we

obtain

ε

(
∂ ρ̃

∂ t
+ρ0∇ · ṽ

)
+O(ε2) = 0, (2.11)

ερ0
∂v

∂ t
+O(ε2) = −ε∇p̃+

ε

4π
(∇× B̃)×B0 +O(ε2), (2.12)

ε
∂B̃

∂ t
= ε∇× (ṽ×B0)+O(ε2), (2.13)

where O(ε2) denotes terms that are of order ε2 and higher. For sufficiently small amplitudes,
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we can drop all O(ε2) terms, in which case

∂ ρ̃

∂ t
= −ρ0∇ · ṽ, (2.14)

ρ0
∂v

∂ t
= −∇ p̃+

1
4π

(∇× B̃)×B0, (2.15)

∂B̃

∂ t
= ∇× (ṽ×B0). (2.16)

Assuming perturbations admit plane-wave solutions of the form f̃ (x, t) = f1ei(k·x−ωt), the

∇ operator and the time derivative become multiplicative ∇ → ik and ∂/∂ t → −iω , and

Equations (2.14), (2.15) and (2.16) become

ωρ1 = ρ0k ·v1, (2.17)

−ωρ0v1 = −kp1 +
1

4π
(k×B1)×B0, (2.18)

−ωB1 = k× (v1 ×B0), (2.19)

while the pressure equation follows from the adiabatic equation of state (2.7)

ω p1 = γ p0k ·v1. (2.20)

Substituting the magnetic field from (2.19) and the pressure from (2.20) into (2.18) it follows

−ωρ0v1 =−k
γ p0

ω
(k ·v1)+

1
4π

{
k×

[
− 1

ω
k× (v1 ×B0)

]}
×B0, (2.21)

while k× (v1 ×B0) = (k ·B0)v1 − (k ·v1)B0, then

ω
2
ρ0v1 = (k ·v1)

[
γkp0 +

1
4π

B0 × (k×B0)

]
+

1
4π

(k ·B0) [(k×v1)×B0] . (2.22)

First term in right hand side of equation (2.22), ∝ (k ·v1), represents longitudinal or com-
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pressible waves, while the second term ∝ (k×v1) indicates transverse waves. Choosing the

reference system such that B0 = B0ẑ and k = k⊥ŷ+ k∥ẑ we have

B0 × (k×B0) = k⊥B2
0ŷ, (2.23)

k×v1 = (k⊥v1z − k∥v1y)x̂+ k∥v1xŷ− k⊥v1xẑ, (2.24)

(k×v1)×B0 = B0[k∥v1xx̂− (k⊥v1z − k∥v1y)ŷ], (2.25)

therefore we can write equation (2.22) for x, y and z,

v1x(ω
2 − k2

∥v2
A) = 0, (2.26)

(ω2 − c2
s k2

⊥− k2v2
A)v1y − k∥k⊥c2

s v1z = 0, (2.27)

−k⊥k∥c2
s v1y +(ω2 − c2

s k2
∥)v1z = 0, (2.28)

where vA ≡ B0/
√

4πρ0 is the Alfvén speed, cs ≡ γ p0/ρ0 is the adiabatic speed of sound in

the plasma and k2 = k2
⊥+ k2

∥. Equation (2.22) can be written in matrix form,

⎛⎜⎜⎜⎜⎝
ω2 − k∥v2

A 0 0

0 ω2 − c2
s k2

⊥− k2v2
A −k∥k⊥c2

s

0 −k⊥k∥c2
s ω2 − c2

s k2
∥

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

v1x

v1y

v1z

⎞⎟⎟⎟⎟⎠=

⎛⎜⎜⎜⎜⎝
0

0

0

⎞⎟⎟⎟⎟⎠ . (2.29)

The solubility condition for this system of equation requires the determinant to vanish, lead-

ing to the dispersion relation

(ω2 − k2
∥v2

A)
[
ω

4 −ω
2k2(c2

s + v2
A)+ k2k2

∥v2
Ac2

s

]
= 0. (2.30)

This relation support three types of waves. The first case is the shear Alfvén waves, corre-
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sponding to the solution

ω
2 = ω

2
A = k2

∥v2
A ⇒ ω = sk∥vA, (2.31)

where the sign s = ± determines the propagation direction, i.e., positive (negative) s corre-

sponds to waves propagating along (against) the background magnetic field (ẑ direction). In

this case, v1 = (v1x,0,0), the waves are incompressible with ρ1 = 0, transverse k ·v1 = 0

and perpendicular to B0. Note that using ω = sk∥vA in equation (2.19) one obtains

−sk∥vAB1 = k∥B0v1 ⇒ v1 =−sb1, (2.32)

where b1 =B1/
√

4πρ is the perturbed magnetic field in velocity units, or Alfvén velocity

associated with the perturbed magnetic field. Therefore, Alfvén waves propagating along the

background field B0 are polarized with the perturbed magnetic field completely anti-aligned

with the perturbed velocity, b1 = −v1, and completely aligned, b1 = v1, for propagation

against the magnetic field B0. These waves correspond to the elastic bending of the magnetic

field lines. The second case is the fast magnetosonic wave with dispersion relation

ω
2 =

k2

2

⎡⎣c2
s + v2

A +

√
(c2

s + v2
A)

2 −
4k2

∥v2
Ac2

s

k2

⎤⎦ . (2.33)

This mode is compressible and analogous to sound waves, supported by the thermal and

magnetic pressure. The fastest propagation is when v1∥k (or k∥ = 0), in which case the

phase speed is
√

v2
A + c2

s . The third case is the slow magnetosonic wave with dispersion

relation,

ω
2 =

k2

2

⎡⎣c2
s + v2

A −

√
(c2

s + v2
A)

2 −
4k2

∥v2
Ac2

s

k2

⎤⎦ . (2.34)

This mode is also compressible, however for perpendicular propagation (k∥ = 0), the change

of pressure and magnetic pressure cancel one another, so the restoring force vanishes, cor-
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responding to a quasi-static equilibrium change. For parallel propagation the dispersion

relation becomes

ω
2 =

k2
∥

2
(
c2

s + v2
A −

⏐⏐v2
A − c2

s
⏐⏐) , (2.35)

which becomes a non-magnetic sound wave supported by thermal pressure when vA > cs

and a pseudo Alfvén wave for cs > vA.

2.4 Incompressible MHD

As shown in the previous section, MHD supports several types of waves, the shear Alfvén

waves and two types of compressible magnetosonic waves, known as fast and slow modes.

The Alfvén wave, which is arguably the most important and ubiquitous plasma wave, rep-

resent incompressible and transverse perturbations of velocity and magnetic field, with po-

larization in the plane perpendicular to the background magnetic field. The solar wind is

observed to be dominated by Alfvén-like incompressible fluctuations.

The defining characteristic of an incompressible fluid or plasma is that the mass density

of a plasma parcel remains constant during the plasma evolution, in which case

Dρ

Dt
=

∂ρ

∂ t
+v ·∇ρ = 0. (2.36)

Expanding the continuity equation (2.4),

∂ρ

∂ t
+v ·∇ρ +ρ(∇ ·v) = 0, (2.37)

and using (2.36) in (2.37), it follows:

∇ ·v = 0. (2.38)
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This condition holds if the fluid motion v is slow compared with any compressible wave

motion. In order to discuss the conditions needed for incompressibility to hold, let us esti-

mate the order of magnitude of ∇ ·v from the dynamical equations describing the plasma in

two relevant regimes: 1) when the thermal pressure dominates the magnetic pressure, corre-

sponding to a high beta plasma, i.e., β ≫ 1 and 2) when the plasma is strongly magnetized,

or low beta β ≪ 1, in which case the magnetic pressure dominates the plasma pressure.

Order-of-magnitude estimates, represented by the symbol ∼, are made by assuming the typ-

ical flow speed to be |v| ∼ u, the characteristic scale of variation of the flow to be L so that

|∇v| ∼ u/L, and the partial time derivatives to be of the order of the flow’s time variation

rate, ∂/∂ t ∼ u/L (of the same order of the convective term v ·∇). For case 1), we obtain an

estimate for ∇ ·v from the pressure equation (2.7)

∂ p
∂ t

+v ·∇p =−γ p∇ ·v ⇒ ∇ ·v ∼ u
γ p

|∇p| (2.39)

and an estimate for the pressure gradient from the momentum equation (2.5)

ρ
∂v

∂ t
+ρv ·∇v =−∇P ⇒ |∇P| ∼ ρu2

L
, (2.40)

which in the high beta limit ∇P ≈ ∇p leads to

∇ ·v ∼ M2
s

u
L

(2.41)

where Ms ≡ u/cs is the Mach number. It then immediately follows that for small Mach

number, Ms ≪ 1, the dynamics can be approximately considered as an incompressible flow.

Intuitively this means that the flow’s dynamics, characterized by the speed u, is much slower

than the speed at which any compressible fluctuation propagates.

For the low beta plasma or case 2), we can obtain a dynamical equation for the magnetic
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pressure pB ≡ B2/8π by dotting Faraday’s induction equation (2.6) with B/4π

(
∂

∂ t
+v ·∇

)
pB =

1
4π

B · (B ·∇v)− B2

4π
∇ ·v ⇒ ∇ ·v ∼ 4πu

B2 |∇pB|. (2.42)

As in case 1) the pressure gradient is ∇P ∼ ρu2/L, only this time ∇P ≈ ∇pB in the low beta

limit (p ≪ pB), therefore

∇ ·v ∼ M2
A

u
L
, (2.43)

where MA = u/vA is called the Alfvén Mach number. It is worth noting that a strong mag-

netic field introduces a preferred direction in the system and therefore it is natural to ex-

pect the nature of the dynamics to be dependent on this direction. In fact, these order-of-

magnitude estimations apply for the magnetic pressure in the plane perpendicular to the

magnetic field, while the dynamics of compressible plasma motions remains the same as

in the unmagnetized case. Therefore, the incompressibility condition holds for unmagne-

tized plasmas (high beta) when Ms ≪ 1 and for strongly magnetized plasma when MA ≪ 1

(for perpendicular motions) and Ms ≪ 1 (for parallel motions). In either limit, the pressure

(plasma or magnetic) is no longer an independent dynamic variable and can be eliminated

using the incompressibility condition given by equation (2.36) as we describe later.

Finally, the MHD equations in the incompressible limit take the form

∂ρ

∂ t
+v ·∇ρ = 0, (2.44)

∂v

∂ t
+(v ·∇)v = − 1

ρ
∇P+

1
4πρ

(B ·∇)B, (2.45)

∂B

∂ t
+(v ·∇)B = (B ·∇)v. (2.46)

The pressure in the momentum equation (2.45) can be eliminated to ensure that the plasma

velocity remains divergence-free. This can be accomplished by dividing the momentum
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equation by ρ and taking the divergence of the result

∇ · [(v ·∇)v] =−∇ ·
(

1
ρ

∇P
)
+∇ ·

[
1

4πρ
(B ·∇)B

]
, (2.47)

which provides a constraint that the pressure P must satisfy in order to maintain incom-

pressibility. Physically, this is interpreted as the pressure responding nearly instantaneously

to keep the flow incompressible. Because pressure perturbations propagate at the speed of

sound, incompressibility holds best when the speed of sound is much faster than the flow

speed (small Mach number) and the incompressible limit rigorously corresponds to an in-

finitely large sound speed.

The simplest and common situation corresponds to the case when ρ = constant, in which

case the continuity equation (2.44) is trivially satisfied and equation (2.47) becomes

− 1
ρ

∇
2P = ∇∇ : (vv−bb), (2.48)

where b ≡ B/
√

4πρ . Here the symbol “:” is used to indicate that a double divergence is

applied to the tensor inside the parenthesis. The pressure can be obtained by solving this

differential equation subject to the proper boundary conditions, which can be symbolically

represented as

P =−ρ∇
−2 [∇∇ : (vv−bb)] , (2.49)

and where the operator ∇−2 represents the inversion of the ∇2 operator. This expression can

be used to obtain a momentum equation that does not involve the pressure, but in order to

show this it is best to write the momentum equation in index notation

∂vi

∂ t
+∂ j(viv j) =− 1

ρ
∂iP+∂ j(bib j), (2.50)
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where ∂i = ∂/∂xi, xi represent the position vector in Cartesian coordinates, and vi,bi repre-

sent the three components of velocity and magnetic field, respectively. The index i can take

the values i = 1,2,3 and implicit summation is implied over repeated indices, which is well

known as the Einstein convention. From equation (2.49) we have

1
ρ

∂iP = ∂i∇
−2

∂ j∂k(v jvk −b jbk), (2.51)

which upon substitution in the momentum equation leads to (after some lengthy algebra)

∂vi

∂ t
+∂ j[Pik(∇)v jvk] = ∂ j[Pik(∇)b jbk], (2.52)

where Pi j(∇) is the projection operator

Pi j(∇) = δi j −∇
−2

∂i∂ j. (2.53)

A few final comments are important to emphasize. The operator Pi j(∇) is a general projec-

tion operator that acts on vector fields to remove their divergence, therefore, equation (2.52)

is simply the result of acting on both sides of the momentum equation with this projection

operator, to ensure that the solution to the momentum equation remains divergence-free.

Aside from the projector operator, and the lack of a pressure term, the momentum equation

maintains the same structure in which the nonlinear terms are ∇ · (vv) and ∇ · (bb). For

this reason the pressure term is usually ignored in many phenomenological models, simply

because its role is to just ensure the fields remain divergence-free. Sometimes it is conve-

nient to encapsulate all this discussion by simply writing the momentum equation without

the pressure as
∂v

∂ t
+[(v ·∇v)]nc = [(b ·∇)b]nc, (2.54)
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where the subscript “nc” indicates that one should only consider the “non-compressible” (or

solenoidal) part on the vector fields v & b.

The incompressible MHD equations possess two important conserved quantities involv-

ing the velocity and magnetic field, namely, energy E and cross-helicity Hc

E =
∫

ρ

2
(
|v|2 + |b|2

)
d3x, (2.55)

Hc =
∫

ρv ·b d3x. (2.56)

These two quantities are some times called ideal invariants as they are conserved for ideal

MHD, i.e., in the absence of viscous dissipation. MHD possesses an additional conserved

quantity, the magnetic helicity, defined as

Hm ≡
∫

A ·B d3x, (2.57)

where A is the magnetic vector potential (defined so that B = ∇×A). However, this ideal

invariant as defined is gauge-dependent and can only be made gauge-independent under very

restrictive conditions or by a suitable redefinition [44]. The role of magnetic helicity in MHD

turbulence and intermittency is outside of the scope of this work, therefore, we will focus

our attention only on the energy and cross-helicity.

It is worth noting that as opposed to fluids, where the energy is only kinetic, the energy

in MHD is the sum of kinetic plus magnetic energy. As a consequence, in MHD kinetic and

magnetic energy are not separately conserved, either one can change at the expense of the

other. The fact that kinetic and magnetic energy separately are not conserved is an important

theme in this work, and as we discuss in the following, relates to why MHD turbulence is

best described in the Elsasser formulation.

Incompressible MHD has been described thus far in terms of the most physically natural

27



variables, namely, velocity and magnetic field. However, for a number of reasons that we dis-

cuss below, MHD turbulence is best studied in terms of the so-called Elsasser variables [77],

defined as

w± ≡ v∓b. (2.58)

Adding and subtracting equations (2.45) and (2.46), taking into account that b=B/4π , we

obtain the following two simple equations for w±

∂w±

∂ t
+(w∓ ·∇)w± =−∇P. (2.59)

At first sight, Elsasser variables w± are less physically appealing than the original variables

v,b. However, as it will be apparent in the rest of this work, the MHD equations in Elsasser

form are not only much simpler, but they present a number of advantages and are more

amenable to physical interpretation in the context of MHD turbulence modeling.

The first appeal of MHD in this form is its simplicity and the symmetric role that w±

play in these equations, in fact, the equations are invariant under the change w± → w∓.

Another interesting aspect of these equations is that, in contrast to equations (2.45) and

(2.46), nonlinear terms do not involve “self-interaction” terms, i.e., the Elsasser field w+

can only interact nonlinearly with w−, and viceversa. In turbulence theory, nonlinear terms

are responsible for the nonlinear shearing responsible for the energy redistribution across

scales, therefore the structure of these equations essentially state that turbulence cascade of

a w+ fluctuation is solely due to the shearing by a w− fluctuation.

Furthermore, the energy associated with each Elsasser field, defined as

E± =
∫

ρ

4
|w±|2 d3x (2.60)

are ideal invariants, which means that each field w± undergoes a conservative turbulent
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cascade to small scales, a property not shared by the flow velocity and magnetic field v,b.

Finally, the most important physical appeal of the Elsasser variables arises in strongly

magnetized plasmas, where as we showed in section 2.3, small perturbations of velocity ṽ

and magnetic field b̃ propagate as shear Alfvén waves, with the property that ṽ =∓b̃, where

the negative sign corresponds to waves propagating along the magnetic field and the positive

sign to propagation against. As we will discuss later, Elsasser variables can be interpreted as

representing Alfvén waves moving along or against the magnetic field.

2.5 Turbulence

Starting from a laminar fluid in a smooth state, fine structures can develop in it due to in-

stabilities that arise from the dynamics of the system. These structures evolve in a complex,

irregular and unpredictable manner, leading to a completely different state, called turbulence.

In the laminar state, the flow is stable to small deviations of its state at any given time, in the

sense that small perturbations of the flow at any time quickly die out and therefore the fluid

variables can be treated as deterministic. In a deterministic system, knowledge of the state

of the flow at any given time is sufficient (with the proper boundary conditions) to determine

the dynamics at any time later via the fluid equations. However, initial conditions can never

be known exactly, which means that for the system to be predictable and reproducible, so-

lutions to the fluid equations for two slightly different initial conditions must remain similar

during the observation time. Due to the nonlinear nature of the Navier-Stokes and the MHD

equations, under certain conditions, the equations become too sensitive to the initial condi-

tions. More precisely, any uncertainty in the initial conditions, no matter how small, will

essentially lead to a completely different solution in a finite time. Because of this, the fluid

or plasma field variables become chaotic and the dynamical equations that describe them

have to be considered to be stochastic (random). Because of the large number of degrees
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of freedom in the dynamics of turbulent flows, this chaotic behavior makes the turbulence

accessible via statistical methods.

In most treatises on turbulence theory incompressibility is usually assumed to hold. In the

particular case of the solar wind, this assumption is usually invoked based on the observation

that Alfvénic fluctuations typically comprise 90% or more of the fluctuation energy. Now,

assuming the fields v and B to be stochastic, they can be decomposed into their mean and

fluctuating parts as

v = V0 + ṽ and B =B0 + B̃, (2.61)

where V0 and B0 represent the average flow velocity and magnetic fields, respectively, and

ṽ,B̃ are the corresponding fluctuating variables. It then immediately follows from the defi-

nition that

⟨ṽ⟩= 0,
⟨
B̃
⟩
= 0. (2.62)

For statistically homogeneous plasmas, it is common to consider the MHD equations in

the plasma rest frame, in which case one can use a Galilean transformation to set V0 = 0.

Hereafter, unless explicitly stated, we assume V0 = 0.

Alfvén waves become evident if we express the MHD equations in terms of the Elsasser

fields. Note that the decomposition (2.61) implies a similar decomposition for the Elsasser

fields w± as

w± =∓vA +z±, (2.63)

where vA =B0/4π , z± = ṽ∓ b̃, and b̃ = B̃/
√

4πρ . The incompressible MHD equations

for the fluctuating Elsasser variables can be obtained by using (2.63) in equation (2.59)

∂z±

∂ t
∓vA ·∇z±+(z∓ ·∇)z± =−∇P. (2.64)
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z− = v+b
vA −vA

z+ = 0 ⇒ v = bz− = 0 ⇒ v =−b

z+ = v−b

Figure 2.1: Sketch of Alfvén waves moving in opposite directions along the magnetic field. An arbitrary wave-
packet of z+ (left) and of z− (right). z+ propagates in the direction of vA given that on the left z− = 0, and
conversely, z− propagates without distortion in the direction of −vA given that z+ = 0 on the right.

The MHD equations (2.64) for the fluctuating Elsasser variables z± is the starting point

of nearly all MHD turbulence models. In this formulation it becomes evident that the El-

sasser variables z+ and z− represent exact, finite-amplitude Alfvén wave packets, propagat-

ing against and along the mean magnetic field B0, respectively. For instance, if one creates

a localized wave packet for z+ (z−) in a region where z− = 0 (z+ = 0), the non-linear term

vanishes, and equation (2.64) becomes a simple first order wave equation (see Figure 2.1).

One important characteristic of the nonlinear interaction between counter-propagating

Alfvén wave packets is that the Elsasser energies E± defined in equation (2.60) are con-

served. In fact, dotting equation (2.64) with z±/2 we obtain the following conservation law

∂

∂ t
E ±+∇ · [(z∓∓vA)E

±+z±P] = 0, (2.65)

where E ± = |z±|/4 are the Elsasser energy densities. This conservation law implies that

when two Alfvén waves interact (or collide), their energies before and after the collision

remain the same. In other words, the two Alfvén waves cannot exchange energy during

the interaction, but only distort one another and therefore redistribute their energies among

many spatial scales. When a large number of these Alfvén wave packets collide in a ran-

dom fashion, these nonlinear interactions between z+ and z− fluctuations drive a turbulence

cascade.

There are different approaches to study turbulence: (1) the one point closure approach fo-
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cused on the average quantities is the basis for describing the global properties of a turbulent

system and the turbulent transport properties; (2) the two point closure based on understand-

ing the energy transfer and two point correlations; and (3) intermittency, which is focused

on the turbulence structure at different scales [44].

2.6 The energy spectrum

Thus far we have found that the incompressible MHD equations admit exact non-linear so-

lutions representing finite-amplitude Alfvén wave packets that propagate without dispersion

up and down the mean (or background) magnetic field. This situation remains so long as z+

and z− are localized and do not overlap. Non-linear interactions can only occur when one

fluctuation z+ encounters a fluctuation z− propagating in the opposite direction. Because

the total energy is conserved, the non-linear terms in equations (2.5) and (2.6), or (2.64),

can only redistribute energy among the various scales of motion without affecting the global

energy budget.

In order to understand the fundamental properties of MHD turbulence it is useful to intro-

duce a number of basic assumptions that are borrowed from hydrodynamic turbulence. The

first assumption, credited to Kolmogorov, is that at sufficiently small scales (compared with

the system scale’s size) and away from any boundary, all the symmetries of the dynamical

equations are restored in the statistical sense and therefore the turbulence properties become

universal. One of those symmetries is the invariance of the equations of motion under spatial

translation, in which case the turbulence can be considered spatially homogeneous.

In the turbulent state the velocity and magnetic fields are no longer predictable and there-

fore are treated in terms of random (or fluctuating) variables. In this case one can thus define
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the average energy (per unit mass) of turbulent fluctuations as1

E =
1
2
⟨
|v(x)|2

⟩
+

1
2
⟨
|b(x)|2

⟩
, (2.66)

where ⟨· · · ⟩ represents a suitable ensemble average, i.e., an average carried out over infinitely

many copies of the system, each of which is called a realization. The homogeneity assump-

tion thus implies that the average energy E is independent of x.

The distribution of energy among the various scales of motion in a turbulent system can

be investigated by decomposing the turbulent fields in terms of their Fourier transforms

v(x) =
∫

v(k)eik·xd3k, b(x) =
∫

b(k)eik·xd3k, (2.67)

where v(k) and b(k) are the Fourier transforms of velocity and magnetic field, defined as

v(k) =
1

(2π)3

∫
v(x)e−ik·xd3x, b(k) =

1
(2π)3

∫
b(x)e−ik·xd3x. (2.68)

By substitution of the Fourier representation of v and b into equation (2.66) one obtains

E =
∫ [1

2
⟨
v(k) ·v(k′)

⟩
+

1
2
⟨
b(k) ·b(k′)

⟩]
ei(k+k′)·xd3kd3k′. (2.69)

If the turbulence is homogeneous, the total energy must be independent of x, in which case

it is required that

1
2
⟨
v(k) ·v(k′)

⟩
+

1
2
⟨
b(k) ·b(k′)

⟩
= P(k)δ (k+k′), (2.70)

1For the sake of simplicity, we will ignore the time dependency of the fields in this discussion. One must
keep in mind that these are dynamical variables that are time-dependent.
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where δ (k+k′) is the Dirac delta function. Therefore

E =
∫

P(k)d3k, (2.71)

where the quantity P(k) is called the three-dimensional power spectral density.

Another important symmetry of the equations of motion, which under Kolmogorov’s as-

sumption must be restored in the statistical state, is isotropy. In MHD, turbulence is isotropic

only in the unmagnetized case, so the following discussion only applies to this case. Under

the assumption of isotropy, the three-dimensional power spectral density becomes a function

only of k = |k|, therefore

E =
∫

P(k)d3k =
∫

∞

0
E(k)dk, (2.72)

where E(k) ≡ 4πk2P(k) is usually called the energy spectrum, which measures the energy

contained in fluctuations for which the wavevector’s magnitude lies between k and k+dk.

In practice, real systems cannot be truly homogeneous, because for that to be the case

the system has to have infinite extent. In this case, the velocity and magnetic fields are no

longer integrable, have infinite energy and the Fourier transforms in equation (2.68) are not

well defined in the usual sense, that is, v(k) and b(k) cannot be defined as regular functions.

The fact that these Fourier transforms cannot be defined as regular functions is also evident

from the homogeneity condition in equation (2.70), which shows that v(k) and b(k) are to

be interpreted in a distributional sense.

A standard approach to solve this conundrum is to introduce an idealized system consist-

ing of a flow in a periodic box 0 ≤ x ≤ L; 0 ≤ y ≤ L and 0 ≤ z ≤ L, where L is a length that is

much longer than the turbulence correlation length, thereby ensuring the flow within this box

contains the relevant length-scales of the real flow. This idealized system is thus equivalent

to filling all space with identical copies of the flow inside the volume V = L3 next to one

34



another on all six sides of each periodic box, resulting in a periodic flow with period L in

all three spatial directions. The case of an unbounded flow is recovered by taking a suitable

limit when L → ∞.

Due to their periodicity, the velocity and magnetic fields can be expressed in terms of the

Fourier series

v(x) = ∑
kα

v̂kα
eikα ·x, and b(x) = ∑

kα

b̂kα
eikα ·x, (2.73)

where

v̂kα
=

1
L3

∫
V
v(x)e−ikα ·xd3x, and b̂kα

=
1
L3

∫
V
b(x)e−ikα ·xd3x (2.74)

are the Fourier coefficients of v(x) and b(x), kα = (2π/L)α, and α = (n1,n2,n3) ∈ Z3.

Notice that because of periodicity, the Fourier coefficients are defined only for wavevectors

whose components are integer-multiples of 2π/L. Here Z represents the space of integer

numbers and Z3 its third Cartesian power. The connection with an unbounded flow, in the

limit L → ∞, can be obtained by considering the Fourier transform of the Fourier series in

equation (2.73),

v(k) = ∑
kα

v̂kα

1
(2π)3

∫
e−i(k−kα )·xd3x = ∑

kα

v̂kα
δ (k−kα), (2.75)

with a similar expression for b(k). This expression is called a Dirac’s comb, as it consists

of a superposition of delta functions (teeth) at each discrete wavenumber kα . Notice that in

this equation k is a continuous variable and kα is only defined on (2π/L)Z3. We have thus

shown that for the periodic flow in a box one can represent the turbulent fields in terms of

their Fourier coefficients v̂kα
or their Fourier transforms v(k), keeping in mind that the latter

are to be interpreted in terms of the Dirac’s comb of equation (2.75).
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Figure 2.2: Different regions of the energy spectrum, the outer scale (blue) where the energy is injected, the
inertial range (red) where the non-linear term transfer the energy between scales and the dissipation scales
(green) where the energy is finally dissipated.

The relation between v(k) and v̂kα
can be obtained by averaging the Fourier transform

over a cubic box Rα of side 2π/L around each discrete kα to obtain

v(kα) =
1

Vol(Rα)

∫
Rα

vkα
d3k =

(
L

2π

)3

v̂kα
. (2.76)

In the remainder of this thesis, we will adopt the continuous Fourier Transform in theoretical

derivations and the discrete representation for numerical simulations. Equation (2.76) allows

us to move between representations.

Based on Kolmogorov’s fundamental hypothesis that the statistical properties of the tur-

bulence at sufficiently small scales are universal, the energy spectrum E(k) of a turbulent

fluid can be derived in a simple heuristic way solely using symmetry and dimensional ar-

guments. The energy spectrum of a turbulent system generally contains three qualitatively

different scale ranges as shown in Figure 2.2. The first range, called outer-scale range, is

associated with the large scale dynamics of the flow at which the turbulence is being driven
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by either an external force or flow instability. The nature of this range depends on the large-

scale characteristics of the flow, such as confining walls or other boundaries constraining

the flow, external stirring mechanisms or instabilities associated with large-scale gradients

of the flow. As a consequence, the original symmetries of the dynamical equations may be

broken by the particular way in which turbulence is excited at the outer-scale, which varies

from flow to flow and therefore is not universal. The second range, called inertial range,

corresponds the range of scales in which motions are excited by the energy transfer from

large to small scales via the nonlinear terms, and it is normally defined as the spectral region

where the turbulence develops solely under the influence of the internal nonlinear dynamics.

In this region, the spectrum exhibits a power law behavior. This range may only exists if for

these scales the rate at which energy is transferred by nonlinear interactions is much faster

than the viscous dissipation rate. A measure for when this is the case can be obtained by

introducing a collisional dissipation term in the Navier-Stokes equation

(
∂

∂ t
+v ·∇

)
v =−∇p+ν∇

2v. (2.77)

One can estimate the strength of the nonlinear term v ·∇v relative to the dissipation term as

follows
|v ·∇v|
ν∇2v

∼ u2/L
(νu/L2)

=
uL
ν

≡ Re (2.78)

where Re is the Reynolds number. Reynolds determined experimentally that the transition

from the laminar to the turbulent state occurs when this number exceeds a critical value. In

general, turbulent flows are associated with large Reynolds numbers and the inertial range

extent becomes larger when the Reynolds number is increased. Kolmogorov posited that in

the inertial range, the symmetries of the dynamical equation are restored and its properties

are universal. The third scale-range, called the dissipation range, corresponds to those scales

in which the cascade rate becomes comparable to the dissipation rate, so that energy is not
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only transferred to smaller scales but it is also dissipated. The structure of this range largely

depends on the details of the mechanisms that dissipate the turbulent energy. For the Navier-

Stokes equations (2.77) one can derive a conservation law for the kinetic energy by taking

the scalar (or dot) product of this equation with v and performing an ensemble average

∂

∂ t

⟨
1
2
|v|2
⟩
+∇ ·

⟨(
1
2
|v|2 + p

)
v− ν

2
∇|v|2

⟩
=−ν ⟨∇v : ∇v⟩ . (2.79)

This expression shows that the average kinetic energy of turbulent fluctuations satisfies a

conservation law in which the right-hand-side (RHS) has the form of a sink of energy, given

that the quantity

ε ≡ ν ⟨∇v : ∇v⟩ (2.80)

called energy dissipation rate or simply energy flux, is positive definite. This equation also

shows that if no energy escapes the system through its boundaries, the total energy injected

into the system at some scale L must be entirely dissipated by viscous effects at a rate equal

to ε . If dissipation is vanishingly small at the injection scale, nonlinear interactions can

only redistribute the energy among various scales of motion until energy reaches sufficiently

small scales where the energy can be dissipated.

Assuming the turbulence to be isotropic, a typical turbulent fluctuation (or eddy) of a

certain scale can be represented by the difference in velocity between two points, δvl , sep-

arated by a distance l ∼ 1/k. Because of isotropy, fluctuations are expected to have the

same characteristic length l in all directions. The time taken for transfer energy between two

“neighboring” scales can be estimated by the turnover time

τl ∼ l/δvl. (2.81)

For stationary turbulence, the rate at which the energy is transferred from one scale to the
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next, ε ∼ δv2
l /τl , must be constant across the inertial range, therefore

ε ∼ δv2
l /τl ∼ δv3

l /l = constant (2.82)

from where it follows the scaling relation

δvl ∼ (εl)1/3 ∼ ε
1/3k−1/3 (2.83)

originally predicted by Kolmogorov [12,13]. The energy spectrum then follows from dimen-

sional arguments

δv2
l ∼ E(k)k ⇒ E(k)∼ δv2

l k−1 ∼ ε
2/3k−5/3. (2.84)

As we have noticed before, the symbol ∼ is used to indicate the two quantities are similar

up to an overall dimensionless constant. In this case, Kolmogorov postulated that the energy

spectrum has the universal form

E(k) =CKε
2/3k−5/3, (2.85)

where CK is the well-known Kolmogorov’s universal constant.

Phenomenological models of MHD turbulence are based on similar scaling and symme-

try arguments, but with important differences and additional challenges. In the MHD case

there are two fields, either v and b or the two Elsasser fields z±, and the dynamics contains

more than one ideal (or cascading) invariant. Another important difference with the fluid

case is that in MHD the turbulence cascade can only occur between Alfvén waves moving in

opposite directions along the large scale magnetic field, as illustrated in Figure 2.1. The first

phenomenological model for MHD turbulence was independently introduced by Iroshnikov

[16, 17] and Kraichnan [18] (IK). Assuming the turbulence to be isotropic, which as we will
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see later is not true for a magnetized plasma, they noted that the interaction between two

fluctuations δ z+l and δ z−l at a given scale l, involves two different dynamic time scales, the

Alfvén time τA associated with wave propagation and the time for nonlinear distortion of the

wave packets τl . Using dimensional arguments these two times can be estimated as

τA ∼ l
vA

and τ
±
l ∼ l

δ z∓l
, (2.86)

where τ
±
l is the nonlinear cascade time associated with δ z±l . Note that because δ z+l is

sheared by δ z−l , the nonlinear time τ
+
l is estimated with δ z−l and viceversa. The existence

of more than one dynamical timescale renders dimensional arguments substantially more

limited when compared with the fluid case. For instance, as opposed to the fluid case, non-

linear shearing between counter-propagating fluctuations can only occur during the interac-

tion time, roughly the time it takes both wavepackets to transverse their own characteristic

length (along the mean field) at the Alfvén speed, which brings the following question: Is the

crossing-time τA sufficiently long for the fluctuations to fully decorrelate and transfer their

energy in one single collision? The IK phenomenology answered this question by noting

that
τA

τl
∼ δ z±

vA
≪ 1, (2.87)

for strongly magnetized plasmas, which implies that the change of amplitude ∆δ zl during a

single collision with an oppositely-propagating wave packet is small. The fractional change

can be estimated in terms of the shearing rate δ z∓l /l and the collision time τA as

∆δ z±l ∼ τA
δ z∓l

l
δ z±l ⇒ ∆δ z±l

δ z±l
∼ τA

τ
±
l

≪ 1. (2.88)

Another important complexity in MHD turbulence arises from the role of cross-helicity [25,

29], which measures the energy difference or imbalance between z+ and z− fluctuations.
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MHD turbulence is called balanced when z+∼ z− and imbalanced otherwise. For simplicity,

as IK did in their first phenomenological model, we are going to assume the turbulence to be

balanced and assume that δ z+l ∼ δ z−l ∼ δ zl , which means we can drop the superscripts ±

from our analysis.

Because each collision leads to a weak interaction between wave packets and the diffu-

sive nature of the process, N ∼ (δ zl/∆δ zl)
2 collisions are needed to produce an order-of-one

change in the fluctuation amplitude. Thus, the energy transfer time is

τ
NL
l ∼ NτA ∼

(
δ zl

∆δ zl

)2

τA ∼ τ2
l

τA
, (2.89)

and the energy transfer rate becomes

ε ∼ δ z2
l

τNL
l

∼ δ z2
l

τA

τl
∼ δ z4

l
lvA

. (2.90)

Assuming again that the energy flux ε is constant across scales we obtain the scaling relation

δ zl ∼ (vAεl)1/4 (2.91)

and the corresponding energy spectrum spectrum

E(k) =CIK(vAε)1/2k−3/2. (2.92)

The energy spectrum in equation (2.92) is known as the Irshnikov-Kraichnan spectrum of

MHD turbulence [17, 18] and CIK is analogous to the Kolmogorov constant.

Although a number of numerical simulations to date have shown support for the IK scal-

ing of the MHD turbulence spectrum [19–22,30], a number of assumptions and other aspects

of their model have been found to be inconsistent with results from simulations and solar
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wind observations. For instance, simulations have shown that MHD turbulence is inherently

anisotropic with respect to the Alfvén wave propagation direction. Even if the turbulence

is driven in an isotropic fashion it is observed to become more and more anisotropic with

respect to the direction of the magnetic field along which fluctuations propagate [78, 79].

This effect is expected to exist even if there is not a net magnetic field (unmagnetized case),

as fluctuations at sufficiently small scales are effectively propagating along the magnetic

field provided by the large scale eddies. Moreover, if the nonlinear interactions between

Alfvén wave fluctuations are weak, rigorous wave turbulence theory of Alfvénic turbulence

has shown that the energy strictly cascades toward smaller scales in the direction perpendic-

ular to the magnetic field, and no energy is cascaded in the direction of the field [80, 81].

As a result, small scales inevitably develop a strong anisotropy, which leads to a violation of

both the isotropy and weak-interaction assumptions as the cascade proceeds to smaller scales

used in IK theory. Galtier et al. [80] showed that this anisotropy results from the resonant

conditions for three-wave interactions, equivalent to conservation of momentum and energy

k1 +k2 = k3, (2.93)

ωs(k1)+ωs′(k2) = ωs′′(k3), (2.94)

where k represent the wavevectors of the three waves participating in the interaction, ωs =

sk∥vA their corresponding frequencies, and s = ±1 correspond to z± waves. Since only

counter-propagating waves interact we have s =+1 and s′ =−1, in which case conservation

of momentum and energy leads to

k∥1 + k∥2 = k∥3, and k∥1 − k∥2 =±k∥3. (2.95)

From here, either k∥1 or k∥2 must be equal to zero, which means there is no direct cascade
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Figure 2.3: Graphical description of eddy cascade in plasmas. The uppermost eddies have the largest scale. As
long as the cascade advances, eddies become elongated in the direction of the magnetic field.

to large k∥ and the energy is mainly transferred to smaller scales in the perpendicular di-

rection of the mean magnetic field, as sketched in Figure 2.3. Therefore, the size l⊥ of an

eddy tends to decrease in the field-perpendicular direction without changing its parallel size,

resulting cigar-like structures, which are only limited at sufficiently small scales by dissipa-

tion mechanisms. Goldreich and Sridhar [23,82] noted that as turbulent fluctuations become

more and more elongated one needs to account for different characteristic scales in the direc-

tion perpendicular to the field l⊥ and parallel to the field l∥. In this case, the nonlinear time

τl ∼ l⊥/δ zl becomes smaller, while the Alfvén time τA ∼ l∥/vA remains the same. They pro-

posed that as the nonlinear cascade time becomes smaller, the system will eventually reach

a state, called critical balance, in which the linear and nonlinear terms become and remain

comparable, and the nonlinear energy transfer can occur within a single interaction. In this

state of critical balance, the nonlinear time (which is the energy transfer time) and the Alfvén
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time become comparable
l⊥
δ zl

∼
l∥
vA

, (2.96)

and the energy transfer rate becomes

ε ∼ δ z3
l

l⊥
⇒ δ zl ∼ (εl⊥)1/3, (2.97)

which leads to the same Kolmogorov scaling, this time for the field-perpendicular spectrum

E(k⊥) =CGSε
2/3k−5/3

⊥ . (2.98)

Goldreich & Sridhar’s model was very successful in that it accounted for the turbulence

anisotropy and provided a model for strong turbulence (as opposed to the IK model based

on weak interactions). However, a large number of numerical simulations showed that the

turbulence spectrum was more consistent with a spectrum E(k⊥) ∼ k−3/2
⊥ , whose scaling

was ironically consistent with IK’s flawed isotropic theory. In order to solve this puzzle,

Boldyrev [27, 28] proposed that δv and δb exhibit a Scale-Dependent Dynamic Alignment

(SDDA) due to a selective decay of cross-helicity [44]. This dynamic alignment has been

observed before in numerical simulations of decaying MHD turbulence [22, 29, 83] and in

solar wind observations [84]. Boldyrev suggested that velocity and magnetic field fluctu-

ations align to a maximum amount permitted at each scale to maintain a constant cascade

rate (Figure 2.4). The reason that there is a minimum alignment angle at each scale is that

fluctuations cannot completely align (or anti-align) because in that situation either z+ or z−

becomes zero and nonlinear interactions can no longer produce a turbulence cascade. This

alignment produces a depletion of the nonlinear interactions, which Boldyrev accounted for

with an additional geometrical factor, the alignment angle θl , in the estimation of the non-
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Figure 2.4: Representation of vectors δv, δb, δ z+ and δ z− in the plane perpendicular to the magnetic field. θl
represents the alignment angle. Background magnetic field B0 points outward to the page.

linear cascade time τl ∼ l⊥/(δ zlθl),

ε ∼ δ z3
l θl

l⊥
, (2.99)

and found that fluctuations of velocity and magnetic field must align with an angle θl ∼

δ zl/vA, in which case

ε ∼ δ z4
l

l⊥vA
⇒ δ zl ∼ (εvAl⊥)1/4, (2.100)

with the corresponding field-perpendicular energy spectrum

E(k⊥) =CB(εvA)
1/2k−3/2

⊥ . (2.101)

Boldyrev’s theory provides a phenomenological theory that accounts for anisotropy, critical

balance (as GS model) with a the same scaling predicted by IK, and consistent with most

numerical simulations. Even though there is no complete agreement between the various

phenomenologies described here, they provide scaling predictions that can be compared to

observations and simulations [7].

Here we just described two paradigms in the phenomenological models of MHD turbu-

lence, both based on the idea of critical balance. Phenomenological models of incompress-

ible MHD turbulence to date can be broadly divided into those that include a SDDA in the

critical balance condition [22,27–31,55,81,85–89] and those that do not [19,24–26,90–96].

One important common feature of these models is that their focus is on the scaling of the
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energy spectrum. The statistical properties of MHD turbulence are not just limited to the

energy spectrum, which relates to the second order moment of velocity differences δ z2
l . In

the following we discuss more general models that aim to describe intermittency, i.e., the

scaling properties of higher order moments of velocity, magnetic field and/or Elsasser differ-

ences δ zl .
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Chapter 3

Intermittency in MHD

The fundamental building blocks of most physical models of turbulence are the fluctuations

or eddies, which successively split into smaller ones resulting in the energy transfer from

the outer scale to smaller ones until it is ultimately dissipated. One of the most important

questions is how is the energy distributed among spatial scales in this turbulent cascade. The

observation that smaller eddies fill a decreasingly smaller fraction of the volume occupied

by larger ones is the basis of intermittency. This chapter presents the theoretical framework

of intermittency in plasmas. The differences between self-similarity and intermittency are

discussed in section 3.1. Section 3.2 introduces the definition of structure functions and

the expected scaling behavior in the inertial range, bringing a quantitative description of the

statistical distribution of turbulence at different scales. An exact relation for intermittency in

plasmas, originally obtained by Politano and Pouquet, is presented in section 3.3. Finally, the

most relevant phenomenological models for MHD intermittency are presented in section 3.4.
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3.1 What is intermittency?

Intermittency is usually associated with the departure from self-similarity. In a self-similar

system the distribution of turbulent fluctuations looks the same at any scale in the inertial

range, which was one of the main assumptions in Kolmogorov’s original theory of fluid tur-

bulence [12]. The problem with this assumption is that it is at odds with the existence of

small scale dissipative structures, which are not space-filling but instead they cluster into

smaller regions of intense fluctuation amplitudes, becoming increasingly sparse, or inter-

mittent, at smaller scales. The phenomenological models for magnetized MHD turbulence

described in the previous chapter are based on the idea of an anisotropic Richardson’s cas-

cade, shown in Figure 2.3, in which energy injected at a given scale is transferred to smaller

scales due to nonlinear interactions until it reaches dissipative scales. However, an implicit

assumption made in these models is that the number of eddies created at each stage of the

cascade are sufficient to fill the system’s volume in its entirety, and therefore do not take

intermittency effects into account. In reality, at each scale in the turbulent cascade, energy is

not evenly distributed in space and fluctuating variables alternate from strong activity to qui-

escence [50]. Intermittency in the turbulent state can be intuitively visualized in dissipative

scales in simulations of both fluids and plasmas. The left panel of Figure 3.1 shows a cross-

sectional plane of the current density (which is dominated by small scales in the dissipation

range) in the turbulent state for simulation R1 (see chapter 4). The figure shows dissipative

eddies in the form of well defined structures, or current sheets, that sparsely populate the

simulation domain. In contrast, right panel of Figure 3.1 shows a similar plot corresponding

to a purely random state with the same energy spectrum where the dominating dissipative

small scale eddies are space filling. The intermittent nature of the simulation versus the ran-

dom noise becomes more evident if we plot the values of the current along six horizontal

lines of both contour plots in Figure 3.1. Figure 3.2, shows that the random noise has a more
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Figure 3.1: Contour plots of current density for a RMHD simulation (left) and the corresponding random noise
state with similar energy and size.

uniform distribution, while the turbulent simulation has frequent bursts of large-amplitude

events that are signatures of intermittency.

Departure of Gaussianity becomes evident by looking at the Probability Distribution

Function (PDF). The bottom left panel of Figure 3.2 shows the heavy tails for the current

in turbulent state, while the random state exhibits a Gaussian distribution. Although inter-

mittency is known to be a distinctive property of the dissipation range, a more important

but more intricate question concerns intermittency on the inertial range scales, because self-

similarity is not only lost at dissipative scales but it gradually develops from the inertial range

dynamics. In plasmas, the problem is of greater complexity due to a number of differences

with the fluid case that were discussed in chapter 2.
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Figure 3.2: Top: cross sectional profiles of J taken from the six horizontal dotted lines from the contour plots
in Figure 3.1 for simulation R1 (left) and random noise (right). Bottom: PDF of the current density for the
simulation (left) with visible tails and for the random noise (right) in Figure 3.1. Black line indicates a Gaussian
distribution.

3.2 Structure functions

A quantitative treatment of intermittency can be provided in terms of the statistical distribu-

tion of longitudinal increments at each scale l = |l| [44]

δ z±L (l,x, t)≡ l̂ ·δz±(l,x, t), (3.1)

where l̂ is the unit vector in the direction of the separation vector l, and the increment

δz±(l,x, t) = z±(x+ l/2, t)− z±(x− l/2, t) represents typical fluctuation amplitude at

scale l. If the turbulence is also considered to be spatially homogeneous, time stationary
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and isotropic1, the statistical properties are independent of the position x and time t at which

these increments are calculated, as well as the orientation of the vector l. Although the incre-

ments were defined for Elsasser variables, similar definitions apply to velocity and magnetic

field. The statistical properties of increments is often described in terms of their statistical

moments, provided they exist at each scale l, better known as longitudinal structure functions

S±n (l) ≡ ⟨[δ z±L (l)]
n⟩, (3.2)

where n is a positive integer. In this expression ⟨· · · ⟩ denotes a suitable ensemble average,

which under the assumption of ergodicity, can be calculated as the average over all available

positions x and times t.

Kolmogorov’s theory of incompressible hydrodynamic turbulence [12, 13] was built on

the assumption that the statistical properties in the inertial range scales are universal and con-

sistent with all the symmetries of the Navier-Stokes equations describing the dynamics of the

fluid velocity v, independent of the physical mechanisms driving the turbulence. Aside from

the symmetries under space and time translations, Galilean transformations and rotations,

Navier-Stokes equation is invariant under the scale transformation x,v→ λx,λ hv, where λ

and h are positive real parameters. As a result of scale invariance Kolmogorov posited that

turbulence in the inertial range is self-similar, i.e., velocity structure functions must obey

power laws of the form

Sn(l) = ⟨[δvL(l)]
n⟩= anlζn, (3.3)

where ζn = hn, and h is a unique scaling exponent. Kolmogorov also postulated that structure

functions in the inertial range can only depend on the turbulent dissipation rate ε and the scale

1As we have seen in previous chapters MHD turbulence is inherently anisotropic. The isotropy assumption
here is only made for clarity of presentation and when appropriate this condition will be relaxed.
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l, in which case the unique value h = 1/3 follows from dimensional arguments, as derived in

chapter 2. Self-similarity is intuitively associated with the fact that fluctuations at each scale

l are space-filling (they uniformly occupy all available volume), and that structure functions

at another inertial-range scale λ l are identical to those obtained for the re-scaled velocity

increments λ 1/3δv.

As mentioned before, self-similarity requires the system to be space-filling at all scales,

which is in stark contrast with experimental and numerical evidence. Instead, both fluid and

plasma turbulence exhibit intermittent behavior and are therefore not self-similar. This de-

parture from self-similarity can be observed as a departure from the linear dependency of

ζn = hn versus n. As we discuss below, this departure from self-similarity can be attributed

to the formation of sets of fractal dimensions at each scale l, associated with the fraction

of space occupied by active fluctuations. In this picture, turbulent fluctuations develop mul-

tifractal structures corresponding to a spectrum of scaling exponents h. In simple words,

global scale invariance with a unique h is lost, but it remains as a local scale invariance con-

sisting of a hierarchy of fractal structures with different scaling exponents h. For this reason,

when the exponents ζn depart from the simple linear expression ζn = hn, the scaling laws

given in Equation (3.3) are called multifractal.

3.3 Politano-Pouquet relation in MHD

Self similarity or scale invariance requires that the exponents ζ±
n of the power laws in struc-

ture functions follow a linear relation. Although significant progress has been made in the

past decades to understand scaling laws of structure functions in fluids and plasmas, most of

the progress has been based on phenomenological models and numerical simulations. An an-

alytical solution for the scaling of structure functions from the dynamical equations has not

been possible due to the statistical closure problem arising from nonlinearities. In fact, one
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can formally derive dynamical equations for structure functions from the underlying equa-

tions describing the turbulent fields. Because the nonlinearities in fluid and MHD equations

are quadratic, the equation describing structure function of order n depends on the structure

function of order n+ 1. Thus, one is left with a hierarchy of equations in which the n− th

equation depends on the (n+1)− th. There is just one exception, and it is the only important

exact result in hydrodynamics, known as Kolmogorov’s 4/5 law [12]. This theory predicts

that for fully developed incompressible turbulence in a stationary state, under conditions of

isotropy, the third order longitudinal structure function for velocity fluctuations scales with l

as follows

S3(l) = ⟨δv3
L⟩=−4

5
εl. (3.4)

A similar relation can be obtained for MHD turbulence, but as we will see later, because of

the coupling of z+ and z−, this relation involves a mixture of the Elsasser variables. This

result, original obtained by Politano and Pouquet [60, 61], can be obtained by deriving an

equation for δ z± ≡ z±(x′, t)−z±(x, t) from the dynamical equations (2.64). For simplicity

we only derive an equation for the “plus” Elsasser increment δz+, as the derivation for the

δz− is essentially the same. Let us write dynamical equations for z+ = z+(x, t) and for

z′+ = z+(x′, t)

∂tz
+−vA ·∇z++z− ·∇z+ = −∇p+ν∇

2z+, (3.5)

∂tz
′+−vA ·∇′z′++z′− ·∇′z′+ = −∇

′p′+ν∇
′2z′+, (3.6)

where primed quantities represent fields or differential operations at x′. Note that we have

added a viscous dissipation term ν∇2z± responsible for the dissipation of turbulent energy

at small scales. Now, we can obtain an equation for δz± = z′+− z+ by subtracting the
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unprimed equation from the primed one

∂tδz
+−vA · (∇′+∇)δz++(z′− ·∇′+z− ·∇)δz+ =−(∇′+∇)δ p+ν(∇′2 +∇

2)δz+.

(3.7)

To derive this expression, we have added z+ or z′− inside the gradient operator ∇′ or ∇ to

obtain δz+ as needed, using the fact that x and x′ are considered independent variables.

After taking the scalar (or dot) product of equation (3.7) with δz+, averaging and multi-

plying by two we obtain

∂t
⟨
|δz+|2

⟩
+vA · (∇′+∇)

⟨
|δz+|2

⟩
+∇

′ ·
⟨
z′−|δz+|2

⟩
+∇ ·

⟨
z−|δz+|2

⟩
=−2(∇′+∇) ·

⟨
pδz+

⟩
+2ν

⟨
δz+ · (∇′2 +∇

2)δz+
⟩
.

(3.8)

In the statistical steady state, the turbulence is assumed to be homogeneous, in which case

average quantities only depend on l≡ x′−x, so that ∇′ = ∇l and ∇ =−∇l when acting on

averaged quantities. Here ∇l represents the gradient operator with respect to l. Therefore,

equation (3.8) becomes

∂t
⟨
|δz+|2

⟩
+∇l ·

⟨
δz−|δz+|2

⟩
= 2ν∇

2
l

⟨
|δz+|2

⟩
−4ν

⟨
∇lδz

+ : ∇lδz
+
⟩
, (3.9)

where we have use the identity
⟨
A ·∇2A

⟩
= ∇2 ⟨|A|2

⟩
−⟨∇A : ∇A⟩. Although this deriva-

tion was performed for the Elsasser increment δz+, the corresponding expression for δz−

can be obtained by simply replacing the superscript + with − and − with + in equation (3.9).

Therefore we have two dynamical equations having the following conservation form

∂t
⟨
|δz±|2

⟩
+∇l ·

(⟨
δz∓|δz±|2

⟩
−2ν∇l

⟨
|δz±|2

⟩)
=−4ε

±, (3.10)

where we have identified ε±= ⟨∇lδz
± : ∇lδz

±⟩ in analogy with equation (2.80). Assuming
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steady state conditions, the first term in the left hand side of equation (3.9) is zero, while if we

consider scales l = |l| in the inertial range, L ≫ l ≫ lD, the second term inside the divergence

is negligible (ν → 0). Hence, for scales that are much smaller than the outer-scale and much

larger than the dissipation scales in steady state equation (3.10) becomes

∇l ·
⟨
δz∓|δz±|2

⟩
=−4ε

±. (3.11)

This result, which extends the well known Von Karman-Howarth-Yaglom equation in in-

compressible fluid turbulence [8]

∇l ·
⟨
δv|δv|2

⟩
=−4ε (3.12)

to MHD turbulence was originally obtained by Politano & Pouquet [60, 61]. They also

assumed isotropy, in which case equation (3.11) can be integrated to obtain

⟨
δ z∓L |δz±|2

⟩
=−4

3
ε
±l. (3.13)

This result was extended to the case of anisotropic turbulence in the presence of a strong

guiding magnetic field by Boldyrev et al. [81]. In this case the system has only axial symme-

try, as eddies become elongated along the field. Assuming that l⊥ represents the character-

istic scale of an eddy in the inertial range and l∥ ≫ l⊥ its characteristic scale along the field,

we can use cylindrical coordinates to integrate equation (3.11) and obtain

⟨δ z∓L |δz±|2⟩=−2ε
±l⊥. (3.14)

It is worth emphasizing the similarities and differences between Kolmogorov’s 4/5 law

for fluids with Politano-Pouquet relations for MHD. The similarities lie in that both Kol-
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mogorov’s law (3.4) and Politano-Pouquet (3.13) can be obtained by the proper integration

of Von Karman-Howarth-Yaglom relations for hydrodynamics and MHD. Moreover, under

the assumption of isotropy, both relations can be integrated to obtain an exact scaling law for

the average of a third order product of increments. In the case of hydrodynamics, this third-

order average can be converted in to the third-order longitudinal structure function, resulting

in the 4/5 law. The MHD picture is slightly more complicated, as the third order product

of increments involves a combination of Elsasser variables, which can only be attributed to

some sort of mixed structure function. This result is not surprising, given that in MHD the

z± is advected by z∓, while in the fluid case the velocity undergoes self-advection. One key

conclusion in this discussion is that in MHD there are no exact results involving pure struc-

ture functions of any field, in contrast to hydrodynamics, in which the third order structure

function of velocity is known to scale linearly with l.

3.4 Phenomenological models of intermittency

Self-similarity requires that all statistical properties in the turbulent state at any given scale

can be mapped onto those of a different scale by a scale transformation. For instance, at a

given scale length l, a complete specification of all structure functions (for all n) provides all

the statistical properties of increments at that scale. The structure functions for scale l′ = λ l,

where λ is a positive scaling factor, relative to those at scale l follow from equation (3.3)

Sn(l′)
Sn(l)

= λ
ζn . (3.15)

Assuming scale invariance, the velocity increments transform as δvL(l′) = λ hδvL(l), from

where it also follows
Sn(l′)
Sn(l)

= λ
hn, (3.16)
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for a unique value h. From the last two Equations we conclude that

ζn = hn, h > 0. (3.17)

Kolmogorov theory predicts that ⟨δv⟩ ∼ l1/3, corresponding to h = 1/3, while in Iroshnikov-

Kraichnan’s theory ⟨δ z⟩ ∼ l1/4, corresponding to h = 1/4 for self-similar behavior. As we

will show below, if fluctuations are entirely space-filling at every scale, then the turbulence is

self-similar and the ζn exponents should follow the linear relation in equation (3.17). How-

ever, terrestrial measurements in fluids and heliospheric measurements for plasmas show that

scaling properties of velocity and magnetic field fluctuations, and hence the scaling laws of

structure functions do not show linear dependence or self similarity [47]. Oboukhov [97]

suggested that because local dissipation rate varies rapidly in space and time then ε should

be replaced by the spatial average over a volume Vl of scale l,

εl =
1
Vl

∫
Vl

∇v : ∇vd3x. (3.18)

Kolmogorov used Obukhov suggestion and introduced the concept of refined self similarity,

which replaces equation (2.83) with

δvl ∼ ε
1/3
l l1/3, (3.19)

which is now a stochastic relation between two random variables δvl and εl , from where it

follows

⟨δvn
l ⟩ ∼

⟨
ε

n/3
l

⟩
ln/3. (3.20)

In Kolmogoreov’s refined self similarity the energy flux at each scale is constant in the av-

erage sense, i.e., ε = ⟨εl⟩ = constant. As pointed out by Obukhov, intermittent dissipation
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rates at each scale implies a scaling law of the form

⟨εn
l ⟩ ∼ lµn, (3.21)

from where it follows that

⟨δvn
l ⟩ ∼ ln/3+µn/3, (3.22)

and the scaling exponents become

ζn =
n
3
+µn/3. (3.23)

A few comments about this model are noteworthy. First, it follows from (3.21) that µ1 = 0,

which means ζ3 = 1 is consistent with Kolmogorov’s 4/5 law. Also note that for space-filling

dissipation
⟨
εn

l

⟩
= ⟨εl⟩n ∼ εn, in which case µn = 0 for all n, and one recovers the self-similar

scaling of structure functions.

Intermittency in the inertial range can also be introduced by a relatively simple modi-

fication of the Kolmogorov’s turbulence cascade phenomenology, in which the turbulence

is represented as a large collection of fluctuations (or blobs) of different sizes and where

fluctuations at scale l excite fluctuations at slightly smaller scale rl, where r < 1 is a scaling

factor. This phenomenological model [8], known as the β–model, proposes that the number

of “daughter” eddies generated by a “mother” eddy at each scale is chosen such that the frac-

tion of volume occupied is decreased by a factor β (0 < β < 1). If the turbulence is driven

at scale L (outer scale), the fraction of the volume occupied by fluctuations at scale l = rnL

(after n successive steps in the cascade) is

pl = β
n =

(
l
L

)3−D

, (3.24)
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where D can be interpreted as a fractal dimension. Now, because the formation of smaller

eddies occurs due to the interaction of eddies of approximately same size l, the “daughter”

eddies fill only a fraction pl of the total volume, thus, the energy per unit mass associated

with motion on scale l is

El = δv2
l pl. (3.25)

Evaluating equation (2.83) for l and L we can define the velocity increments of a scale l as

δvl = δvL

(
l
L

)h

, where h =
1
3
− 3−D

3
. (3.26)

Now, for structure functions from equation (3.3), we have Sn(l) = ⟨δvn
l ⟩ = cnlζn , there are

two contributions to this quantity: a factor δvn
l coming from active eddies and an “intermit-

tency factor” pl from equation (3.24), which gives the fraction of the volume filled by active

eddies of scale l, resulting in the following scaling exponents

ζn =
1
3

n+µ

(
1− n

3

)
, (3.27)

where µ =(3−D). Note that the self-similar case is recovered when D= 3, in which case the

fluctuations accumulate on a set of three dimensions and are therefore space-filling. Notice

that the β model is sometimes called monofractal as it is based on the assumption that the

turbulence cascade accumulates on a single set with fractal dimension D, in which velocity

increments obey scale-invariance with a unique scaling exponent h, i.e., under a rescaling

l → λ l the increments on this fractal set transform as δvl → λ hδvl with a unique scaling

exponent h = 1
3 − 3−D

3 . Although the resulting exponents ζn still satisfy a linear relation, for

D ̸= 3 we have that h ̸= 1/3, which departs from the K41 prediction.

59



Ruzmaikin et al. [98] extended the β model to MHD turbulence using equation (2.91)

ζn =
1
4

n+µ

(
1− n

4

)
. (3.28)

In the β model, not all the space is filled, leaving gaps in the fluctuations on every scale,

and the free parameter µ is a measure of the intermittency of the fluctuations. The constant

β model predicts that the n− th order structure functions vary with scale l as a power law,

and the exponent in the power law varies linearly with n [46].

Multifractality arises assuming that the turbulence cascade accumulates on multiple frac-

tal sets with different fractal dimensions, resulting in a range of scaling exponents h ∈

[hmin,hmax], in which velocity satisfies local scale invariance with the corresponding scal-

ing index h. In this picture, the scaling of structure function at each order n results from

the fractal set with index h that has the most dominant contribution to the average
⟨
δvn

l

⟩
.

As a result, the dependency with n of the scaling exponents ζn becomes non-linear, because

at each n the largest contribution to the statistical average arises from a fractal set with a

different h value. In this multifractal picture, scaling invariance is maintained locally within

each fractal set, characterized by single h from continous spectrum of scaling exponents h.

One of the most successful multifractal models in hydrodynamic turbulence was pre-

sented by She and Lévéque [64], in which they introduced the hierarchy of relative moments

for the dissipation ε ,

ε
(n)
l =

⟨ε(n+1)
l ⟩
⟨ε(n)l ⟩

. (3.29)

The extremes are n = 0 at which ε
(0)
l = ε is the mean dissipation rate, and at n → ∞ at which

ε
(∞)
l represents the effect of the strongest dissipative events in the far tail of the PDF. The

main assumption in this theory is the connection between consecutive orders of ε
(n)
l

ε
(n+1)
l = An

(
ε
(n)
l

)β (
ε
(∞)
l

)(1−β )
, (3.30)
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where An is a coefficient independent of l, and β is an intermittency parameter that varies

from 0 to 1, where β → 1 corresponds to non-intermittent turbulence and β → 0 corresponds

to the extremely intermittent case. Now considering the non-dimensional dissipation rate

πl = εl/ε∞
l ,

⟨π(n)
l ⟩= Bn

(
⟨π(1)

l ⟩
B1

)(1−β n)/(1−β )

, (3.31)

where Bn are new coefficients. ⟨π(n+1)
l ⟩ corresponds to the moments of a generalized Poisson

distribution for the variable γ = logπl/ logβ so

P(γ) =
∫

e−λ λ χ

χ!
(γ −χ)dχ. (3.32)

These assumptions plus K41 theory yield the She-Lévéque formula

ζ
SL
n =

n
9
+2

[
1−
(

2
3

)n/3
]
. (3.33)

This model is of particular interest because it contains no freely adjustable parameters.

Horbury and Balogh [47] extended this approximation to MHD turbulence using the

energy spectrum of K41 theory and they obtained

ζ
HB
n =

n
9
+1−

(
1
3

)n/3

. (3.34)

Grauer et al. [99] and Politano and Pouquet [100] also presented the MHD case in the frame-

work of IK theory, so they found

ζ
GPP
n =

n
8
+1−

(
1
2

)n/4

. (3.35)

More recently, Chandran et al. [31] proposed a new method based on collisions between
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counter-propagating waves, assuming that each balanced collision reduces a fluctuation’s

amplitude by a constant factor β , the intermittency parameter. Then,

δ z±l = δ z̄β
q, (3.36)

where δ z̄ is the amplitude (constant) of the fluctuation’s progenitor structure at the outer

scale L, and q is the number of collisions expected during its evolution from scale L to scale

l, having a Poisson distribution,

P(q) =
e−µ µq

q!
, (3.37)

where µ is the scale-dependent mean value of q, leading to a simple relation for the scaling

exponents,

ζ
CH
n = 1−β

n. (3.38)

Which of these models is more appropriate to describe intermittency in MHD turbulence

should be guided by comparison with numerical simulations of sufficiently high Reynolds

number and large statistics from solar wind observations. In the next chapter, we describe

our methodology to obtain empirical estimates of scaling exponents using solar wind obser-

vations and simulations.
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Chapter 4

Methodology: Observations and

numerical simulations

The solar wind is arguably one of the best naturally-occurring plasmas to understand the ba-

sic physics of plasma turbulence. Unlike plasmas beyond the solar system, in-situ spacecraft

measurements allow us to directly investigate the local plasma properties, in addition to re-

mote observations. The solar wind originates in the solar corona, the outermost region of the

solar atmosphere that extends many solar radii out into interplanetary space, where it grad-

ually becomes the solar wind. The effects of turbulence vary significantly in the different

regions of interplanetary space depending on the local solar wind conditions. This chapter is

organized as follows. Section 4.1 is devoted to the description of the solar wind and its char-

acteristics near 1 AU, as well as a detailed description of the methodology that will be used

to investigate solar wind turbulence using measurements from the WIND spacecraft. Section

4.2 describes the numerical simulations and the methodology used in this work to compare

with spacecraft observations. Simulations have provided an indispensable tool for the study

of plasma turbulence because, while they lag behind spacecraft observations for not possess-
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ing enough spatial resolution and inertial range extent, they bring detailed visualization of

the structures and patterns within the flow, providing detailed spatial and temporal dynamics

that is not possible to attain from single or even multispacecraft observations [10]. Finally,

section 4.3 describes the methodology used collect the data and the statistical analysis of

increments in both solar wind observations and Reduced MHD simulations.

4.1 Solar wind

The corona is the source of the solar wind. As the solar wind flows outward from the Sun,

the density rapidly drops as r−2 and the collisional mean free path becomes much larger than

it was in the corona, being roughly 3 AU near the Earth [11], indicating that the solar wind

plasma well outside the corona becomes collisionless. The nature of solar wind acceleration

and the “coronal heating problem” has been known since Parker’s seminal work in 1958 [73],

who showed that based on the observed coronal temperatures, it is not possible for the coro-

nal plasma to be in hydrostatic equilibrium over large distances. Parker then suggested that

there must be a continuous, supersonic outward expansion of the solar corona, which was

later confirmed from observations by Mariner 2 [75].

The overwhelming majority of progress in understanding plasma turbulence and the de-

velopment of phenomenological models are based on the interpretation of experimental data

of spacecraft measurements of solar wind and numerical simulations [7, 36].

4.1.1 The WIND spacecraft

The comprehensive solar wind laboratory for long-term solar wind measurements, known as

the WIND spacecraft, is a spin stabilized spacecraft launched on November 1, 1994. This

spacecraft was the first of NASA’s Global Geospace Science (GGS) program, which is part of

the International Solar-Terrestrial Physics (ISTP) science initiative, a collaboration between
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several countries in Europe, Asia and North America. The aim of ISTP is to understand

the behavior of the solar-terrestrial plasma environment in order to predict how the Earth’s

atmosphere will respond to changes in solar wind conditions. After several orbits through

the magnetosphere, WIND was placed in a halo orbit around the L1 Lagrange point, more

than 1.28×106 km upstream of Earth. The primary science objectives of the Wind mission

are to:

• Provide complete measurements of plasma, energetic particles and magnetic field for

magnetospheric and ionospheric studies.

• Determine the magnetospheric output to interplanetary space in the upstream region.

• Investigate basic plasma processes occurring in the near-Earth solar wind.

• Provide baseline, 1 AU, ecliptic plane observations for inner and outer heliospheric

missions.

WIND is composed of seven subsystems as shown in Figure 4.1: (1) the Magnetic Field

Investigation (MFI) composed by two fluxgate magnetometers to measure DC vector mag-

netic fields up to a time resolution of 22 vectors/sec [101]; (2) the Solar Wind Experiment

(SWE) composed by a Faraday cup to measure thermal protons and positive ions and two

electrostatic analyzers, a vector spectrometer and a Strahl spectrometer, designed to measure

the solar wind electron distribution function [102]; (3) the WIND 3D Plasma analyzer (Wind

3DP), this instrument consists of six different sensors: two electron and two ion electrostatic

analyzers with different geometrical factors and field-of-views (FOV) covering the energy

range from 3 eV to 30 keV, and a pair of solid state telescopes that measure electrons with

energies up to 400 keV and protons with energies up to 6 MeV [103]; (4) the Suprather-

mal Particle data (SMS), composed by three instruments, the Suprathermal Ion Composition

Spectrometer (STICS), the high resolution mass spectrometer (MASS) and the Solar Wind
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Figure 4.1: Left: location of instruments in a schematic of the WIND spacecraft (courtesy of ESA). Right:
actual size of the the spacecraft in a clean room (courtesy of NASA).

Ion Composition Spectrometer (SWICS) focused to determine the mass, mass per charge

and energy for ions at different energy scales [104]; (5) the Energetic Particles Acceleration

Composition and Transport (EPACT) experiment consists of eight telescopes to measure en-

ergy of ions, alpha particles, protons and electrons [105]; (6) the WAVES Radio and Plasma

Waves data composed by three orthogonal antennas and three orthogonal coil magnetome-

ters to examine electromagnetic waves [106]; and (7) the KONUS and TGRS data gamma

ray instruments, which are the only instruments in hard X-ray and soft gamma ray to observe

two full solar cycles to date [107, 108].

WIND has on-board propulsion and its design lifetime was originally for three to five

years with redundant subsystems, nevertheless, it is still operational to this date. WIND has

a cylindrical shape, it is approximately 2.8 m in diameter and 1.25 m of height, with body-
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mounted solar cells. The coordinate system used by WIND spacecraft is based on the Earth-

Sun line. The system has its x axis towards the Sun, its z axis is the normal vector to the

plane of the Earth’s orbit around the Sun (positive North) and the y axis perpendicular to x

and z in the ecliptic plane opposing planetary motion. This system is known as Geocentric

Solar Ecliptic (GSE) in Cartesian coordinates.

4.1.2 Fast, slow and transient solar wind

During the approximately 11–year solar activity cycle, the coronal magnetic field is very

dynamic. Two types of flows dominate the large scale structure of the solar wind, corotating

flows and transient disturbances. Corotating flows are associated with spatial variability in

the coronal expansion and solar rotation, while transient disturbances are related to ejections

of material into interplanetary space from coronal regions [109].

For the quiescent or non-transient flow, the solar wind at 1 AU is observed to exist in two

qualitatively distinct states. Measurements from different spacecraft reveal a bimodal solar

wind structure consisting of a fast (≳ 500 km s−1), uniform wind called fast solar wind, and

slower (≲ 500 km s−1), more variable wind called slow solar wind. The slow component was

initially believed to be the “ambient” background state of the solar wind, but it was eventually

found that the fast wind is in general more quiet and steady [110]. The sources for fast and

slow solar wind are still not completely known, however a number of observations suggest

that the fast wind may arise from coronal holes, which are prevalent near polar latitudes and

are dominated by open magnetic field lines; while slow wind may arise from active regions

dominated by large coronal loops near equatorial regions [65]. In general, the properties of

fluctuations within fast and slow wind at 1 AU are rather different, with fast wind turbulence

appearing less developed than that in slow wind [36]. The connection between fast wind

with polar regions and the slow wind with equatorial regions is clearly seen from Ulysses

observations shown in Figure 4.2 by Mccomas et al. [111]. These observations showed
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Figure 4.2: Solar wind speed as a function of latitude from Ulysses first two orbits. The two top plots are
plotted over solar images from solar minimum (8/17/96) and solar maximum (12/07/00); from the center out,
these images are from the Solar and Heliospheric Observatory (SOHO) Extreme ultraviolet Imaging Telescope
(Fe XII at 195 Å), the Mauna Loa K-coronameter (700–950 nm), and the SOHO C2 Large Angle Spectrometric
Coronagraph (white light). Top left: first orbit during the declining phase of the solar minimum. Top right:
second orbit during solar maximum. Bottom plot shows the sunspot number, indicating the stage of the solar
cycle (courtesy of Mccomas et al..)

polar plots of solar wind speed in a heliocentric coordinate system. The top left panel shows

the speed versus the heliolatitude during the declining phase of the solar cycle, as seen by

the decrease in the sunspot number from the bottom panel. During solar minimum, solar

activity is confined to equatorial regions while higher latitudes are dominated by coronal

holes. The polar plots during solar minimum reveal that the fast solar wind dominates at

high heliolatitudes, while slow wind dominates near the equator. During the solar maximum

phase fast and slow streams can be observed at high heliolatitudes as active regions become
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more prevalent neat polar regions.

For transient flows, the most dramatic changes occur during Coronal Mass Ejections

(CMEs), propelling large amounts of solar material that produces disturbances in the solar

wind as it propagates into interplanetary space. Second, flows of different speeds become

radially aligned at low heliographic latitudes as the Sun rotates with a period of approxi-

mately ∼ 27 days. Fast wind streams will catch up with and overtake slow streams, creating

compression and rarefaction regions behind and ahead of slow streams, respectively. These

compression and rarefaction regions are called Corotating Interaction Regions (CIR) and

can be observed as sudden pressure changes. This nonlinear rise in pressure causes forward

and reverse compressible waves (shock waves) [109]. Third, large amounts of energy are re-

leased by explosive magnetic reconnection events, which can abruptly convert energy stored

in magnetic fields to energy in charged particles generating solar flares and jets and heating

the plasma [112]. These transient flows generate high variations in density, magnetic field

and velocity of the plasma.

4.1.3 Spacecraft data description

Data of proton number density np, magnetic field B and velocity v were collected from

WIND spacecraft. 23 years of data from WIND/3DP instrument (3D Plasma analyzer) with

resolution of ∼ 24 s were used1. Fluctuations were carefully selected to represent periods of

homogeneous and incompressible turbulence in the slow and fast solar wind. For solar wind

observations data was first interpolated to a uniform grid of 24 s and discard any gaps that

the data may have.

Figure 4.3 shows the proton number density, and each component of the velocity and

magnetic fields for seven days during 2009, from February 8 at 00:00 h to February 12

1Data available at https://cdaweb.gsfc.nasa.gov/istp_public/
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at 00:00 h in universal time (UT), with a nearly radial average velocity of |v̄| = (321±

20) km s−1, magnetic field strength of |B̄|=(1.2±2.9) nT and number density np =(6.33±

2.26) cm−3, which are typical conditions of a slow solar wind. Figure 4.4 shows the same

variables for four days during 2015, from March 18 at 00:00 h to March 22 at 00:00 h in (UT),

with a nearly radial average velocity of v̄ = (616± 47) km s−1, magnetic field strength of

Figure 4.3: Proton number density (cm−3), velocity (km s−1) and magnetic field (nT) from February 06 2009
at 0:00 h to February 12 2009 at 0:00 h showing a period of slow wind. Black lines indicate 2 h averaged
quantities around the point.

70



Figure 4.4: Proton number density (cm−3), velocity (km s−1) and magnetic field (nT) from March 01 2015 at
0:00 h to March 08 2015 at 0:00 h showing a period of fast wind. Black lines indicate 2 h averaged quantities
around the point.

b̄=(5.2±6.1) nT and number density np =(3.26±1.01) cm−3, which are typical conditions

of a fast solar wind.

Figures 4.3 and 4.4 show the qualitative differences between fast and slow wind. It can

be seen that on average fast wind is less dense than slow wind, and that the radial component

of the magnetic field (the x component) is more uniform and steady than slow wind showing
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that it possibly comes from the same stream. The magnetic field in slow wind presents

changes in the direction of the radial component, which could be related to different streams

(belonging to field lines with different polarity) or to the bending of magnetic field lines. The

latter case is typically associated with the so-called switchbacks [113], which are found to

be more prevalent near the Sun by recent observations from Parker Solar Probe [114–117].

4.1.4 Taylor hypothesis

In turbulent flows, the ideal experimental situation would be to measure snapshots of the

flow properties in three dimensions at each instant of time. Unfortunately, this is normally

not attainable in any experiment, neither in fluids nor in space or laboratory plasmas. The

number of points in space where it is possible to measure the fluctuations of a variable are

related to the number of sensors an their locations inside the flow for a period of time.

When analyzing signals from turbulence experiments, including spacecraft data of solar

wind observations, a common situation arises in which the turbulent flow’s average velocity

v is much larger in magnitude than its typical fluctuation speed. In this case, small-scale

fluctuations are effectively advected by the large-scale flow and one may assume that the

sequence of observed (temporal) changes in the plasma variables at the probe’s location are

simply due to the passage of an unchanging pattern of turbulent motion over the measuring

point, which is known as Taylor frozen-in-flow hypothesis [118]. This method reinterprets the

temporal variation of single-point time signals as a spatial variation due to the fast motion of

the spacecraft in the plasma frame. As the spacecraft moves through the plasma with velocity

U , the time signal fsc(t) of a plasma quantity represents a collection of measurements along

the spacecraft trajectory x=U t at each time t, therefore

fsc(t) = f (U t, t), (4.1)
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where f = f (x, t) is the corresponding field variable as measured in the plasma rest frame.

If the spacecraft speed is fast enough, i.e. faster than intrinsic dynamical scales in the plasma

frame, the field f (x, t) is “frozen” and approximately the same at t = 0, hence

fsc(t)≈ f (Utn̂,0), (4.2)

where n̂ is the unit vector in the direction of U . From here it follows that temporal varia-

tion of fsc(t) are mostly due to the sampling of spatial points x = Ut along the spacecraft

trajectory in the plasma frame.

Taylor’s hypothesis is widely used in the analysis of single-spacecraft observations to

interpret frequency spectrum measured in the spacecraft frame as a spatial wavenumber tur-

bulent spectra in the plasma frame [6]. In MHD, fluctuations can also propagate as Alfvén

waves parallel to the magnetic field, introducing a new dynamical time scale associated with

wave propagation, the Alfvén time τA ≈ 1/(k∥vA) [119]. Therefore in the case of super sonic

and super Alfvénic plasmas, Taylor hypothesis states that if mean solar wind speed VSW is

much faster than the fluctuating speed, i.e. VSW ≫ vrms (vrms is the root-mean-squared value

of the fluctuating velocity ṽ), and also much faster than the Alfvén speed VSW ≫ vA, the

correspondence between spatial increments l (in the stream-wise direction) and temporal

increments τ is

τ =
l

Vsw
. (4.3)

This condition holds well for all spacecraft observations to date, which have explored the so-

lar wind at heliocentric distances beyond 0.3 AU (or r ≃ 60R⊙, where R⊙ ≃ 695,000 km

represents one solar radius). However, in the inner heliosphere the Alfvén speed vA is

comparable to solar wind speed vsw, in which case a revision of Taylor hypothesis may

be needed [62,120,121]. For WIND spacecraft observations located at 1 AU temporal obser-

vations of the fields can be safely reinterpreted as spatial variations.
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4.1.5 Methodology for solar wind observations

In order to eliminate transient solar wind and match the best possible MHD conditions we are

going to use a conditional statistical analysis recently introduced by Bourouaine & Perez [62,

122], in which statistical averages are conditioned according to the properties of the ambient

solar wind at each temporal measurement. In this analysis, the local average properties of the

solar wind are obtained by performing the following moving averages over a time window

T at each time t as

f̄ (t,T ) =
1
T

∫ t+T/2

t−T/2
f (t ′)dt ′, (4.4)

where f (t) is a generic signal that represents the proton number density or any component of

the velocity or magnetic field. The quantities n̄p(t,T ), v̄(t,T ) and B̄(t,T ) were calculated

over all 23 years of WIND observations using a two-hours window, T = 2 h, chosen to be a

few times longer than the outer scale, which is typically between 30 min to one hour in the

analysis presented in this work. There is still substantial debate in the solar wind turbulence

community about the time-window to properly calculate the background fields, as it also

depends on the characteristics of the plasma and the properties to measure, varying from a

few minutes to several hours [48,50,123–126]. Recently, Bourouaine and Perez used data of

Helios 2 at 0.6 AU to show that velocity and magnetic field decorrelate at around 20 minutes

near 0.6 au [122]. The corresponding averaged signals for the fast and slow wind signals are

shown in Figures 4.3 and 4.4 in black solid line. Because in the remainder of this work we

will maintain T = 2 h, we will drop the explicit dependence on T from averaged quantities,

as it is understood T is fixed at 2 h.

As it was discussed in the previous section, invoking Taylor’s hypothesis allows us to in-

terpret temporal variation of spacecraft signals as spatial variations with respect to the plasma

frame. These temporal variations arise by the relative motion of the spacecraft through the

solar wind, in which case the sampling direction is entirely determined by the average solar
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wind velocity. Because the turbulence is known to be anisotropic with respect to the mean

background magnetic field, it is important to determine what is the angle between the veloc-

ity (the sampling direction) and the mean magnetic field. The sampling direction angle is

therefore defined as

θV B(t) = arccos
[
V̂ SW(t) ·B0ˆ (t)

]
, (4.5)

where V̂ SW(t) is the unit vector in the direction of the mean solar wind velocity give by

VSW(t) = v̄(t) at time t, and B̂0(t) is the unit vector in the direction of the local mean

magnetic field B0(t) = B̄(t).

Traditional analysis of intermittency of solar wind observations is based on the calcula-

tion of increments of the form

δ fsc(τ, t) = fsc(t + τ/2)− fsc(t − τ/2), (4.6)

where fsc(t) represents a generic single-point signal measured by the spacecraft. In order to

understand this increment and how it relates to the spatial increments

δ f (l,x, t) = f (x+ l/2, t)− f (x− l/2, t), (4.7)

defined in equation (3.1) in the context of turbulence theories, one simply has to recall from

previous section that the spacecraft signal is the result of successive measurements along

motion of the measuring probe in the solar wind frame at positions x = −VSWt . In this

sense, the spacecraft is merely sampling a given plasma field f = f (x, t) along x = n̂VSWt

to produce

fsc(t) = f (n̂VSWt, t), (4.8)

where n̂ = −V̂ SW is the sampling direction. Using this relation between the spacecraft
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signal fsc(t) and the actual turbulent field f (x, t) one obtains

δ fsc(τ, t) = f (x+ n̂VSWτ/2, t)− f (x− n̂VSWτ/2, t). (4.9)

Note that we have evaluated the function f (x, t) at time t in its second argument by invoking

Taylor hypothesis, which implies that the temporal variation of the function f (x, t) in the

range [t − τ/2, t + τ/2] is negligible and therefore the field f (x, t) remains approximately

frozen in its state at time t. Inspection of equations (4.7) and (4.9) allows us to infer that

δ fsc(τ, t) = δ f (n̂l,x, t) (4.10)

showing that the temporal lag τ represents an indirect measurement of spatial differences

between points separated a distance l = VSWτ , in the direction of n̂. Therefore, Taylor’s

hypothesis allows us to reinterpret time lags from WIND observations as spatial lags along

the sampling direction.

Another aspect of traditional analysis of intermittency from spacecraft signals is that they

are based on carefully selected sets of solar wind intervals, to ensure they correspond to the

same type of solar wind stream. This is normally done in order to avoid mixing different

types of solar wind streams, which would result in a mix of physical processes that can

make interpretation much harder or meaningless. One shortcoming of this approach is that

the duration of those intervals of “pure” fast or slow streams depends on the motion of the

spacecraft with respect to the plasma and the local solar wind conditions. Therefore, most

studies are limited to continuous intervals whose lengths depend on how long the spacecraft

spends time in a particular stream, which in turn limits the number of statistical samples that

are used to calculate averages and PDF. In this work, we use a new technique to obtain the

statistics of turbulent increments from discontinuous (or gapped) intervals, which allows us

to obtain the largest statistical sample that WIND measurements can provide, covering 23

76



years of measurements.

Additionally, even when fast and slow winds can be carefully selected, solar wind inter-

vals can also contain a mixture of other important physical effects that may not be directly

related to the turbulence, such as magnetic reconnection events, coronal mass ejections and

other transient structures produced by physical processes near the Sun that are advected to

higher heliocentric distances, corotating interaction regions, and magnetic reconnection, see

for instance section 4.1.2. In this case, the turbulence statistics can be artificially affected by

some of these events, particularly transient events that are naturally intermittent for different

reasons. In this work, we aim to characterize the intermittency properties of Alfvénic fluctu-

ations, which can be described by incompressible MHD. As a result, the use of conditional

statistics in the analysis of spacecraft data will allow us to exclude those increments that are

associated with other physical processes.

For the reasons mentioned above, our methodology is designed to ensure the increments

of solar wind properties, as defined in equation (4.9), belong to solar wind regions where

fluctuations can be characterized as Alfvénic for both slow and fast wind. Therefore, the

statistical analysis of increments will be performed by imposing various conditions on the

values of the mean properties and the increments at the three times t − τ/2, t and t + τ/2.

We identify three main conditions that will be used in our analysis: (1) to identify whether

increments belong to either a fast or solar wind stream; (2) to characterize the increments

as non-compressive Alfvénic fluctuations and (3) to identify the sampling angle and retain

sampling directions that are nearly perpendicular to the background magnetic field.

The analysis is performed on year-long intervals at a temporal resolution of 24 s, which

translate into approximately 1.3×106 samples for density np, velocity v and magnetic field

B. For fast wind the time lag τ was binned into 41 increments, equally spaced on a logarith-

mic scale, between τ = 24 s and τ = 14400 s. The logarithmic binning of the time lags is

chosen to optimize the number of time lags in the inertial range. For slow wind, which has
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VSW (km s−1) B0 (nT) δρ/ρ̄ δB∥/δB⊥ θV B

Slow wind 280−480 8 0.15 0.2 50◦−140◦

Fast wind 500−700 12 0.15 0.2 50◦−140◦

Table 4.1: Conditions for incompressible fast and slow wind.

a longer inertial range, the time lag τ was binned into 82 increments between τ = 24 s and

τ = 86400 s, also spaced uniformly in a logarithmic scale.

Increments of velocity δv(τ, t), magnetic field δb(τ, t) (all in km s−1units) are calcu-

lated at each value of τ, t for every year from 1995 to 2017, covering a total of 23 years of

WIND measurements. At each time t, conditions (1) to (3) described before are evaluated and

only those increments that match the desired conditions are kept. Table 4.1 shows the condi-

tions imposed at each time t. For conditions labeled (1), at each time t we retain increments

for which the average solar wind speed falls in the range 280 km s−1<VSW < 480 km s−1at

t − τ/2, t and t + τ/2 for slow wind and in the range and 500 < VSW < 700 km s−1for fast

wind. The magnetic field is also conditioned to be no larger than 8 nT for slow wind and

12 nT for fast wind. Two more conditions are imposed on the density fluctuation (estimated

as the rms over the 2 h window around each time t) relative to the mean, to discard compress-

ible fluctuations, and the ratio between the parallel component of the magnetic increment to

the magnitude of the perpendicular part to rule out fluctuations that are polarized along the

mean field (non-Alvénic). The last condition is on the sampling angle θV B, which is restricted

to be between 50◦ and 140◦ to account for nearly perpendicular sampling of the fluctuations.

Once these conditions are met, all increment realizations belong to similar stream condi-

tions, then the global density ρ is calculated averaging over all the observations and used to

calculate the corresponding Elsasser increments δz±(τ, t) = δv∓δb, with b=B/
√

4πρ .

In Chapter 2 we defined the Elsasser variables as z± = v∓b, in which case the z+ fluctu-

ation represented waves propagating in the direction of the magnetic field and z− represented

waves propagating against the field. Because the WIND spacecraft is near the ecliptic plane,
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Figure 4.5: Fluctuations of δ z+L (top) and the angle between the fluctuation and the background magnetic field
α (bottom) for fast wind τ = 504 s.

the spacecraft often encounters solar wind streams with different magnetic field polarities,

each time it crosses the heliospheric current sheet. As a consequence, spacecraft measure-

ments will often show the magnetic field reversing its direction, which in the majority of

cases is due to the spacecraft crossing a stream with a different polarity. For this reason, if

we keep the same convention for z±, the Elsasser field z+ corresponds to outward waves

when the magnetic polarity is away from the Sun, while z− will be propagating outward

when the magnetic polarity points toward the Sun. In order to maintain z+ as the outward

wave and z− the inward wave in all cases, we should redefine Elsasser variables in our

analysis as

z± = v± sign(Bx)b (4.11)

where the component of the background magnetic field Bx in the GSE frame is used as a
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Figure 4.6: Kinetic (blue) and magnetic (red) energy spectrum as a function of frequency ω for fast wind (left)
and slow wind (right). Dashed and dot-dashed lines represent power spectra of −5/3 and −3/2 respectively.

proxy for the magnetic polarity.

Using the methodology described here, we obtain a total number of increments (or re-

alizations) totaling 1.59× 106 at the smallest τ = 24 s, and more than 1.15× 106 realiza-

tions at the largest at τ = 14400 s for fast wind. For slow wind, we obtain more than

5.93 × 106 realizations for τ = 24 s and more than 3.4 × 106 realizations for the largest

increment τ = 86400 s.

Figure 4.5 shows the longitudinal increments δ z+L (τ, t) and the angle α between the

background magnetic field B0 and δz+ for fast wind at a time lag τ = 504 s that have MHD

conditions across the 23 years of data. It can be seen that fluctuations are mainly perpendic-

ular to B0, which ensures increments correspond to incompressible Alfvénic fluctuations.

The standard deviation for δv, δb, δ z+ and δ z− were estimated for fast and slow wind in-

tervals, which allows us to construct the histogram of each increment and normalize it so the

integral of the PDF is equal to one.

Figures 4.6 show the kinetic and magnetic energy spectrum for the same data in Figures

4.4 for fast wind and 4.3 for slow wind, using a Blackman-Tukey filter also known as cosine-

tapped window to reduce the noise [127]. Over most of the frequency range and for fast and

slow wind, Eb is slightly steeper than Ev. While in general Ev and Eb are not expected to
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exhibit power law behavior, observations show that they approximately do. K41 with scaling

exponents and IK power law scaling with exponents −5/3 and −3/2 respectively are plotted

for reference. The inertial range in these plots can be estimated between 100 to around 3000 s

for fast wind and from 100 up to 10000 s for slow wind.

4.2 Numerical simulations of Reduced MHD

In the following section we describe the theoretical and numerical framework of Reduced

Magnetohydrodynamic (RMHD) simulations used in this project. This code has been exten-

sively used to investigate a number of fundamental aspects of MHD and solar wind turbu-

lence by Perez et al. [22, 29, 81, 85, 128–132].

4.2.1 Homogeneous Reduced MHD description

The simulations model non-compressive solar wind fluctuations within the framework of

incompressible MHD equations, written in the Elsasser form (2.64). For a strong background

magnetic field of the form B0 = B0êz, with B0 ≫ |B̃|, the universal properties of MHD

turbulence can be accurately described by neglecting the field-parallel component of the

fluctuating fields. Then, we can set z±
∥ = 0 in equations (2.64) to obtain

(
∂

∂ t
∓vA ·∇∥

)
z±+

(
z∓ ·∇⊥

)
z± =−∇⊥PT +ν∇

2z±+f±, (4.12)

where z± = (zx(x,y,z, t),zy(x,y,z, t),0), ∇∥, ∇⊥ are the gradient operators parallel and per-

pendicular to B0 and f± denotes the forces that drive the turbulence at large-scales. The

turbulence is called balanced when the driving mechanism excites both the Elsasser fields

z± with comparable energy, otherwise is called imbalanced. This set of equations is equiva-

lent to the model known as Reduced MHD [22]. By virtue of the incompressibility condition
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∇ ·z± = 0, we can introduce two Elsasser potentials φ± from which all components of the

fields can be obtained as follows

z± = êz ×∇φ
±. (4.13)

With this prescription, equations (4.12) can be recast into a simpler set of equations for the

Elsasser potentials

∂Ω±

∂ t
+

1
2
([

φ
+,Ω−]+ [φ−,Ω+

]
±∇

2 [
φ
−,φ+

])
=±vA

∂Ω±

∂ z
+ν∇

2
Ω

±+χ
±, (4.14)

where Ω± = ∇2φ± are the Elsasser vorticities, f̃± = êz ×∇λ±, λ± is the forcing potential

and χ± = ∇2λ± its associated vorticity.

4.2.2 RMHD code description

The RMHD code uses a three-dimensional Fourier pseudo-spectral method to solve equation

(4.14) on a rectangular domain [0,L⊥]2× [0,L∥] that is elongated in the z-direction to account

for the anisotropy of the turbulence. A fully dealiased 3D pseudo-spectral algorithm is used

to perform the spatial discretization on a grid with a resolution of N2
⊥×N∥ mesh points. We

note that the domain is elongated in the direction of the guide field in order to accommodate

the elongated wave-packets, enabling us to drive the turbulence in the weak or strong regime

while maintaining an inertial range that is as extended as possible [85].

The turbulence is driven by random forcing at the lowest field-perpendicular and field-

parallel wave-numbers k⊥,k∥, which due to the aspect ratio of the simulation box, leads to

large-scale eddies that are elongated along the guide field direction. The resulting turbulence
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will be strong if these eddies satisfy the critical balance condition

δbL⊥
L⊥

∼ B0

L∥
⇒ L⊥

L∥
∼ δbL⊥

B0
, (4.15)

and the turbulence will be weak otherwise. It is worth noticing that the RMHD model (4.14)

is invariant with respect to simultaneous re-scaling of the background field B0 and the field-

parallel spatial dimension of the system, if one neglects the dissipation terms. Therefore, for

any strength of the background field B0, one can re-scale the field to B0 = 1 and the field-

parallel box size to L∥ = L⊥. We should note however that the dissipation terms in (4.14) are

not invariant and they should be changed accordingly under such re-scaling.

The normalization chosen in the simulations is such that the rms values of fluctuating

plasma and Alfvén velocity are of order vrms ∼ 1. The background magnetic field is taken

along the z axis, i.e., B0 = B0eẑ. The field-perpendicular box size is taken L⊥ = 2π and time

is normalized to the large scale eddy turnover time τ0 = L⊥/2πvrms. The Reynolds number

is defined as Re = vrms(L⊥/2π)/ν and we have chosen the same value for the magnetic

Reynolds number, Rm = Re.

4.2.3 Simulation data description

The system is evolved until a stationary state is reached, which is confirmed by observing

the time evolution of the total energy of the fluctuations. Every eddy turnover time the code

outputs snapshots ns of the magnetic and velocity potentials. Three simulations with different

Reynolds numbers and increasing numerical resolution will be used in this work. The three

simulations are labeled R1, R2 and R3 and are shown in Table 4.2. We can calculate the

velocity and magnetic field as

b̃= êz ×∇Ψ and ṽ = êz ×∇Φ, (4.16)
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Label Condition Regime N⊥ N∥ L∥/L⊥ Re⊥ ns N
R1 Strong Balanced 512 512 6 1800 59 1.5×107

R2 Strong Balanced 1024 1024 6 6000 26 5.5×107

R3 Strong Balanced 2048 2048 6 9000 30 2.0×109

Table 4.2: Characteristics of simulations.

where Ψ = (φ+−φ−)/2 and Φ = (φ++φ−)/2 represent the magnetic and velocity poten-

tials, respectively. The plasma current is then

J =
c

4π
∇

2
Ψ êz. (4.17)

The top two panels of Figure 4.7 show contours of the velocity (left) and magnetic (right)

field potentials for a plane located at Lz/2 in simulation R2 and represents the large scale be-

havior of the simulation, where large size eddies can be observed. The contours represent

the stream lines for velocity and field lines for magnetic field. The two middle panels of

Figure 4.7 represent the fluctuating part of the velocity (left) and magnetic (right) fields,

respectively. These figures show intermediate structures (inertial range) formed by the non-

linear transfer of energy injected at large scales. The two bottom panels in Figure 4.7 show

the vorticity (left) and current density (right) for the same plane, which reveal small scale

structures identified as current sheets where the energy is ultimately dissipated.

Because the turbulence is anisotropic in magnetized MHD turbulence with respect the

magnetic field direction, one can define the so-called field-perpendicular spectrum E(k⊥)

such that E(k⊥)dk⊥ represents the energy of turbulent fluctuations with wavevectors in the

range between k⊥ and k⊥+ dk⊥, and where k⊥ = |k⊥|. Starting from the definition for the

three-dimensional power spectrum in Equation (2.71), and assuming isotropy in the field-
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Figure 4.7: Top: Contour plots of (left) the magnetic potential Ψ and (right) the velocity potential Φ for R2
simulation. Middle: Contour plots of x component of the turbulence velocity field vx (left) and the turbulent
magnetic field bx (right) for simulation R2. Bottom: Contour plots of (left) vorticity and (right) current density
for simulation R2.
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Figure 4.8: Field-perpendicular energy spectrum E±(k⊥) for Elsasser variables in simulations R1, R2 and
R3. The spectrum is compensated with k3/2

⊥ , in which case the inertial range is identified with the horizontal
region of the plot. Turbulence is driven by a random forcing strictly at wavevectors in the range 1 ≤ k⊥ < 4,
resulting in large-scale eddies whose energy is transferred to wavevectors k⊥ ≥ 4 due to nonlinear interactions.
The inertial range is observed between k⊥ = 4 and up to approximately k⊥ ≈ 15 for R1 and k⊥ ≈ 40 for R3.
Because the Reynolds number is increased with numerical resolution, the inertial range becomes longer from
R1 to R3 and covers at least one decade for simulation R3.

perpendicular plane, P = P(k⊥,k∥), one can define the field-perpendicular spectrum as

E(k⊥)≡
∫

∞

−∞

2πk2
⊥P(k⊥,k∥)dk∥. (4.18)

Figure 4.8 show the field-perpendicular spectra for simulations R1, R2 and R3, com-

pensated (multiplied by) k3/2
⊥ in order to help identify a power-law scaling region. In the

simulations, large-scale eddies are excited by a random driving force strictly in the range

1≤ k⊥< 4, whose energy is then transferred to smaller scale eddies with wavevectors k⊥≥ 4.

The horizontal region right after k⊥ = 4 is identified with a power-law scaling consistent with

the IK (or Boldyrev) phenomenological model prediction E(k⊥) ∝ k−3/2
⊥ . For simulation R1,

the inertial range is much shorter, due to the small Reynolds number, extending up to about

k⊥ ≈ 15. As the Reynolds number is increased from R1 to R2 and from R2 to R3, as allowed

by the higher numerical resolution, the inertial range is further extended up to approximately

a decade up to k⊥ = 40, at which dissipation becomes appreciably and the spectrum falls
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off. The contour plots shown in Figure 4.7 can be qualitatively identified with the outer scale

range (top panels), inertial range (middle panels) and dissipation range (bottom panels).

4.2.4 Methodology for numerical simulations

The simulations produce a set of ns snapshots of the turbulent fields zα(x) = z±(x, tα) with

α = 1,2, ...,ns, in steady state. Field increments are sampled at a random set of N points xi,

with i = 1,2, ...,N through the entire simulation box for each snapshot. The increments are

computed as

δz±
α (l, n̂,xi) = z±(xi + ln̂)−z±(xi), (4.19)

where n̂ is either x̂ or ŷ, and l is an integer representing the spatial increment in terms

of number of grid cells. The reason n̂ is chosen to be in the xy–plane is to investigate

scaling laws of the turbulent statistics with respect to the field-perpendicular increments, due

to the strong anisotropy of MHD turbulence. In total, each simulation provides 2×N ×

ns realizations for each scale l. For the values of ns and N used here in each simulation,

shown in Table 4.2, the number of increments ranges from 1.7×109 to 3.5×1010, which are

substantially larger than those obtained in spacecraft observations.

In contrast with the analysis of spacecraft observations, conditional statistics is not re-

quired in numerical simulations. The reason for this is that simulations are aimed to describe

the universal properties of the turbulence in a periodic flow in a box (see section 2.5), at

sufficiently small scales and away from any boundary. Moreover, simulations only describe

pure Alfvénic fluctuations, which makes it unnecessary to consider whether an increment is

Alfvénic. The sampling is also performed along the field-perpendicular direction already in

the simulations, so no conditional statistics is required. We use increments of velocity, mag-

netic and Elsasser fields obtained in this fashion as our main source to study the intermittency

in the inertial range, as we discuss in the next section.
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4.3 Statistical analysis of increments and scaling laws

At this point it is important to stress the distinction between the true (or exact) structure

functions, as defined in Equation (3.2), and their corresponding statistical estimates based

on a finite number of samples N from simulations or experiments. The averaging process

in the definition of structure functions represents a true ensemble average, however, in the

conventional analysis of experiments or simulations only an empirical estimate of this av-

erage is obtained from a finite data sample. Lack of ergodicity due to finite sample size is

the main complication to accurately calculate structure functions, for both experimental data

and results from simulations. For high order structure functions (large values of n) where

rare events play a very important role, it is necessary to process extremely long records of

the turbulence process [8], which in many cases is not even possible.

An accurate calculation of these structure functions would be possible if we know the

Probability Distribution Function (PDF). The PDF of a random variable u, which in this

context represents a field increment, is defined as an integrable, non negative function, such

that P(u)du is the probability of finding the random variable u between u and u+du. The

structure functions can then be written in terms of the PDF associated with the Elsasser

fields, P±(u, l) as

S±n (l) =
∫

∞

−∞

unP±(u, l)du. (4.20)

Performing a statistical study on a fluctuating field using the PDF of increments alter-

native venue to study intermittency in the inertial range [33, 34]. In this thesis we will

investigate for the first time the shape and scaling properties of the PDF of both Elsasser

fields P±(u, l) using a large data set of spacecraft observations and high-resolution numer-

ical simulations, as well as analytical models of turbulent PDF that have been used in the

context of fluid turbulence.

Once increments are calculated for observations of solar wind using WIND spacecraft
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and RMHD numerical simulations, we construct empirical PDF of Elsasser increments from

estimated histograms of the statistical samples, such as the one shown in Figure 4.5, for each

time scale τ in observations and length-scale l in simulations.

For illustration purposes, let us consider longitudinal structure functions of velocities

Sn(l) = ⟨[δvL(l)]n⟩=
∫

∞

−∞

unP(u, l)du, (4.21)

where P(u, l) represents true (or exact) PDF describing the statistics of longitudinal incre-

ments arising from the nonlinear equations. Here ⟨· · · ⟩ is used to represent an ensemble

average, taken over an infinitely large collection of identical systems, each of which is in a

possible realization of the turbulent state. In simulations and/or experiments, these averages

can only be estimated in terms of a finite number of samples N

Ŝn(l,N) = ⟨[δvLα(l)]n⟩N =
1
N

N

∑
α=1

[δvLα(l)]n, (4.22)

where ⟨· · · ⟩N denotes a simple average over N samples. Note that we use hats (ˆ) over

estimated quantities to distinguish them from the true ensemble-averaged quantity. The only

practical way to compute true ensemble averages is by knowing the underlying PDF P(u, l),

but because no solutions are known for P(u, l), either in fluids or plasmas, the overwhelming

majority of studies of structure functions are based on empirical estimations of statistical

averages. However, it is extremely important to keep in mind that true structure functions

can only be obtained as the formal limits of the corresponding sample-averages when N →∞,

i.e.,

lim
N→∞

Ŝn(l,N) = Sn(l), (4.23)

provided the structure functions (or moments) associated with P(u, l) exist. Because simu-

lations and experiments/observations can only provide a finite statistical sample, one needs
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to make sure that estimated structure functions at each order and at each scale accurately

represent the their corresponding true values within an acceptable margin of error. The con-

vergence of structure functions becomes particularly challenging at higher order n and small

scale l, due to the effect of heavy tails on the structure functions.

As mentioned in section 4.1.5, time lags where binned into 41 small intervals for fast

wind, 82 for slow wind and 31 bins of space lags for simulation R3. Empirical PDF are

obtained for each l by partitioning the range of measured values of u, between the minimum

and the maximum observed values, into equally-spaced, small bins δui around N selected

values ui with i = 1,2, · · · ,N . Bin widths were chosen using Scott’s rule,

δui =
3.5σ

N−1/3 , (4.24)

where N is the sample size and σ is the usual estimate of the standard deviation [133].

Scott’s rule minimizes the integrated mean squared error in the bin approximation under

the assumption that the data is approximately Gaussian, increasing the number of bins for

smaller scales. In this case, the average in Equation (4.22) can be written as

Ŝn(l,N) =
1
N

N

∑
i=1

un
i Hi(l,N), (4.25)

where Hi(l,N) represents the histogram that measures the number of samples (or frequency)

within the bin of width δui around ui. It then follows that

N

∑
i=1

Hi(l,N) = N. (4.26)

This estimator can be related to the integral in Equation (4.21) by re-writing it as

Ŝn(l,N) =
N

∑
i=1

un
i Pi(l,N)δui (4.27)
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where

Pi(l,N) =
Hi(l,N)

Nδui
. (4.28)

It is readily apparent that the sum in Equation (4.27) is a discrete approximation of the

integral in Equation (4.21), provided that

P(ui, l) = lim
N→∞

Pi(l,N). (4.29)

In the reminder of this work it will be understood that empirically measured quantities from

simulations and observations are obtained by its corresponding estimator. For instance,

Pi(l,N) is the estimated (discrete) representation of the exact PDF P(u, l), and that only

in the limit N → ∞ and δui → 0 the two quantities are exactly the same. One of the main

objectives of this research is to use the empirical PDF Pi(l,N) to obtain insight about the

structure and scaling properties of the underlying PDF P(u, l).

Figure 4.9 shows the estimated PDF for fast wind, slow wind and numerical simulations.

In order to ease comparisons across these systems, all of which have different characteristic

speeds, the PDF P(u, l) and its independent variable u are normalized using the standard

deviation σl , in which case the PDF become independent of the specific velocity ranges for

each system. The top three panels in Figure 4.9 show re-scaled PDF for fast wind, slow wind

and simulation R3. Blue curves represent small scales within the dissipation range, black

curves are for intermediate scales located inside the inertial range and red curves belong to

the outer scale where energy is injected. In these plots one can observe the elevation of

the tails, from nearly Gaussian (red) as we move from large to smaller scales, which is a

signature of intermittency. From our data sample for fast and slow wind, the resulting PDF,

with statistically well defined tails, cover an increment range between six to ten standard

deviations on each side of the peak of the distribution, in contrast with previous works where

the distributions reach between three to five standard deviations [36, 39, 48, 53, 134, 135]
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Figure 4.9: Top: Estimated P+(u, l) versus u/σl for fast wind (left), slow wind (center) and simulation R3
(right), where u = δ z+L . Note that for spacecraft data the space lag is l = VSWτ via Taylor’s hypothesis. σl
represents the standard deviation at scale l. Bottom: Same PDF as in the top with a Savitzky-Golay filter
applied in order to smooth the noise from the tails of the distributions (for more detail see the text).

or up to 10 standard deviations with very noisy tails [54]. For simulations, the number of

statistical samples is much larger, resulting in PDF covering increments departing from eight

to almost fifteen standard deviation from the peak of the distribution. Another observation

worth emphasizing from these plots is that because any empirical estimation of the PDF

involves a finite number of samples, the tails of the PDF tend to show a larger noise, as they

are controlled by less-likely, high-amplitude increments. As we will discuss later, the noise

in the tails represents a source of error in the estimation of statistical (sample) averages. In

order to reduce the noise from the tails, a Savitzky-Golay filter [136, 137] based on third-

order polynomials, was applied to each PDF. The filtered PDF are shown in the three bottom

panels of Figure 4.9.

From the PDF, we numerically evaluate the integral in equation (4.20) to estimate the

structure functions. For illustration purposes left panel in Figure 4.10 shows S+n (l) for
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Figure 4.10: Longitudinal structure functions S+n for n = 1, 2, 3, and 4 for fast wind. Left: S+n (τ), in arbitrary
units, versus τ shows a very narrow inertial range region (shaded area) in which power-law least-square fits
Sn(τ) ∝ τζn are obtained. The scaling exponents ζn and their standard deviations are shown in Table 4.3. Right:
S+n versus S3 shows a noticeable wider region where power-law behavior is observed (shaded area), extending
outside of the original inertial range (vertical dotted lines). Power-law least-square fits of the form S+n ∝ [S+3 ]

γn

are obtained with γn are shown in Table 4.3 together with a much smaller standard deviation. Structure functions
in these plots are artificially shifted for clarity, by normalizing them to the minimum value of each Sn.

n ζ+
n γ+n ζ+

n (ESS)
1 0.320±0.003 0.440±0.003 0.306±0.002
2 0.545±0.007 0.770±0.002 0.536±0.005
3 0.696±0.009 1.000±0.000 0.696±0.006
4 0.802±0.010 1.166±0.002 0.812±0.007

Table 4.3: Power-law fits of structure functions of δ z+L for fast wind shown in Figure 4.10. The fitting is
performed in the shaded region of each plot. Last column shows ζ+

n using Extended Self Similarity.

n = 1,2,3, and 4 in a log-log scale from fast wind increments, δz+
L , shown in Figure 4.5.

The inertial range, shown in a gray shade on the left panel, is identified as the region where

the structure functions approximately exhibit power law behavior S+n (τ) ∝ τζn , which on a

the log-log scale becomes a linear plot. The observed inertial range the fast wind is found

in the very narrow range between τ = 200 s and τ = 2000 s. Power-law least-square fits are

performed in this region to estimate the scaling exponents directly from S+n versus τ (left

panel), which are shown in Table 4.3 along with uncertainties associated with the nonlinear

fit. Because the observed inertial range for fast wind measurements is so narrow, the reliabil-
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ity of power law fits may be in question. In fact, there are a number of uncertainties that may

lead to inaccurate estimation of scaling exponent of structure functions: (I) an inertial range

of very limited extent that makes the identification of power-law regions and corresponding

power-law fits unreliable; (II) inherent uncertainties associated with the estimation of mo-

ments of increments at each scale; and (III) the lack of sufficient statistical samples to cover

rare events that substantially depart from the peak of the PDF at each scale. Surprisingly,

all these sources of uncertainty are often overlooked in the literature and receive very little

consideration. In order to obtain accurate scaling laws that can be reliably compared with

theory requires careful consideration of these uncertainties and the limitations imposed by

the available data.

In most turbulence studies, a very common way to overcome uncertainties of type I,

associated with limited inertial range in simulations and experiments, is the use of Extended

Self Similarity (ESS). In K41 theory, equation (3.4) suggests that S3(l) ∝ l in the inertial

range. This exact relation prompted Benzi et al. [138] to use S3 as a proxy for length in

turbulence experiments and plot structure functions versus the third order one. In this case

one should expect the following to hold in the inertial range

Sn(l) = αnlζn = αn

(
S3

α3

)ζn

= cnSζn
3 (4.30)

with different coefficients, cn = αn/α3, but same exponents. Remarkably, and for yet un-

known reasons, the empirical plots obtained using this simple technique exhibit substantially

longer power law regions, covering practically both the inertial and dissipation ranges. Al-

though an exact relation for S3 does not exist in plasmas, it has also been found that plotting

structure functions versus another one, say S3, leads to extended power law regions, allowing

one to measure scaling laws more accurately. Because in this case there is no requirement
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that ζ3 be equal to one, instead of (4.30) we have

Sn(l) = αnlζn = αn

[(
S3

α3

)1/ζ3
]ζn

⇒ Sn(S3) = cnSγn
3 (4.31)

where cn = αn/α
1/ζ3
3 and γn = ζn/ζ3. In turbulence studies, ESS is often used to estimate

relative scaling exponents [138–142]. ESS is a phenomenological result, that extends the va-

lidity of the scaling even outside the inertial range or in cases of low Reynolds number where

the inertial range is not clearly visible [139], in which equation (4.31) is used to improve the

estimation of the scaling exponents. The right panel of Figure 4.10 shows Sn vs S3 for δ z+L

increments in fast wind, where it can be clearly seen that Sn(S3) exhibits a substantially

wider scaling range than the original functions Sn(l), covering sections of the dissipation

range and the outer scale. Once the exponents γn obtained from ESS the scaling exponents

of the structure functions can be calculated using ζn = ζ3γn.

Because most of empirical results obtained from simulations [31, 55, 131, 143] and ob-

servations [7, 36, 37, 144] do not address the uncertainties of type II and III, their results and

conclusions may be only valid for structure functions of low order, i.e., for small values of n.

For instance, even in cases where the inertial range is much wider and clearly visible, scaling

properties of estimated structure functions may not be accurate at high order. The main rea-

son being that high order structure functions emphasize the tails of the distribution, and when

these tails in the distribution have few points, structure function estimates become unreliable

at each scale and therefore have a great effect in the values of the scaling exponents. The

effects of the tails in the estimation of high order moments of P(u, l) [145] is made more

evident in Figure 4.11, which shows empirical estimates of the integrand in Equation (4.21)

I +
n (u,τ) = unP(u,τ), n = 1,2, · · · (4.32)
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Figure 4.11: Distribution of the first 5 moments normalized to the maximum value for fast wind for two
different lags belonging to the inertial range τ = 456 s and 1800 s.

for τ = 456 s and τ = 1800 s, corresponding to the lower and upper bound of the inertial

range, respectively, shown as a shaded area in Figure 4.10. Note that we interchangeably use

τ or l to represent scales, which should be understood by invoking Taylor’s Hypothesis.

It is clear from Figure 4.11 that the empirical distributions for fast wind, spanning just five

or six standard deviations, can only provide the first two to three moments with reasonable

accuracy because the integrand I +
n falls to nearly zero within this range. In contrast, for

higher order moments the integrand I +
n does not drop zero nearly enough to provide a good

estimate of such moments. This behavior becomes worse for higher orders n and smaller

scales l, and therefore any scaling study of structure functions cannot be trusted.

However, using ESS we can obtain better values of the scaling exponents. Right panel

in Figure 4.12 shows the values of the slopes of γ+n for fast wind using S3 as the dynamical

length while the right panel shows the scaling exponents for ζ+ corresponding to structure

functions for δ z+. Same procedure was applied to calculate the PDF, structure functions and

scaling exponents for fluctuations of z− v and b in fast wind, slow wind and simulations.

Because our statistics is large enough to obtain well defined tails, empirical models of the

PDF can be obtained to extrapolate their tails beyond what experimental or simulation mea-
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Figure 4.12: Left: Scaling exponents calculated directly from the structure functions (star symbol) and using
extended self similarity ζ+

n = γ+n ζ
+
3 (cross symbol) for fast wind. Right: Scaling exponents, γ+n , of structure

functions S+n with respect to S+3 .

surements permit. These empirical models will not only allow us to have better estimations

of the scaling exponents ζ±
n , but will also provide fundamental insights into the structure of

the increments PDF and their scaling properties. The central core of this research is to use

parametric distribution functions with well known mathematical properties and determine if

such functions can allow us to capture the observed transition from nearly Gaussian behavior

to intermittent distributions with heavier tails in the inertial range.
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Chapter 5

Intermittency scaling laws in

observations and simulations

Although turbulent fluctuations, both in the solar wind and MHD simulations, may display

statistical homogeneity, they are not globally scale invariant. As discussed in previous chap-

ters, their PDF change significantly going from large to small scales, developing heavier tails

that describe the distribution of rare events, which are indicative of the nature of small-scale

fluctuations and provide important insights into the underlying physical processes that affect

energy dissipation and heating. Because of the non-Gaussianity of the PDF in the inertial

range, a classical power spectrum is not sufficient to completely describe the statistics of the

fluctuations [135]. The variation of the longitudinal structure functions of Elsasser fields S±n

with respect to l⊥ for simulations or τ for solar wind observations, gives us information on

the multifractal scaling properties of these fluctuations. This chapter is divided into three

parts. The first part, or section 5.1, presents the results of PDF obtained from solar wind

data and high resolution simulations, the structure functions and their corresponding (mul-

tifractal) scaling exponents based on those empirical PDF. The second part in section 5.2
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describes a family of parametric functions that we use to analytically model the empirical

PDF, based on Generalized Hyperbolic Distributions (GHD). The free parameters in these

analytical PDF are fit to the empirical data at each scale and potentially universal scaling laws

for these parameters are discussed. Finally in the third part of this chapter, or section 5.3, we

compare the results obtained directly from the data and the new results obtained using the

the analytical models and discuss potential sources of uncertainties in the determination of

multifractal scaling exponents for high order structure functions.

5.1 Statistical properties of longitudinal increments

5.1.1 Measured probability distribution functions

A typical scenario in most turbulent systems is characterized by a Gaussian shape for the

large scales with logP ∝ x2, turning to exponential tails within the inertial range where

logP ∝ |x| and stretched exponential tails for dissipation scales with logP ∝ |x|m where

0<m< 1 [146]. Three cases are presented in this work: (1) fast wind at 1 AU; (2) slow wind

at 1 AU; and (3) numerical simulation of 20483 grid points (simulation R3 in Table 4.2). The

top three panels in Figure 5.1 show the PDF for δ z+L , followed by the corresponding PDF for

δ z−L , velocity δvL and magnetic field δbL, all in the inertial range. A total of 41 PDF were

calculated from fast wind data, 82 from slow wind data and 31 from simulation R3, out of

which 22, 36 and 16 correspond to inertial-range scales, respectively.

For the PDF within the inertial range, the data covers values up to ten standard devia-

tions for solar wind observations and up to fifteen in numerical simulations (see Table 5.1).

The PDF for δ z+L show departure from self-similarity for fast and slow wind as well as for

simulations, from almost Gaussian shape at the outer scale to distributions with increasingly

heavier, exponential tails within the inertial range. A remarkable exception to this behavior

can be seen in the PDF of δ z−L in observations, mainly for fast wind, although still somewhat
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Figure 5.1: PDF of longitudinal increments for fast wind (left), slow wind (center) and simulation R3 (right).
Each panel shows σlP(u, l) vs u/σl , where u represents (from top to bottom) δ z+L , δ z−L , δvL and δbL, and σl
represents their respective standard deviation. Black continuous lines represent the larger and smaller scales
calculated for each case and black dashed line indicates a Gaussian distribution.

visible in slow wind. The behavior observed for δ z−L increments is puzzling as on one hand

their PDF display heavy tails, but on the other hand they all nearly overlap when re-scaled

by the standard deviation σl , suggesting that δ z−L is more self-similar than multifractal.

Another important quantity commonly used to characterize statistical distributions is the

Kurtosis, defined as

κ(l) =
S4(l)
[S2(l)]2

, (5.1)
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Scale δv/σv δb/σb δ z+/σ+ δ z−/σ−

Fast Wind
216 s 6.96 7.31 7.28 8.15
1800 s 5.79 5.52 5.34 7.62

Slow Wind
312 s 9.71 8.96 9.64 10.87
3000 s 7.66 6.38 6.53 8.43

Simulation R3
64 14.07 15.17 15.74 15.74

256 10.21 9.04 9.82 9.82

Table 5.1: Extent of the tails of the PDF located in the limits of the inertial range, normalized to the corre-
sponding standard deviation.

which is a measure of the “tailedness” of the PDF. Because the kurtosis of a normal distri-

bution is known to be κ ≡ κG = 3, it is common to compare the kurtosis of a distribution

to this value in order to determine its departure from Gaussianity. Figure 5.2 shows that all

the distributions are leptokurtic (κ > 3), which means that the tails approach to zero more

slowly than Gaussian distribution, being a clear indicator of intermittency in the inertial and

dissipation ranges [40, 58, 59, 66, 147–149]. Large values of the kurtosis arise when the tails

of the distribution are more strongly populated, emphasizing the importance of large events.

A simple heuristic interpretation of κ is that it is related to the filling fraction for structures

at that scale then, if κ increases as we go to smaller scales, the fraction of volume occupied

by coherent structures decreases [37]. Because kurtosis is a function of structure functions,

Figure 5.2: Scale-dependent kurtosis (see definition in the text) vs scale l (or τ for observations) for fast wind
(left), slow wind (center) and simulation R3 (right).
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fast wind slow wind simulation R3
κv -0.2217 -0.2430 -0.2232
κb -0.2523 -0.2937 -0.3842
κz+ -0.2676 -0.2954 -0.3794
κz− -0.02627 -0.1807 -0.3793

Table 5.2: Scaling exponent of the kurtosis for fast wind, slow wind and simulation R3.

specifically S2 and S4, it also exhibits a power law, with exponent ζ4 − 2ζ2, in the inertial

range [131]. Table 5.2 shows the scaling exponents of the kurtosis for fast and slow wind as

well as simulation R3, which are consistent with previous results for magnetic field incre-

ments by Wu et al. [40] and Chhiber et al. [59]. Increments of magnetic field δbL as well as

δ z+L have similar kurtosis scaling for the three cases. For fast and slow wind, distributions

of δbL and δ z+L increments already depart slightly from Gaussian behavior at the beginning

of the inertial range with a kurtosis between 3 and 4. Power law increase of kurtosis from

large to small scales is a direct consequence of departure from self-similarity in turbulent

fields [150], which means that larger scaling exponents indicate a more efficient energy cas-

cade due to a broad presence of small coherent structures, like current sheets accounted in

scales with large kurtosis [40].

Increments of δ z−L of fast wind have a particular behavior, having an almost constant

kurtosis in the inertial range, which also can be observed in the scale invariance of the PDF.

5.1.2 Structure functions

The statistics of a random increment δ f with a Gaussian distribution is fully determined by

its variance, however, since the PDF of solar wind fluctuations in the inertial range are known

to be non-Gaussian, a classical power spectrum, which relates to the 2nd moment of the

PDF, is not sufficient to completely describe the statistics of the fluctuations [135]. Here the

importance of the structure functions and the correct estimation of the scaling exponents. The
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Figure 5.3: Third order structure functions of δ z+L (black), δ z−L (red), δvL (green) and δbL (blue) for fast wind
(top left), slow wind (top right) and simulation R3 (bottom). Dashed lines represent the power law for each
structure function and m the corresponding scaling exponent. Vertical lines indicate the inertial range.

methodology described in Chapter 4 was applied to calculate structure functions. The inertial

range is identified as the region where the structure functions have an approximate power-law

behavior of the form Sn ∝ τζn for solar wind observations or Sn ∝ lζn
⊥ for simulation R3.

Figure 5.3 shows the third order structure function calculated using the PDF for fast

wind (top left panel), slow wind (top right panel) and simulation R3 (bottom panel) for

δvL (green), δbL (blue), δ z+L (black) and δ z−L (red). We identify the inertial range from

200 s to 2000 s for fast wind, 300 s to 3000 s for slow wind and 64δx to 256δx, where δx

represents the grid size in simulations. The discrepancy between the inertial range observed

in the energy spectrum shown in Figures 4.6 and 4.8 is likely due to fact that the inertial

range is known to be shorter for structure functions than in the energy spectrum. The quality

of the power law behaviour is moderate even at large Reynolds number and more difficult
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to identify for high order structure functions (Figure 4.10). The value of the lower cut-off

characterizing the scaling region is typically difficult to pinpoint, so it is generally taken at

the point where the plot visually deviates from linear behavior on a log-log scale.

Structure functions also provide information about the so-called turbulence imbalance of

the plasma, which is associated with a net cross-helicity. Figure 5.3 shows that fluctuation

intensities of δ z+L are larger than δ z−L at each scale for fast and slow wind, therefore S+n have

larger values than S−n , while the Elsasser field amplitudes are very similar in simulations

because the turbulence is balanced, then the structure functions for δ z+L and δ z−L are of the

same order. All the slopes in the three cases have values smaller than one, suggesting that

the structure functions do not behave as K41 theory and related models, and are instead

multifractal. In order to obtain more accurate values for higher order structure function,

ESS was used to calculate the remaining exponents using S3 as the dynamical length (see

Section 4.3). For observations in fast and slow solar wind, the third order structure function

S−3 for δ z−L shows a larger linear behavior deviating only at very small and very large scales.

5.1.3 Multifractal scaling exponents

In Figure 5.4 we plot the scaling exponents of structure functions in the inertial range for

fast wind (black), slow wind (blue) and simulation R3 (red). Continuous lines represent

different models discussed in Section 3.4, namely, the self-similar K41 (SSK41) with h =

1/3 in Equation (3.17), self-similar IK (SSIK) with h = 1/4, Horbury and Balogh (HB) in

Equation (3.34), Grauer et al.and Politano and Pouquet (GPP) in equation (3.35), and the

Chandran et al.(CH) in Equation (3.38) with β = 0.691 [31]. The top left panel shows the

scaling exponents of δ z+L , the top right panel for δ z−L , the bottom left panel for δbL and the

bottom right panel for δvL. For δ z+L , δvL and δbL intermittency substantially affects the

scaling exponents by deviating the exponents from self-similarity expected in K41 or IK for

the three cases. δ z−L has a particular behavior, being less intermittent and more self-similar
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Figure 5.4: Scaling exponents for increments of δ z+L (top left), δ z−L (top right), δbL (bottom left) and δvL
(bottom right) for fast wind (blue marks), slow wind (black marks) and simulation R3 (red marks). Lines
represent different models for scaling exponents (see text).

as shown on the PDF in Figure 5.1. Fast wind data show a very clear self-similar behavior,

while slow wind data show a small deviation from the SSIK model, but very close to the

expression proposed by Grauer and Politano and Pouquet in equation (3.35). The exponent

for S4 is very close to one for δ z+L , δ z−L and δbL, suggesting that ⟨δu4⟩ ∝ l, similar to IK

based models. The exponents of δvL are the smaller ones, and all the values are smaller than

one suggesting a significant deviation from hydrodynamics.

As it will be discussed in section 5.3, it is important to keep in mind that the scaling

exponents in Figure 5.4 can really be trusted up to n = 4 for fast wind and slow wind, and

n = 7 for simulation R3 due to uncertainties associated with a limited statistical sample.

In the next sections we investigate the statistics of intermittency by modeling P(u, l) to
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Figure 5.5: Scaling exponents γ of extended self similarity for δ z+L (top left), δ z−L (top right), δbL (bottom left)
and δvL (bottom right), using S3 as the dynamical length.

extrapolate the tails obtaining more accurate structure functions and scaling exponents using

modeled PDFs.

5.2 Empirical PDF modeling

For quite a long time, strong deviations from Gaussianity of PDF in the inertial and dis-

sipation range have been observed in turbulent fluids and plasmas. A limited number of

works have directly addressed the functional structure of PDF in fluids and plasmas. For

the core of the distribution, which can be measured more accurately, a Gaussian distribution

provides a satisfactory approximation as can be seen in Figure 5.1. However, the tails are

of great importance in the study of turbulence. The first intermittency model of PDF for
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fluids was proposed by Obukhov [97] and Kolmogorov [63] who proposed that PDF follows

a log-normal distribution. Barndorff-Nielsen suggested that PDF in the inertial range can be

described in terms of hyperbolic distributions [69, 70, 151], which Birnir later showed they

can be obtained analytically from the Navier-Stokes equation in the stationary state [45,67].

Castaing et al. proposed a superposition of Gaussian distributions with random variances,

described by a log-normal distribution, as an empirical model for the non-skewed inertial-

range PDF. In plasmas, Sorriso-Valvo et al. [48] extended the Castaing model for velocity

and magnetic field fluctuations in solar wind at 1 AU. Bruno proposed a double log-normal

distribution with different widths and different scaling parameters to fit the magnetic field

increments [51] and Salem suggested the possibility to use the beta model using self-similar

PDF that rescale in the inertial range [135]. The reason for this limited number of works may

be due in part to the difficulties associated with measuring those parts of the distribution that

lie several standard deviations away from the peak of the distribution that are dominated by

rare events, and therefore require a significantly large statistical sample.

One of the main goals of this research is to identify possible universal scaling laws gov-

erning the PDF of field increments within the inertial range. In the next section we describe a

number of analytical models for PDF of δ z+L based on Hyperbolic distributions, which have

been used in the past for economy [152–155], and fluid turbulence [45, 67–70, 151], but that

have never been explored for solar wind data or Magnetohydrodynamic turbulence.

5.2.1 Generalized hyperbolic distributions

Generalized Hyperbolic Distributions (GHD) are a parametric family of non-symmetric

functions with semi-heavy tails proposed by Bandorff-Nilsen [69, 70]. These distributions

were proposed in order to describe empirical findings by Bagnold [156] that the distribution

of particle log-sizes (logarithm of sizes) in eolian sand deposits closely match a hyperbola,

which is the defining characteristic of GHD. These distributions have also been found useful
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in other contexts, including finances [69] and fluid turbulence [70,151]. GHD are defined as

the following five-parameter functions of the variable u

GHD(u;λ ,α,β ,δ ,µ) = a(λ ,α,β ,δ )
√

δ 2 +(u−µ)2
λ−1/2

×

Kλ−1/2

(
α

√
δ 2 +(u−µ)2

)
exp(β (u−µ)),

(5.2)

where

a(λ ,α,β ,δ ) =

√
α2 −β 2λ

√
2παλ−1/2δ λ Kλ

(
δ
√

α2 −β 2
) , (5.3)

Kν is the modified Bessel function of second kind and order ν , α measures the heaviness

of the tail, β represents the asymmetry or the skewness of the distribution, δ is a scaling

parameter and µ determines the location or center of the distribution.

The parameter domain for the class of GHD is given by

δ ⩾ 0, α > 0, α
2 > β

2, if λ > 0,

δ > 0, α > 0, α
2 > β

2, if λ = 0,

δ > 0, α ⩾ 0, α
2 ⩾ β

2, if λ < 0,

and µ ∈ R for all λ . Two particular cases widely used in fluids are the Hyperbolic dis-

tributions (HD) with λ = 1, and the Normal Inverse Gaussian (NIG) distributions where

λ =−1/2 [154]. The first one in cases where the intermittency is not so strong like in the in-

ertial range [68], and the second one to describe the evolution of the PDFs at all scales [151].

Finally, it is worth noting that Birnir showed that GHD also arise as stationary solutions

of Kolmogorov-Hopf functional differential equation for velocity differences [45, 67, 68].

108



5.2.2 Hyperbolic + Gaussian distribution

Hyperbolic power distribution were originally introduced by Barndorff-Nielsen to study the

statistical description of the size distribution of sand deposits in deserts beaches and wind-

tunnel experiments [69], where the histogram of the logarithm of the mass-size distribution

for the sand exhibits a distribution similar to a hyperbola. Later Barndorff-Nielsen extended

this same concept to turbulence in fluids [70]. The hyperbolic distributions is the GHD

subclass obtained when λ = 1

HD(x;α,β ,δ ,µ) =
γ

2αδK1(δγ)
exp
[
−α

√
δ 2 +(x−µ)2 +β (x−µ)

]
. (5.4)

These kind of distributions have exponential tails, smoothed at the center by an algebraic

cusp dependent on the scaling parameter δ . One important characteristic of this distribution

is that it becomes Gaussian in the limit when δ → ∞.

Figure 5.6 shows a nonlinear fit of the analytical HD distributions to the observations and

simulation data. As can be seen in this figure, HD distributions can describe the tails of the

empirical PDF relatively well. However, the figure shows that PDF have a more pronounced

central core that cannot be covered only with HD. For this reason we use instead a weighted

superposition of a Gaussian (normal) distribution to describe the core and a Hyperbolic dis-

tribution to capture the tails, as follows

PH+G = A0HD+A1G, (5.5)

where A0 and A1 are the weights, so that A0 +A1 = 1, and

G(u; µG,σG) =
1√

2πσG
exp

[
−1

2

(
u−µG

σG

)2
]
, (5.6)

is the Gaussian core with mean µG and standard deviation σG. In this case the model
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Figure 5.6: Approximation of the PDF of x = δ z+L /σ for fast wind (first row), slow wind (second row) and
simulation R3 (third row), using hyperbolic distribution. Left panels for the lower limit of the inertial range,
right panels for the upper limit and middle panels for intermediate scales.

distribution has eight free parameters, α, β , δ , and µ from the hyperbolic distribution,

µG and σG from the gaussian distribution and the constants A0 and A1. The free parameters
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parameter Dissipation Inertial range Outer Scale
µ −2.534×10−2 −4.426×10−2 −6.750×10−2

δ 0 1.124 2.311
α 1.121 1.544 2.251

fast β 5.559×10−3 1.830×10−2 3.265×10−2

wind A0 0.5788 0.6852 0.7207
µG −2.586×10−2 −3.801×10−2 −6.428×10−2

σG 0.5415 0.3714 0.4054
A1 0.4212 0.3148 0.2793
µ −3.062×10−2 −1.931×10−2 −8.377×10−2

δ 0 0 0.7474
α 0.9217 1.133 1.456

slow β 5.167×10−3 −2.609×10−4 2.746×10−2

wind A0 0.3944 0.6174 0.7423
µG −1.735×10−2 −3.531×10−2 −5.184×10−2

σG 0.4748 0.4092 0.3392
A1 0.6056 0.3826 0.2577
µ 2.801×10−2 3.301×10−2 −9.995×10−2

δ 1.190×10−3 0.2875 1.932
α 1.160 1.355 2.127

sim β −1.037×10−2 −1.358×10−2 −1.627×10−2

R3 A0 0.4848 0.6610 0.6471
µG −3.632×10−2 −8.886×10−2 −0.1434
σG 0.7520 0.0.7813 0.7138
A1 0.5152 0.3390 0.3529

Table 5.3: Parameters for PH+G in Figure 5.7.

were estimated by iterative fitting using MPFIT in IDL [157]. MPFIT uses the Levenberg-

Markwuardt algorithm, which is a damped least-squares where the sum of the weighted

squared differences between the model and data is minimized. Figure 5.7 illustrate the

results of the approximation of the PDF for δ z+L and the (H+G) model for an scale near

dissipation, inside the inertial range and near the outer scale for the three sets of data,

where τ = 216, 624 and 1800 s for fast wind, τ = 312, 888 and 3000 s for slow wind and

l⊥ = 64, 100, and 256 cells for simulation R3. Fitted curves provide a good description of

the data for the inertial range and outer scale. For the additional increments, not represented
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in these figures, the comparison between the data and the approximation are equally good.

Table 5.3 indicates the values for the estimated parameters to construct the H+G distributions

in Figure 5.7.

Figure 5.7: Approximation of the PDF of x = δ z+L /σ for fast wind (first row), slow wind (second row) and
simulation (third row), green dashed lines represent Gaussian distributions, green dot-dashed lines Hyperbolic
distributions, red lines the H+G model and black lines the original data. Scales are the same as in Figure 5.6.
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Figure 5.8: Parameters for H+G distribution for fast wind (blue), slow wind (red) and simulation R3 (black).
The x axis is normalized to the outer scale. Solid vertical line represents the outer scales, dashed line represents
the lower limit of the inertial range for fast and slow wind while dot-dashed line the limit for simulation R3.

Figure 5.8 shows the fitted parameters as function of the time lag in fast and slow wind,

and as a function of the spatial lag for simulation R3. The horizontal axes represent the

(temporal or spatial) scale normalized with respect to the scale at the beginning of the inertial

range, i.e., λ = x/xc where x = τ for WIND observations and x = l⊥ for simulation. For these

data sets, xc = 1500 s for fast wind, 3000 s for slow wind, and 257 cells for simulation R3, so

that in this figure the inertial range starts at λ = 1 for the three cases. Vertical lines represent

the inertial range for each set of data. From the top panels, which show the weights of

the two distributions A0 and A1, we observe that at large scales the PDF behavior is more

hyperbolic and the weight of the Gaussian distribution A0 becomes smaller. As the scale

decreases, A0 ∼ A1 in the inertial range, in which case the tail behavior is captured by the
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tails, while the core is captured by a Gaussian distribution. From the two panels in the

second row (top to bottom), which show the location parameters of the Hyperbolic and the

Gaussian distributions, µ and µG, we observe that both parameters remain very close to zero,

with an exception near the outer-scale in simulation R3. The scaling parameter δ is nearly

zero except for small scales and starts to increase when the amplitude of the Hyperbolic

distribution is comparable to the amplitude of the Gaussian distribution. The parameter

α , which represents the tails of the distribution, has a clear scaling behavior in the inertial

range, while β is observed to be very scattered, oscillating around zero except for very large

increments in fast and slow wind. The absolute value of β is around two orders of magnitude

smaller than α , and shows a tendency to increase. Because the parameters α and β mostly

depend on the tail, the fits obtained from the empirical data are not significantly affected by

the Gaussian distribution.

5.2.3 NIG distribution

Describing the change of shape of the PDF of turbulent increments across all scales in terms

of a single function with a few adjustable, but potentially scale-dependent, parameters is

a difficult problem. In fact, it is still an open question whether different ranges of scales

(dissipative, inertial and outer scales) require different functional forms of the PDF or if

there is a “universal” functional form of the PDF that changes while we change the scale.

Bandorff-Nielsen suggested that the Normal Inverse Gaussian (NIG) distributions are a good

approximation that can potentially present a unified description at all scales for velocity

increments in turbulent flows [151]. The Normal Inverse Gaussian distribution is the subclass

of Generalized Hyperbolic distributions for λ =−1/2

NIG(x;α,β ,δ ,µ) =
αδK1

(
α
√

δ 2 +(x−µ)2
)

π
√

δ 2 +(x−µ)2
exp(δγ +β (x−µ)) , (5.7)
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where γ =
√

α2 −β 2. NIG is a continuous probability distribution which is defined as the

normal variance-mean mixture where the mixing density is the inverse Gaussian distribu-

tion. NIG distributions have been found to provide accurate modelling of a great variety of

empirical findings in the physical sciences and in financial econometrics [151,152,154,158].

One of the advantages of these distributions is that they have simple expressions for the

mean, the variance, the skewness and the kurtosis, in terms of the free parameters µ,α,β ,δ ,

as follows

X̄ = µ +
δβ

γ
, σ

2 =
δα2

γ3 , S̄ =
3β

α
√

δγ
, κ =

3
(
1+4β 2/α2)

δγ
. (5.8)

We use these expressions to approximately calculate µ,α,β ,δ using estimates of the mean,

variance, skewness and kurtosis from the empirical PDF. The resulting values are then used

as an initial guess for the MPFIT algorithm to obtain a better fit for the µ,α,β ,δ parameters

at each scale.

Figure 5.9 shows the adjusted NIG PDF for fast wind, slow wind and simulation R3,

where scales are the same as in the H+G distribution with x = δ z+L /σ . The NIG distribution

shows better agreement than the H+G model for the tails at all scales, even at the dissipation

scales where the distribution behaves more like a stretched exponential, but a small devia-

tion at the core of the distribution. As in the H+G distribution case, the agreement for the

remaining PDF (not shown in the figure) is equally good.

Figure 5.10 shows the dependency on scale for the four free parameters in NIG distribu-

tion re-scaled to the beginning of the inertial range with λ = x/xc. For the location parameter

µ , its values in the inertial range are very close to zero, as expected. The scaling parameter

δ , as well as the heaviness of the tail α exhibit clear power-law scaling behavior, with the

slopes presented in table 5.4. The skewness parameter β is mostly negative, so the PDF

is slightly skewed toward negative values. The behavior of the absolute value of β is not
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Figure 5.9: Approximation of the PDF of x = δ z+L /σ for fast wind (first row), slow wind (second row) and
simulation (third row), blue lines represent NIG model and black lines the original data. Left panels represent
the lower limit of the inertial range, right panels the upper limit and middle panels the intermediate scales.

quite linear, having a tendency to a constant value in the inertial range. Table 5.4 shows

least-square the power law fits in the inertial range for the parameters δ and α .
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Figure 5.10: Parameters for NIG distribution for fast wind (blue), slow wind (red) and simulation R3 (black).
The x axis is normalized to the outer scale. Solid vertical line represents the outer scales, dashed line represents
the lower limit of the inertial range for fast and slow wind while dot-dashed line the limit for simulation R3.

From this analysis we observe that the NIG distribution family is able to capture, with

the same functional form, the change in shape of the empirical PDF from the outer scale

to the dissipation scales, with very good agreement through out the inertial range. These

results show that solar wind turbulence can potentially be described in a “universal” way

in terms of NIG distributions, as was found by Barndorff-Nielsen [146] in fluid turbulence

experiments. The appeal of the NIG distributions is that the only depend on four, easily

interpreted parameters and it possesses important properties that can be exploited to develop

phenomenological models of the underlying turbulence.

δ =Cδ lηδ α =Cδ lηα

Cδ ηδ Cα ηα

fast wind 8.076×10−2 0.4399 7.461×10−2 0.4281
slow wind 6.164×10−2 0.3940 7.571×10−2 0.3424

simulation R3 0.1222 0.4965 0.1166 0.4955

Table 5.4: Power law scaling for δ and α parameters for NIG distribution.
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5.3 Uncertainty analysis

In order to determine the accuracy with which the scaling exponents can be measured, we

analyze the importance of the tail when calculating structure functions and its exponents.

Based on equation (4.20), Sn(l) represents the area under the curve generated by xnP(x, l)

[145]. Figures 5.11 and 5.12 show xnP(x) as a function of x from data, where x > 0 for

fast wind (first row), slow wind (second row) and simulation R3 (third row) compared with

H+G model (Figure 5.8) and NIG model (Figure 5.12). The left panels refer to a scale at the

end of the inertial range near the dissipation range, the central panels show a selected scale

inside the inertial range and the right panels show a scale close to the outer scale. Plots are

re-scaled to the maximum value of the corresponding models to make visualization easier.

The tails of the empirical PDF for the three cases (in colors) show that even with the large

amount of data collected for solar wind data, the tails are completely covered only for n = 1

(orange), n = 2 (green), and n = 3 (red) for the three ranges, where the distribution is smooth

and decaying to zero within the range of x where the PDF can be reliably measured. As a

result, the value of the structure function can be accurately estimated and be well defined

in the sense that it is not affected by large x events that fall outside the measured range. In

contrast, for n = 4 (purple curve), the tail is enough to get a relatively good value in the

inertial range and the outer scale but it does not cover all the tail near dissipation. For n = 5

(brown), n = 6 (pink) and n = 7 (grey), the tail becomes noisier and there is a large portion

of the integral that is not covered. On the other hand, for simulation R3, tails are noisy for

n = 6 and n = 7, mainly for dissipation scales and inertial range.

Figure 5.11 compares tails for the three cases with H+G model (curves in black). It can

be observed that there is very good agreement between the data and the model PDF in the

inertial range and close to the outer scale, but substantial deviations are seen at scales close

to the dissipation regime, which is likely due to the evolution of the PDF toward stretched
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Figure 5.11: Positive values of the distribution of nth moment of the PDF for fast wind (first row), slow wind
(second row) and simulation R3 (third row) compared with H+G model (black curves). Blue curve where n = 0
represents the PDF.

exponential tails. The hyperbolic distribution is able to capture near Gaussian behavior of

large scales, as evidenced by the good match between the analytical model and the empirical
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Figure 5.12: Positive values of the distribution of nth moment of the PDF for fast wind (first row), slow wind
(second row) and simulation R3 (third row) compared with NIG model (black curves). Blue curve where n = 0
represents the PDF.

PDF for the three cases in the outer scale. In the inertial range, the tails can be correctly

captured by the Hyperbolic distribution, consistent with exponential tails. The Gaussian
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component of the H+G model accounts for the core of the distribution, which the hyperbolic

distribution is unable to capture. Near dissipation scales, the H+G model breaks down, as

the PDF transition to other functional form with heavier tails, such as stretched exponentials,

which is seen for n ≥ 4 in observations and n ≥ 6 in simulations. Moreover, the transition

from Gaussian to Hyperbolic distribution, in which the second becomes more relevant than

the first, happens around two to three standard deviations as seen in Figure 5.7, affecting the

peak of the third and fourth order moment at small scales.

The comparison between the empirical xnP(x, l) and the NIG model for the three cases

is shown in Figure 5.12. Plots are normalized to the maximum of xnP(x, l) from the NIG

model for visual purposes, with the same color scheme used in Figure 5.11. As opposed to

the HD or H+G model, the NIG distribution function captures the evolution of the PDF tails

at all scales, from Gaussian to hyperbolic to stretched exponential. The core of the distri-

bution is not entirely captured by the NIG distribution for values less than one-half standard

deviation, having a lower maximum than the experimental data at all scales (blue curves),

and being slightly wider than experimental data for one to four standard deviations. Thus,

larger peaks are observed for n = 1,2, and 3 in solar wind, n = 2, 3, and 4 in simulation R3,

and slightly stretched for n = 6, and 7 in solar wind and simulation R3. Figure 5.13 com-

pares experimental data with the H+G and NIG models for the scales near dissipation, inside

the inertial range and close to the outer scale for fast wind, slow wind and simulation R3. As

it was mentioned before, the plot shows that the NIG distribution has heavier tails than the

H+G distribution as the lag becomes shorter. The core, close to one standard deviation from

the center is better covered using H+G model for intermediate and large scales, while NIG

is better for small scales where it closely matches the experimental data. Because of larger

tails in simulation R3, the agreement with empirical data is better for both H+G and NIG,

and the heaviness of the latter compared to the former is less noticeable.

Based on the models, it is now possible to recalculate the structure functions and their

121



Figure 5.13: Comparison between experimental data, H+G model and NIG model for fast wind (top), slow
wind (middle) and simulation R3 (bottom).

exponents. We extended the tails using H+G and NIG models until 20 standard deviations to

do the calculations. The left panel in Figure 5.14 shows the third order structure functions of

fast wind for δ z+L calculated directly with the data (black), with H+G model (red) and with
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Figure 5.14: Third and seventh order structure functions of δ z+L for fast wind using experimental data (black),
H+G model (red) and NIG model (blue). Colored lines represent the power law in the inertial range and m the
scaling exponent. Vertical lines represent the limits of the inertial range.

NIG model (blue), while the right panel shows the seventh order. In this plot we can see the

underestimation of the structure functions mainly for small scales changing the slope of the

linear behavior in the inertial range an therefore, the scaling exponents. Structure functions

have a better power-law behavior using NIG data in the inertial range.

Figure 5.15 show the scaling exponents for δ z+L increments originally calculated with the

PDF using the data collected (black marks) and the new results with the extended H+G (red

marks) and NIG (blue marks) models for the three cases. In the plot, we can observe that

larger tails correct the value for large n. NIG and H+G models tends to saturate at around

one as proposed by Chandran et al. [31] and it agrees very well with this model adjusting

Figure 5.15: Scaling exponents for δ z+L increments for fast wind (left), slow wind (middle) and simulation R3
(right) directly calculated with the data (black marks), using H+G model (blue marks) and using NIG model
(red marks), Extended Self Similarity is applied in all the cases.
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the independent paramenter β in equation (3.38). For δ z+L , the value of β that best fit the

results are β = 0.720 for fast wind, β = 0.691 for slow wind and β = 0.560 for simulation

R3. Because the scaling exponents are required to increase monotonically with n [44], the

NIG model for n = 6 and 7 for fast and slow wind are concerning and likely not accurate.

We speculate that this can be because a possible over-saturation of the structure functions

at small scales or a possible physical threshold on the increment amplitudes, as it will be

discussed in the next chapter.
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Chapter 6

Discussion, conclusions and future

directions

There is little doubt about the existence of intermittency in the dissipation range in both fluid

and plasma turbulence. However, it is well known that intermittency also develops in the

inertial range, emphasizing the importance of understanding the dynamical evolution of this

phenomenon. Correct measurements of structure functions provide critical information of

the development of intermittency and help to understand the energy transfer in the inertial

range. This research is based on the largest possible statistics of incompressible MHD of fast

and slow solar wind at 1 AU and the largest simulations of RMHD to calculate accurate high

order structure functions. This chapter summarizes and discusses the results (section 6.1),

presents the conclusions 6.2 and the remaining questions for future work in section 6.3.

6.1 Discussion

Our method to calculate the increments allows us to collect statistical samples over the same

incompressible MHD conditions of different sizes, resulting in the largest possible statistics
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for increments of δvL, δbL, δ z+L and δ z−L in the inertial range for fast wind, slow wind and

simulations, than any previous results [6, 36, 37, 39, 47, 48, 52–55, 66, 90, 124, 134, 135, 159],

going up to eight, ten and fifteen standard deviations when constructing the PDF with less

noisy and statistically well defined tails (see Table 5.1). The characteristic evolution of the

PDF from nearly Gaussian shape at large scales, turning to exponential tails at intermediate

scales and stretched exponential tails for small scales is shown in Figure 5.1 for the four

fluctuating fields.

There are substantial variations in the calculations of scaling exponents of solar wind

reported in the literature [6,31,44,46,47,54,58,90,92,99,135,143,159,160], varying widely

depending on the methods used to calculate them and the conditions to collect the data. For

instance, different results can be obtained taking raw solar wind data, compressible solar

wind streams, or by simply using a small statistical sample. Another important difficulty is

the identification of the inertial range, or the range of scales over which energy spectrum and

structure function obey well defined power laws. In this work we used two different methods

to identify the inertial range: a) the region where the energy spectrum versus frequency

shows a scaling law, and b) the region where the structure functions have a well defined

power-law behavior behavior. For fast wind, the inertial range is observed, based on structure

functions, between τ = 200 and τ = 2000 s for fast wind, between τ = 300 and τ = 3000 s

for slow wind and for simulation R3, l⊥ = 64 and l⊥ = 256 cells. The energy spectrum

and second order structure function are related via an integral expression [44] that is known

to make the inertial range observed in structure functions shorter than that observed in the

energy spectrum.

Structure functions and Kurtosis, calculated using equations (4.20) and (5.1), respec-

tively, show power-law behavior in the inertial range for fast wind, slow wind and simulation

R3. Larger values of kurtosis for slow wind show that it is more intermittent than fast wind

as found by Bruno et al. [147]. On the other hand, because of simulations are balanced,
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kurtosis for simulations have similar curves for δ z+L and δ z−L , and δbL, but smaller values

for δvL.

The scaling exponents we obtained for field increments confirm the presence of intermit-

tency for δ z+L , δvL and δbL, as exponents deviate from self-similarity models such as K41 or

IK theories (Figure 5.4). The largest the deviation, the more intermittent are the fluctuations,

revealing the multi-fractal nature of the turbulence. Velocity fluctuations δvL are observed to

be more intermittent than magnetic field fluctuations δb, having the lower-order exponents

similar to those found by by Salem et al. [135].

Sunward-propagating fluctuations δ z−L have a rather particular behavior. Fast wind shows

self-similar PDF in a wide range of scales, when re-scaled with respect to the standard de-

viation σ . The PDF of δ z−L also shows a larger and almost constant kurtosis with heavier

tails than δ z+L , δvL and δbL, although they do not become heavier as the scale decreases. A

similar but less evident behavior can be observed in slow wind, with larger values of the kur-

tosis. Scaling exponents for fast wind show an approximately linear behavior with respect to

the order n, suggesting monofractal intermittency. For slow wind there is a slight deviation,

matching with the model proposed by Grauer et al. [99] and Politano and Pouquet [100],

represented in equation (3.35).

Figure 5.3 shows the turbulence imbalance (or cross-helicity) in the plasma, with larger

values of S+n than S−n , indicating that Alfvén fluctuations propagating away from the Sun

are energetically more dominant than those propagating toward the Sun. On the contrary,

numerical simulations are balanced, in which case δ z+L and δ z−L have similar amplitudes.

The scaling exponent of S3 in the inertial range is observed to be smaller than one for all

field increments, suggesting a deviation from K41 theory and similar models. Extended self

similarity ESS increases the linear behavior beyond the inertial range, mainly in the outer

scale, allowing a better calculation of the exponents.

A proper estimation of high order structure function requires an accurate estimation of the
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tails of the PDF. However, for a finite statistical sample it is not possible to reliably estimate

these tails for very large-values of the increments, or rare events. With a finite statistical

sample, PDF tails constructed via increment histograms tend to exhibit large noise. In order

to reduce this noise, one would need to increase the statistical sample, which in turn will

further extend the tails. In this work we used a Savitzky-Golay filter to reduce the noise of

the empirical PDF. A number of different models have been proposed to describe empirical

PDF in fluids [34, 45, 64, 67, 69, 70, 151] as well as the solar wind [42, 48, 51, 66, 135].

In the second part of chapter 5, we present two alternative models based on Generalized

Hyperbolic distributions, defined in equation (5.2), that depend on five parameters: λ rep-

resenting the order of the Bessel function of second kind, α the heaviness of the tail, β the

skewness of the distribution, δ is a scaling parameter and µ the location of the distribution.

The first model is based on the hyperbolic distribution, which follows from GHD when λ = 1

and is given in equation (5.4). However, Figure 5.6 shows that while the hyperbolic distri-

bution shows reasonable agreement with the empirical tails, it falls short describing the core

of the distribution, and therefore the hyperbolic distribution alone is not enough to describe

the experimental PDF in observations or simulation R3. For this reason we propose a linear

combination of a hyperbolic and a Gaussian distribution (H+G), where the former is aimed

at capturing the tails and the latter is used to better describe the core of the distribution. The

second model was obtained by taking λ = −1/2, known as the Normal Inverse Gaussian

distribution (NIG).

Figures 5.7 and 5.9 show that both models fit very well the empirical PDF in the semi-

logarithmic plot and an extrapolation of the tails can be performed. Figures 5.11 and 5.12

show that trustworthy values of structure functions, calculated directly from the experimen-

tal PDF, can be obtained up to n = 4 for fast and slow wind, and for n = 7 for simulation R3

where the tails of xnP(x, l) approach zero within the empirical range of increment ampli-

tude, allowing a reliable estimation of its integral. For higher orders, the tails of xnP(x, l) do

128



not fall enough and the contribution of the integral from high events is completely missed,

resulting in an underestimation of the moments at each scale, and becoming less accurate at

smaller scales.

Figure 5.11 shows that the H+G model has a reasonably good agreement with experi-

mental data when calculating the structure functions with stable tails for all the values of n

but having some deviations when scales approach the dissipative range. The disadvantage

of H+G model lies in the dependence on eight parameters, α, δ , β , µ, σG, µG, A0 and A1,

being accurate for calculations but also less physically appealing due to the large number of

adjustable parameters.

Not surprisingly, the NIG model is able to better capture the evolution of the tails as a

function of scale down to the dissipation scale given that the NIG function can describe, in

the proper parameter limit, Gaussian, exponential and stretched exponential behavior. The

NIG distribution is however less accurate than the H+G model for the core, being slightly

wider for one to four standard deviations and slightly stretched for six to seven standard

deviations. Nevertheless, it only depends on four parameters α, δ , β and µ . The parameters

δ and α clearly show a scaling behavior in the inertial range with almost similar exponents

(see table 5.4) and µ and β can be assumed as constants. This allows us to describe the PDF

with a general model, thus we can rewrite equation (5.7) in terms of l:

NIG(x, l) =
C0l(ηα+ηδ )K1

(
Cα lηα

√
C2

δ
l2ηδ +(x−Cµ)2

)
π

√
C2

δ
l2ηδ +(x−Cµ)2

exp
(
Cδ lηδ γ +Cβ (x−Cµ)

)
,

(6.1)

where C0 =Cα +Cδ , and Cδ , Cα , Cβ , Cµ ηδ , and ηα are constants (see table 5.4). Therefore,

NIG distributions represent, to a first approximation, a parsimonious description of the PDF

of increments for the inertial range and to some extent to outer and dissipative scales as

proposed by Barndorff-Nielsen for fluids [151].

As presented in sections 4.3 and 5.3, the main uncertainties in calculations of structure

129



functions and scaling exponents are due to the lack of statistics that does not fully cover the

tails of the distributions. Using the analytical PDF H+G and NIG, we can extrapolate the

tails and in principle provide better estimates of the scaling exponents than those based on a

finite data sample. Theoretically, the PDF are defined for x ∈ (−∞,∞), but for our purposes,

the tails were extrapolated until 20 standard deviations to fully cover the peak of the sev-

enth order moment beyond seven standard deviations. Figure 5.13 shows that both models

cover relatively well the empirical PDF for δ z+, however the NIG model presents heavier

extrapolated tails than the H+G model, being a more noticeable effect at small scales. Fig-

ure 5.14 shows a comparison of the third (left) and seventh (right) order structure function as

calculated from data and from the analytical PDF with extrapolated tails. It can be observed

that for the third order structure function the extrapolated tails make no difference and at

this order, it does not matter whether we use data or the analytical PDF to accurately deter-

mine the scaling exponent. In contrast, for the seventh order structure function, there is a

marked difference between the structure function calculated from data versus the analytical

models. The reason is that at seventh order the tails become more important, particularly at

small scales, and because the empirical data does not capture the heavy tails, it provides an

underestimation of the values of structure functions at small scales. This underestimation

results in an artificially steeper power law for that particular order. Most works that do not

take this effect into account may lead to meaningless values of these important scaling ex-

ponents. When the seventh order structure function is calculated using the analytical PDF,

which allows us to extrapolate the tails, the structure function estimation increases to higher

values at smaller scales, making its power-law behavior flatter in the inertial range and hence

changing the curvature of the corresponding scaling exponents.

Scaling exponents for δ z+L calculated using H+G model as well as NIG model suggest a

saturation of the exponents near one for the three cases, as shown in Figure 5.15. This satu-

ration of the scaling exponent is a very unique feature that has not been previously reported
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in the fluid or solar wind turbulence literature. Remarkably, one phenomenological model

recently proposed by Chandran et al. [31] does predict that the scaling exponents asymptot-

ically approach unity. The only parameter in Chandran et al. model, which they call β , is

predicted by consistency of the model to be β = 0.691. From our analysis, the agreement

with the model corresponds to the values β = 0.720 for fast wind, β = 0.691 for slow wind

and β = 0.560 for simulation R3 in equation (3.38). For simulation R3, the two models

describe correctly the results obtained experimentally up to n = 7. The NIG model shows

that higher-order exponents beyond n = 6 decrease for fast and slow wind due to the heavier

tails than the H+G model. However, the requirement that fluctuation energy remains finite

as the energy cascades to smaller scales imposes a constraint in which structure function

scaling exponents have to be monotonically increasing. In this sense, a drop in the value of

the scaling exponent at n = 7 for the NIG distribution must be an unphysical effect, likely

due to an overestimation of the structure functions for small scales in fast and slow wind

for NIG model for large values of n. One possible explanation for this is that even with our

high statistical sample, the tails of the PDF are still not long enough, as it is the case in the

simulation, for the models to match the experimental data. As can be seen in the simulation,

in Figure 5.15, the empirical PDF and the analytical models all lead to the same exponents

ζ+
n up to n = 7. A second possible explanation could be the presence of a physical cut-off in

the PDF so that fluctuations cannot be larger than certain threshold, in which case the tails

remain important up to certain value of n. After that, the structure functions are not longer

affected by the tails and the slopes remain nearly constant generating the saturation of the

scaling exponents.
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6.2 Conclusions

In this work we present an extensive analysis of intermittency in the solar wind at 1 AU and

RMHD simulations with the largest statistics possible for simulations and observations to

date for increments of velocity δvL and magnetic field δbL, as well as also presenting one of

the first extensive studies of Elsasser variables δ z+L and δ z−L . For solar wind observations,

measurements of the WIND spacecraft spanning 23 years of data from 1995 to 2017 were

used, while performing a careful conditional statistics to select increments that best represent

homogeneous and incompressible MHD turbulence. The resulting analysis leads to a sizable

statistical sample for fast wind with up to 1.59× 106 realizations, for slow wind with up to

5.93× 106 realizations. On the other hand, Reduced MHD simulations 20483 grid points

were analyzed to construct the largest statistics of longitudinal increments with up to 2.0×

109 realizations. Therefore, three different cases were presented, fast solar wind (case 1),

slow solar wind (case 2) and RMHD simulation (case 3).

Empirical probability distribution functions PDF were constructed having the longest

and statistically well defined tails, up to seven standard deviations for fast wind, ten for slow

wind and fifteen for simulation R3. The empirical results showed the evolution from a nearly

Gaussian distribution at outer scales, where kurtosis approached three, turning to exponential

tails in the inertial range and stretched exponentials at dissipative scales for δvL, δbL and

δ z+L with kurtosis larger than three. Empirical estimations of structure functions and scaling

exponents based on PDF were calculated showing a clear deviation from self-similarity for

velocity and magnetic field, being the velocity fluctuations the more intermittent for the

three cases. With respect to Elsasser increments, fluctuations propagating away from the

Sun δ z+L also show an intermittent behavior for the three cases, being very close to the

model proposed by Chandran et al. [31]. For sunward-propagating fluctuations δ z−L , fast

wind reveals an intermittent but monofractal behavior, while slow wind is more intermittent
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being close to the model proposed by Grauer et al. [99] and Politano and Pouquet [100].

However, empirical tails show that the exponents are trustworthy only until n = 4 for fast

and slow wind and n = 7 for simulations.

In order address the uncertainty generated by the lack of longer tails, two models based

on Generalized Hyperbolic distributions were proposed. A first model that combines a Hy-

perbolic distribution for the tails plus a Gaussian distribution for the core (H+G model) and

a second, that is known as Normal-Inverse Gaussian distribution (NIG model). Both models

have been used in the context of hydrodynamic turbulence but not tested in the solar wind.

The H+G model fits better the experimental PDF in the three cases than the NIG model,

however, because the H+G distribution depends on eight free parameters it becomes difficult

to identify scaling properties and a general expression for the evolution of PDF as a func-

tion of l, making it less physically appealing. On the other hand, the NIG model is slightly

less accurate than H+G when fitting the experimental PDF, however, it depends only on four

more physically intuitive parameters with well defined power-law behavior in the inertial

range, allowing us to obtain a general expression for the distribution as a function of l. In the

extrapolation of the PDF, NIG model has heavier tails than the H+G model, becoming more

pronounced at smaller scales for fast wind and slow wind.

The calculation of structure functions using the analytical models shows that the im-

pact of the tails is more relevant for smaller scales, significantly affecting the power-laws

of structure functions in the inertial range, being more relevant for larger values of n and

therefore substantially changing the scaling exponents. Scaling exponents calculated using

H+G model saturate near 1 for the three cases, as predicted by the Chandran et al.model.
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6.3 Future directions

Despite the fact that this research presents a solid study of intermittency for solar wind and

RMHD simulations, there are remaining questions where more work is needed. Scaling

exponents suggest a saturation near 1, but what physical implications of this saturation and

the impact in the dissipation are still an open question. Theoretically, Probability Distribution

Functions are defined for x∈ (−∞,∞), however, it can be argued that there must be a physical

cut-off (aside from the speed of light) in the extension of the tails. The location and the

physical reasons of that cut-off can impact in the structure functions, the scaling exponents

and their saturation.

Furthermore, although the two models correctly describe the empirical PDF, the extrapo-

lation of their tails beyond the measurement limits for solar wind observations show impor-

tant discrepancies at smaller scales, as the NIG model exhibits heavier tails than the H+G

model. These heavier tails have a greater impact at smaller scales, changing the scaling

exponents and at some value of n, changing the curvature of ζn. Is this a problem due to

short tails so larger statistics are necessary to obtain a better extrapolation? or is this due to

a physical cut-off, which makes the change of the slope of structure function in the inertial

range less relevant for larger n, and hence the saturation of the exponents?

With respect to sunward-propagating fluctuations, we have found that the statistics of

δ z− shows a monofractal behavior, which can give some hints about the possible sources of

these fluctuations. To the best of our knowledge, this monofractal behavior of the sunward-

propagating fluctuations has not been reported in the literature and deserves further investi-

gation.
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