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Abstract 
 

Title: Near-Shore Sediment Transport Under Cnoidal Waves Using Particle Image 

Velocimetry  

Author: Jenna Katrina  

Advisor: Robert J. Weaver, Ph.D. 

With future trends showing a higher percentage of the human population living along the 

coast, coastal resilience is a significant topic of concern for many researchers. The purpose 

of this research was to analyze near-shore sediment transport under different wave 

parameters using the technique of Particle Image Velocimetry (PIV) and laboratory studies 

for linear and nonlinear cnoidal waves. At the deeper extent of the nearshore profile, waves 

will tend to be linear, having an Ursell number less than 40, with little or no net sediment 

transport due to orbital velocities. The velocities are the same under the crest and trough and 

will be dominated by undertow for linear waves. It is hypothesized that as the wave 

propagates shoreward, the wave transforms into a nonlinear cnoidal wave and the skewness 

of a cnoidal wave profile, having an Ursell number greater than 40, will drive nearshore 

sediment transport onshore. The project goal was to quantify the volumetric sediment 

transport rates based on these dimensionless parameters and analyze how the linearity of 

waves affect the sediment transport onshore and offshore. To accomplish this goal, a sandy 

bed with a sediment distribution mimicking that found on East Coast beaches, was 

constructed in the Florida Tech wave channel. A range of waves were generated at three 

different water depths and three different frequencies over a flat and rippled bed. The 

velocity near the bed was analyzed in the laboratory using a PIV system consisting of a laser 

to illuminate the sediment particles and a high-frame rate camera to record videos, which 

were analyzed in the Matlab PIV toolbox, PIVlab. Through image analysis, a relationship 

was developed between wave characteristics and dimensionless parameters, the Ursell 

number and Shields parameter, wave linearity, and sediment movement. Furthermore, time-
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lapse videography of the sediment movement was recorded and analyzed to determine 

accretion/erosion rates caused by these conditions. The time-lapse video, paired with the 

results from the PIV toolbox, was used to quantify  sediment movement. The results from 

this study elucidated the relationship between water depth, wave height, wave period, and 

wavelength to the linearity of the wave, the velocity of the sediment being transported and 

the corresponding Ursell and Shields parameter. The results will aid in the development of 

improved models for predicting bed morphology, which will lead to a better understanding 

of coastal resilience in the future. 
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Chapter 1  
Introduction 

 

The human population continues to rely heavily on coastlines with urbanization along the 

coast, offshore energy, shipbuilding, and marine economy being fueled by tourism and 

recreation. In 2017, about 94.7 million people, 26.1% of the United States population, lived 

along the coast (Cohen, 2019).  This percentage has increased by 15.3% since 2000 (Cohen, 

2019). With this ongoing trend of migration toward the coast, it is vital to improve techniques 

used for evaluating coastal resilience. It is hypothesized that as waves propagate shoreward, 

the wave transforms from a linear wave into a nonlinear cnoidal wave, having an Ursell 

number greater than 40, and the skewness of the cnoidal wave profile will drive nearshore 

sediment transport onshore. The project seeks to quantify the cross-shore volumetric 

sediment transport rates based on these dimensionless parameters and analyze how the 

linearity of waves affect cycles of erosion and accretion. This study focuses on 

improvements in calculating sediment transport to aid in coastal resilience models. Sediment 

transport has been quantified in the longshore direction over long intervals of time when 

jetties or groins are built; however, cross-shore transport still remains difficult to quantify 

throughout time due to seasonal variations in the location of the shoreline and vulnerability 

of the dunes (Resio, 2019). According to Kobayashi et al. (2008), the rate of net cross-shore 

sediment transport is the sum of the net bed load transport rates and the suspended sediment 

rates. Net cross-shore sediment transport helps aid in in the beach recovery process 

(Christensen, 2019). As sea levels rise, storm surge increases which can cause more frequent 

flooding, therefore directly impacting the coastal population.  With rising sea levels, coastal 

planning and design must account for these issues and the processes involved in beach 

recovery must be further studied (Resio, 2019).  

Sediment Movement  

Nearshore sediment transport has been a widely studied subject for coastal scientists, which  

has led to an increase in knowledge about the hydrodynamics of the surf-zone. Nevertheless, 
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continued knowledge is needed to understand the development of all aspects of beach forms 

and determine if a beach will erode, accrete, or stabilize (Allen, 1988). As waves propagate 

shoreward and enter the nearshore region, a significant transformation takes place. The wave 

amplitude grows and becomes affected by the sand bed, thus resulting in wave shoaling. This 

eventually leads to wave breaking. As water depth decreases, the motion of the wave, 

sediment transport at the bed, and the orbital velocities of the water particles increase 

(Stachurska & Staroszcyk, 2019). In a water depth that is less than half the wavelength, the 

wave-induced orbital motion extends to the seabed (Lavenere-Wanderly and Siegle, 2019). 

As water depth becomes shallower, the influence of wave bottom orbitals on the sediment at 

the bed increases. The intensification of the water velocity at the bed increases the shear 

stresses from the water on the grains of the sediment. This results in an increase of near-bed 

layer turbulent flow, higher sediment particle suspension in the water column, and 

onshore/offshore sediment transport along the bed (Stachurska & Staroszcyk, 2019). As 

waves propagate into shallower water, the waves eventually become too steep to support the 

crest and the crest collapses over the face of the wave, thus dissipating the energy of the 

wave. Not only does the orbital motion underneath the wave have an effect on sediment 

transport, but also on when waves break. The wave break generates a strong, unidirectional 

current in the surf zone that is responsible for the movement of sediment on-shore 

(Davidson-Arnott and Greenwood, 2009).  

One of the main dimensionless parameters used to estimate the sediment movement regime 

near a rough bed is the Shields parameter, Equation 1.  

This parameter is the ratio of the water flow, generating shear force, acting on a sediment 

particle that is resting on the bed to its own weight in the water (Stachurska, 2019). In the 

denominator, (𝜌𝑠 − 𝜌)𝑔 is the submerged specific weight of the sediment, and  𝑑 is the 

diameter of the sediment particle. The denominator represents the stabilizing force. The 

density of sediment is represented by 𝜌𝑠 (Dean and Dalrymple, 2002). The density that will 

be used for 𝜌𝑠 is 2650 kg/m3, which is the density of quartz, a material that comprises the 

 𝜓 =
𝜏𝑏

(𝜌𝑠 − 𝜌)𝑔𝑑
 

 

( 1 ) 
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bulk of the sediment used in this study. The shear stress of the bed, 𝜏𝑏, represents the 

mobilizing force; the larger the shear stress, the more likely the sediment will move, 

Equation 2.  

 
𝜏𝑏 =  

1

2
𝜌𝑓𝑈𝑏

2 

 

( 2 ) 

The density of the fluid is represented by ρ. For this study, the density of freshwater was 

used, 1000 kg/m3. The wave friction factor coefficient, f, is represented by Equation 3 

(Masselink, et al., 2007). 

 
𝑓 = exp (5.213 (

2.5𝐷50

𝐴𝑚
)

0.194

− 5.977) 

 

( 3 ) 

D50 is the mean size of sediment and Am is the wave orbital amplitude. The maximum linear 

near-bed wave orbital velocity, Ub, was calculated using Equation 4.  

 
𝑈𝑏 =  

𝜋𝐻

𝑇𝑠𝑖𝑛ℎ(𝑘ℎ)
 

 

( 4 ) 

Unlike linear waves, cnoidal waves have different the velocities under the crest and the 

trough, therefore the velocities have to be calculated separately, Equation 23 and 24.  

In addition to Shields parameter, the fall velocity, wf , of sediment has an effect on the 

sediment transport rate, Equation 5, (Dean and Dalyrmple, 2002). The fall velocity is the 

downward velocity in  a fluid at equilibrium which the sum of the buoyancy force, gravity 

force, and fluid drag force are equal to zero (Sadat-Helbar, et al., 2009). Dean (1973) notes 

that suspended sediment in the water column can move either onshore or offshore depending 

on the height of suspension from the bed. If the sediment particle that is being suspended 

above the bottom is comparative to the wave height, then the time that is required for the 

grain to fall back to the bottom is directly proportional to the ratio of the wave height over 

the fall velocity (USACE, 2008). The fall velocity depends on the size of the sediment. 

Larger sediment grains fall quickly and spend less time in suspension when compared to 

finer grains (Dean and Dalyrmple, 2002). The fall velocity depends on the viscosity and 
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density of the fluid, as well as the size, shape, and surface texture of the particle (Sadat-

Helbar, et al., 2009). 

 
𝑤𝑓 =

(𝜌𝑠 − 𝜌)𝑔𝐷50
2

18𝜇
 

 

( 5 ) 

 

The dynamic viscosity, µ, is related to the kinematic viscosity of water, ν, by the equation   

ν = µ/ρ. The kinematic viscosity is represented by 1.0 x 10-6 m2/s for freshwater at 20˚C and 

the dynamic viscosity is 1.0 x 10-3 N s/m2 (Dean and Dalrymple, 2006). Equation 5 is referred 

to as the Stoke’s law. This equation portrays that increasing the water temperature decreases 

the viscosity, therefore sand falls faster in warmer water. Furthermore, the fall velocity 

increases with the density and size of the sediment grain (Dean and Dalrymple, 2006). The 

fall velocity, Shields parameter, velocity along the bed, and net sediment transport rate can 

be used to predict the movement of sediment under different wave parameters. 

Sediment movement along the bed can be characterized as bedload transport since particles 

roll or slide along the bed of the channel. These particles are not suspended into the water 

column and are in constant contact with the bottom (Mustafa, et al. 2019). Additionally, 

turbulent kinetic energy and obliquely descending eddies play a dominate role in momentum 

transport. These vortices generate strong, turbulent, three-dimensional flow which enhances 

the suspension and diffusion of sediments.   

This study analyzes different wave conditions, based on dimensionless wave parameters, for 

both a flat and rippled sand bed. A study by Stachurska and Staroszcyzk (2019) analyzed 

sediment movement over rippled beds and demonstrated that wave height had a significant 

effect on the thickness of the near-bed turbulent layer of sediment movement. Furthermore, 

the magnitude of velocities of near-bed sediment at both the trough and the crest of the waves 

increased with the wave height, though sometimes insignificantly. It is assumed that 

sediment grains begin to move when the Shields parameter is approximately 0.03 - 0.05 

(Stachurska & Staroszczyk, 2019). At a Shields parameter of 0.2 - 0.3 sand ripples will begin 

to develop and remain stable (Stachurska & Staroszczyk, 2019).  When the value of the 

Shields parameter is between 0.8 - 1.0, mass sediment movement begins to occur and 
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bedforms will be destroyed (Stachurska & Staroszczyk, 2019; Nielsen, 1992; Ostrowski, 

2004).  

The formation of ripples occur when the bed shear stress exceeds a certain threshold value. 

The sediment begins to move and the orbital motion of the waves interact with the sediment 

along the bed (Sarkar, et al, 2020). Clusters of grains form at the crest of the ripples and flow 

separation occurs near these points. The geometry of the ripple governs the roughness at the 

bottom of the boundary layer with grain size of the sediment playing a minor role (Sarkar, 

et al, 2020). The migration of the ripples and suspended sediment vary with an average flow 

distribution, sediment transport, and wave propagation. Moreover, turbulence near the bed 

may increase water and nutrient fluxes in the layer of sediment (Sarkar, et al, 2020).  

Ripples migrate in the direction the current is flowing. As sediment is eroded from the trough 

and moves up the slope of the ripple, the sediment becomes deposited temporarily at the 

crest. As the deposit increases on the crest of the ripple, it eventually becomes unstable and 

rolls down the lee (back) side of the slope. The lee side is on the opposite side of where the 

current flow meets the ripple and is steeper than the stoss side, which is the side of the ripple 

that the current always flows up. The stoss side can be used to determine the flow of the 

current during ripple formation (Brock University, 2017). The stoss and lee side of the ripple 

is illustrated in Figure 1. 
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Figure 1: Stoss and lee side of a ripple (Brock University, 2017) 

Lee eddies are formed when vortex ripples have a significant influence on the distribution 

of the boundary layer flows near the bed (Brock University, 2017) Lee eddies are ripple-

sized vortexes that are generated in the rear side of the ripple crest. They add complexity to 

sediment transport because the eddies may entrain, trap, and carry the sediment being 

suspended (Chang and Park, 2015). The sediment grains begin to be ejected from the top of 

the ripple crest to the lee of the ripple when the maximum flow phase is reached, which 

according to Chang and Park (2015), it is at t/T = 0.25. Once these grains have been ejected, 

they become suspended in the vertical direction and sometimes cannot be explained by the 

mean flow pattern. This is important since the suspension patterns of sediment is explained 

by the mean flows (Chang and Park, 2015). 

While the ripples are forming, the sand particles are transported as bed load (Bose and Dey, 

2012). Ripples occurring in near-shore zones are important to sediment transport processes 

because they represent roughness elements for flow, controlling to a large degree the 

structure of the boundary layer. Ripples effect the suspended sediment profile by portraying 

the direction and the magnitude of sediment fluxes and they  quantify how much of the bed 

load is being transported (Masselink, et al., 2006). There are three different types of ripples 

that are formed in nature: orbital, suborbital, and anorbital ripples. Orbital ripples are formed 

when orbital motion at the bottom, d0, is relatively short, d0 < 5000 times the size of the 

sediment grain.. Anorbital ripples form when orbital motion is d0 > 5000 times the grain size 
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Suborbital ripples are formed when the orbital motion is in the transitional period between 

orbital and anorbital ripples (Clifton, 1976 & Clifton and Dingler, 1984). Ripples that are 

found in the nearshore zone generally fall into the range of suborbital or anorbital ripples, 

but can sometimes become orbital ripples if in coarse sediment (D >> 1 mm) and/or deep 

water (h >10 m) (Masselink, et al., 2006).With an increase in boundary layer thickness above 

the height of the ripple, the ripples transition from orbital to anorbital (Masselink, et al., 

2006). Typically, ripples migrate the fastest under waves that are energetic. Relationships 

have been formed connecting ripple migration rate and the wave orbital velocity, Um, and 

derivatives of Um,  such as the Shields parameter, Equation 1, which is used to estimate the 

movement of sediment (Traykovski et al., 1999 and Vincent and Osborne, 1993).  

The ripple steepness is defined as the ratio between height (𝜂𝑟) and length (𝜆) as shown in 

Equation 6 (Nielsen, 1981). 

 ℎ𝑟 =
𝜂𝑟

𝜆
 

 

( 6 ) 

Ripple steepness decreases progressively under increasing wave energy conditions and 

eventually the rippled bed develops into a flat bed when the stresses of the bed reach a 

maximum threshold (Nielsen, 1981). 

 

 

Figure 2: Ripple parameters (Nielsen, 1981) 
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There are forces, such as currents and irregular wave forcing, which cause erosion and 

accretion to occur on a larger scale. The higher the energy of a wave, the greater the shear 

stress  will be on the bottom sediments, thus the movement of sediment under the wave 

increases. Net onshore sediment transport, due to waves and currents, are promoted by 

relatively weak offshore-directed average current velocities, more sediment suspended on 

the onshore wave (crest) phase than on the offshore (trough) phase, which may occur due to 

breaking-induced turbulence or velocity asymmetry due to wave nonlinearity, and onshore-

directed velocity skewness normally associated with waves that are shoaling (Christensen, 

et al., 2019).  

Wave Non-linearity 

There are different theories that are used to mathematically describe waves depending on the 

wave shape and properties (i.e. wave height, period, wavelength, and water depth). The 

Ursell number, Equation 7, is a dimensionless parameter that can indicate the linearity of a 

wave given certain wave conditions, and thereby which wave formulation is most applicable. 

It is derived from the Stoke’s wave expansion in the long-wave limit of shallow water when 

the wavelength is significantly larger than the water depth.  

 
𝑈𝑟 =

𝐿2𝐻

ℎ3
 

 

( 7 ) 

Where H is the wave height, L is the wavelength, and h is the water depth. The linear 

wavelength, LL, Equation 8,  was found by taking the dispersion equation, shown in Equation 

9, and solved iteratively for the wave number, k, Equation 10. 

 
𝐿𝑳 =

2𝜋

𝑘
 

 

( 8 ) 

 𝜔2 =  𝑔𝑘 tanh(𝑘ℎ) 

 

( 9 ) 
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The Florida Tech wave channel was used to generate waves along a sand bed under three 

different water depths. A wave paddle was used to generate the wave at different frequencies 

corresponding to various wave periods based on Equation 11, where 𝑓𝑀 is the frequency of 

the motor of the wave paddle. The wave heights for each wave were measured with Sonic 

Wave Sensor gauges by placing two gauges, one closer to the wavemaker and one closer to 

the other end of the tank. By having a fixed water depth, wave period, and wave height, other 

wave parameters were able to be calculated.  

 
𝑇 =  

12

𝑓𝑀
 

 

( 11 ) 

It is important to determine the linearity of the waves being produced because linearity 

affects sediment transport. Under non-linear waves, sediment movement depends more on 

near-bottom velocity under the crest rather than the trough since the nonlinear waves have 

lower off-shore velocities under the trough rather than the higher onshore movement 

velocities under the crest. On the other hand, under linear waves, the bottom velocity is the 

same duration under both trough and crest. 

 
𝑘 =  

𝜔2

𝑔 tanh(𝑘ℎ)
 

( 10 ) 
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The Ursell number is used to validate the regions of different wave theories, Figure 3 

(Hedges, 1995). In deeper water, the Ursell number is smaller and waves are generally linear. 

As the Ursell number becomes larger and the water depth becomes shallower, the waves 

become more non-linear. Finite amplitude waves, in deep and intermediate water depth, are 

best described by the Stokes wave theory. Cnoidal waves are shallow water waves that have 

longer and flatter troughs, in addition to sharper peaks, compared to sinusoidal waves (Hinis, 

2003). They are used to describe surface gravity waves that have a long wavelength 

compared to the depth of the water. The cnoidal wave theory is valid for Ursell numbers, 40 

< Ur < 4000. 

Figure 3: Validity of wave theories (Hedges, 1995) 

Cnoidal waves are not easily studied because of the unfamiliarity of the Jacobian elliptical 

functions, Equation 12, which is where the term “cnoidal” originates, and the difficulty in 

computing the functions and integrals (Mirshak, 1975, Fenton, 1998).  

 𝑐𝑛(𝑢, 𝑚) =  √1 − 𝑠𝑛2(𝑢, 𝑚)  ( 12 ) 

 

The Jacobian elliptical functions, are based on the elliptical modulus, m, and the elliptical 

amplitude, 𝑢, Equation 13. 

 
𝑢 =  ∫

𝑑

√1 − 𝑚𝑠𝑖𝑛2𝜃



0

 

 

( 13 ) 
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The elliptic sine, sn u, is given by sn u = sin  . The cnoidal wave form depends greatly on 

the elliptical modulus, m, ranging from 0 to 1, Figure 3. As 𝑚 approaches 0, the complete 

elliptical of the first kind, K, approaches  
𝜋

2
, and the Jacobian elliptic function, 𝑐𝑛(𝜃) 

becomes 𝑐𝑜𝑠(𝜃) and reduces to a sinusoidal (linear) wave. As 𝑚 approaches 1, K approaches 

infinity and 𝑐𝑛(𝜃) becomes 𝑠𝑒𝑐ℎ(𝜃) and forms into a solitary wave (Hinis, 2003).  

 

Figure 4: Cnoidal shapes based on different values of elliptical modulus, 𝒎, and 

Ursell Number, Ur (Hinis, 2003) 

 

The Jacobian elliptic function, is based on the incomplete elliptical integrals of the first and 

second kind, Equation 14 and Equation 15, respectively, are used in the cnoidal wave 

solution in function with the modulus of m (Svendsen, 2006).  

 
𝐹(∅, 𝑚) =  ∫ (1 − 𝑚 𝑠𝑖𝑛2𝜃)−

1
2𝑑𝜃



0

 

 

( 14 ) 

 
𝐸(∅, 𝑚) =  ∫ (1 − 𝑚 𝑠𝑖𝑛2𝜃)

1
2𝑑𝜃



0

 

 

( 15 ) 
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In order to determine the cnoidal Ursell number, the complete elliptical integrals of the first 

and second kind, Equation 16 and Equation 17, respectively with ∅ = /2 (Svendsen, 

2006). 

 𝐾(𝑚) = 𝐹 (
𝜋

2
, 𝑚) 

 

( 16 ) 

 𝐸(𝑚) = 𝐸(𝐾(𝑚), 𝑚) 

 

( 17 ) 

 

To assess the linearity of waves in the channel, the parameters were used to calculate an 

Ursell number, Equation 18, for each case. If the Ursell number is between 40 and 4,000 the 

wave lies in the non-linear regime. Non-linear wave equations were leveraged from 

Svendsen (2006) with respect to the cnoidal properties. The equations used below were 

coded into Matlab, and used to calculate the results for the cnoidal properties and the cnoidal 

Ursell number (Appendix B).  

 
𝑈𝑛 =

16

3
𝑚𝐾2(𝑚) 

 

( 18 ) 

The non-linear wavelength (𝐿𝑛) was calculated using Equation 19 to determine the cnoidal 

Ursell number 

 

𝐿𝑛 = 𝑇√𝑔ℎ (1 +
𝐻

ℎ
𝐴) 

 

( 19 ) 

An iterative solution was used to calculate the correct approximation of A. The non-linear 

wavelength is first found by setting A = 1 and then using the non-linear wavelength to 

calculate the Ursell parameter, using Equation 7. The elliptical modulus is found by solving 

the cnoidal Ursell number, equation 18, iteratively. The elliptical modulus, m, is iterated 

through using the Newton Raphson method to calculate a value between 0  m  1. Once m 

is calculated, A is calculated based on Equation 20. 

 
𝐴(𝑚) =  

2

𝑚
− 1 −

3𝐸(𝑚)

𝑚𝐾(𝑚)
 

 

( 20 ) 
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 The complete elliptical integral of the second kind, 𝐸(𝑚) and the complete elliptical integral 

of the first kind, 𝐾(𝑚), are both found using a command, ellipke(m), in Matlab. This process 

converges to an accurate solution usually within 4-5 iterations, depending on the accuracy 

that is required (Svendsen, 2006). To confirm the results of this algorithm, a table, provided 

by Skovgaard et al. (1974), was used (Appendix C). 

After the Ursell number has been calculated based on the cnoidal parameters, the wave 

celerity, c, can be found. 

 

𝑐 =  √𝑔ℎ +
𝐻

𝑚
(2 − 𝑚 − 3

𝐸

𝐾
) 

( 21 ) 

 

Based on the wave celerity, the velocity along the bed can be calculated in conjugation with 

the complete elliptical integrals of the first and second kind based on the parameter, m. Since 

cnoidal waves have longer troughs and sharper crests, the velocity near the bed is different 

under the crest and the trough. The maximum horizontal bottom velocity under a crest and 

trough is given by Equation 22 and Equation 23, respectively (Dingemans, 1997). The trough 

is longer under cnoidal wave conditions; therefore, the velocity under the trough should be 

smaller than the velocity under the crest. 

 
𝑢𝑐 = 𝑐

𝑎𝑐

ℎ + 𝑎𝑐
−

𝐻2

4𝑚(ℎ + 𝑎𝑐)2 √𝑔ℎ 

 

( 22 ) 

 
𝑢𝑡 = 𝑐

𝑎𝑡

ℎ − 𝑎𝑐
−

(1 − 𝑚)𝐻2

4𝑚(ℎ + 𝑎𝑡)2 √𝑔ℎ 

 

( 23 ) 

 

 

The variables ac and at represent the distance from the water line to the crest and trough, 

respectively. These distances relate to the distances from the height of the wave to the crest 

and trough,  yc and yt, above the bottom.  
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𝑦𝑡 =

𝐻

𝑚𝑘
(𝐾 − 𝐸) + ℎ − 𝐻 

 

( 24 ) 

 𝑎𝑡 = ℎ − 𝑦𝑡 

 

( 25 ) 

The wave energy plays a crucial role on the interaction of the wave coming onto shore. The 

potential energy, 𝐸𝑃, and kinetic energy, 𝐸𝑘, for a cnoidal wave is represented by Equation 

26 and Equation 27, respectively.  

 
𝐸𝑃 =  (𝐻2) −

1

3𝑚
+

2

3𝑚
(1 +

1

𝑚
) (1 −

𝐸

𝐾
) −

1

𝑚2
(1 −

𝐸

𝐾
)

2

 

 

( 26 ) 

 
𝐸𝑘 =

𝑐2

𝑔ℎ
𝐸𝑃 

 

( 27 ) 

The kinetic energy density is greater than the potential energy density in cnoidal waves, with 

the energy being a function of m. For all values of m, the potential energy is lower for cnoidal 

waves than linear waves. The potential and kinetic energy for cnoidal densities for cnoidal 

waves are less than for corresponding linear waves of the same period and height (Hinis, 

2003). Equation 28 is used to find the total energy transport per wave. 

 
𝐸𝑡𝑟 = 𝜌𝑔𝐻2

𝐿

𝑚2
[
1

3
(3𝑚2 − 5𝑚 + 2 + (4𝑚 − 2)

𝐸

𝐾
) − (1 − 𝑚 −

𝐸

𝐾
)

2

] 

 

( 28 ) 

Equation 28 can also be used to calculate the shoaling of a cnoidal wave at a reference point. 

Svendsen and Hansen (1976) conducted a study that analyzed sinusoidal and cnoidal 

shoaling. The results showed that the cnoidal theory predicted the wave height variation 

close to breaking; therefore, the shoaling theory for cnoidal waves is valid for beach profiles 

that have bottoms that are gently sloping (Hinis, 2003). The energy flux, Ef, Equation 29, is 

another parameter that has an effect on the shoaling of a cnoidal wave.  

 𝐸𝑓 = 𝜌𝑔𝜂2𝑐 

 

( 29 ) 

With 𝜂 being the surface profile of the cnoidal wave, Equation 30. 
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 𝜂 = 𝑦𝑡 − ℎ + 𝐻𝑐𝑛2 {2𝐾 (
𝑥
𝐿

−
𝑡
𝑇

) |𝑚} 

 

( 30 ) 

The surface profile is reliant on the Jacobian elliptic function and the parameter, m, which 

defines the shape of the wave. The surface profile represents the dimensional form of a 

cnoidal wave profile (Hinis, 2003).   

Small amplitude wave theory has been widely adopted to evaluate sediment transport rate to 

formulate near-bottom velocity and shear stress exerted on the sea bottom. Net sediment 

transport rate has been based on the small amplitude wave theory; however, the time-

averaged value of a sinusoidal profile is zero. The boundary layer characteristics under 

cnoidal waves are not as widely studied as linear waves, but should be prioritized as sediment 

movement varies greatly under cnoidal waves since the crest is sharper and the trough is 

longer; therefore, the velocity of movement is higher under the crest than the trough 

(Tankaka, 1998). The motion of sediment particles, driven by waves and currents, occurs 

mainly within a thin bottom boundary layer of a few centimeters or less near the seabed. 

Yu, et al. (2010) states that the offshore-directed undertow current due to breaking waves 

and downslope forces due to gravity are causing offshore sediment transport in the surf zone, 

but  onshore sediment transport is driven by the motion of the waves. Under-tow is defined 

as an under-current that is moving offshore when waves are propagating onto shore, 

Equation 31 (Saprykina, 2020). Undertow can lead to different types of sediment flux since 

sediment flux is dependent on the imbalance of the undertow and the onshore near bed 

streaming, which is caused by the vertical asymmetry of the shape of the wave, especially 

for cnoidal waves (Ostrowski, 2018). The undertow increases in role as the waves approach 

shore since the unevenness of the wave begins to appear and increases at shallower water 

depths. Therefore, the undertow can become the dominant factor in the surf zone, thus 

causing offshore transport.  

 
�̅� = −

1

8

𝐻2

ℎ2 √𝑔ℎ 

 

( 31 ) 
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Undertow arises to compensate for on-shore mass sediment transport, thus it needs to be 

taken into account (Saprykina, 2020).  

Particle Image Velocimetry  

Particle Image Velocimetry (PIV) was first widely applied in fluid flows, in the early 1980s 

(Grant, 1997) and has rapidly become an established method to study the instantaneous 

velocity and vorticity measurements of particle movement in fluid over time (Adrian 1991; 

Grant 1997; Prasad 2000; Mustafa 2019). The location of the particle as it moves in a flow 

is captured by a laser and high-speed camera, thus being able to determine the local flow 

velocity from local displacement of particles and the interval of time between the 

illuminations (Raffel, et al. 2018). One of the main advantages of PIV is that it is a non-

intrusive optical measurement technique. This means that the flow of the water is not 

disturbed unlike other probe measurements such as hot wires or pressure tubes. This allows 

PIV to be applied in flows at high-speeds with shocks or in laminar boundary layers close to 

the wall (Raffel, et al. 2018). 

According to Raffel, et al. (2018), there are several subsystems that are needed for PIV. First 

is the seeding withtracer particle that is added into the flow of the fluid. Next is the 

illumination from the laser in order to capture the particles. Third, is the recording of the 

images using a camera. For this study, a high frame rate camera was used to capture the 

movement of the sediment particles. Calibration is required for the camera in order to 

precisely determine the relationship between the particle image displacement in the image 

plane and the tracer particle displacement in the flow. The displacement of the particle 

images between the pulses of the light is determined though the evaluation of the recordings. 

The digital PIV recording is divided into small subareas called “interrogation areas” and the 

local displacement vector for the images is determined for each interrogation area by means 

of cross-correlation. In order to remove invalid measurements and to extract different areas 

of interest, i.e. sediment movement along the bed, a post-processing step is required. PIVlab, 

the post-processing tool in Matlab, is used for this part of the study.  



 

 

17 

 

The PIV technique measures the particle’s velocity indirectly by means of the measurement 

of the velocity of the tracer particles within the flow. However, there have been some studies 

performed, such as Stachurska and Staroszczyk (2019) and Sarno, et al. (2014), that have 

been successful using PIV without seeding. This study is completed without tracer particles 

since a wet sieve analysis was performed on the sediment in order to obtain coarser sediment 

particles. The coarse sediment particles were adequately illuminated by the lasers so no 

seeding was necessary. A future study, using the PIV technique, may be used with tracers. 

In order to obtain quantitative evaluation, a homogenous distribution of medium density of 

particles is desired for high quality images of PIV. A wet sieve analysis was done in order 

to obtain more accurate results.  

The three types of image density used for PIV are low, medium, and high image density. 

Low image density requires tracking methods for evaluation, which is another technique 

called particle tracking velocimetry (PTV). PTV uses frames that are singly exposed with a 

pulsed laser, and matches the pairs of particles frame by frame. The velocities of the particles 

are then found by calculating the displacement between the particle pairs that are matched 

and dividing their displacement time (Dabiri & Pecora, 2020). Oftentimes, researchers 

question whether PIV’s limitations can be overcome by PTV. A study by Kähler et al. (2012) 

analyzed the resolution limits of PIV. Results showed that PTV had an order of magnitude 

lower step response width, which is the minimum distance between vectors, compared to 

PIV. Furthermore, the dynamic spatial range was about three orders of magnitude larger than 

that obtained using PIV, processed with a window that is 8 x 8. Thus, PTV may have the 

potential to increase the spatial resolution significantly as well as the accuracy of the 

measurements (Dabiri & Pecora, 2020).  In medium image density, it is not possible to 

identify matching images of the same particles by visual inspection from the recordings. 

Medium image density is used for PIV evaluation statistical techniques. For high image 

density, it is not possible to detect individual images, thus forming speckles. This is called 

Laser Speckle Velocimetry (LSV) (Raffel, et al., 2018). LSV methodologies where used to 

quantify the kinematic flow field. This paved the way for PIV and PTV since these 

methodologies use reduced seeding for individual particles (Dabiri & Pecora, 2020). 
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In order to expose the particles via illumination, a high-power light source is needed. 

Naturally, larger particles have better light scattering efficiency, but in order for the particles 

to follow the flow of the water, the particles need to be smaller in size. Therefore, it is critical 

to find the right size particle. An advantage in analyzing particle movement in water rather 

than air, is that larger particles can be used. One of the main components in choosing the 

correct laser for PIV is that the laser must illuminate the area of observation consistently 

(Raffel, et al. 2018). Lasers are used in PIV because they emit monochromatic light that has 

high energy density, which come together as thin light sheets for enlightening and tracing 

the particles without deviations (Raffel et al., 2018).  

Three different types of lasers are typically used for PIV studies: Argon-ion lasers, 

Semidconductor lasers, Neodym-YAG lasers, and Neodym-YLF lasers. The laser that is 

used for this study is the Neodym-YAG (Nd: YAG) laser, in which ND3+ ions generate the 

beam of light at a wavelength of 532 nanometers (nm). The yttrium-aluminum-garnet (YAG) 

crystal is used for laser applications, thus Nd: YAG lasers have a high amplification and 

mechanical and thermal properties that allows excitation to be achieved in broad energy 

bands in the upper level of the laser (Raffel et al., 2018).  

In order to optimize PIV recordings for evaluation, the main parameters that need to be 

enhanced are size of the interrogation area, number of particles within the interrogation area 

(required to obtain the desired accuracy), number of interrogations areas within the PIV 

recording (determining the number of velocity vectors achievable) and the particle image 

size (required for optimal working of algorithms for evaluation). The final parameter that 

needs to be determined is how focused the camera is on the particle within the observation 

area that is illuminated.  

Ultimately, sediment mobility is a function of both Shields number and the Ursell number 

since the linearity of the waves depend on the Ursell number. A large Ursell number does 

not always imply that the sediment is moving because there are many other parameters that 

need to be taken into account, such as the wave height, water depth, and period. Moreover, 

under cnoidal waves, the sediment movement varies depending on the profile of the wave , 
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since cnoidal waves are asymmetrical. The skewness of cnoidal waves effect the velocity by 

having a higher velocity under the crest than the trough. With a higher velocity, the Shields 

parameter will be greater. The Ursell number determines the linearity of waves and is 

effected by the various wave parameters. In deeper water, the waves are linear and have an 

Ursell number less than 40. As waves propagate onshore, the Ursell number increases. With 

this increase in number, the waves form into cnoidal waves and sediment is pushed onshore. 

The Shields parameter and velocity under a cnoidal wave will be higher under the crest, This 

study analyzes the different parameters that have an effect linearity of the waves, how wave 

linearity effect the sediment transport rate, and using Particle Image Velocimetry to validate 

the velocity and sediment transport rate under various wave conditions. 
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Chapter 2  
Methodology 

 

Research Questions  

The research questions that arise from this study are:  

• How much sediment is being transported onshore and offshore under different wave 

conditions? 

• What is the velocity of sediment movement near the bed under different wave 

conditions over a rippled bed? 

• How do wave parameters, such as period, water depth, and wave height, affect 

dimensionless parameters such as the Ursell number and Shields parameter?  

• Is there a relationship between the wave parameters, the height of the ripples, and 

the velocity of sediment transport with the dimensionless parameters of the Ursell 

number and the Shields parameter?  

Experimental Setup  

Tests were conducted in a glass-walled wave channel at Florida Tech located in the Surf 

Mechanics Laboratory, Melbourne, Florida,  Figure 5. The wave channel dimensions are 

9.09 meters long, 0.56 meters wide, and 0.91 meters deep. At the back of the channel, there 

is a steel rod that is attached to a piston type paddle that generates waves by pulling and 

pushing the water as the steel arm rotates about a shaft connected to the motor by a set of 

gears. The position of the rod on the steel arm dictates the stroke length, while the speed of 

the motor dictates the frequency of the waves, Figure 6. The stroke length was measured by 

marking the maximum and minimum excursion of the piston wavemaker and measuring the 

distance between the two marks. The position of the rod and the speed of the motor can be 

easily adjusted, which allows for a range of wave heights and wave periods, respectively.  
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Figure 5: Florida Tech wave channel 

Figure 6: Stroke adjustment for wave paddle 
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Sonic Wave Sensors  

The wave sensor used for this study was the OSSI010-035 Sonic Wave Sensor XB. The 

sensors recorded the free surface height of the water in the wave channel. One sensor was 

placed near the paddle, while the other sensor was placed where the waves were breaking, 

within the camera frame. The waves can be measured from sub-millimeter to several hundred 

centimeters, with a range of 2.5 meters, and a sampling frequency of up to 32 Hz. Water 

level output is viewed in the Staff & Sonic Product Interface Program. This program can 

display, plot, and analyze data in addition to configure and calibrate the sensors. The sensors 

and videos are synchronized together so they can be compared. The wave gauge data for 

surface elevation recorded in counts were then analyzed using Matlab. The data was 

converted from counts to meters and then plotted for each trial. A spectral analysis for the 

different trials were run on the interface program and the wave period wave height can be 

calculated from this analysis. 

PIV Laboratory Setup  

In order to obtain usable data, there are some general aspects of the planning, set-up, and 

recordings of the PIV images, that need to be taken into account. The setup for the laser and 

the camera were originally set on two aluminum bars that were mounted on top of the wave 

channel. A separate aluminum L-shaped frame was connected to the bars via wheel mounts, 

which allowed movement right and left on the tank. The laser was mounted on the top and 

faced down into the channel. On the other L-shaped aluminum frame, the camera was 

mounted and shot through the glass from the side. This frame was designed so that both the 

laser and the camera could be moved at the same time without needing to recalibrate the 



 

 

23 

 

image. However, this setup caused issues during the testing phase. When the crest of the 

wave passed over the view of the camera, the shadow would quickly follow due to the light 

from the lasers. The shadows disrupted the data and made it difficult to perform analysis on 

the videos. In order to solve this issue, a laser was mounted outside the channel and pointed 

in. Two more lasers were mounted at different positions at the top of the channel. This 

ensured that at least one laser was pointing at the view of the camera before and after the 

crest. Another issue that arose was that the frame holding the camera and the laser was 

connected to the channel. This mounting system, would vibrate when the wave paddle was 

set at a frequency of either 4 or 8 Hz depending on which stroke length it was on. This issue 

resulted in a new frame setup that was not mounted to the tank. The new and final experiment 

set-up consisted of an aluminum frame that was U-shaped and did not touch the tank, thus 

resulting in a more stable system. Additionally, three lasers were used to illuminate the bed 

of sand, as shown in Figure 7. 

In order to have the wave channel laboratory completely dark, the windows and doors were 

covered using a blackout material and the lights were turned off when video recording. 

Additionally, a blackout sheet was used on the opposite side of the channel panel wall to 

create a darkened background in order to capture the lasers while filming. 

Figure 7: Laser and camera mount for testing 



 

 

24 

 

Sediment Analysis and Beach Profile 

Tests were originally run in the wave channel with fine and coarse sediment based on East 

Coast beaches. However, after a few tests were run and post-processing analysis was 

performed on some of the videos, it was found that there were too many fine sediment 

particles being suspended in the wave column to get an accurate representation of the 

velocity vectors of the particles. Moreover, it caused too much turbidity in the water to get a 

clear video. Since for this study, the focus was on near-bed sediment transport rates, the fine 

particles being suspended in the water column did not need to be taken into account.  

In order to reduce the fine particles, the sand was taken out of the wave channel and wet 

sieved through a burlap sack. The coarser sand was put back into the wave channel and the 

beach profile was rebuilt using coquina rocks, a wall to reduce wave reflection, burlap sacks, 

and sand. In order to ensure that there was not too much sand being lost while the waves 

were coming onshore, the burlap sacks were taped to the glass sides of the wave channel. 

Although there were still some finer particles suspended, the sieving of the sediments greatly 

improved water clarity and post-processing analysis of the videos.  

In order to determine the mean size of the sediment that was sieved, an American Society 

for Testing and Materials (ASTM) standard sieve analysis test was completed (ASTM 

C1326/C136M-19, 2019). The sediment was dried in the oven before performing the test. 

Sieve analysis was completed on three beakers of sand. The sieves used were stacked from 

bottom to top starting with the pan, No. 200. No. 140, No. 100, No 60, No. 40, and No. 10. 

Each pan was first measured empty (without sand in it) and then  measured after sieving with 

the retained sediment still on the sieve. From these measurements, the percentage of sand 

retained in each pan was calculated. The average cumulative percentage was calculated for 

all the samples. The sediment size conversion from millimeters to phi, Equation 32, was 

used. The diameter of the sediment in millimeters is represented by d (Provost, 2018).  

 𝜑 =  −𝑙𝑜𝑔2𝑑 

 

( 32 ) 

Table 1  shows the corresponding phi values for the different sieve mesh sizes. 
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Table 1: Phi values for different sieve sizes 

Sieve 

Number 

Diameter of sieve mesh 

(mm) 

Phi values of sieve 

mesh 

No. 10 2 0 

No. 40 0.425 1.23 

No. 60 0.25 2 

No. 100 0.15 2.74 

No. 140 0.106 3.24 

No. 200 0.075 3.74 

 

A sediment distribution curve, Figure 8, was produced from the average cumulative percent 

for all the beakers based on the sieve mesh size in millimeters and phi. The curve was then 

used to find the average mean grain size. The table below shows the different phi values and 

their corresponding percentile phis. 
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Table 2: Sediment phi values 

Phi percentile Phi values Values in millimeters 

Phi 5 2.58 0.167 

Phi 16 2.17 0.222 

Phi 50 1.77 0.293 

Phi 84 0.92 0.529 

Phi 95 -0.38 1.30 

 

Based on the values from Table 2, the mean grain size of the sediment could be determined 

by taking the average of 16th percentile, 50th percentile, and 84th percentile, which came out 

to be 0.35 mm in size. 

Camera  

The Sony DSC-RX10M4 camera was used for this study. This camera was chosen because 

it captured the images needed with a high frame rate and a high resolution. When shooting 

movies, there are different recording formats that are available with this camera. The XAVC 

S records movies in high definition, such as 4K by converting them into MP4 movies using 

the MPEG-4 AVC/H.264 codec, which is capable of compressing images with efficiency 

that is higher. Each of the shooting settings vary depending on the bit rate. The bit rate is 

how much the data is being processed within a given period of time. The XAVC S 4K has a 

bit-rate of approximately 100 megabits per second (Mbps) or approximately 60 Mbps and 

records the movie in 4K resolution (3840x2160). The XAVC S HD has a bit-rate of 

approximately 100, 60, 50, 25, or 16 Mbps and records movies in a higher quality then 

AVCHD. The AVCHD has a bit-rate of approximately 24 Mbps (maximum) or on average 

approximately 17 Mbps (Sony, 2017).  

This camera has three different video frame rates for capturing slow-motion video: 240, 480, 

and 960 frames per second (fps). There is also a high frame rate (HFR) record setting that 
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chooses the frame rate of the movie; and when it is paired up with the shooting frame rate, 

it effects the playback speed of the movie, Table 3. The “P” stands for progressive mode, 

meaning that the camera will capture full frame images many times per second. The [60p 

50M]/[50p 50M] records the movies in 1920 x 1080 (60 p/50 p) with a bit-rate of 

approximately 50 Mbps. The [30p 50M]/[25p 50M] records the movies in 1920 x 1080 

(30p/25p) with a bit-rate of approximately 50 Mbps. The [24p 50M] records movies in 1920 

x 1080 (24 p), which produces an atmosphere that is cinema-like and a bit-rate is 

approximately 50 Mbps (Sony, 2017). 

Table 3: Playback speed for camera 

HFR Frame 

Rate 

HFR Record Setting 

24p 50M 30p 50M/25p 50M 60 p 50M/50 p 50M 

240 fps 
10 times 

slower 

8 times slower/10 times 

slower 

4 times slower/5 times 

slower 

480 fps 
20 times 

slower 

16 times slower/20 times 

slower 

8 times slower/10 times 

slower 

960 fps 
40 times 

slower 

32 times slower/40 times 

slower 

16 times slower/20 times 

slower 

 

Four different exposure modes are used for high frame rate (HFR) shooting: program auto, 

aperture priority, shutter priority, and manual exposure. The program auto allows the user to 

shoot with automatically adjusted exposure (both the shutter speed and aperture value), the 

aperture priority allows the user to adjust the aperture value manually and shoots after it is 

adjusted, the shutter priority allows the user to shoot after adjusting the shutter speed 

manually, and the manual exposure allows the user to shoot after adjusting the exposure 

(both the aperture value and shutter speed) manually. The aperture controls the amount of 
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brightness of the image that is passing through the lens and falls on the image sensor. The 

aperture value is smaller when the f-number is higher and less light passes through the lens. 

On the other hand, the aperture value is higher when the f-number is smaller and more light 

passes through the lens. The exposure compensation value ranges from -3.0 EV to +3.0 EV 

(exposure value) (Sony, 2017).  

The ISO number is the camera’s sensitivity to light; the higher the sensitivity, the larger the 

ISO number. Additionally, the higher the ISO value, the more noise will result in the image. 

The ISO for this camera ranges from 64-12800 but only 100-12800 when shooting movies 

and can be set either automatically or manually. If the user has the ISO value being adjusted 

automatically under the multi-frame noise reduction (NR), when the shooting mode is 

program auto or aperture priority, the shutter speed can be set at which the ISO sensitivity is 

changing. This is useful for shooting moving subjects by minimizing blurring (Sony, 2017).  

Additionally, the user can choose from four different focus area settings. The wide setting 

focuses on the subject covering the whole range of the screen automatically, the center 

focuses on the subject in the center of the image automatically, and flexible spot allows the 

user to move the frame to a desired location on the screen and focus on the subject that is 

extremely small in an area that is narrow. The expand flexible spot is used if the camera 

cannot focus on a single selected point, it uses points around the flexible spot as a secondary 

area for focusing. The focus area setting that is used for this study is wide. The only zoom 

function that is available when shooting HFR is the optical zoom range which is when images 

are magnified within the optical zoom range of the camera. The recommended shortest shoot 

distance for HFR movies is approximately 3 centimeters from the front of the lens at the 

wide-angle end, approximately 72 centimeters at the telephoto end, and approximately 140 

cm at a 35-mm equivalent focal length of around 250 mm or further (Sony, 2017). 

When running the preliminary tests, the different settings on the camera were changed to 

find the clearest shot. Table 4 presents values that have been used for the tests.  
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Table 4: Preliminary test camera settings 

Shutter Speed ISO Exposure Value 

(EV) 

Aperture Size 

1/500-1/1000 5000  3.0 F 2.8-3.5 

 

Sony has a movie maker program, PlayMemories Home, that imports the images from the 

camera to the computer. This program allows the user to play back the images imported, edit 

movies, change the playback speed of movies and slow-motion movies, and add various 

effects (Sony 2017). This was used to import the images and edit them post processing before 

uploading the clips into the PIV tool in Matlab. 

PIVLab  

The software that is used for this study for post-processing is found in a toolbox in Matlab 

R2020b. PIVlab is a toolbox that calculates the velocity distribution of the images from a 

high frame rate camera. PIVlab is a time-resolved (micro) PIV software that not only 

calculates the velocity distribution within particle image pairs, but also derives other 

parameters of the flow patterns, such as displacement of moved particles (MathWorks 2019). 

According to Mustafa et al. (2019), there have been no studies so far that directly compared 

the performance of other software packages to PIVlab. However, Thielicke and Stamhuis 

(2014), stated that more than 60,000 synthetic particle images were used to evaluate the 

quality of results that were calculated using PIVlab. This study showed that the bias error of 

PIVlab algorithms is smaller than 0.005 pixels and the random error is below 0.02 pixels 

under optimal conditions (Mustafa et al., 2019).  

During the post-processing analysis step of the images, the average of small groups is 

determined, which are found in the interrogation areas. The frame from the camera is divided 

into multiple interrogation areas that are equal in size. Statistical methods are used to 

determine the interrogation area’s motion vector (Mustafa, et al. 2019). In PIVlab, the 
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interrogation area can easily be adjusted based on what area of the frame the user wants to 

study in order to optimize results.  

Two different statistical methods are used to compute the average particle motion over an 

interrogation area: cross-correlation and auto-correlation. Cross-correlation is most 

preferable due to the effective analysis and increased spatial resolution compared to auto-

correlation.  Cross-correlation finds the pattern from interrogation window A back to 

interrogation area B and each particle is only illuminate once in each sample (Bastiaans, 

2000 & Thielicke & Stamhuis, 2014). The discrete cross correlation function is shown in the 

Equation 28. 

 𝐶(𝑚, 𝑛) = ∑ ∑ 𝐴(𝑖, 𝑗)𝐵(𝑖 − 𝑚, 𝑗 − 𝑛)
𝑗𝑖

 
( 28 ) 

 

A and B are interrogation areas from images A and B. According to Thielicke & Stamhuis 

(2014), in order to solve for the Equation 28, there are two ways: direct cross correlation 

(DCC) or discrete Fourier transform (DFT). The correlation matrix is computed in the spatial 

domain for DCC, which allows the interrogation areas to have different sizes. Therefore, 

DCC can obtain more accurate results than DFT, however the computational cost of DCC is 

longer, especially with large interrogation areas. The DFT is calculated using fast Fourier 

transform (FFT) in the frequency domain. The interrogation areas have to be the same in size 

which can cause loss of information in particle displacement and an increase in background 

noise in the correlation matrix which can cause a decrease in the accuracy of the intensity 

peaks (Thielicke & Stamhuis, 2014). There are different procedures in PIVlab that can 

reduce this loss. No matter what process is used, the number of particles per interrogation 

area is critical according to Warner and Smith (2014). The recommendation for the number 

of particles per area is at least ten since the probability of valid vector detection increases 

and uncertainty decreases when the number of particles is increased within the interrogation 

area (Warner and Smith, 2014).  
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Testing  

The beginning stages of this study consisted of altering the water level, wave height, and 

wave period in order to determine what combination is best for achieving predicted results. 

The water levels that were being tested were 0.25 meters, 0.46 meters, and 0.66 meters. The 

wave period was controlled by setting the rotational frequency of the motor. For this study, 

the motor frequencies were set to 2, 4, and 8 Hz, corresponding to wave periods of 6, 3, and 

1.5 seconds, respectively. Finally, the wave height was adjusted by changing the stroke of 

the piston wave maker. The stroke was modified by connecting the piston drive rod to the 

rotating drive hub using a variable length connection, wave height adjustment rod fixture 

(WHARF). The Wharf setting was 1, 3, 5, 7, 9, 11, 13, and 15 holes from the free end of the 

rod, corresponding to the stroke length of 0.47 m, 0.43 m, 0.36 m, 0.32 m, 0.28 m, 0.23 m, 

0.19 m, and 0.14 m, respectively.  

All of the initial testing consisted of waves propagating over a flat bed with the bed being 

smoothed between tests. A flat bed, with the laser illuminating it, was used for one of the 

initial tests, Figure 9.  

The sediment movement was along the bed and in the water column for Figure 9.  A visual 

analysis was performed on the videos that were recorded based on the different water depths, 

Figure 9: PIV laser illuminating sediment bed 
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frequencies, and hole setting on the paddle. This was done to determine what combinations 

did not show any sediment movement along the bed so they could be ruled out.  

Ripple Testing Analysis  

Since in nature waves create ripples on a sandy bed, a second series of tests were run over a 

rippled bed with different water depths, frequencies, and stroke length. However, not all the 

stroke lengths were tested for all the frequencies or water depth, since there were some 

combinations that showed no sediment movement, Tables 5, 6, and 7. Testing began at 0.25 

meters with a frequency of 2 Hz (6 second wave period) and then ran through all the stroke 

lengths to adjust the wave height before changing the frequency to 4 Hz (3 second wave 

period) and running through the different stroke lengths again. Finally, 8 Hz (1.5 second 

wave period) was tested for all the holes. At each hole, the waves were run at fifteen-minute 

intervals and when the fifteen minutes were over, the videos were shot at 480 and 960 frames 

per second (FPS). After the videos were shot, a corresponding picture was taken. After that 

procedure, the water level was raised to 0.46 meters and ran through all the frequencies and 

holes that were being tested. Finally, this whole procedure was repeated for a water depth of 

0.66 meters.  

Table 5: Testing parameters for 6 sec period 

Water depth (meters) 

0.25 0.46 0.66 

Stroke length (meters) 

0.47  0.47  0.47  

0.43 0.43 0.43 

0.36 0.36 0.36 
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0.14 0.14 0.14 

0.28 0.28 0.28 

0.23 0.23 0.23 

0.19 0.19 0.19 

0.14 ---- 0.14 

 

Table 6: Testing parameters for 3 sec period 

Water depth (meters) 

0.25 0.46 0.66 

0.47 0.47 0.47 

Stoke length (meters) 

0.43 0.43 0.43 

0.36 0.36 0.36 

0.14 0.14 0.14 

0.28 0.28 0.28 

0.23 ---- 0.23 

0.19 ---- ---- 

0.14 ---- ---- 
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Table 7: Testing parameters for 1.5 sec period 

Water depth (meters) 

0.25 0.46 0.66 

Stroke length (meters) 

---- 0.47 ---- 

0.43 0.43 ---- 

0.36 0.36 ---- 

0.14 ---- 0.14 

0.28 0.28 0.28 

0.23 0.23 0.23 

0.19 0.19 0.19 

0.14 0.14 0.14 

 

Three videos were chosen for further analysis using PIV to obtain the velocity components 

and sediment transport rates based on these if there was sediment movement along the bed, 

the quality of the video being recorded for each combination, and the Ursell number 

corresponding to a low, medium, and high number. By analyzing these three videos, a 

relationship can be formed between the parameters of the waves, the Ursell number, the 

height and length of the ripples, and the bottom velocity. Additionally, some of the waves 

produced were linear waves, so these waves were compared to the cnoidal waves. 
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Time-lapse Video Analysis  

The last stage of testing included recording time-lapse videos for the three cases chosen for 

more detailed analysis. Sediment transport was shown through these time-lapse videos and 

compared to the velocity and displacement components that were achieved by the PIV 

analysis.   

The final three combinations that were used for further analysis included time-lapse videos 

that were around six hours each to determine the mass sediment transport that was occurring. 

A picture was taken every two minutes for the total elapsed time. Once the trial was 

completed, the total number of pictures was divided into seven different frames over the 

elapsed period of time. Each frame was imported into Creo Parametric 6.0 to draw the outline 

of the beach profile for panels 1, 2, and 3 of the wave channel, shown in Figure 10. Once the 

outline of the profile was drawn, the volume of sand in each panel was calculated and a rate 

of change graph was produced. This information was used to determine how much sediment 

was being pushed onshore and offshore.  

Figure 10: Wave channel panels 
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Chapter 3  
Results 

 

Three different water depths, 0.25 meters, 0.46 meters, and 0.66 meters, were tested along 

with three different frequencies, 2 Hz, 4 Hz, and 8 Hz, corresponding to a wave period of 6 

seconds, 3 seconds, and 1.5 seconds, respectively. There were eight different stroke lengths, 

each corresponding to a different wave height, for each water depth and frequency. There 

were different combinations that were not tested since there was too much wave reflection 

caused by the wave paddle or no sediment movement, therefore accurate data could not be 

collected.  

The purpose of this study was to produce cnoidal waves, however, there were also linear 

waves that formed. Tables 8, 9, and 10 display the linear waves that were being generated at 

each water depth, the frequency and wave height. 

Table 8: Linear waves at 0.25 meters 

Period (s) Hole Number Stroke Length (m) Wave Height (m) 

1.5 11 0.23 0.084 

1.5 13 0.10 0.069 

1.5 15 0.14 0.047 

 

Table 9: Linear waves at 0.46 meters 

Period (s) Hole Number Stroke Length (m) Wave Height (m) 

3 3 0.43 0.10 

3 5 0.36 0.10 

3 9 0.28 0.08 

3 11 0.23 0.07 

1.5 3 0.43 0.19 

1.5 5 0.36 0.18 

1.5 7 0.32 0.18 

1.5 9 0.28 0.22 

1.5 11 0.23 0.16 

1.5 13 0.19 0.13 
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Table 10: Linear waves at 0.66 meters 

Period (s) Hole Number Stroke Length (m) Wave Height (m) 

3 1 0.47 0.12 

3 3 0.43 0.11 

3 5 0.36 0.10 

3 7 0.32 0.10 

3 11 0.23 0.09 

1.5 11 0.23 0.24 

1.5 13 0.9 0.20 

1.5 15 0.14 0.14 

 

The water depth and bed depth for each frequency is portrayed in Table 11. Additionally 

the distance from the still water line (SWL) to the top of the bed was measured in meters. 

This was done in order to aid in further analysis throughout the study. 

Table 11: Water depth and bed depth 

Water depth (m) Period (s) Bed depth (m) Distance from SWL 

to bed (m) 

0.254 6 0.14 0.12 

0.254 3 0.11 0.14 

0.254 1.5 0.12 0.13 

0.457 6 0.36 0.10 

0.457 3 0.36 0.10 

0.457 1.5 0.36 0.10 

0.660 6 0.47 0.19 

0.660 3 0.45 0.22 

0.660 1.5 0.400 0.26 

 

After the analysis of all the different combinations, linear and non-linear waves, there were 

three combinations that showed the best results in regards to Ursell number, quality of video, 

and sediment movement, Table 12. These final combinations and corresponding parameters 

will be the focus of further analysis.  
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Table 12: Final combinations for further testing 

Water 

depth (m) 

Stroke 

length 

(m) 

Period (s) Cnoidal 

wavelength 

(m) 

Wave 

height 

(m) 

Cnoidal 

Ursell 

number 

Shields 

Parameter 

0.25 0.28 1.5 2.36 0.13 43.91 0.30 

0.25 0.47 3 5.24 0.11 192.22 0.13 

0.46 0.36 6 13.15 0.08 141.80 0.03 

 

Even though the above combinations produced cnoidal waves, a comparison was done 

between linear and cnoidal waves to analyze how the linearity of the waves effected the 

wavelength and the Ursell number. In addition, when calculating the non-linear Ursell 

number, Equation 18 was used. To compare the accuracy of this equation being used, 

Equation 7 was used but with a cnoidal wave length. Table 13 shows the differences between 

the linearity of the combinations that was used for further testing. 

Table 13: Linear vs Non-Linear properties for final combinations 

Water 

depth 

(m) 

Period 

(s) 

Cnoidal 

wavelength 

(m) 

Linear 

Wavelength 

(m) 

Cnoidal 

Ursell 

number 

based on 

Equation 18 

Cnoidal 

Ursell 

number 

based 

Equation 7 

Linear 

Ursell 

number 

0.25 1.5 2.35 2.19 43.91 45.24 21.90 

0.25 3 5.24 4.65 192.22 192.26 150.96 

0.46 6 13.15 12.60 141.80 141.83 130.11 

 

The difference between the cnoidal Ursell number using Equation 7 and Equation 18 is 

insignificant, which indicates that solving for the cnoidal Ursell number using both equations 

may be accurate. However, the difference between the linear and cnoidal wavelength and 

Ursell numbers are rather significant, which validates the theory that non-linear and linear 

wavelengths are different. Additionally, it can be seen that as the water depth increases and 

the wave period increases, the difference between the wavelengths for a cnoidal wave and 

linear wave increases.  
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One of the main dimensionless parameters that contribute to sediment movement and ripple 

formation is the Shields parameter. The final combinations’ Shields parameter, ripple height, 

ripple length, and ripple steepness are portrayed in Table 14. . The area of the ripples, where 

the measurements were taken for each trial, is portrayed in Figures 11, 12 and 13.  

Table 14: Shields parameter and ripple dimensions 

Water depth 

(m) 

Period (s) Shields 

Parameter 

Ripple 

height (m) 

Ripple 

length (m) 

Ripple 

steepness 

(m) 

0.25 1.5 0.30 0.02 0.07 0.22 

0.25 3 0.13 0.02 0.12 0.17 

0.46 6 0.03 0.06 0.34 0.18 

 



 

 

40 

 

 

Figure 11: Rippled bed for 0.25 meters and period of 1.5 seconds 

 

 

Figure 12: Rippled bed for 0.25 meters and period of 3 seconds 

 

Figure 13: Rippled bed for 0.46 meters and 6 second period 
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As the period increases and the water depth increases, the ripples become more spread out 

and the steepness decreases. Additionally, the ripples become less defined, which relates to 

the Shields parameter. Sediment begins to move with a Shields parameter of 0.03, which is 

shown in the 6 second period with the water depth of a corresponding Shields parameter of 

0.03. Ripples will begin to develop and remain stable with a Shields parameter greater than 

0.2, which is shown in Figures 11 and 12 with their corresponding Shields parameters of  

0.30 and 0.13 respectively (Stachurska & Staroszczyk, 2019; Nielsen, 1992; Ostrowski, 

2004).  

The combinations were put into  PIVLab for further analysis of velocity and sediment 

movement. In order to obtain the most accurate data, every other frame of the 480 FPS video, 

for each trial, was imported. There was a pre-processing step that took place and the 

interrogation areas had to be set. A FFT was ran for each trial with the first pass having 128 

pixels per interrogation area with a 50% timestep. The second and third pass had 64 pixels 

per interrogation area with a 32 pixel timestep. After the interrogation areas were set, each 

frame of the video was analyzed individually. After the analysis, a calibration image was 

used to acquire accurate velocities and displacement. In order to calculate the velocity of 

each frame, a calibration image was used to set the distance between two points and the time 

between two images was calculated. To obtain the displacement of the particles, the timestep 

was 1000 ms. Once the calibration was complete for each frame, the post-processing phase 

of the analysis was done to remove any outlier vectors of frames that were not calculated 

properly due the particles not being captured by the laser properly.  

Finally, in order to calculate the velocity and displacement of the video, an area near the bed 

of the sediment was set and the mean velocity for that area was calculated for each frame. 

An average velocity was then calculated for the whole video. The figures below show the 

area used to calculate the mean velocity and displacement for each trial using the PIVLab. 

The green vectors represent the velocity vectors of the sediment, while the red vectors 

represent the interpolated velocities that were not illuminated enough by the lasers to be 

calculated using PIVLab, The white “clouds” are the sediment that is moving along the bed 

and suspended in the water column.  
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The near-bed velocity under the crest and the trough had to both be calculated because of the 

skewness of the cnoidal wave. The bottom velocity for under the crest and trough was 

calculated using Equation 23 and Equation 24, respectively. The videos were taken with a 

the crest and trough being captured, so the PIV bottom velocity calculation encompassed the 

Figure 15: Velocity area for 0.25 meters with 1.5 second period, from PIVLab 

Figure 14: Velocity area for 0.25 meters with 3 second period, from PIVLab 

Figure 16: Velocity area for 0.46 meters with 6 second period, from PIVLab 
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crest and the trough. For comparison, the calculated bottom velocity at the crest and trough 

was averaged together to get the average near-bed velocity. The calculated bottom velocity 

underneath the trough and the crest and compared to the velocity that was calculated based 

on PIV, Table 15. 

Table 15: Important takeaway for the  PIV velocities and calculate velocities 

Depth 

(m) 

Period 

(s) 

Velocity 

under 

the crest 

(m/s) 

Velocity 

under 

the 

trough 

(m/s) 

Calculated 

average 

velocity 

(m/s) 

PIV 

velocity 

(m/s) 

Percent 

difference  

(%) 

0.25 1.5 0.40 0.39 0.40 0.18 55% 

0.25 3 0.42 0.14 0.28 0.26 5% 

0.46 6 0.22 0.06 0.14 0.15 6% 

 

The PIV velocity and the calculated near-bed velocity for trial one and trial two vary by less 

than 10%. However, for the first trial, the percent difference was greater. Since the Ursell 

number for this trial was 43.91, this trial can be characterized as weakly non-linear. In order 

to determine how linear the wave was, the linear velocity was calculated for the first trial 

and the velocity calculated was 0.2 m/s. When compared to the PIV velocity of 0.18 m/s, the 

percent difference between the linear calculation and the PIV measured average velocity was 

11%. Additionally, this trial approaches the Stokes’ second order theory, Figure 2. Linear 

waves have a sinusoidal wave form, the velocity calculated at the crest and the trough does 

not need to be calculated individually because the magnitude and direction change 

throughout the wave phase but evens out to an average velocity.  

To better understand the sediment movement and Shields parameter for cnoidal waves, 

timelapse videos were created in order to quantify how much sediment was being transported 

onshore or offshore. The first timelapse completed was for a water depth of 0.25 meters and 

a wave period of 1.5 seconds. The test lasted for six hours. After the test was complete, the 

volumetric difference between the panels of the wave channel was calculated along with the 
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rate of change over the elapsed time. Figure 17 and Figure 18 shows the initial beach profile 

and the final beach profile, respectively.  

 

Figure 17: Initial beach profile for 0.25 meters and 1.5 seconds 

 

 

Figure 18: Final beach profile for 0.25 meters and 1.5 seconds  

It can be seen from the above figures that sediment is being pushed offshore. This is true in 

the fact that with a shorter wave period, erosion of sediment will occur (Dean, 1973). Ripples 

began to form within the first couple minutes of the waves being run over the flat bed which 

shows a correlation with the Shields parameter for this trial since ripples form with a Shields 

parameter of 0.2 (Stachurska & Staroszczyk, 2019). Additionally, the ripples are closer 

together since the period of the wave is shorter and the water depth is shallower. The 

volumetric difference between the first and third panel fluctuated between 0.01-0.03 m3 
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while the rate of change shows an exponential decay over time. The transition from initial to 

final beach profile for this case shows erosion of the profile with offshore transport of 

sediment.  

Table 16: Volume difference for 0.25 meters and 1.5 seconds 

Time between frame 

(hours) 

Volume Difference (m3) Rate of change (m3/hr) 

0 0.0253 0 

0.75 0.0190 0.0254 

1.5 0.0204 0.0136 

3 0.0193 0.0064 

4.5 0.0207 0.0046 

5.25 0.0151 0.0029 

6 0.0142 0.0024 

 

 

Figure 19: Sediment transport rate of change for 0.25 meters and 1.5 seconds 
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The second time-lapse, 0.25 meter water depth with a wave period of 3 seconds, was taken 

over the span of 6.6 hours. Once again, the volume difference between the first panel and 

the third panel was calculated along with the sediment transport rate over time. Figure 20 

and  Figure 21 show the initial and final beach profile of this trial. 

 

Figure 20: Initial beach profile for 0.25 m and 3 seconds 

 

Figure 21: Final beach profile for 0.25 m and 3 seconds 

The trial for 0.254 meters with a 3 second wave period shows sediment being transported 

onshore. The amount of sand in the first panel of the wave channel has a significant change 

from the initial to final beach profile. The volume difference between the first and third panel 

was between 0.01-0.03 m3.  
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Table 17: Volume difference for 0.25 m and 3 seconds 

Time between frame 

(hours) 

Volume Difference (m3) Rate of change (m3/hr) 

0 0.0198 0 

0.832 0.0229 0.0275 

1.66 0.0280 0.0168 

3.33 0.0258 0.0077 

4.99 0.0281 0.0056 

5.82 0.0181 0.0030 

6.66 0.0224 0.0034 

 

By the end of the time-lapse, there was no sediment in the third panel of the wave channel. 

There is a decrease in the rate of change over time for this trial, Figure 22. However, there 

was a slight increase between the last two pictures of the timelapse.   

The last time-lapse video, 0.46 m with a wave period of 6 seconds, was taken over the course 

of 6 hours and the volume difference was calculated between the first and third panel of the 

wave channel. The initial and final beach profile are shown in Figure 23 and Figure 24.  
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Figure 22: Sediment transport rate for 0.25 meters and 3 seconds 
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Figure 23: Initial beach profile for 0.46 m with 6 second period 

 

Figure 24: Final beach profile for 0.46 m with 6 second period 

The sediment is being pushed offshore with the sediment being pushed into the third panel 

for the final beach profile, Figure 24. Ripples began to form throughout this time-lapse, even 

though they are large orbital ones. The corresponding Shields parameter of this trial, 0.03, is 

when ripples begin to form and the results of this study validate the study from Stachurska 

& Staroszczyk (2019).  

Even though these conclusions can be made based on Figures 23 and 24, further analysis 

using PIV was not done for this trial because the beach profile slope was eroded very quickly, 

within the first few minutes of the time-lapse. The erosion caused too much wave reflection 

in the back of the wave tank. This reflection could have affected the sediment transport rate, 

thus not being valid data to use for further analysis using PIV to produce conclusive results.   
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Table 18: Volume difference for 0.46 meters with 6 second period 

Time between frame 

(hours) 

Volume Difference (m3) Rate of change (m3/hr) 

0 0.0307 0 

0.75 0.0256 0.0341 

1.5 0.0255 0.0170 

3 0.0240 0.0080 

4.5 0.0211 0.0047 

5.25 0.0094 0.0018 

6 0.0172 0.0029 

The volume difference between the first picture of the time-lapse and last picture of the time-

lapse, Figure 23 and Figure 24, respectively, show a difference of 0.0135 m3. Just as the trial 

for 0.254 m and 3 second period, there was a decrease over time, Figure 25, but a slight 

increase between the last two pictures that were taken. 
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Figure 25: Sediment transport rate for 0.46 m with 6 second period 
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The displacement of each trial was calculated using PIVLab and then compared to the 

timelapse videos by multiplying the displacement from the PIV by the distance from the bed, 

0.01 m. The time-lapse sediment transport rates were calculated from the same area and the 

same time, after the first 15 minutes, that the PIV videos were taken. The time-lapse video’s 

sediment transport rate was then compared to the sediment transport rate using PIV, Table 

19.  

Table 19: Sediment transport rate using PIV and timelapse  

Depth (m) Period (s) Sediment 

transport rate 

using PIV 

(m3/s) 

Sediment 

transport rate 

using timelapse 

videos (m3/s) 

Percent 

difference  (%) 

0.25 1.5 7.14e-06 6.23e-06 14% 

0.25 3 5.29e-06 4.66e-06 13% 

 

The difference between the sediment transport rate using the PIV and the sediment transport 

rate using the timelapse videos were relatively close with a percent difference less than 20%. 

The third trial was not validated using PIV since there was too much wave reflection during 

the timelapse video to obtain accurate data for sediment movement.  

The higher percent difference could relate to the estimate of the active bed thickness (i.e., 

0.01 m), as well as the fact that not all the particles were captured entirely by PIVLab. Other 

error sources could arise from the how the time lapse data was related to the PIV data. Even 

though the time-lapse sediment transport rates were calculated from a location in the profile 

and time into the simulation (i.e., 15 minutes after the wave paddle was started) as the PIV 

videos were taken, they were not captured simultaneously. The slight difference in the time 

or location along the profile that the rates were measured could affect the overall data since 

for both these trials sediment moved quickly and the transformation of the bed may affected 

these results. Regardless, PIV was found to be a useful tool in calculating sediment transport 

rates. In addition to velocity playing a role in sediment transport, the Shields parameter is 

the major dimensionless parameter that is calculated to describe when the sediment is 

expected to move. 
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Table 20: Important takeaway of Ursell number and Shields parameter under profile 

of wave 

Depth 

(m) 

Period 

(s) 

Ursell 

number 

Shields 

parameter under 

the crest 

Shields 

parameter under 

the trough 

Shields parameter 

for average 

velocity 

0.25 1.5 43.91 0.31 0.29 0.30 

0.25 3 192.22 0.25 0.04 0.13 

0.46 6 141.80 0.07 0.01 0.03 

  

Table 20 is one of the most important takeaways from this study. Trial one has a Shields 

parameter under the crest and the trough that are close to similar, thus confirming that the 

Shields parameter magnitude is similar to onshore and offshore flows under a linear profile. 

The Shields parameter under the crest and the trough are significantly different for trial two 

and three, with the Shields parameter being higher under the crest than the trough. This 

validates the theory of the skewness of non-linear cnoidal waves with the crest of the wave 

having both a larger velocity and Shields parameter under the crest. Since the Shields 

parameter is larger under the crest, the movement of sediment is greater than under the 

trough, thus resulting in onshore transport.. The percent difference between the calculated 

bottom velocity and the velocity being calculated by PIV was very small (< 10%), which 

validates that the PIV is a successful tool in calculating bottom velocity. The results for 

bottom velocity and Shields parameter under the crest and trough confirm the hypothesis of 

sediment transport in the direction of wave travel for cnoidal waves.  

The potential and kinetic energy densities were calculated for all three trials, along with the 

total energy transport per wave. The energy of a wave is important because as the waves are 

travelling onshore, there is a transfer of kinetic and potential energy (Dong, et al., 2020). 

This wave energy is used to classify the strength of the wave (Dong, et al., 2020). 

Additionally, the energy of a wave helps aid in sediment transport, Table 21. 
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Table 21: Energy components of waves 

Depth 

(m) 

Period 

(s) 

Potential 

Energy 

Density 

(J/m3) 

Kinetic 

Energy 

Density 

(J/m3)  

Energy 

Transport 

per Wave 

(J) 

Energy 

Flux 

(Jm2/s) 

0.254 1.5 0.135 0.135 132.28 127.22 

0.254 3 0.096 0.099 93.69 142.69 

0.457 6 0.098 0.099 131.65 83.10 

 

Since cnoidal waves are shallow water waves, c2 > gh, the kinetic energy density should be 

greater than the potential energy density (Hinis, 2003). Table 20 validates this for trial two 

and trial three, but not for trial one. Once again, this is due to the fact that the wave is 

becoming more linear. For all three trials, the kinetic energy and potential energy are nearly 

identical. This proves that the sediment is moving and as the sediment is falling back into 

the sand bed, the potential energy turns into kinetic energy due to gravity. The energy 

transport per wave is critical because shoaling can be predicted based on the energy transport 

per wave at a reference point (Hinis, 2003). The shoaling theory for cnoidal waves is valid 

for gently sloping bottoms. The energy flux was calculated based on eta, Equation 30. Eta is 

based on the wave height and the Jacobian with respect to the parameter, m. It can be seen 

that the energy flux has a direct proportional relationship with the wave height. However, 

for the first trial, the energy flux is smaller than the second trial. This could relate to the wave 

becoming more linear since the equation to calculate the energy flux was based on the 

cnoidal wave. 

In order to better understand the relationship between the Ursell number and wave 

parameters, multiple graphs were produced from three different water depths, three 

frequencies, and the difference holes for each combination. Each frequency, 2, 4, and 8 Hz, 

corresponding to 6, 3, and 1.5 seconds, respectively. Figures 26, 27, and 28 show the 

relationship between the Ursell number and the water depth for 2 Hz, 4 Hz, and 8 Hz. 
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Figure 26: Depth vs Ursell number for 2 Hz 

Figure 27: Depth vs Ursell number for 4 Hz 
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Figure 27 only illustrates a cnoidal Ursell number for 0.25 m because there was only one 

cnoidal wave that was produced with a frequency of 4 Hz. Figure 28 shows no cnoidal waves 

being produced for 8 Hz, however, for a stroke length of 0.28 meters, it did produce a cnoidal 

wave, which is one of the trials that was used for further analysis, although this combination 

is reaching a point of becoming a linear wave, the Ursell numbers for both cnoidal waves 

and linear waves are increasing, thus having an inverse relationship. As the water depth is 

decreasing, one parameter is increasing while the other parameter is decreasing. The spikes 

in the graphs represent a higher Ursell number than the previous combination   

In Figure 29, the steepness of the wave is compared to the Ursell number for a frequency of 

2 Hz. The wave steepness is taken by dividing the wave height by the wavelength. The wave 

steepness is calculated depending if the wavelength is a cnoidal or linear wavelength.  

Figure 28: Depth vs Ursell number for 8 Hz 
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As the wave becomes steeper, the linear and cnoidal Ursell number increase, thus having a 

direct proportional relationship to wave steepness. Analyzing the relationship between wave 

steepness and Ursell number can be used for an approximation for the regions of validity of 

analytical wave theories, Figure 3. Wave steepness is important because as the waves 

propagate onshore and the  as the wave crests become higher and shorter, the steepness 

increases and the profile of the wave deviates from the sinusoidal wave shape into a cnoidal 

wave shape. Eventually, the waves break when the steepness becomes too high. The 

movement of sediment effected by the shoaling of waves as well as the breaking of waves, 

with sediment becoming suspended and aiding in the transport rate. In deeper water, the 

steepness of the wave aids in determining if the wave form is linear or nonlinear (Dean, 

1973).  Figure 30 shows the wave steepness and Ursell number for 4 Hz. Once again, only 

the cnoidal Ursell number was plotted for the water depth of 0.25 meters since there were no 

cnoidal waves that were formed with the other water depths.  

Figure 29: Wave Steepness vs Ursell number for 2 Hz 
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For the frequency of 4 Hz, a wave period of 3 seconds, the steepness of the wave becomes 

greater as the Ursell number increases. Figure 31 describes the same relationship for 8 Hz, 

but only in linear waves, since no cnoidal waves were formed under these conditions. 

 

Figure 30: Wave steepness vs Ursell number for 4 Hz 

Figure 31: Wave steepness vs Ursell number 8 Hz 
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Chapter 4  
Discussion 

 

The goal of the study was to determine how wave linearity effected nearshore sediment 

transport. To accomplish this goal, the study focused on the how the linearity of waves 

changed under different wave parameters such as water depth, wave height, period, and 

wavelength. The waves that were produced in the laboratory studies ranged from linear to 

cnoidal waves, which are both applicable in shallow water (Dean and Dalrymple, 1991). 

Results show that as the period of the waves decreased for a deeper water depth, the waves 

became more linear with a lower Ursell number. However, for a shallower water depth, the 

waves became non-linear with a higher Uresll number. Additionally, the wavelength, both 

of cnoidal and linear waves, became longer with an increase in period and water depth. When 

waves enter shallower water, the wavelengths become shorter and the wave speed decreases 

while the height of the wave shoals due to the interaction with the sandy bed.  

After testing the different combinations and computing the wavelength, Ursell number, and 

velocity, and Shields parameter, the linearity of each wave was determined. The regions of 

validity, Figure 3, were used based on the wave steepness and the Ursell number. Once the 

waves were deemed either liner or cnoidal, the equations were used to compute the 

corresponding theoretical wave parameters. In order to calculate the cnoidal Ursell number, 

the complete elliptical integrals of the first and second kind had to be computed based on the 

parameter, m, which was solved for iteratively. Once the elliptical integrals were computed, 

the cnoidal Ursell number was found, Equation 18, and the cnoidal wavelength calculated. 

Cnoidal waves have the unique feature of reducing the solitary wave theory at one limit, and 

at the other limit the wave profile is expressed in terms of cosines (Svendsen, 2006). Cnoidal 

waves become solitary waves as the wavelength approaches infinity; therefore, it is a theory 

that bridges the solitary and linear wave theory, characterized by with longer wave troughs 

and peakier crests that seen with linear waves (Dean and Dalrymple, 1991). Cnoidal waves 

differ from sinusoidal waves in terms of the shape of the profile of the wave and the velocities 
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of the water particles (Hinis, 2003). The linear wavelength and cnoidal wavelength were 

more similar in length for shorter wave periods. The difference between the cnoidal and 

linear wavelengths became greater as the water depth decreased. Linear waves were 

produced with a wave period of 1.5 and 3 seconds in a deeper water depth, thus concluding 

that linear wavelength is dependent on the water depth and the wave period. On the other 

hand, cnoidal waves are dependent on wave depth, wave period, and wave height, with wave 

height being one of the main dominating factors.  

The cnoidal Ursell number results that were used throughout the study were calculated based 

on Equation 18 and using elliptical integrals. These results were compared to calculating the 

cnoidal Ursell number using Equation 7, which is the equation for a linear Uresll number, 

but a cnoidal wavelength, Equation 19 was used. The two different ways in calculating the 

cnoidal Ursell number was compared to determine the accuracy of the two different theories. 

For all three water depths, the difference between the cnoidal Ursell number based on 

Equation 18 and the cnoidal Ursell number based on Equation 7 was insignificant, with the 

biggest difference being 0.99. It can be considered that this difference is bigger due to the 

waves becoming more linear since having an Ursell number < 40; linear wave theory is 

applicable.  

Two dimensionless parameters, the Ursell number and Shields parameter, were part of this 

study in order to determine a relationship between the different wave conditions. The Ursell 

number represents the nonlinearity of surface gravity waves and is affected by the wave 

height, mean water depth, and the wavelength. The Ursell number has an inverse relationship 

with the water depth. As the waves approached onshore and the water depth gets shallower, 

the Ursell number becomes larger.  However, as the wavelength became shorter, the Ursell 

numbers decrease. The linearity of the waves has an effect on the Ursell number and how it 

is calculated (Hinis, 2003).  

Sediment movement is a highly nonlinear process with water being its driving force (Fenton, 

1998). The sediment moves onshore and offshore with the crest and trough, respectively. 

The near bed interaction of the waves effects how the sediment is being transported. The 
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Shields parameter increases with period and wave height. Additionally , the wave height and 

water depth have an impact on the cnoidal velocities near the bed. As the wave height 

increased and the water depth decreased, the bottom velocities increased, thus resulting in 

more sediment movement. When using the time-lapse videos, each combination showed 

either sediment being pushed onshore or offshore. The water depth of 0.25 meters and wave 

period of 1.5 seconds, and 0.46 meters and a wave period of 6 seconds, showed the sediment 

being pushed offshore, while a wave period of 3 seconds at the water depth of 0.25 meters 

showed sediment being pushed onshore, Figure 20 and Figure 21. With a shorter period, the 

waves have more energy and are more linear, and sediment erodes, as seen in this study. 

Additionally, when analyzing the rate of change over the period of time, the average 

transport rate for 0.25 meters with a 1.5 second wave period was 0.0078 m3/hour. With a 3 

second wave period, the average transport rate was 0.0092 m3/hour. Finally, for a water depth 

of 0.46 meters and a wave period of 6 seconds, the average net transport rate was 0.0098 

m3/hour.  

There was a relationship that was formed between the Ursell number and the Shields 

parameter from this study with the results portraying that with a lower Ursell number, less 

than 90, erosion will occur. On the other hand, accretion will occur with a higher Ursell 

number, greater than 90. A high Shields parameter is not always associated with a high Ursell 

number. The results from the multiple trials that were being generated produced results that 

with a high Shields parameter, a lower Ursell number was found. The cnoidal Ursell number 

is based on the non-linear wavelength, wave period, and wave height. The wave height has 

a significant impact on the Shields parameter, with a bigger wave height, the Shields 

parameter will be larger.  

For the water depth of 0.25 meters, the 6 second wave period had the highest cnoidal Ursell 

numbers, ranging from 190 – 275, and the highest cnoidal wavelength, around 10 meters. 

However, the Shields parameter was the lowest for the 6 second wave period with values 

ranging between 0.02-0.03. This was because the wave heights for this wave period was the 

smallest. For the water depth of 0.46 meters, the 6 second wave period once again had the 

highest cnoidal Ursell numbers ranging from 69-177. The corresponding Shields parameters 
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for these numbers ranged from 0.01-06. For the 3 and 1.5 second wave period, the wave 

became linear. Even though the trials that were used for further analysis was with water 

depths of 0.25 meters and 0.46 meters, a water depth of 0.66 meters was also tested for a 

rippled bed. The results from this water depth was that cnoidal waves were only produced 

for a wave period of 6 seconds. The cnoidal Ursell numbers for a 6 second wave period 

ranged from 52-95 with a cnoidal wavelength of around 15 meters. The Shields parameter 

was the smallest at the 6 second wave period when compared to the other wave periods. The 

results for all three trials for this study validated that a higher Ursell number is not always 

dependent on a higher Shields parameter, the main parameters that affects the Ursell number 

and Shields parameter, whether with linear or cnoidal waves, is the height of the wave . and 

the water depth.  

Tables 15, 16 and 17 display the differences between each panel from the beginning of the 

start to the end of each time-lapse videos. Sediment transport under cnoidal waves is not 

only determined by the wave height and wavelength, but also the velocity under the crest 

and the trough, since velocity under the crest is higher than velocity under the trough for 

cnoidal waves. This imbalance in velocity results in a difference in the shoreward and 

offshore directed transport. Higher onshore velocities generally lead to a net onshore 

sediment transport (Hinis, 2003). The results from this study are in agreement since there is 

onshore sediment transport for a water depth of 0.25 meters and a period of 3 seconds, the 

velocity under the crest, 0.42 m/s, is much higher than the velocity under the crest, 0.22 m/s, 

for a water depth of 0.46 meters and a wave period of 6 seconds. Additionally, the energy 

flux under a cnoidal waves helps aid in the shoaling of waves over the sand bed, more than 

linear waves, and up to a breaking point. Furthermore, the energy flux is greater for a water 

depth of 0.25 meters and 3 seconds, which during this trial the waves were shoaling more 

than the other trials.  

Table 22 validates that the sediment is being pushed offshore for the wave period of 1.5 and 

6 seconds since the last two frames have a negative difference which implies that there is 

sand built up over the period of time.  
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Table 22: Volume difference for each frame 

Water depth 

(m) 

Period (s) Frame 1 volume 

difference (m3) 

Frame 2 volume 

difference (m3) 

Frame 3 volume 

difference (m3) 

0.25 m 1.5 0.0053 -0.00032 -0.0021 

0.25 m 3 -0.0194 -0.0017 0.0032 

0.46 m 6 0.0094 -0.0031 -0.0040 

 

The time-lapse videos’ sediment transport rates were compared to the calculated 

displacement using PIV by multiplying the displacement of the sediment by the distance 

from the bed. Trial three was not compared to PIV because during the time-lapse, the slope 

of the beach eroded quickly, and waves were being reflected off the back of the channel and 

forming partially standing waves, which would have an effect on sediment movement. 

Therefore, the data from trial three was deemed invalid. The wave-induced near bed velocity 

is indicated by the Ursell number and the ratio of L/h (Hinis, 2003). The motion of the 

sediment is caused by the instantaneous bed shear stress. This study validates that PIV is a 

useful tool in calculating sediment transport rates. When analyzing the results from Table 

19, trial one and two had a percent difference, less than 20% when comparing the sediment 

transport rate using PIV and the time-lapse videos. The results from this study validates that 

using PIV to calculate velocities and sediment transport rate is a useful tool and can be 

widely used in the coastal community. 

The fall velocity, shown in Equation 5, can be calculated to determine the sediment transport 

onshore or offshore. The fall velocity for this study was 0.098 m/s. Under a wave crest, the 

time required for the sediment to fall back to the bottom is directly proportional to H/wf, 

which is the fall time. If the fall time is greater than one-half the period of the wave, the 

sediment should experience offshore movement. However, if the fall time is less than one-

half the period of the wave, the sediment should experience movement onshore (USACE, 

2008). This is an overly simplistic approach since there are other factors that can contribute 

to sediment movement such as average cross-shore currents (USACE, 2008). This statement 

validates the results from the time-lapse video for this study for a water depth of 0.25 meters 
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and a wave period of 1.5 seconds and 3 seconds. This statement was not used on the third 

trial since the reflection of the wave resulted in invalid data. 

Moreover, not only does the fall time contribute to net onshore and offshore transport, the 

fall parameter, 𝐻/𝑤𝑓𝑇, can also be correlated to the movement. By taking into account the 

period of the wave, bar formation can be analyzed since when the net transport is seaward, 

bar formation may occur which is consistent with wave-breaking (USACE, 2008). Dean 

(1973) suggested that the fall parameter is critical in modelling applications. An appropriate 

cross-shore model is based on Froude modelling for characteristics of a wave and the fall 

parameter should be consistent in the prototype and the model (USACE, 2008). The scaling 

of the fall velocity is portrayed in Equation 27, with Lr representing the length ratio.   

 (𝑤𝑓)
𝑟

= √𝐿𝑟 ( 27 ) 

With deep water waves, the single profile parameter, P, can determine whether bar formation 

is occurring. P is represented by the equation:  

 
𝑃 =  

𝑔𝐻0
2

𝑤𝑓
3𝑇

 

 

( 28 ) 

With H0 representing the deep-water wave height. If P > 10,000 bar formation will occur 

(USACE, 2008). Since undertow needs to be taken into account for in situ measurements, it 

was accounted for in this study. The table below shows the value of the undertow, using 

Equation 21, for each trial.  

Table 23: Undertow values 

Water depth (m) Period (s) Undertow (m/s) 

0.25 m 1.5 -0.0557 

0.25 m 3 -0.0402 

0.46 m 6 -0.0078 
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The undertow for a water depth of 0.46 meters meters, with a wave period of 6 seconds, is 

the greatest since the wave height is the highest out of all three trials and the energy flux is 

higher than the rest of the trials, which leads to more shoaling. 

The Shields parameter contributes to sediment movement. It can be seen from this study that 

even though the Ursell numbers were relatively small for all trials, with the largest Ursell 

number being 274.36, the Shields parameter was large. For a water depth of 0.254 meters 

and a wave period of 3 seconds, the Shields parameter was larger than a period of 6 seconds 

with a higher Ursell number. This result occurred since the wave height was larger under a 

3 second wave compared to a 1.5 second wave period. This proves that wave height is one 

of the main parameters that influences the Ursell number and Shields parameter.  

Wavelength is found in the equation for Ursell number for both cnoidal and linear waves, 

Equations 18 and Equation 7, respectively. The wavelength increased with an increasing 

water depth for each wave period. For a fixed water depth, the wave height increased with a 

decrease in the wave period. Furthermore, the wavelength decreased with a decrease in wave 

period. This resulted in the Ursell number, both for cnoidal and linear wave theory, to 

decrease with a decrease in the period of the wave. The Shields parameter, along with the 

fall velocity of the sediment, effects the amount of sediment in suspension since sediment 

will not begin to move until the sediment reaches a critical Shields parameter (Stachurska 

and Staroszczyk, 2019). The Shields parameter effects ripple formation, too, since the wave 

orbital velocity is used in the Shields parameter calculation, Equation 1. Ripples tend to 

migrate faster under waves that have more energy (Masselink, et al., 2007), Figure 10, for a 

period of 1.5 seconds and a water depth of 0.25 meters. The ripples were very pronounced 

and had a steepness of 0.21 meters which was the steepest when compared to all three trials. 

The steepness of the ripples for all three trials were classified as sharp-crested vortex ripples. 

Sharp-crested vortex ripples have a steepness greater than 0.15 and develop under relatively 

calm wave conditions (Masselink, et al., 2007).  

This study was focused on near-breaking waves; however the effect of breaking waves and 

turbulence within the surf zone add a level of complexity to coastal processes (Dean and 
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Dalrymple, 2006). The offshore depth beyond a beach profile at a given site coincide is 

known as the depth of closure. Although the waves can move sediment seaward of this depth, 

there is no significant net sediment exchange between the offshore and the nearshore. (Dean 

and Dalrymple, 2006). The depth of closure increases simultaneously with the increase of 

period and significant wave height. With a greater wave height, the Ursell number will 

increase, until the waves begin to break. When the waves break, the fall time has to be taken 

into account because of the sediment being suspended. With bigger grain sizes, the sediment 

will fall faster than with smaller grain sizes. The influence of wave-breaking-induced 

turbulence is an important mobilizing agent within the surf zone. This turbulence may allow 

sediment motion at considerably lower velocities (Dean and Dalrymple, 2006). 

Particle Image Velocimetry is a useful tool when analyzing the velocity of particles and 

fluids. It is easy to mask an area of interest and focus on that specific area. When studying 

the area along the face of the ripple, the velocity near the bed was analyzed. It was 

determined that the PIV calculated velocity was in close approximation with the calculated 

velocity for the crest and the trough, using Equation 23 and Equation 24, and taking the 

average of the two, Table 15. However, for a water depth of 0.25 meters and a wave period 

of 1.5 seconds, the percent difference between the calculated velocity near the bed and the 

PIV velocity near the bed was more significant than the other trials, with an error of 55%. It 

can be determined that even though the Ursell number (43.91) is larger than the region of 

validity for cnoidal waves (Ur > 40), the waves are becoming more linear. The linear theory 

was validated by calculating the linear velocity for trial 1, and the percent difference was 

11% thus the cnoidal wave theory for calculating the velocity under the crest and trough near 

the bed is not valid since it is a linear wave. Furthermore, since linear waves have a more 

sinusoidal pattern, the velocity under the wave form should remain the same throughout the 

entire wave. Bottom velocities in cnoidal waves are significantly different under crests and 

troughs since cnoidal waves have crests that are shorter in time than troughs, thus the velocity 

under the crest are higher than underneath the trough (Hinis, 2003). Results from Table 15 

validate this statement for a water depth of 0.25 meters and 0.46 meters with a wave period 

of 3 seconds and 6 seconds, respectively. Once again, the combination for a water depth of 
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0.25 meters and 1.5 second period, does not validate the statement from Hinis (2003) due to 

the wave being weakly nonlinear. Finally, the displacement of sediments can be validated 

using PIV since the percent difference was small when comparing the time-lapse videos and 

the PIV videos. PIV is a adequate method in study the velocity and displacement of particles 

to aid in coastal resilience projects.  

This method can be applied in the real world by having an appropriate scale model to analyze 

how sediment will move in different wave conditions, whether it is linear or non-linear. PIV 

not only can be applied with sediment particles, but it could also analyze flow of water by 

placing tracer particles in the water. A still-modeled bathymetry of a certain area can be 

created and the flow of water can be analyzed over the bathymetry. This can be used to 

determine the flow and erosion and accretion that will occur around certain structures, such 

as a pier, jetty, or lock. The results from this study may be applied to strong forcing 

conditions such as tropical storms or fronts, however there are many other factors that need 

to be taken into account aside from the wave height, water depth, and period of the wave. 

The wind, temperature, and currents all play a role in tropical storms and fronts, so each of 

these aspects need to be taken into account. However, the wave height, water depth, and 

period can be manipulated to mimic a tropical storm and demonstrate what will happen with 

the sediment movement. Once this basis is set, the other parameters can be changed to 

determine different simulations. PIV is tool that can be applied in everyday situations and 

by using this method, scientists will be able to gain the knowledge about the dynamics of the 

waves and surf zone with sediment transport.   

Future research that could be done in regards to this area of interest is analyzing different 

types of waves, such as solitary waves or higher orders of Stokes’ theory. A similar 

relationship can be formed between these waves and the dimensionless parameters of the 

Ursell number and the Shields parameter. Additionally, the Ursell number and Shields 

parameter can be calculated at different areas along the beach profile to further understand 

how the change in the height of the sediment will affect the Ursell number and sediment 

transport. Other dimensionless parameters could be analyzed such as the mobility number, 

which is another parameter that affects sediment movement. Sediment transport and particle 
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suspension can be measured from other parts of the water column, such as at the surface, and 

at different areas of the waves when they approach the shore, such as inside the depth of 

closure and when the waves are breaking. With the breaking of waves, the sediment will be 

suspended in the water column tremendously and this will affect the sediment transport rates. 

With the use of PIV, the velocity, and other parameters, such as vorticity, can be calculated 

at these different parts of the water column to validate results. Finally, when calculating 

sediment transport rates using PIV under cnoidal waves, the rate under the crest and the 

trough can be calculated separately. 
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Chapter 5  
Conclusion 

 

The Ursell number and Shields parameter play a critical role in sediment transport onshore 

and offshore under different wave parameters. This study demonstrates that the linearity of 

waves greatly influence sediment transport. Nonlinear cnoidal waves tend to drive sediment 

shoreward. Results for near-bed velocities and PIV results confirm the influence of wave 

nonlinearity on nearshore sediment transport. Linear or weakly nonlinear waves can 

mobilize sediment; however there will be no net onshore transport in these cases. At the 

seaward (i.e. deeper) extent of the nearshore profile, waves will tend to be more linear or 

weakly nonlinear, with little or no net sediment movement. As the waves propagate 

shoreward and the water depth decreases, the waves transform into a more nonlinear profile 

and sediment will be pushed onshore. In the literature, waves with an associated Ursell 

number greater than 40 can be represented by the cnoidal wave theory. However, the results 

from this study indicate a higher cutoff for fully nonlinear cnoidal wave theory to be valid. 

The results from this study indicate that with a lower Ursell number, less than 90, offshore 

transport will likely occur; but for higher Ursell number waves, greater than 90, onshore 

transport (i.e., accretion) will occur. Results from this study validated the hypothesis that 

sediment is mobilized under the crest but not under trough for cnoidal waves, even though 

the waves have longer troughs and shorter crests. This result was supported by the Shields 

parameter calculated being larger under the crest than the trough. Particle Image Velocimetry 

(PIV) is a valuable tool for calculating velocities fluid and particles under waves and 

sediment transport rates. By using this method, PIV can help aid in coastal resilience research 

by understanding the relationships between various wave conditions and dimensionless 

parameters. The results of the study, along with the validation of the PIV, can be helpful in 

formulation of accurate coastal sediment transport models. 
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Appendix A 
 

List of Variables 

H wave height (m) 

g gravity (m/s2) 

T period of a wave (s) 

LL linear wavelength (m) 

fM frequency of wave motor (HZ) 

Ln non-linear wavelength (m) 

h water depth (m) 

hr ripple steepness (m)  

ηr height of the ripple (m) 

λ length of ripple (m) 

Ur Ursell number  

Urn non-linear Ursell number  

ω angular frequency (Hz) 

k wave number (1/m) 

hb distance from top of bed to water level (m) 

τb bed shear stress (N/m2) 
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φ phi  

d  diameter of sediment (mm) 

ρ density (kg/m3) 

f Darcy-Weisbach friction coefficient 

Ub velocity of the bed (m/s2) 

ρs density of sand (kg/m3) 

D50 mean diameter of the sand (m) 

 Shields parameter  

µ dynamic viscosity (N s/m2)  

ν kinematic viscosity (m2/s)  

σ sigma  

t time (s) 

c wave celerity (m/s) 

ac distance from the water line to the crest (m) 

at distance from the water line to the trough (m) 

yc height of the wave above the crest (m) 

yt height of the wave above the trough (m) 

uc wave velocity at the crest (m/s) 
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ut wave velocity at the trough (m/s) 

η surface elevation   

P  single profile parameter  

H0 deep water wave height (m) 

K(m) complete elliptical integral of the first kind 

E(m) complete elliptical integral of the second kind  

m modulus of elliptical integral  

m1 complimentary parameter 

A approximation based on Ursell  

ū undertow (m/s) 

Ap equilibrium profile parameter (m1/3) 

wf fall velocity of sediment (m/s) 

cn Jacobian elliptical integral 

𝐸𝑃 potential energy density for cnoidal wave (J/m3)  

𝐸𝐾 kinetic energy density for cnoidal wave (J/m3) 

𝐸𝑡𝑟 total energy transport per wave (J) 

𝐸𝑓 energy flux for a cnoidal wave (Jm2/s) 
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Appendix B 

 

Matlab Codes 

Code to find m parameter 

clear 
close all; 
clc;  

  
h = 0.254; 
H = 0.1146; 
T =3;  
g = 9.81; 
difference = 100; 
tol = 0.001;  
%initial estimate for m1 
a0 = 1.3862944; 
a1 = 0.1119723; 
a2 = 0.0725296; 
b0 = 0.5; 
b1 = 0.1213478; 
b2 = 0.0288729; 
eps = 3e-5;  
% 9.C.15 
e1 = 0.4630151; 
e2 = 0.1077812; 
f1 = 0.2452737; 
f2 = 0.0412496; 
%% Functions of m1 
syms m1 m 
K(m1)=(a0+(a1*m1)+(a2*(m1^2)))-

((b0+(b1*m1)+(b2*(m1^2)))*log(m1))+eps; % 9.C.3  
dKdm1(m1) = a1+2*a2*m1+(b1+2*b2*m1)*log(m1)-

(b0+b1*m1+b2*m1^2)*(1/m1); % 9.C.8 
E(m1) = (1+e1*m1 + e2*m1^2)-(f1*m1+f2*m1^2)*log(m1)+eps; % 9.C.14 
U(m1) = 16/3*(1-m1)*K^2; % 9.C.2 
f(m1) = 1-m1-(3/16)*(U/(K^2)); % 9.C.5 
fp(m1) = (3/8)*(U/(K^3))*dKdm1-1; % 9.C.7 
m1ip(m1) = m1-f/fp; % 9.C.6 

  
m(m1) = 1-m1; 
A(m1) = 2/m - 1 - (3*E)/(m*K); % 9.C.12 
%% Initial Values 

  
Loh(m1) = T*sqrt(g/h)*(1+(H/h)*A)^(1/2); % 9.C.11 
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Loh_in = double(T*sqrt(g/h)*(1+(H/h))^(1/2)); % 9.C.11 

  
dif = 5; 
iterations = 0; 
while tol<dif 
    Ui = double(H*(Loh_in^2/h)); 
    m1i = double(exp((a0-((3/16)*Ui)^(1/2))/b0)); % 9.C.10 
    mplus1 = double(m1ip(m1i)); 
    Loh1 = double(Loh(mplus1)); 
    dif = abs(Loh1-Loh_in); 
    Loh_in = abs(Loh1+Loh_in)/2; 
    iterations = iterations+1 
end 
% Display Table of results 
varnames = ["Ursell_Num","m", "m1", "K", "E", "A"]; 
DispVelPres = 

table(double(U(mplus1)),double(m(mplus1)),mplus1,double(K(mplus1)),

double(E(mplus1)),double(A(mplus1)),... 
     'VariableNames',varnames); 
 disp("Cnoidal Wave Parameters for Ursell Number") 
 disp(DispVelPres) 

 

Code to calculate cnoidal parameters 

clear all; 
close all; 
clc;  
%Given parameters 
roe = 1000; 
g = 9.81; 
H = 0.0783;  
h = 0.457; 
T = 6; 
K = 5.1586; 
E = 1.0013; 
A = 0.41848; 
m = 0.99947; 
L = 13.154 
amp = pi/2; %wave amplitude 
z = -h; 
a = H/2;  
beta = (h/L)^2; 
alpha = H/h; 

  
yt = (H/(m*K))*(K-E)+(h-H) 
at = h-yt 
ac = H-at 
cn = jacobiCN(-2*K,m) 
eta = yt - h +H*cn^2 
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%Wave celerity 
C = sqrt(g*h+(H/m)*(2-m-(3*(E/K)))) 
%Velocity at the crest and trough  
uc = C*((ac/(h+ac))-(H^2/(4*m*(h+ac)^2)))*(sqrt(g*H)) 
ut = C*((at/(h-at))+(((1-m)*H^2)/(4*m*(h-at)^2)))*(sqrt(g*H)) 
%Energy calculations 
Ep = H^2 -(1/(3*m))+(2/(3*m))*(1+(1/m))*(1-(E/K))-(1/m^2)*(1-

(E/K))^2 
Ek = ((C^2)/(g*h))*Ep 
E_tr = (roe*g*(H^2))*(L/m^2)*((1/3)*((3*(m^2))-(5*m)+2+((4*m)-

2)*(E/K))-(1-m-(E/K)^2)) 
%energy flux  
Ef = roe*g*(eta^2)*C 
%Undertow  
under = -(1/8)*(H^2/h^2)*sqrt(g*h) 
u_2 = -((2*Ek)/(roe*C*h)) 

 

Code for plots  

close all;  
clear all; 
clc;  
%depths of water  
d_2_10 = [0:0.33:1]; 
d_4_10 = [0:0.166:1]; 
d_8_10 = [0:0.5:1]; 
d_2_18 = [0:0.2:1]; 
d_4_18 = [0:0.33:1]; 
d_8_18 = [0:0.2:1]; 
d_2_26 = [0:0.166:1]; 
d_4_26 = [0:0.25:1]; 
d_8_26 = [0:0.5:1]; 

  
%10 inches  
nonlinearL_2_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','D2:D5'); 
linearL_2_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','E2:E5'); 
nonlinearU_2_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','G2:G5'); 
linearU_2_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','F2:F5'); 
L_NL_2_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','H2:H5'); 
nonlinearST_2_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','I2:I5'); 
linearST_2_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','J2:J5'); 
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% nonlinearh_L_2_10 = 

xlsread('wavelength_UR_LvsNL.xlsx','10in','L2:L5'); 
% linearh_L_2_10 = 

xlsread('wavelength_UR_LvsNL.xlsx','10in','J2:J5'); 

  
nonlinearL_4_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','D12:D18'); 
linearL_4_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','E12:E18'); 
nonlinearU_4_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','G12:G18'); 
linearU_4_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','F12:F18') 
L_NL_4_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','H12:H18'); 
nonlinearST_4_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','I12:I18'); 
linearST_4_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','J12:J18'); 
% nonlinearh_L_4_10 = 

xlsread('wavelength_UR_LvsNL.xlsx','10in','L12:L18'); 
% linearh_L_4_10 = 

xlsread('wavelength_UR_LvsNL.xlsx','10in','J12:J18'); 

  
nonlinearL_8_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','D25'); 
linearL_8_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','E26:E28'); 
nonlinearU_8_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','G25'); 
linearU_8_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','F26:F28'); 
L_NL_8_10 = xlsread('wavelength_UR_LvsNL_final.xlsx','10in','H25'); 
nonlinearST_8_10 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','10in','I25'); 
linearST_8_10 = xlsread('wavelength_UR_LvsNL_final.xlsx', 

'10in','J26:J28'); 
% nonlinearh_L_8_10 = 

xlsread('wavelength_UR_LvsNL.xlsx','10in','L25:L28'); 
% linearh_L_8_10 = 

xlsread('wavelength_UR_LvsNL.xlsx','10in','J25:J28'); 

  
%18 inches  
nonlinearL_2_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','D2:D7'); 
linearL_2_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','E2:E7'); 
nonlinearU_2_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','G2:G7'); 
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linearU_2_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','F2:F7'); 
L_NL_2_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','H2:H7'); 
nonlinearST_2_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','I2:I7'); 
linearST_2_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','J2:J7'); 
% nonlinearh_L_2_18 = 

xlsread('wavelength_UR_LvsNL.xlsx','18in','L2:L7'); 
% linearh_L_2_18 = 

xlsread('wavelength_UR_LvsNL.xlsx','18in','J2:J7'); 

  
nonlinearL_4_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','D12'); 
linearL_4_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','E13:E16'); 
nonlinearU_4_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','G12'); 
linearU_4_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','F13:F16'); 
L_NL_4_18 = xlsread('wavelength_UR_LvsNL_final.xlsx','18in','H12'); 
nonlinearST_4_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','I12'); 
linearST_4_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','J13:J16'); 
% nonlinearh_L_4_18 = 

xlsread('wavelength_UR_LvsNL.xlsx','18in','L12:L16'); 
% linearh_L_4_18 = 

xlsread('wavelength_UR_LvsNL.xlsx','18in','J12:J16'); 

  
%could not calculate based on cnoidal so only linear 
linearL_8_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','E21:E26'); 
linearU_8_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','F21:F26'); 
linearST_8_18 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','18in','J21:J26'); 

  
%26 inches 
nonlinearL_2_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','D2:D8'); 
linearL_2_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','E2:E8'); 
nonlinearU_2_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','G2:G8'); 
linearU_2_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','F2:F8'); 
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L_NL_2_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','H2:H8'); 
nonlinearST_2_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','I2:I8'); 
linearST_2_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','J2:J8'); 
% nonlinearh_L_2_26 = 

xlsread('wavelength_UR_LvsNL.xlsx','26in','L2:L8'); 
% linearh_L_2_26 = 

xlsread('wavelength_UR_LvsNL.xlsx','26in','J2:J8'); 

  
%nonlinearL_4_26 = 

xlsread('wavelength_UR_LvsNL.xlsx','26in','D12:D16'); 
linearL_4_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','E12:E16'); 
nonlinearU_4_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','G12:G16'); 
linearU_4_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','F12:F16'); 
%L_NL_4_26 = xlsread('wavelength_UR_LvsNL.xlsx','26in','H12:H16'); 
nonlinearST_4_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','I12:I16'); 
linearST_4_26 = 

xlsread('wavelength_UR_LvsNL_final.xlsx','26in','J12:J16'); 
% nonlinearh_L_4_26 = 

xlsread('wavelength_UR_LvsNL.xlsx','26in','L12:L16'); 
% linearh_L_4_26 = 

xlsread('wavelength_UR_LvsNL.xlsx','26in','J12:J16'); 

  
%could not calculate based on cnoidal for 8 hz  
linearL_8_26 = xlsread('wavelength_UR_LvsNL_final.xlsx', 

'26in','E25:E27'); 
linearU_8_26 = xlsread('wavelength_UR_LvsNL_final.xlsx', '26in', 

'F25:F27'); 
linearST_8_26 = xlsread('wavelength_UR_LvsNL_final.xlsx', '26in', 

'J25:J27'); 

  
%plotting linear and nonlinear ursell based on depth  
figure(1) 
plot(nonlinearU_2_10,d_2_10, 'k')  
hold on  
plot(linearU_2_10,d_2_10, 'b') 
plot(nonlinearU_2_18,d_2_18, 'k--')  
plot(linearU_2_18,d_2_18, 'b--') 
plot(nonlinearU_2_26,d_2_26, 'k:')  
plot(linearU_2_26,d_2_26, 'b:') 
hold on  
x1 = xlabel('Ursell number') 
y1 = ylabel('Depth (m)') 
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%title('Depth vs Linear and Nonlinear Ursell number 2HZ') 
legend('Nonlinear 0.254 m', 'Linear 0.254 m', 'Nonlinear 0.457 m', 

'Linear 0.457 m','Nonlinear 0.660 m', 'Linear 0.660 m') 

  
figure(2) 
plot(nonlinearU_4_10,d_4_10, 'k')  
hold on  
plot(linearU_4_10,d_4_10, 'b') 
plot(linearU_4_18,d_4_18, 'b--') 
plot(linearU_4_26,d_4_26, 'b:') 
hold off  
xlabel('Ursell number') 
ylabel('Depth (m)') 
axis([0 200 0 1]) 
%title('Depth vs Linear and Nonlinear Ursell number 4HZ') 
legend('Nonlinear 0.254 m', 'Linear 0.254 m','Linear 0.457 

m','Linear 0.660 m') 

  
figure (3) 
%plot(nonlinearU_8_10, d_8_10, 'r') 
plot(linearU_8_10,d_8_10, 'b') 
hold on  
plot(linearU_8_18, d_8_18,'b--') 
plot(linearU_8_26, d_8_26,'b:') 
hold off 
xlabel('Ursell number') 
ylabel('Depth (m)') 
axis([0 60 0 1]) 
%title('Depth vs Linear and Nonlinear Ursell number 8HZ') 
legend('Linear 0.254 m','Linear 0.457 m','Linear 0.660 m') 

  
%%Ursell number and wave steepness  
figure(4) 
plot(nonlinearU_2_10,nonlinearST_2_10,'k') 
hold on  
plot(nonlinearU_2_18,nonlinearST_2_18,'k--') 
plot(nonlinearU_2_26,nonlinearST_2_26,'k:') 
plot(linearU_2_10,linearST_2_10,'b') 
plot(linearU_2_18,linearST_2_18,'b--') 
plot(linearU_2_26,linearST_2_26,'b:') 
hold off 
xlabel('Ursell number') 
ylabel('Wave steepness') 
axis([50 300 0.003 0.008]) 
%title('Relationship between Ursell number and wave steepness for 2 

HZ') 
legend('Nonlinear UR and wavelength 0.254 m', 'Nonlinear UR and 

wavelength 0.457 m','Nonlinear UR and wavelength 0.660 m',... 
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    'Linear UR and wavelength 0.254 m','Linear UR and wavelength 

0.457 m','Linear UR and wavelength 0.660 m') 

  
%ursell number and wave steepness for 4 hz  

figure(5) 
plot(nonlinearU_4_10,nonlinearST_4_10,'k') 
hold on  
%plot(nonlinearU_4_18,nonlinearST_4_18,'b') 
plot(linearU_4_10,linearST_4_10,'b') 
plot(linearU_4_18,linearST_4_18,'b--') 
plot(linearU_4_26,linearST_4_26,'b:') 
xlabel('Ursell number') 
ylabel('Wave steepness') 
axis([0 200 0 0.03]) 
%title('Relationship between Ursell number and wave steepness for 4 

HZ') 
legend('Nonlinear UR and wavelength 0.254 m', 'Linear UR and 

wavelength 0.254 m', 'Linear UR and wavelength 0.457 m', 'Linear UR 

and wavelength 0.660 m') 
hold off 

  
figure (6) 
hold on  
plot(linearU_8_10,linearST_8_10,'b') 
plot(linearU_8_18,linearST_8_18,'b--') 
plot(linearU_8_26,linearST_8_26,'b:') 
hold off 
xlabel('Ursell number') 
ylabel('Wave steepness') 
axis ([0 60 0 0.1]) 
%title('Relationship between Ursell number and wave steepness for 8 

HZ') 

legend('Linear UR and wavelength 0.254 m', 'Linear UR and wavelength 0.457 m', 'Linear 

UR and wavelength 0.660 m') 
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Appendix C 
 

 

Table 24: The variation of cnoidal wave parameters versus U (Skovgaard et al., 1974, Svedsen, 2006) 


