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Abstract 
 

Title: Inverse Methods for Near-Real Time Estimation of Surface Heat Flux in 

Thermal Protection Systems for Space Vehicles 

Author: Obinna Oluchukwu Ugochukwu Uyanna 

Advisor: Hamidreza Najafi, Ph.D. 

With the increased goal of manned explorations to outer space, safety during 

the atmospheric entry/reentry process is paramount as the incident heat fluxes on the 

surface of vehicle can reach critical values. Thermal Protection Systems (TPS) are 

therefore essential components in space vehicles as they ensure the safety and 

protection of the payload and cargo. In order to ensure improved active control 

capabilities and prolonged used of the vehicle, TPS surface conditions need to be 

known and determined. Since direct measurement of the surface heat flux using 

sensors is not feasible, one alternative involves the use of temperature sensors located 

at layers within the TPS to develop and solve the associated Inverse Heat Conduction 

Problem (IHCP). Through the solution of the IHCP, estimates of the surface heat flux 

can be obtained although these solutions are highly sensitive to measurement errors.  

In this dissertation, a novel solution for the estimation of surface heat flux is 

presented. The solution is developed based on a filter form of the Tikhonov 

Regularization method which allows for near-real time estimation of surface heat 
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flux in a multi-layered TPS medium. The solution is evaluated through numerical 

test cases which have been developed in ANSYS using experimental data from the 

literature. A parametric study is also conducted in order to understand the effect of 

sensor location (two layers and three layers models) as well as the effect of 

temperature dependent material properties on the performance of the solution. The 

proposed solution technique is shown to be fast, accurate and very convenient to 

implement even for complex problems involving large temperature variations and 

temperature dependent material properties. The main advantage of the proposed 

solution is in its computationally efficient nature as well as possibility of 

implementation for monitoring and control purposes due to the near real-time 

operation of the method. 

The second part of this work involves the expansion of the proposed solution 

to encompass moving boundary TPS. Since a significant portion of TPS involve the 

use of ablative materials i.e. materials which undergo surface recession based on 

incident heat flux, the developed algorithm is tested for such cases. In this portion of 

the work, it is hypothesized that interpolation of pre-calculated filter coefficients for 

a medium with various thickness values can be used to calculate the filter coefficients 

for an IHCP with moving boundary knowing the current thickness of the domain. 

This can be used along with interpolation among the pre-calculated filter coefficients 

at different temperatures knowing the temperature value to find the correct filter 

coefficients at each time step and accurately estimate the surface heat flux in a near 

real-time fashion. The hypothesis is validated through several numerical test cases 



v 

developed in COMSOL. It is shown that the proposed solution method can accurately 

estimate the surface heat flux on the moving boundary in a near real-time fashion. 

Finally, the use of Artificial Neural Networks (ANN) is investigated as a 

potential solution for the aforementioned IHCP, especially those involving ablation. 

By using temperature history data from within the medium, networks are trained to 

identify patterns within the data and provide estimates of the surface heat flux. It is 

shown that the use of ANN can provide accurate and computationally efficient 

estimates of the surface heat flux. 

  



vi 

Table of Contents 
Abstract ............................................................................................................................... iii 

Table of Contents ................................................................................................................ vi 

List of Figures ..................................................................................................................... ix 

Acknowledgment............................................................................................................... xiii 

Dedication ........................................................................................................................... xv 

Chapter 1. ............................................................................................................................. 1 

Introduction ......................................................................................................................... 1 

1.1 Motivation .................................................................................................................. 1 

1.1.1 Atmospheric Entry/Reentry............................................................................... 2 

1.1.2 Heat Transfer Concepts ..................................................................................... 4 

1.1.3 Aerothermal Heating .......................................................................................... 5 

1.2 Dissertation Objectives ............................................................................................ 12 

1.3 Dissertation Outline ................................................................................................. 13 

Chapter 2. ........................................................................................................................... 15 

Literature Review .............................................................................................................. 15 

2.1 Thermal Protection Systems ................................................................................... 15 

2.1.1. Background ...................................................................................................... 15 

2.1.2. Classification of TPS ........................................................................................ 17 

2.1.3. TPS sensors and measurement systems ......................................................... 26 

2.2 Inverse Heat Conduction Problems (IHCP) .......................................................... 28 

2.2.1. Background ...................................................................................................... 28 

2.2.2. Classification of IHCPs ................................................................................... 30 

2.2.3. Solution Strategies for IHCPs ......................................................................... 31 

2.3 Solution of IHCP in Domains with Moving Boundary ......................................... 34 

2.3.1. Background ...................................................................................................... 34 

2.3.2. Solution Strategies for Moving Boundary Problems .................................... 35 

2.4 Ablation Modeling with IHCP Solution techniques ............................................. 37 

2.5. Conclusions from Literature Review .................................................................... 47 

Chapter 3. ........................................................................................................................... 48 

Filter Based Solution for an IHCP in a Multilayer Medium ......................................... 48 



vii 

3.1. Background ............................................................................................................. 49 

3.2. Problem statement .................................................................................................. 50 

3.3. Governing Equations .............................................................................................. 52 

3.4 Solution Strategy ...................................................................................................... 52 

3.4.1. Inner Layer (Layer 3) ...................................................................................... 53 

3.4.2. Middle Layer (Layer 2) ................................................................................... 55 

3.4.3. Outer Layer (Layer 1): .................................................................................... 56 

3.4.4. Combined solution ........................................................................................... 57 

3.4.5. Filter Form Solution ........................................................................................ 58 

3.5 Results and Discussions ........................................................................................... 59 

3.5.1. ANSYS Simulations for Direct Problem ........................................................ 59 

3.5.2. Constant Material Properties ......................................................................... 61 

3.5.3. Effects of Sensor Location ............................................................................... 66 

3.5.4. Temperature Dependent Material Properties (Two-Layers)....................... 69 

3.5.5. Temperature Dependent Material Properties (Three-Layers) .................... 72 

3.6. Conclusions .............................................................................................................. 75 

Chapter 4. ........................................................................................................................... 77 

Filter Based Solution for IHCP in a Medium with Moving Boundary/Ablation ......... 77 

4.1. Introduction ............................................................................................................ 78 

4.2. Problem Statement ................................................................................................. 78 

4.3. Governing Equations .............................................................................................. 79 

4.4 Solution Strategy ...................................................................................................... 80 

4.5. Results and Discussions .......................................................................................... 83 

4.5.1. COMSOL Simulations for Direct Problem ................................................... 83 

4.5.2. Varying Thickness ........................................................................................... 89 

4.5.3. Heat Flux Estimation for a moving boundary .............................................. 93 

4.6. Conclusions .............................................................................................................. 99 

Chapter 5. ......................................................................................................................... 100 

Artificial Neural Network in the estimation of surface heat flux in medium with 

Moving Boundary/Ablation ............................................................................................ 100 

5.1. Introduction to Neural Networks ........................................................................ 100 

5.2. Types of Neural Networks .................................................................................... 104 



viii 

5.3. Solution of IHCP using Neural Networks ........................................................... 106 

5.3.1. Problem Statement ........................................................................................ 107 

5.3.2. Solution Strategy ............................................................................................ 108 

5.4. Results and Discussion ......................................................................................... 109 

5.4.1. COMSOL Model for Ablation (Direct Problem) ........................................ 109 

5.4.2. Incident Heat Flux using Neural Network .................................................. 115 

5.5. Conclusions ............................................................................................................ 121 

Chapter 6. ......................................................................................................................... 123 

Conclusions ....................................................................................................................... 123 

6.1. Future Works and Limitations ............................................................................ 125 

Appendix A ....................................................................................................................... 127 

List of Publications ...................................................................................................... 127 

References ......................................................................................................................... 129 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ix 

List of Figures 
 
Figure 1: Re-entry Corridor for Space Shuttle approaching Earth [4] ....................... 3 

Figure 2: Re-entry process for Soyuz showing EDL phases and associated systems 

[6] ............................................................................................................................... 3 

Figure 3 CFD image of external flow and thermal loads around Hyper-X ............... 6 

Figure 4 Boundary Layer and Shock Layer formations around a blunt body [11] .... 6 

Figure 5: Effects of Leading Edge Radius and Cold Wall Heat flux [16] ................. 7 

Figure 6: Effects of Re-entry velocity and Altitude on Heating Rate [4] .................. 8 

Figure 7 Classification of TPS ................................................................................. 17 

Figure 8 Schematics of (a) Heat Sink (b) Hot Structure (c) Insulated Surface ........ 18 

Figure 9 Schematic of a Heat Pipe at the Leading Edge of a Hypersonic Vehicle .. 20 

Figure 10 Ablation phenomena for Charring polymeric ablative material .............. 23 

Figure 11 Schematic of Active TPS methods: a) Convective Cooling b) Film 

Cooling c) Transpiration Cooling ............................................................................ 26 

Figure 12 a) Direct Problem b) Inverse Problem for 1-D Heat Conduction through 

medium ..................................................................................................................... 29 

Figure 13 Schematic of Moving Boundary Problem ............................................... 35 

Figure 14 Schematic of TPS sample used for Ablation modeling ........................... 42 

Figure 15: schematic of the system .......................................................................... 51 

Figure 16: Schematic of TPS model with 3 Layers ................................................. 60 

Figure 17: (a) Applied Heat flux profile for the test case (b) Temperature data for 

the test case .............................................................................................................. 62 

Figure 18: (a) F-Filter coefficients (b) G-Filter coefficients. (αT = 0.01, mp= 300, mf 

=80) .......................................................................................................................... 63 

Figure 19: Estimated vs Actual Heat Flux; (αT = 0.01, mp= 300, mf =80) ............ 66 

Figure 20: Schematic of TPS model with 2 Layers ................................................. 67 



x 

Figure 21: filter coefficients for two layer medium: (a) F-filter coefficients (b) G-

filter coefficients   (mp = 20, mf =15, αT= 0.05) ....................................................... 68 

Figure 22: Estimated versus Actual Heat Flux (mp = 20, mf = 15, αT= 0.05) .......... 69 

Figure 23: Filter coefficients for three different temperatures: (a) f-filter 

coefficients (b) g-filter coefficients  (αT= 0.1, mp =40, mf = 20) ............................. 71 

Figure 24 Estimated vs Actual Heat Flux (αT = 0.1, mp = 40, mf = 20) ................... 72 

Figure 25: Filter coefficients for three different temperatures (a) F-Filter 

Coefficients (b) G-Filter coefficients   (αT= 0.1, mp =300, mf = 80) ....................... 74 

Figure 26 Estimated vs Actual Heat Flux αT = 0.1, mp = 300, mf = 80 ................... 75 

Figure 27 Schematic of the medium with moving boundary ................................... 84 

Figure 28: Heat flux applied on the front surface a) Test case 1 b) Test case 2 c) 

Test case 3 ................................................................................................................ 86 

Figure 29 a) Temperature profile at x=1mm and x=5mm b) Surface position vs 

Time for Test case 1 ................................................................................................. 87 

Figure 30 a) Temperature profile at x= 0.18mm and x=5mm b) Surface position vs 

Time for Test case 2 ................................................................................................. 88 

Figure 31 Temperature profile at x= 0.42mm and x=5mm b) Surface position vs 

Time for Test case 3 ................................................................................................. 89 

Figure 32  f and g - filter coefficients for varying medium thickness...................... 91 

Figure 33  f and g - filter coefficients for a thickness of 0.25L ............................... 92 

Figure 34 f and g - filter coefficients for a thickness of 0.42L................................. 93 

Figure 35 F-Filter coefficients for the different temperatures at different 

temperatures ............................................................................................................. 95 

Figure 36 G-Filter coefficients for the different temperatures at different 

temperatures ............................................................................................................. 95 

Figure 37 Comparison of Surface Heat flux profiles for Test Case 1 ...................... 97 

Figure 38 Comparison of Surface Heat flux profiles for Test Case 2 ...................... 98 

Figure 39 Comparison of Surface Heat flux profiles for Test Case 3 ...................... 98 

Figure 40 Historical timeline showing development of Intelligent Algorithms .... 102 



xi 

Figure 41 Schematic of a simple Neural Network ................................................. 103 

Figure 42 Schematic of Ablative Material ............................................................. 108 

Figure 43 Data structure for the Neural Network .................................................. 109 

Figure 44 Applied Heat Flux profile ...................................................................... 111 

Figure 45 Simulated surface Temperature profile ................................................. 112 

Figure 46 Simulated Back probe temperature profile ............................................ 113 

Figure 47 Simulated surface position profile ......................................................... 113 

Figure 48 Applied random heat flux profile .......................................................... 114 

Figure 49 Simulated surface temperature .............................................................. 114 

Figure 50 Simulated surface position ..................................................................... 115 

Figure 51 Comparison between Actual and Estimated Input Heat Flux ................ 117 

Figure 52 Performance plot of Input Heat flux model with temperature and ablation 

rate .......................................................................................................................... 118 

Figure 53 Regression Analysis for Training, Validation, Test and Overall 

outputs .................................................................................................................... 119 

Figure 54 Comparison between Applied and Estimated Heat Flux for the random 

profile ..................................................................................................................... 120 

Figure 55 Comparison between Applied and Estimated Heat Flux for the filtered 

data ......................................................................................................................... 121 

 

 

 

 

 

 

 

 

 



xii 

List of Tables 
Table 1: Material properties of the TPS for simulations .......................................... 61 

Table 2 Temperature Dependent Material Properties .............................................. 70 

Table 3 Thermo-physical properties of Carbon Phenolic ........................................ 84 

Table 4 Thermo-physical material properties for Carbon Phenolic ....................... 110 

Table 5 Input Flux Training Criterion for Network A ........................................... 117 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



xiii 

Acknowledgment 

There is a popular African proverb that goes like this, “if you want to go far, 

go together.” At this juncture, where this arduous and grueling journey has been 

completed, I would like to use this opportunity to express my profound gratitude to 

the many individuals who came along and made it possible. I consider myself truly 

fortunate and blessed to have the love and support of so many incredible people; my 

family, friends, advisors, mentors and colleagues. There are far too many people to 

mention and each one has enriched my life.  

First and foremost, I would like to thank my advisor, Dr. Hamidreza Najafi 

whose insights, words of encouragement as well as assistance both academically and 

otherwise were instrumental in the completion of this journey. Based on his guidance 

and support, I was able to explore depths of this research that I would not have been 

able to do on my own, and for that I am truly thankful. I would also like to thank my 

committee members; Dr. Kunal Mitra, Dr. Ju Zhang, Dr. Gnana Bhaskar Tenali for 

their time, valuable contributions as well as the theoretical framework needed to 

complete this research in the form of courses they taught during my time as a 

graduate student. A special thank you to Dr. Ashok Pandit, the Head of the 

Mechanical and Civil Engineering Department for his support and the many GSA 

contracts which he signed and authorized.  

I would like to thank Ms. Jennifer Nessmith, Ms. Aimee Harris, Ms. 

Shatavias Strouble, and all the staff members at the university who assisted and 

attended to my needs. Thanks to my fellow TA’s Modess and Mariana as well as my 



xiv 

ISETS lab mates for the informative meetings and discussions. I would also like to 

acknowledge Jian Zhang whose collaboration was essential in the completion of the 

study in the last chapter.   

To my friend Kudzaishe Nyatoti, I appreciate all of your love and support 

over the years. To my family in Evansville: Tom, Valerie, Shambel, Nahgiste, I am 

grateful for all your love and support. To my Melbourne friends: Lydia Yisa-Doko, 

Jordan Tanko, Yemiode Obono, Nicole Bueno and the other amazing people at FIT, 

I appreciate all of you. To my former house mates turned brothers: Bereket Hambebo 

and Mehadi Hassen, thank you guys for inspiring me to complete this journey. 

Makuachi Ekwunife, Anita Ezeaba, Emmanuel Omere, Ema Bassey and all the many 

people who encouraged me…thank you all so much.  

To Whitney Igwe, who was there from the very beginning and completed the 

journey with me. Your love and support were monumental throughout this journey. 

Words cannot express my gratitude and appreciation for all that you gave and did 

during this process: the words of encouragement, the packed meals, walks, trips, 

laughs and so much more. Thank you for everything, Iggy.  

And most importantly, to the Holy Spirit, the Supreme life force, the unseen 

hand that has guided me thus far…my personal Chi. I am grateful that we did this 

together and I look forward to where we go from here. 

As another African saying goes, “…it takes a village to raise a child”. I am 

thankful for my village.  



xv 

Dedication 

To my parents, Ogugua and Esther Uyanna who have supported me in every 

imaginable way. Thank you for the sacrifices, tough decisions and your undying love 

throughout the years…especially during the tough times in Evansville. I am eternally 

grateful.  

To my sisters, Amara and Somto who have constantly and continuously pushed me 

to be better in thought, in words and in action, I cannot thank you enough and I love 

you.  

To those who came before me. Those who lived, struggled, learned and loved in spite 

of prevailing circumstances so that future generations could get a chance. Thank you. 

To those who have tried, failed and thought that that was all there was to life. Keep 

swinging and remain hopeful.  

 

“To live without hope is to cease to live” – Fyodor Dostoevsky 

 



1 
 

Chapter 1. 

Introduction 

“Exploration is in our nature. We began as wanderers and we are wanderers still. We have 

lingered long enough on the shores of the cosmic ocean. We are ready at last to set sail to the 

stars.” – Carl Sagan, Cosmos. 

1.1 Motivation 

Human interests have become increasingly focused on the exploration of celestial 

bodies for a variety of reasons (economic, biological, technological and even existential, 

as we try to understand our place in the universe). It is clear that the way to get to outer 

space, enter the atmosphere around these bodies and investigate is through high speed 

travel [1]. Even on planet Earth; the desire to travel faster around the globe under an hour 

to deliver goods and services, gain superior military capacity and provide aid faster has led 

to the development of high speed vehicles [2]. Vehicular speeds (and speeds in general) 

can be described broadly as subsonic (Ma < 0.8), transonic (0.8 < Ma < 1.2), supersonic 

(1.2 < Ma < 5) and hypersonic (Ma > 5). High speed travel or hypersonic speed in this case 

is therefore the phenomenon that occurs when the speed of a vehicle travels 5 times more 

than the speed of sound in a fluid medium where Ma (Mach number) represents the ratio 

between these two speed parameters. Such travel conditions are extremely harsh due to the 

high aero-thermal heating and high temperatures that accompany the immense drag forces 
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during the entry/re-entry phases of a vehicle’s journey into a planet’s atmosphere. Under 

these conditions, multiple parameters such as the gaseous composition of the atmosphere 

to be penetrated, anticipated aero-thermal heating, velocity of the vehicle, entry/reentry 

angle, radius of leading edge, drag, lift and gravitational forces must be properly designed 

and accounted for in order to ensure a safe landing of the vehicle [3]. As will be shown in 

the subsequent discussions, it is very difficult to model and measure all of these parameters. 

Therefore, the focus of this dissertation is on the determination and estimation of one of 

these parameters: the aero-thermal heating. 

1.1.1 Atmospheric Entry/Reentry 

As a vehicle approaches the atmosphere of a planet, it does so traveling at 

hypersonic speeds which occur due to powerful propulsion systems, geometry of the 

vehicle as well as the effects of gravity. Prior to attaining hypersonic speeds however, the 

vehicle must be in an orbit around the atmosphere whereby the gravitational pull is 

sufficient enough to pull it towards the body without causing an overshoot or undershoot 

so as to miss the landing target. Getting the vehicle within the right orbit known as the re-

entry corridor requires and involves the use of extensive control systems which accelerate 

and decelerate the vehicle as shown in Figure 1 [4]. Once the vehicle is in the appropriate 

orbit, 3 distinct phases can be identified as the vehicle approaches the atmosphere: 

Entry/Reentry, Descent and Landing (EDL) as shown in Figure 2. Proper design and total 

control of each of these phases is paramount in the bid to ensure the safety of the vehicle 

[5].  
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Figure 1: Re-entry Corridor for Space Shuttle approaching Earth [4] 

 

Figure 2: Re-entry process for Soyuz showing EDL phases and associated systems [6] 

When the vehicle begins the Entry phase of its journey, it possesses vast amounts 

of kinetic energy, as a result of its speed (hypersonic) as well as potential energy due to its 

altitude. Once it encounters the atmosphere, a shock wave forms at the foremost point of 

the vehicle and is characterized by large heating and drastic increase in temperature. This 
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shock wave develops due to the collision of the air molecules with the vehicle and 

surrounding air molecules [7]. As the vehicle proceeds further into the atmosphere, heat 

transfer occurs from the shock wave to the vehicle while simultaneously, Drag forces 

acting in the opposite direction of the vehicles motion help to slow down the descent of the 

vehicle. This combination of the energy transfer from the shock wave to the vehicle and 

drag (skin friction) result in drastic rises in the heating rate of the vehicle to the extent that 

the vehicle could vaporize [4][8].  

1.1.2 Heat Transfer Concepts 

There are 3 mechanisms through which heat/thermal energy can be transferred: 

conduction, convection, radiation. Conduction is the mode of heat transfer that occurs 

within a medium/body when there is a temperature gradient such that energy transfer from 

more energetic molecules to less energetic molecules (intermolecular interaction) occurs. 

Convection involves thermal energy transfer as a result of the combination of bulk flow of 

fluids (gases and liquids) over a surface and the intermolecular interactions (diffusion) 

described earlier. Both of the aforementioned heat transfer modes require a medium for the 

transfer of heat. On the other hand, radiation (which is a surface phenomenon i.e. it occurs 

on the surface of a medium) is constantly emitted from a body with a non-zero temperature 

and the energy transfer occurs in the form of electromagnetic waves or photons. Each heat 

transfer mode has a rate equation that allows for the computation of the rate of heat transfer 

within the system. These rate equations are Fourier’s Law, Newton’s law of Cooling and 

Stephan Boltzmann’s Law for conduction, convection and radiation respectively [9].  
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1.1.3 Aerothermal Heating 

During the reentry process, all 3 modes of heat transfer are present. The combined 

effects of these heating mechanisms give rise to immense thermal energy that, as described 

earlier, can melt and possibly vaporize the vehicle. With the vehicle traveling as high as 

Ma 25 in some instances, multiple shock waves can form in the shock layer. The shock-

layer interactions coupled with the thickening of the thermal boundary layer can result in 

significant temperature increases which were then transferred to the surface of the vehicle 

and conducted through it. These significant rises in temperature mean that real gas effects 

(compressibility, variable specific heat capacity, van der Waals forces non-equilibrium 

thermodynamic effects and molecular dissociation) are present around the vehicle/in the 

flow field and must be considered.  Figure 3 highlights an image of the external flow fields, 

surface heat transfer and vehicle aerodynamics for the X-43A vehicle (Hyper X) at Ma 7 

based on a Computational Fluid Dynamics (CFD) simulation performed at the NASA 

Dryden Research Center [10]. These conditions are especially pronounced in high altitudes 

where in addition to convective heating, radiative heating becomes even more significant. 

Figure 4 illustrates the shock layer and boundary layer formations around a blunt body 

based on wind tunnel test and experiments [11]. Studies have shown the existence of the 

so-called radiative thermal boundary layer in which the average flow temperature differs 

from the free stream temperature and is crucial in determining both the radiative heat flux 

as well as the total heat flux (convective and radiative) [12] [13]. 
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Figure 3 CFD image of external flow and thermal loads around Hyper-X  

 

Figure 4 Boundary Layer and Shock Layer formations around a blunt body [11] 

The amount of heat transferred to the vehicle’s cold wall (assumed when 

surrounding gas temperature is much larger than vehicle’s surface temperature) at the 

stagnation point is known as the Heating Rate. This term indicates the heat flux that is 

incident on the vehicle during the entry/reentry process and can be expressed 

mathematically as [14]: 
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 �̇� = 1.83 × 10−8 (
𝜌∞

𝑅𝐿𝐸
)
0.5

𝑉∞
3 (1) 

where �̇� is the heat flux, 𝜌∞ is the free stream density, 𝑅𝐿𝐸 is the radius of the leading edge 

of the vehicle and 𝑉∞ is the free stream velocity of the air molecules. From Equation (1), it 

is evident that the atmospheric conditions and compositions play a significant role in 

determining the amount of heat that the vehicle experiences of which a significant portion 

conducts into the material. Since the planets have different local density variations, 

knowledge of such conditions is necessary to accurately design the vehicle. Likewise, the 

leading edge radius plays a crucial role in the amount of heat flux experienced and this is 

discussed extensively in Chapter 2. It must be mentioned at this juncture though that a 

sharper (smaller) leading edge radius results in increased heat flux as shown in Figure 5 

[15][16]. 

 

Figure 5: Effects of Leading Edge Radius and Cold Wall Heat flux [16] 
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The most important factor, however, that determines the amount of incident heat 

flux is the free stream velocity. By traveling at hypersonic speeds, the kinetic energy 

possessed by the vehicle coupled with the altitude of the vehicle (mechanical energy) has 

an exponential effect on the heat flux. Figure 6 highlights this relationship between 3 

different reentry velocities at various altitudes and the associated heat flux for a generic 

vehicle with 45 degrees reentry flight-path angle for an arbitrary vehicle. Typically, greater 

velocities result in greater heating rates. For example, the Space Shuttle’s re-entry velocity 

was noted to be as high as ~7800 m/s and so various mechanisms which will be discussed 

later in this dissertation had to be deployed to protect it from the heating that occurred [17]. 

Once the vehicle survives the Entry process, the Descent and Landing protocols are 

relatively simple to maneuver and utilize control systems present within the vehicle. 

 

Figure 6: Effects of Re-entry velocity and Altitude on Heating Rate [4]  
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Fortunately, there are solutions to this problem as there are many systems which 

have been developed or are in the development phase capable of withstanding such intense 

heat fluxes. These systems, known as Thermal Protection Systems (TPS) have long been 

used to protect vehicles by aiming to reduce the amount of heat that conducts through the 

vehicle. While the TPS is useful in intercepting the heat and protecting the vehicle, it has 

no way of measuring/identifying the amount of heat incident on it. Since these systems 

interact with the incident heat, any attempt to measure the surface heat flux must therefore 

be integrated and coupled with the TPS system. Hence, the idea of an in Integrated Thermal 

Protection System (ITPS) is becoming more prevalent since it involves the design and 

development of a system that provides both thermal and structural protection. Here, instead 

of adding extra material to the surface of the vehicle which serves solely as TPS, the ITPS 

serves as the body of the vehicle. This is extremely beneficial since a combination of both 

the thermal protection and structural integrity components eliminate the weight penalties 

that would be present if both systems are separated.  

According to NASA’s technology roadmap on Thermal Management, 3 major 

areas have been identified as pivotal to the development of TPS [18]. These are: i) 

development of ascent/entry TPS with ablative and reusable materials that are capable of 

self-repair and flexible deployment ii) TPS Modeling and Simulation to effectively and 

optimally design vehicles within specific size margins using thermal chemical and material 

response models, simulations and actual flight data iii) TPS Sensors and Measurement 

Systems which provide instrumentation to accurately acquire test and flight data which can 

drive further development of points i and ii. This work is focuses on aspects of the third 
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category: the development of TPS Sensors and Measurement Systems which accurately 

measure heat flux, temperatures and other important parameters affecting the vehicle.  

 By accurately measuring this incident heat flux during the reentry process, a 

variety of benefits can be achieved: 

 The health of the vehicle can be monitored in real/near real-time fashion which aids 

in identifying areas with significant/critical heat flux as well as significant surface 

recession/damage. Through the use of intelligent and noninvasive sensors, areas with 

critical damages can be identified and accessed without resulting in a complete 

overhaul of the vehicle. 

 Actual flight data and experimental results can be collected and used to validate 

computational models of the vehicle.  

 Efficient and effective systems can be developed to protect the vehicle from the 

intense heat flux. Although such systems, known as TPS already exist, they require 

further improvements and developments. Research into the development of materials 

which have greater capacity to withstand high heat flux.  

 The design and development of Reusable Launch Vehicles can greatly benefit from 

the accurate near real-time measurement of surface heat flux.  

From the above discussion, it is evident that the need to monitor and measure the 

incident heat flux on the surface of a space vehicle is paramount in ensuring its safety and 

provides a host of advantages. However, several issues arise in the desire to directly 

measure the surface heat flux and protect the vehicle: i) the magnitudes of the incident heat 
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flux experienced on the surface of the vehicle require heat flux sensors capable of reaching 

~30,000W/cm2. As at the time of this writing, such sensors do not exist although there are 

plans to research and develop them [18] ii) the presence of sensors and devices on the 

surface of the vehicle has been shown experimentally to disrupt and interfere with the flow 

field around it which can result in error and generate turbulence [19]. Therefore, the use of 

traditional sensors on the surface of vehicle is not a viable approach. As such, alternative 

methods need to be developed to determine the incident heat flux on the vehicle and more 

importantly, the heat flux that travels (conducts) through the material and into the vehicle. 

Conversely, it is possible to use internal temperature measurements during such a 

transient process to determine the surface heat flux by solving the associated Inverse Heat 

Conduction Problem (IHCP)[20]. As a result of the heat conduction process which allows 

heat to diffuse through the TPS material/materials, the surface heat flux can be 

reconstructed/estimated using temperature measurements made at discrete time intervals. 

IHCPs have long been studied and developed for situations such as atmospheric reentry 

where it is impossible to directly measure key parameters such as heat flux, surface 

recession rate and surface temperature [21]. Various solution techniques to IHCPs have 

been developed [22] and are discussed more extensively in Chapter 2. The rapid rise in the 

use of computational tools and models coupled with higher computing power also means 

that there are now quicker ways of verifying the solutions of the IHCPs. While experiments 

can be conducted to obtain real and meaningful measurements/results, they usually require 

resources that are highly expensive and not readily available. Computational modeling on 

the other hand provides methods for solving complex problems which cannot be ordinarily 
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solved analytically. Therefore, a synergy between both experiments and computational is 

needed to ensure that the results obtained from simulations match the physical truths and 

observed phenomenon. This dissertation is based purely on computational analysis and 

modeling, experimental analyses are included in later sections as part of future works. 

Rather than conducting experiments, which may be complex and expensive to perform, 

computational models can be developed which simulate the physics of the problem and 

provide insight into the actual derivable results. In many practices, these models are 

typically 1 dimensional in space for the sake of simplicity and reduced computational cost, 

however they can be modelled as 2 dimensional and 3 dimensional problems depending on 

the problem and the desired results. Another class of problems which are frequently 

encountered in the IHCPs associated with space vehicles are the moving boundary 

problems. In these problems, a surface position moves as a function of time and thus 

complicates the IHCP. These problems are relevant since under certain conditions, the TPS 

can sacrifice some of its material in order to protect the vehicle. This phenomenon is known 

as ablation and is one of the main ways reentry vehicles are protected.  The solution of the 

IHCPs can provide invaluable information which can be useful in monitoring the health of 

the vehicle, protect the vehicle and reduce the cost of interplanetary travel. 

1.2 Dissertation Objectives 

In this dissertation, a novel method of determining the conducted and incident heat 

flux on a hypersonic vehicle in a near real-time fashion is developed. The method involves 

the solution of the associated Inverse Heat Conduction Problem (IHCP) by estimating the 

conducted heat flux on the surface of a reentry vehicle through the use of internal 
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temperature measurements and filter coefficients based on the Tikhonov regularization 

techniques... To verify the accuracy and performance of the developed methods, test cases 

are developed using ANSYS and COMSOL. In these test cases, Multilayered mediums 

comprised of materials typically used in TPS are exposed to high heat flux (comparable to 

heat flux values experienced at reentry conditions) Using numerical probes, the 

temperature at locations away from the surface of the mediums is obtained and used in the 

developed solution to estimate the applied surface heat flux. . The proposed method is then 

expanded to include the solution of IHCPs with moving boundaries as well as ablation. 

Again, numerical test cases are developed which account for the presence of a moving 

boundary. In these cases, initial conditions are also defined with respect to surface position 

of the medium and the developed method must account for dependence of estimated heat 

flux to the varying position. Finally, the use of artificial neural networks is explored and 

developed as a method for solving such problems especially those involving ablation.  

1.3 Dissertation Outline 

This dissertation will adhere to the following sequence: 

 Chapter 2 delves into the background and theory of key concepts such as TPS, 

IHCPs and solution techniques, as well as moving boundary and ablation problems related 

to hypersonic and reentry vehicles. A literature review of these concepts is also presented 

to highlight studies performed by other researchers. Chapter 3 illustrates the proposed 

Filter-Based solution for the IHCP in multilayered mediums and shows the results for 

multiple test cases for 2 layered and 3 layered mediums. Chapter 4 expands on Chapter 3 
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and presents the results for the Filter-Based solution for the IHCP in a medium with moving 

boundary and ablation. Chapter 5 examines the use and application of a Neural Network 

based solution in the estimation of surface heat flux in a medium with ablation. The 

dissertation concludes with Chapter 6 where a summary of the findings is provided and 

future research areas are discussed. 
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Chapter 2. 

 Literature Review 

“The theory of heat will always attract the attention of the mathematicians, by rigorous 

exactness of its elements and the analytical difficulties peculiar to it, and above all the 

extent and usefulness of its applications” – Joseph Fourier, Analytical Theory of Heat.    

In this chapter, a thorough review of available literature on topics which are 

relevant to this dissertation is presented. Such topics include TPS, IHCPs, solution 

strategies for IHCPs, and solution strategies for IHCPs with moving boundary and ablation. 

While several of these concepts were introduced briefly in Chapter 1, they are discussed 

more in-depth and include studies performed by various researchers.  

2.1 Thermal Protection Systems 

2.1.1. Background 

Protecting space vehicles from the extremely severe thermal load that occurs during 

atmospheric entry/re-entry requires the use of TPS. As already mentioned, interplanetary 

missions have now become the focus of mainstream interests and so the need to ensure the 

safety of payloads (humans and cargo) has led to renewed focus worldwide on the design 

and development of TPS [12], [23]. TPS has been used for safety of solar probes by 

ensuring that the surface temperatures of the spacecraft do not exceed a predetermined 

threshold as a result of intense radiation, causing damage to the internal measurement 
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devices. In addition to its functions as both an aerodynamic body and a structural 

component, the TPS most importantly ensures the safety of the payload by serving as a 

thermal barrier [24]–[27]. TPS systems usually consist of several layers of different 

material and so it is important to ensure that all selected materials are lightweight while 

also possessing the required thermos-physical properties needed to protect the vehicle. 

The idea of TPS is attributed by Robert Godard who developed the concept of a 

heat shield in the late 1920’s after observing the behavior of meteors entering the earth’s 

atmosphere[17]. However, it was the period around World War II where efforts to create 

rockets and long range missiles (capable of leaving and returning to the earth’s atmosphere) 

gave rise to more focus on the protection of payloads. The first of such vehicles was the V-

2 rocket engine (developed by Oberth and his student, Werner Von Braun) which became 

the premier vehicle to cross the so-called Karman-line in 1944 [28]. With the successful 

launch of the V-2 and the plan to pursue space exploration, rockets were strongly believed 

to be the foundation of human space flight [29]. Yet, there were still major safety concerns 

and so evolution of TPS went through various developmental phases with the goal of 

reducing the amount of heat the vehicle experienced. Early on, drag was identified as 

having a strong influence in the failure of the vehicles since it was common knowledge 

that shock waves affected the velocity boundary layer so drag reduction avenues were 

analyzed. It was decided that streamlined nosecones would provide a viable solution to the 

drag problem [30]–[32]. For the aerothermal heating however, the simple solution of using 

skip/boost glide trajectories proved to be insufficient as the vehicle experienced further 

increased heating [33]. Following the groundbreaking work of Allen and Eggers at Ames 
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Aeronautical Laboratory in 1957, the benefits of blunt body design as a way to mitigate 

aerothermal heating proved to be crucial in the development of vehicular protection and 

TPS [34]–[36]. Since then, TPS has been the subject of much research and publications 

with topics ranging from studies into chemical reaction/gas dynamics phenomena that 

occur on the surface of the vehicle [37], [38], material science and material selection [39]–

[43], structural integrity, development of accurate sensors and the development of effect 

modeling tools 

2.1.2. Classification of TPS 

TPS can be classified into 3 methods based on the system’s ability to maintain the 

surface temperature at a desired threshold. These methods are: i) Passive Methods ii) Semi-

passive Methods iii) Active Methods. Each of these methods has technologies which are 

summarized as seen in Figure 7. 

 

Figure 7 Classification of TPS 

2.1.2.1. Passive Methods 

Passive methods involve the use of TPS whereby there is little to no control over 

the ways in which heat is managed and is solely based on the material’s ability to 

manage/store heat. A passive TPS can either be a heat sink, hot structure or an insulated 

surface and each serves a different purpose. Heat sinks are generally metallic structures 
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with high heat storage capabilities but only for short durations [44]. Hot structures on the 

other hand have high emissivity values which allow for effective re-radiation once the 

surface reaches a certain temperature. Insulated surfaces simply involve the use of an outer 

layer which radiates most of the heat to the environment and a lower layer consisting of 

insulation material which slows down the heat conduction process [16] [45]. Figure 8 

shows the schematics of the passive methods and examples of reentry vehicles which used 

them [12]. The main issues facing the use of passive methods are the weight penalty they 

impose on the vehicles as well as the difficulty associated with operating in temperatures 

as high as 2000oC. Presently, materials with high heat storage capacity such as Ultra-High 

Temperature Ceramics (UHTCs) and Ultra-High Temperature Ceramic Matrix Composites 

(UHTCMC) are being developed which will make passive methods more desirable for use 

in re-entry vehicles. [46]–[50] 

 

Figure 8 Schematics of (a) Heat Sink (b) Hot Structure (c) Insulated Surface 
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2.1.2.2. Semi-Passive Methods 

Semi-passive methods involve the use of means to protect the vehicle whereby 

there is limited control of the thermal management system of the vehicle. There are only 

two of such methods and these are: i) Heat Pipes and ii) Ablative TPS 

2.1.2.2.1 Heat Pipes 

Heat pipes are generally used in thermal management for efficient heat dissipation 

underneath the surface of the vehicle through a phase change process. Although the 

geometries may vary, a heat pipe mainly consists of a working fluid which transports the 

heat from a region of high heat to another region which is significantly cooler. Through the 

evaporation of the working fluid in areas closest to the heat source on the vehicle’s surface, 

a pressure gradient is created which results in the transportation of the fluid (now in a vapor 

phase) to the much cooler regions of the heat pipe. Once in the cooler region of the vehicle, 

condensation occurs and the latent heat contained in the vapor phase is released to the 

surrounding. The fluid (now in liquid state) is then transported through a system of wick 

capillary channels back to the area of incident heat and the process is repeated. Since the 

system is a sealed/closed system, the pressure gradient drives the evaporation, energy 

transport and condensation processes. Figure 9 shows the interior schematic of a heat pipe 

and the flow direction of the working fluid. 
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Figure 9 Schematic of a Heat Pipe at the Leading Edge of a Hypersonic Vehicle 

Heat pipes were originally developed as an alternative TPS to the commonly used 

passive methods [51]. However, it was experimentally shown that heat pipes failed to 

provide sufficient protection at extremely high heat fluxes. This condition of insufficient 

protection during high heating is known as dry-out and leads to the formation of thermal 

hot spots which can damage the heat pipe and the vehicle in a long run [16]. This inability 

to protect the vehicle can arise as a result of: i) Sonic limit which occurs when the mean 

vapor velocity approaches transonic values ii) Capillary Limit which occurs when the drops 

in the liquid and vapor approach capillary pumping pressure within the wick iii) Boiling 

Limit which occurs when a critical superheating of the vapor happens and bubbles stabilize 

in the wick of the evaporator zone[52]–[54]. Although heat pipes are an established 

technology in various thermal management applications research is still ongoing on how 

they can be implemented successfully for RLVs considering the extremely high heat flux 
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during the atmospheric entry. Some areas include the development of new materials for the 

container of the working fluid, development of new working fluids and the development 

of accurate models for predicting the heat flux on the TPS [55]–[58]. 

2.1.2.2.2 Ablative TPS 

Ablative TPS unlike Heat Pipes involves the use of a sacrificial material on the 

surface of the vehicle which recedes upon receiving sufficient heat thus dissipating heat 

and protecting the vehicle. The theoretical and experimental frameworks for the use of 

ablative TPS can be attributed to George Sutton who in 1957 show that it was possible for 

the aerothermal heat to char a resin held by fibers into a carbonaceous mass with relatively 

low strength resulting in the vaporization of the char. The result of this process would then 

be a new layer that had the density that was 1.6 times of water and was capable of absorbing 

6 times as much heat as boiling water [42]. Thus, the method of ablation as a TPS was 

developed whereby the ablative material could absorb energy through latent heat, during 

melting or evaporation and through sensible heat with temperature rise. It also had the great 

benefit of thickening the thermal boundary layer which resulted in reducing the incident 

heat flux on the surface of the vehicle [59]. Once the material reached the so-called ablation 

temperature, an internal (thermal) decomposition of the material would begin such that an 

endothermic release of gaseous species occurs. This process would then continue until 

ablation occurs whereby certain portions of the material (mass) are removed through 

vaporization and sublimation, also resulting in the release of gaseous species until 

sufficient heat was removed from the surface through convection and radiation. Among all 
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the proposed TPS concepts, ablation was the most promising technique and has continued 

to be used till today.  

Several non-polymeric materials such as inorganic polymers, ceramics or metals 

have been successfully used as ablative TPS. Among all materials, polymeric based 

ablators represent the most versatile class of ablative materials [60]. Compared to other 

inorganic polymers, polymer ablatives exhibit some intrinsic advantages, such as high heat 

shock resistance, low density, good mechanical strength, and good thermal insulation 

capabilities [61]. In the last few decades, graphite based materials have also received much 

attention for planetary entry probe heat shield applications. Carbon/Carbon composites and 

other graphitic materials continue to be actively studied to achieve greater fidelity of 

simulation and also support the development of new concepts because of their high-

temperature resistance, excellent thermal and physical properties as well as low densities 

[62]. Among all the ablative TPS materials, carbon provides very high heat capacity and 

high energy of vaporization [63]. Polymeric ablative materials can be classified into non-

charring and charring materials based on the organic matrices used to produce them. In 

non-charring materials, the gas evolution from the polymeric ablatives interferes with the 

convective heat transfer from the atmosphere to the material surface, as a result, a volatile 

monomer is formed leaving no solid residue. With charring polymer, however, the 

formation of solid residue on the surface of the ablated material provides thermal insulation 

for the underlying virgin material as shown in Fig. 5. Phenolic resin is the most widely 

used charring polymer [44]. Figure 8 shows  
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Figure 10 Ablation phenomena for Charring polymeric ablative material 

During atmospheric entry, the heat is transferred to the charring polymeric ablative 

material [63] which causes the surface temperature to increase. Under continuous heating, 

the char layer will reach the ablative temperature at which the material starts receding via 

sublimation, oxidation or mechanical removal by shear force or spallation [64], thereby 

maintaining the surface temperature of the ablator at the so-called failure temperature of 

the ablative material [65]. At this temperature, the organic matrix degrades to form gaseous 

products and charred residue, as a result, substantial energy is absorbed by the ablator [66]. 

The resulting gas from ablator increases the internal pressure creating a layer with the 

pyrolysis products which acts as a barrier against the heat from the incoming hot stream 

into the ablator wall. The gas which percolates through the porous char absorbs a high 

amount of heat until it transfers heat to the virgin resin and then forms a new char layer 

[67].  

Some of the recently used ablative materials are Phenolic Impregnated Carbon 

Ablator (PICA) and different forms of it such as PICA-X, Silicone Impregnated Reusable 

Ceramic Ablator (SIRCA) and more recently, Toughed Uni-piece Fibrous Reinforced 
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Oxidation resistant Composite (TUFROC). PICA, first developed by NASA, was used in 

the Stardust Capsule set the record for the fastest man-made reentry speed into the earth’s 

atmosphere, reaching speeds as high as 46,510 kmph (~13,000 m/s). PICA-X on the other 

hand was developed by SpaceX for its Dragon spacecraft using technical support and 

personnel from the NASA’s PICA team at a significantly less time as well as one tenth the 

cost [68], [69]. TUFROC is still in the developmental stage, however, results from 

experiments and flight tests have been promising. Besides the lightweight, low cost of 

fabrication and maintenance and the composite insulating structure, experiments showed 

that TUFROC can withstand temperatures over 2000oC with no thermal failures [70], [71]. 

In the development of these materials, significant changes to the microstructures occur as 

new materials are mixed and this can contribute to the overall increase in the performance 

of the TPS. Other areas of research include advancements in modeling techniques of the 

pyrolysis process. With the increase in computing power and capacity, simulations are now 

being used to predict the response, rate and products of the chemical reactions as well as 

the final composition of materials in the harsh aerothermal conditions [72], [73]. 

2.1.2.3. Active Methods 

Active TPS methods involve fluid flow and elaborate control systems to ensure that 

the surface of the vehicle is protected and maintained within a certain temperature range. 

There are 3 active TPS types which have been tested and studied and these include: i) 

Convective Cooling ii) Film Cooling iii) Transpiration Cooling 
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 2.1.2.3.1. Convective Cooling  

Convective cooling is the most basic active TPS method and it involves pumping a 

coolant fluid underneath the surface of the TPS to provide adequate cooling for the vehicle. 

In convective cooling, there is no surface mass transfer phenomenon. Rather, there are 

internal channels which enable the coolant to flow underneath the surface of the vehicle 

and reduce the surface heat. This heat is then dissipated through a heat exchanger system 

and then coolant is pumped back to the region where it is needed. Several feasibility studies 

have been conducted which explored the effects of coolant type, channel geometry, [74], 

[75]   

2.1.2.3.2. Film Cooling  

Film cooling is used in hypersonic vehicles as well as other applications by 

injecting a coolant through a discreet location on the surface of the vehicle. The coolant 

then forms a thin layer which insulates the surface of the structure to be cooled. This 

ensures that the structure does not exceed the melting temperature. The implementation of 

film cooling depends on geometric parameters as well as flow parameters including density 

ratio, blowing ratio, momentum ratio, turbulence and fluid conditions at the entrance [76]. 

2.1.2.3.3. Transpiration Cooling  

Transpiration cooling is a form of surface mass transfer active cooling used for 

extremely high temperatures ≥1649 oC and flight times greater than 1.5 hours [77]. In 

transpiration cooling, a coolant is passed through a porous wall towards the hot fluid side 

wall surface. Passing through the porous structure the coolant absorbs and cools down the 

porous structure. Once steady state is attained, the coolant and porous wall reach thermal 
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equilibrium. Having passed through the porous layer, the coolant forms a film on the 

surface of the body [78] [79]. This film further reduces the heat flux conducted to the 

porous wall by absorbing the heat flux. The porous layer therefore acts as a heat exchanger 

since it allows the transfer of heat from the coolant to the hot (most time gaseous) fluid on 

the surface of the vehicle [80]. Figure 11 shows the active TPS methods. While active 

methods have been proposed and could be used in future missions, the main issue hindering 

their use is the weight and state of the coolant. While liquid  

 
(a) 

 
(b) 

 
(c) 

 

Figure 11 Schematic of Active TPS methods: a) Convective Cooling b) Film Cooling c) Transpiration 

Cooling 

2.1.3. TPS sensors and measurement systems 

The above discussion on TPS methods highlights the mechanisms that are 

implemented to protect the vehicle. However, these TPS methods are only useful one the 

incident heat flux reaches a certain threshold and currently, these methods have no avenue 

of accurately determining the incident heat flux on the surface of the vehicle. Therefore, in 

order to effectively and efficiently use these TPS methods to protect the vehicle as well as 

monitor its overall health, the heat flux as well as other surface parameters need to be 

accurately estimated and determined. The determination of high fidelity data from all 

aspects of the TPS provides an effective damage detection system which in turn can enable 
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the application of in-space self-repair technologies. An effective integrated TPS Health 

Monitoring System (HMS) also requires accurate sensors for collecting data related to TPS 

surface conditions such as heat flux, temperature, pressure and recession. This data will 

significantly reduce mission risk as well as size margins of the space vehicle TPS [81]. 

Effective TPS sensors allow for the accurate measurement of critical flight parameters but 

are also used for validation of models for subsequent flights. There are numerous TPS 

sensors and measurement devices which been developed and depend on the type of 

parameter to be measured as well so the mission specific details needed. Research and 

development on fiber-optic-based sensors, wireless sensors and non-intrusive sensors have 

been conducted and show promising technologies that can be incorporated in ITPS for 

space vehicles. Numerous studies have been devoted to the development of direct and 

inverse heat transfer techniques for measurement and monitoring of the spacecraft’s 

surface temperature and critical parameters during atmospheric entry/reentry [82] and other 

similar applications [81], [83]–[88]. As already mentioned however, direct measurement 

of some of these parameters is not possible due to the illustrated reasons such as the heat 

flux being outside the capacity of the sensor as well as the introduction of instabilities 

within the flow field. As such, the solution of Inverse Heat Conduction Problems offers a 

viable alternative to the determination of these parameters. These are discussed in the next 

section.  
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2.2 Inverse Heat Conduction Problems (IHCP) 

2.2.1. Background 

Heat transfer problems can be classified into two categories: Direct problems and 

Inverse problems. Direct problems involve the solution of a well-posed problem within a 

heat conducting body whose initial condition and boundary conditions are known such that 

the temperature as a function of space and time is required. In such cases, the temperature 

and heat flux at the boundaries of the medium are known a priori and the aim is typically 

to obtain the distribution of temperature within the medium. On the other hand, an inverse 

problem is one such that active boundary conditions are unknown and temperature history 

at one or multiple points inside the domain is known. Figure 12 shows the differences 

between a direct problem and an inverse problem for a single layer medium. A heat flux 

(q0) is applied on the surface (x = 0) on both surfaces over a known time interval and 

diffusion occurs across the medium such that the direct problem requires the temperature 

distribution within the medium as a function of time. However, in the case of the inverse 

problem, this heat flux is unknown and can be determined using the temperature 

measurements. As such, IHCPs are defined as the class of problems which require the 

estimation of surface histories (heat flux and/or temperature) given measured temperature 

data within a heat conducting body [21] [89]. While IHCPs refer strictly to conduction 

problems, other types of inverse problems in heat transfer applications exist namely: 

convection or radiation problems [90]. Since the direct measurement of temperature and 

other parameters on the surface of the re-entry vehicle is not possible due to the extremely 

high heat fluxes at the surface, temperature sensors can be located below the hot surface 



29 
 

and the surface heat flux can be reconstructed through the solution of the resulting IHCP 

[91].  

  
 

Figure 12 a) Direct Problem b) Inverse Problem for 1-D Heat Conduction through medium 

IHCPs have historically been more difficult to solve than direct problems and are 

described as ill-posed. The complications arise from i) high sensitivity to measurement 

errors in the temperature sensors which affect the accuracy of the calculated heat flux ii) 

difficulties with placing sensors inside the mediums rather than at boundaries. As far back 

as 1960, Stolz [20] was concerned with the calculation of heat transfer rates in the 

quenching of bodies with simple finite geometries such as spheres and so he developed a 

numerical technique which inverted the direct problem and took advantage of the ability to 

measure the temperature within the medium. His work is credited as being one of the first 

where in IHCP solution was developed [21]. Around this time, plans for space exploration 

and rocket design were being developed and so multiple publications were released to that 

effect [92]–[99]. Another promising area that required solution techniques for the IHCP 

was testing in nuclear reactor parts and several studies were carried out at various national 

laboratories [100]–[102].  
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2.2.2. Classification of IHCPs 

In recent years, IHCPs have been widely studied in multiple complex applications 

including i) transient boiling curve studies [103] ii) solidification of glass [104] iii) periodic 

heating of combustion chambers [105] iv) indirect calorimetry measurements [106]. For 

these applications, a variety of classifications have been developed that inform the 

analytical and numerical techniques which are used to solve these IHCPs. One 

classification is based on the type of parameters being used for the estimation of the 

unknown boundary conditions: boundary conditions [21], geometric characteristics or 

initial conditions, and model parameters like material properties [107] thus making the 

problem either a parameter estimation or function estimation problem. In parameter 

estimation problems, the focus is on the determination of certain constant parameters such 

as material properties such as the thermal conductivity and specific heat capacity given 

temperature measurements which are not in the form of a function. Function estimation 

problems on the other hand require the estimation of functions such as temperature and 

heat flux. In many cases however, parameter estimation problems may evolve into function 

estimation problems although the solution methods are quite different: parameter 

estimation involves statistical analysis while function estimation is usually numerical. 

Another simple classification involves the treatment of the IHCP as either linear on 

nonlinear. Linear problems occur when the heat conduction equation is linear (i.e. the 

thermos-physical properties do not change with temperature). Naturally, the nonlinear 

cases which are more representative of phenomena that occur in industrial applications are 

more interesting and complex to solve. Both linear and nonlinear problems can be solved 
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through the use of Function Specification and Regularization methods although the 

solution must account for the nonlinear heat conduction equation. Another classification of 

IHCPs is the dimension of the problem. Problems may be either 1-dimenensional such that 

only a single heat flux history is required or they may be two and three dimensional. 

Perhaps the most important of the classifications of IHCP solution techniques is based on 

the time domain utilized in the solution. 

2.2.3. Solution Strategies for IHCPs 

Several classifications for IHCP solutions exist. One way involves the assumption 

that the desired heat flux profile is in a functional form with varying time. This method is 

known as the function specification method and here, the functional form of the desired 

profile may be constant segments, straight line segments or they may be more complex 

profiles such as parabolas, exponentials, cubic etc. Another method known as the 

Regularization Method involves the minimization of the least squares error between the 

measured values and the calculated/estimated values. In these solutions, a term known as 

the regularization factor is added to the sum of squares error with the aim of stabilizing the 

solution. This stabilizing term is necessary since the inherently ill-posed nature of the IHCP 

ensures that there will be fluctuations in the solution. Therefore, the objective function S 

which is the sum of the square of error between the measured temperature and the predicted 

temperature has to be minimized iteratively to estimate the unknown parameters. This sum 

of squares error is expressed mathematically as: 

 𝑆 =  (𝑌 − 𝑇)𝑇(𝑌 − 𝑇) + 𝛼 ∑𝑞𝑖 (2) 
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where 𝑌 represents the measured temperatures, T is the estimated temperature vector, 𝛼 is 

the regularization factor and 𝑞𝑖 is the estimated heat flux. 

Generally speaking, there are 3 time domains/intervals which exist in the solution 

of IHCPs and these are called the whole time-domain, sequential domain and the present 

time domain. The first two time domains (whole domain and sequential domain) can be 

applied to either the function specification or regularization methods regardless of 

functional form. In whole-time domain method, the measurement data for the entire time 

domain is used to estimate the time-dependent boundary condition profile all at once. 

While it is an effective method, it cannot be used for real-time calculation of the boundary 

conditions and therefore is not appropriate for monitoring purposes. The sequential method 

uses a smaller number of data (a few future time steps and past time steps) for the function 

estimation. This method relies on small time steps to provide detailed information 

regarding the variations and profiles of the heat flux to be determined. The present-time 

method also known as Stolz method involves the exact matching of measurements at the 

present time from a single sensor to represent the estimated/calculated temperatures which 

are then used in the IHCP solution [20]. This method is problematic and unstable since the 

measured data has high levels of systematic error in it. There are also random and bias 

measurement errors which contribute to the instability of the solution. Due to the ill-posed 

nature of IHCPs, the conditions of solution existence, uniqueness and stability are not 

generally satisfied and this is the prime reason why the problems are considered to be 

difficult to solve. On the other hand, the sequential method estimates all the parameters 

characterizing the boundary condition profile using thermocouple measurements for a 
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limited future time window. The transient nature of the heat conduction through the surface 

of the medium results in a lag and has a damping effect on the measured temperature due 

to the material’s thermos-physical properties. As such, it is easy to conclude that the current 

temperature is as a result of close temperature measurements (with respect to time) and not 

far away measurements since the changes are gradual. Since the whole domain method 

results in the full estimation of the entire functional form of the heat flux using the entire 

temperature data, it is not suitable for the application of heat flux estimation during 

operations. Therefore, in order to obtain real/near-real time results, the estimation of the 

surface heat flux is preferably done using sequential methods rather than whole-time 

domain method [21]. 

Some of the popular numerical methods which have been used to solve IHCPs in a 

variety of applications include the Gauss-Newton [108] [1], Levenberg-Marquardt [2] 

Box-Kanemasu, Tikhonov regularization method [91], the Genetic Algorithm [109], and 

some variations of the Conjugate Gradient Method (CGM) [3] [110] [111]. Smith [112] 

adopted the recursive least-squares algorithm to examine the estimation of surface heat flux 

of a TPS model, which undergoes shock-shock interaction during reentry. A general error 

analysis was performed to test the accuracy of the proposed inverse method using different 

data set. The inverse approach accounted for 3-D lateral conduction effects, thereby 

effectively reconstructing the transient heat flux distributions from surface temperature 

measurements obtained using a thermography with high frequency and high spatial 

resolution. Mohammadi and Rahimi [113] applied the CGM as the solution of a two-layer 

IHCP to determine the unknown transient boundary heat flux in an irregular domain by 



34 
 

transforming it into a rectangular domain. The unknown outer boundary conditions are 

determined using the inner surface temperature. The results obtained from numerical test 

cases shows that the inverse solution obtained by CGM remains stable despite a noise in 

the measured data up to 6% and is independent of mesh sizes. Thus the present formulation 

can be applied for the estimation of the unknown boundary over any irregular region which 

can be mapped into a rectangle. Osman et al [114] put forward an algorithm for a time and 

space dependent heat transfer coefficient estimation of a 2-D sphere using non-linear 2-D 

IHCP. They considered the quenching process of a hollow sphere to estimate the 

conventional heat transfer coefficient. Sequential Future Information (SFI) method was 

used to estimate the unknown heat transfer coefficient simultaneously in space and 

sequentially in time which resulted in a reduction in the computational cost, time and 

memory. Numerical test cases show that SFI method is accurate and able to handle the 

abrupt and steep changes in the heat -transfer coefficient in the 2D sphere. Therefore, it can 

be extended to solve problems in cylindrical, rectangular coordinates system and for three-

dimensional problems. A table in the Appendix section shows a summary of various works 

and the IHCP solution techniques which were used. The digital filter method which is 

presented in this work is discussed in chapters 3 and 4. 

2.3 Solution of IHCP in Domains with Moving Boundary 

2.3.1. Background 

 The already described complexity of an IHCP is further increased when a moving 

boundary is present in the medium. Moving boundary problems or free boundary problems 

as they are often called occur in a wide variety of applications and these include the freezing 
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or melting of a liquid; growth, formation and propagation of bubbles; ablation of materials; 

diffusion of chemicals across boundaries; applications involving the use of phase change 

materials (PCM) etc. All of these problems fall under the class of mathematical problems 

known as the Stefan problem and they involve the movement of a boundary whose final 

location is unknown and whose movement rate is dependent on the amount of 

energy/impulse applied to the system. As such, the solution to these problems involves the 

analysis of the unsteady-state diffusion equation in a domain with a free boundary [115]. 

Figure 13 shows the schematic of a moving boundary problem.   

 

Figure 13 Schematic of Moving Boundary Problem 

2.3.2. Solution Strategies for Moving Boundary Problems 

Moving boundary problems have been analyzed since the 19th century where 

several works by Neumann examined the problem of freezing for semi-infinite mass of 

liquid of which the surface is maintained at a constant temperature below the freezing point 

and the rest of the liquid is at a uniform temperature above the freezing point [116]. In 
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mathematics, a few analytical solutions for moving boundary problems exist and most 

utilize the Greens’ Function techniques for the heat equation and fixed-point theorems 

[117]–[120]. A class of solutions called “approximate analytical solutions” was developed 

and involved the elimination of the moving boundary through the introduction of a 

transformation (Landau transformation). These solutions were solely for semi-infinite 

mediums exposed to uniform heat and the solution were considered to be quasi-steady state 

solutions. While not entirely accurate, they served to provide as a foundation to which more 

accurate solutions could be developed [121]–[123].  

For engineering purposes where moving boundary problems occur frequently, such 

problems are tackled through the use of numerical techniques [124], [125]. The numerical 

methods used to solve moving boundary can be classified as either moving grid methods 

or fixed grid methods. Ideally, the solution would involve tracking the moving boundary 

as a sharp front (permitting fluctuations and changes across the boundary) without 

disturbing the upstream regions. Also, the solution would include field equation solutions 

for the regions separated by the interface in order to be considered accurate [126]. 

However, this would require high computing power which is rare to come by at this point 

in time. Therefore, moving grid methods are used as they provide a high level of accuracy, 

although they are known to have great difficulty in cases where the boundary develops 

irregular shapes (e.g. changes in curvature) and they also result in high computational cost 

[127], [128]. Fixed grid methods, on the other hand require the computational grid to be 

fixed and obtain the position indirectly from some defined field over the entire domain. By 

doing this, the moving boundary is not tracked explicitly and so the computational costs 
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are significantly less. Some examples of fixed grid methods include level-set method [129], 

phase-field method [130] and enthalpy method [131]. The enthalpy method is considered 

the most popular of these methods and it involves the reformulation of the governing 

equations based on the enthalpy of the system. The phase-field methods also use a fixed 

grid approach and require the definition of a phase function ϕ, which is continuous within 

each phase and varies smoothly across the boundary. However, the boundary position 

cannot be defined explicitly because an additional boundary thickness must be included in 

the model to allow smooth changes. Finally, the level set methods determine the location 

of the interface based on the zero-level set of a continuous function. A thorough review of 

numerical solutions has led to the conclusion that level set methods are robust and can 

provide accurate results [132]. These methods are however known to not preserve the 

volume of the domain and so they can be prone to numerical instabilities. More recently 

though, methods based on machine learning and neural networks have been proposed to 

solve moving problems, although these methods generally assume that the boundary 

location is fixed [133][134]. 

2.4 Ablation Modeling with IHCP Solution techniques 

An understanding of moving boundary problems is necessary in solving abaltion 

problems in reentry vehicles since the surface of the TPS undergoes a gradual recession. 

Practically, the ablative material recedes/burns off as the vehicle travels through the earth’s 

atmosphere with varying recession rates, depenending on the material properties as well as 

aerothermal conditions. In order to develop accurate models of ablation, the phyics of 

reentry, ablation and the movement of the surface during reentry have to be thorougly 
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observed and understood. These are done through the performance of missions and the 

benefits are that these “experiments” provide oppurtunities to collect physical data. 

However, based on previous discussions, these missions are expensive and time 

consuming. Therefore the use of numerical models and computer simulations built on 

mathermatical formulations play a signigficant role in verification and validation of the 

observed truth [135]. Computational modeling of TPS in hypersonic vehicles can be 

categorized into two group: i) Thermostructural modeling ii) Material Response modeling 

of TPS. Thermostructural modeling of TPS deals with mechanical parameters such as stress 

analyses (tensile, compressive, shear), deflections under loading, Poisson’s ratio and the 

effects thermal expansion/loads on these materials. Material response modeling on the 

other hand involves the development and validation of the behavior of the ablative and 

other TPS materials under flight envirenments as well as the sizing of the TPS required to 

protect the vehicle based on material properties such as density, thermal conductivity, 

specific heat, radiative properties composition, thermal gravimetric data, porosity, heat of 

combustion and heat of pyrolysis [136].   

For reentry vehicles with ablation based on observed phenomena, theoretical 

formulations describe three distinct periods: (i) the pre-ablation period, which occurs from 

the beginning of the re-entry procedure until the surface temperature of the vehicle reaches 

the ablation temperature (ii) The ablation period, which considers the recession of the 

ablative layer i.e. a moving-boundary problem due to ablation process (iii) The post-

ablation period, the recession of surface ends and the solid remains fixed. Generally, pre-

ablation and post-ablation periods are usually referred to as non-ablation periods. For 
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simplicity (discussed further in the next section), most re-entry problems are considered as 

one-dimensional heat conduction problems with one side of the surface subjected to an 

incident heat flux of q(t), while the other surface is modeled as having a known boundary 

condition. As the vehicle is heated, it can chemically erode, oxidize, or change phase at the 

exposed surface depending on the transient heat flux applied and material properties.  

The mathematical formulation considered in each period can be written as: 

For Non-ablation periods: 
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For Ablation periods: 
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With the boundary condition given below that includes recession effects: 
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Here, ( )s t  is an unknown recession position that appears after the surface has reached the 

ablation temperature aT , 
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For the time t greater than at  (time it takes to reach ablation Temperature), recession begins 

i.e. ( ) 0r t   hence the auxiliary condition at the recession front is introduced as  

 ( ( ), ) aT s t t T      at t  (10) 

Where  ,  ,  ,oT T q t  and   are temperature, initial temperature, time-dependent heat 

flux, and density respectively.      kpC T and T  are the temperature-dependent specific 

heat and thermal conductivity respectively and L(t) is the length of the model. The solutions 

to the above partial differential equations can be obtained using inverse solution methods 

as against direct methods. 

During the 1960’s, the modeling of the ablation involved coupling one-dimensional 

heat conduction calculation to the heat of ablation for calculating the recession. Initially, 

the simple in-depth heat conduction model considered the effect of the heat conduction 
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whilst, neglecting the decomposition or pyrolysis gas flow. Using the steady-state ablation 

assumption, the surface energy balance equation was simplified and used in the heat 

ablation model. Moreover, the model assumed that recession started when the surface 

reached ablation temperature. However, the model was not able to accurately reconstruct 

the aerothermal heating [137]. To overcome the above problem, Munson and Spindler 

introduced thermal response modeling for the decomposition of organic resin composite 

material with a single Arrhenius relation [138]. Many researchers introduced different 

assumptions to accurately model the conservation of energy equation including convection 

and generation of the pyrolysis gas within the solid. They also accounted for grid motion 

due to the surface recession, and this gave rise to the development of the Charring Material 

thermal response and Ablation program (CMA) by Aerotherm Corporation in the 1960s 

[139]. Since then, numerous ablation models have been developed to predict the transient 

response and behavior of material exposed to ablation based on methods used in moving 

boundary problems. Figure 14 shows the schematic of a TPS sample which is frequently 

used for ablation modeling. Studies by Storti et al [140]–[142], Torre et al [143], [144], 

Ewing et al [145] include some of the vast library of works that involve the development 

of ablation models which predict a variety of the parameters in the figure [65].  
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Figure 14 Schematic of TPS sample used for Ablation modeling  

IHCP solution techniques have also be used in domains that experience ablation 

through the detrmiantion of the material’s response to the incident heat. These methods 

have solely been used for validation and verification purposes since measurements of the 

ablative conditions cannot be directly measured. Oliver et al incorporated an IHCP 

algorithm which was implemented as the INHEAT module to the CHAR ablation response 

code with the intent of reconstructing the aerothermal environments for the Orion EFT-1 

flight test. They developed a new hybrid method which blended both sequential and whole 

domain method for estimating the unknown boundary condition. The algorithm was 

validated by testing it with different cases: i) 1-D linear semi-infinite slab  ii)  A non-linear 

decomposing Ablator, iii) Steering Jet Augmentation in a Flight Vehicle. The result 

demonstrated that the proposed method was capable of providing accurate reconstructions 
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of aerothermal heating for any specific instrumentation depth and material combination 

while maintaining computation efficiency [146]. Qian et al [147] estimated the surface heat 

flux for a charring ablative TPS using CGM. The proposed method was verified with 

numerical test cases. Firstly, a one-dimensional semi-infinite planar slab with constant 

material properties and constant recession rate was considered. The results obtained were 

in good agreement with the actual heat flux. Later, the inverse method was applied to the 

experimental data of an arc-heater ground test in which a piece of a blunt model of Carbon-

phenolic material Narmco428 was used. The practical experimental validation showed that 

the estimated surface heat flux was close to the heating power value with a relative error. 

However, the measurement noise of ablated surface position and temperature had a direct 

influence on the estimated surface heat flux.  

Petrushevsky et al. [148] proposed a one-dimensional non-linear IHCP to estimate the 

transient heat flux with surface ablation. To reconstruct the heat flux and the surface 

recession, a one-dimensional plate of thickness 0.006mm with an insulation back surface 

was considered. The inverse analysis applied the least-squares technique to obtain a  

solution in the form of Fourier series and the surface recession was found by a direct heat 

transfer solution using the estimated heat flux.The proposed algorithm had two versions: 

one applied a constant order of the Fourier series and the other applied a variable order of 

the Fourier series. Compared to the variable order Fourier series, the constant order Fourier 

series estimated the surface recession more accurately. The method is applicable to a 

variety of one-dimensional problems due to its low sensitivity to measurement noise. 

Walker et al [149] proposed a technique to solve a two-dimensional IHCP of a hypersonic 
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vehicle which was often exposed to shock-shock interaction. The proposed method 

accounted for lateral conduction effects that could resolve spatially dependent fluxes and 

used surface measurements, thereby effectively reducing the uncertainty in the solution 

compared to interior measurements. A circular cylinder model was used and the curvature 

of the two-dimensional model are neglected. To stabilize the solution, two regularization 

methods were applied to the Function specification method, one in time and another in 

space. The results obtained suggested that current 2-D methods accounting for both direct 

and diffusive heating can adjust data to account for the lateral conduction without adding 

bias to the solution. The results showed that the two-dimensional approach had a greater 

agreement with the measurement data than one-dimensional approach proposed by Walker 

and Scott in their previous works [150]. Therefore, lateral conduction within the model 

must be considered when temperature gradients exist between adjacent sensors. Chin [151] 

applied a nonlinear inverse heat conduction technique based upon a Kalman filter-

enhanced Bayesian backpropagation neural network (KF_B2PNN) to analyze the surface 

heat flux of a space shuttle upon reentry. The solution for the forward problem is obtained 

using the continuous-time analog Hopfield neural network (CHNN) method. To validate 

the performance of the proposed method, the conventional stand-alone Bayesian 

backpropagation neural network (B2PNN) is applied to solve the three different set of 

IHCP’s. The results obtained showed that the KF-B2PNN scheme was in good agreement 

with the target heat flux profile compared over the stand-alone B2PNN network. The 

performance and order of accuracy obtained by the KF-B2PNN were higher than that of 
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the stand-alone B2PNN network scheme calibrated using a Levenberg-Marquardt 

propagation algorithm. 

2.4.1. 1-D vs 2-D Modeling 

All of these works indicated in the previous section highlighted the difficulty and 

rigorous nature of ablation modeling for a vareity of applications. As is the case with each 

model, a set of assumptions and approximations have to be made to to simplify the 

problems for numerical purposes. One of the most common asumptions that is made in 

ablation modeling is the assumption of 1-D heat conduction. The analysis of heat 

conduction during the reentry process is necessary to protect the vehicle from the high heat 

fluxes as the energy from the surface diffuses through the various layers of the TPS 

materials. Regardless of the external surface/boundary conditions, it is this heat transfer 

mechanism that directly affects the internal components of the vehicle and offers a path to 

estimating the heat flux. Based on the conservation of energy, the net heat rate conducted 

across a system in addition to the rate of energy generated within the system is equal to the 

net rate of energy stored within the system. This is expressed mathematically in 3 

dimensional space using Cartesian coordinates as: 
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An accurate ablation model would encompass the solution of the thermal diffusion in all 

three dimensions of space. However, since the materials used for TPS are usually thin, 1-

D models are commonly used. This is because the geometries of the different parts of the 

vehicle are designed and constructed such that the incident heat and heat conduction are 
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generally uniformly distributed due to the isotropic and homogenous nature of the material. 

Therefore 1-D models are used since they provide accurate solutions which are 

significantly more stable and less computationally expensive than 2-D and 3-D models 

[152] [153].  

 There are many computer programs which have been developed to analyze and 

optimize material response in TPS and other applications. The aforementioned CHAR code 

developed by NASA Johnson Space Center is one of many such codes [146].  In early 

1999, Milos and Chen of NASA Ames Research center introduced and developed the Fully 

Implicit Ablation and Thermal response program (FIAT) [88], [154] which simulates one-

dimensional thermal energy transport in a multilayered stack of isotropic materials which 

are capable of ablating at the surface and decomposition in-depth. Since then, it become 

one of the most popular programs (along with CMA) used in the prediction and modeling 

of thermal and mechanical responses of TPS materials to the environment during 

atmospheric reentry. FIAT uses an implicit algorithm and a finite volume method which 

makes it a very stable and robust program for design and modeling of vehicles which use 

ablative TPS. To perform a simulation, several inputs are required such as the chemical 

composition of the material components as well as the physical and thermal properties of 

the material.  The software has a vast library of these properties for many popularly used 

TPS material however, it is possible to import data files which contain these [152]. Results 

from FIAT simulations have been used to understand the behavior of already flown 

missions and has been used to size TPS for future missions in order to optimize the amount 

and type of material to be used. While it has been expanded to now include versions which 
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can handle 2-D and 3-D geometries (TITAN and 3dFIAT respectively), 1-D analysis is still 

frequently used. Some results from the use of FIAT can be found in the following works: 

[155]–[161] 

2.5. Conclusions from Literature Review 

A comprehensive summary of the literature on relevant topics to this work was 

presented in this chapter. TPS and the various classifications are presented and it was 

highlighted that while TPS is necessary, efficient designs and effective heat management 

is needed through the development of sensors and accurate heat flux estimation devices. 

The solution of IHCPs can facilitate the development of such devices; therefore a survey 

of IHCP solution techniques was presented. Moving Boundary problems exist in many TPS 

and so the IHCP solutions can be expanded to include these scenarios including ablation. 

While ablation models are complex, several assumptions can be made which simplify the 

problem but provide detailed answers to it. 
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Chapter 3.  

Filter Based Solution for an IHCP in a 

Multilayer Medium 

“Life can only be understood backwards; but it must be lived forwards.” – Søren 

Kierkegaard 

The solution of the IHCP involves the use of effectual characteristics (internally 

measured temperature data) to determine causal characteristics (boundary conditions). The 

literature exploring the numerous methods of solving IHCPs has been presented in Chapter 

2. In this chapter, a novel method of estimating the conducted heat flux and the surface 

heat flux through the use of a digital filter form of the Tikhonov regularization method is 

presented. The chapter begins with a presentation of the problem statement and then 

proceeds to the solution strategy implemented. The analytical solution for the direct 

problem is developed. A three layer medium is considered and it is assumed that two 

temperature values are known from the two boundaries of the innermost layer. The 

temperature measurement data are used to calculate the surface heat flux. Three IHCPs are 

defined and the solution to each IHCP is then developed using Tikhonov regularization 

technique in a matrix form by minimizing the differences between sum of the squared of 

the error between the calculated and measured temperature values and adding the 

regularization term. The resulting solutions are coupled and written in in the filter form, 

allowing efficient and convenient calculation of the surface heat flux using a set of filter 
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coefficients and vectors of temperature values from a limited time window. The developed 

solution facilitates the near real-time surface heat flux estimation in a multilayer medium 

using internal temperature measurement. The chapter then concludes with a presentation 

of the various results obtained for a variety of test cases as well as a discussion based on 

an analysis of the results. 

3.1. Background  

Woodbury and Beck [162] showed that the Tikhonov regularization method which 

is traditionally known as a whole-time domain method, can be written in a digital filter 

form that allows near-real time heat flux estimation. Beck [163] showed the digital filter 

method can be conveniently applied to non-linear problems with temperature dependent 

material properties through interpolation of filter coefficients. This is an important property 

of this solution technique particularly when it comes to the TPS monitoring in RLV 

problem with the high range of temperature variation. Najafi et al. [164] developed filter 

form solution for the inverse heat conduction problem in a two-layer medium considering 

the temperature dependent material properties. They showed that using transient 

temperature data from sensors at inner layers, surface heat flux may be accurately estimated 

in a near real-time fashion. They also further developed the algorithm for application of 

directional flame thermometer [165] [166] as well as multi-dimensional IHCPs [167] 

[168]. Since the filter algorithm can be utilized for near real-time heat flux estimation and 

it is also applicable to temperature dependent domains, it can be an excellent fit for the 

need for health monitoring of the TPS in space vehicles. The algorithm that is being 

developed in this chapter, targets an expansion of the previously developed algorithm for 
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the two layer medium and explores the possibility of extending the filter technique for a 

three layer medium with temperature dependent material properties, similar to the base 

design of a TPS. 

3.2. Problem statement  

A multi-layered structure for an ITPS is considered as shown in Figure 15. The 

outer surface of the ITPS (Layer 1) is exposed to a transient heat flux of qi(t), while qr(t) is 

the radiated heat flux that leaves the surface. Convective heating is not considered in this 

analysis. The net heat flux can therefore be defined as qi(t)- qr(t) which represents the heat 

that conducts through the ITPS layers. The temperature is measured at two internal points 

(x = L1+L2 and x= L1+L2+L3) and the resulting IHCP is solved using these temperature 

measurements. The outer layer is made of Alumino silicate /Nextel 720 fibers and is 

exposed to higher temperature while the second and third layers are made of Saffil and 

Glass-Wool respectively. It should be noted at this point that while the material for the 

outer layer is ablative, in this work, the ablation process is neglected and the solution is 

based on a non-moving boundary problem with multiple layers. Two thermocouples are 

used to measure temperature at two interfaces as shown in Figure 15 (T2 and T3).  
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Figure 15: schematic of the system 

A step-by-step procedure is developed to solve this problem. Three independent 

IHCP’s are solved for layers 3, 2 and 1 and then a combined solution is derived to estimate 

the heat flux at the surface (x=0). The proposed solution starts from the innermost layer 

(Layer 3), where two temperature measurements are available at x2=L1+L2 and x3= 

L1+L2+L3 and q2 is the unknown heat flux at the interface. After solving the first IHCP, the 

heat flux and temperature are both known at the interface between layers 2 and 3 (q2 and 

T2). These values are used as boundary conditions to solve the second IHCP associated 

with the second layer, where q and T at x=x1 are unknown. The third IHCP is estimating 

the heat flux on the surface of the first layer (x=0) using the temperature and heat flux at 

x=x1. The solution strategy and analysis of each layer is explained in detail in the next 

section. 

Layer 1 Layer 2 Layer 3 
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3.3. Governing Equations 

In this section, the temperature response for the ITPS is developed through by use of the 

exact solution. The mathematical statement of one-dimensional transient heat conduction 

problem is given by Equation (12) as:  

 

2

2

1T T
k

x t

  
 

  
 

 1 2 , ( )T L L t Y t   

 1 2 3, ( )T L L L t y t    

(12) 

 

The initial condition is given as: 
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The unknown boundary condition is the surface heat flux:   
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Where T is temperature (K), x represents position (m), t is time (s), k is thermal 

conductivity (W/m.k) and α is thermal diffusivity (m2/s).  

3.4 Solution Strategy 

A solution for an IHCP with the temperature measurements given at two sub-surface 

locations in a two-layer medium is developed by Najafi et al [164]. A similar analysis is 

conducted here for solving the IHCP’s in Layers 2 and 3. The solution is then further 

developed to solve an IHCP for Layer 1 leading to the derivation of a combined solution 

for the three layer problem associated with ITPS application. 
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3.4.1. Inner Layer (Layer 3) 

Two temperature measurement histories are available at 2 1 2x x L L    and 

3 1 2 3x x L L L    on layer 3.   

 

2( , ) ( )T x t Y t  

3( , ) ( )T x t y t  

(15) 

The initial temperature is considered as zero: 

 ( ,0) 0T x     (16) 

The objective of the first IHCP is to estimate the heat flux (q2) at the interface between the 

two layers (x=x2) 
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The temperature at x2 1 2 2 1 2 3( )L L x L L L       is a function of the surface heat flux q2 

(t) and the temperature at x = L1+L2+L3. The temperature at any location x2 (L1 +L2 x2  

L1+L2+L3) can be found using the response basis functions   and : 
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Where  ’s are found as    2 2 1, ,i i ix t x t      [164]  and i can be similarly 

obtained. Here,  and  can be given as: 
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Equation (8) can be written in matrix form as below:  
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1 2 ,3 2L L T X q Zy   (20) 

Where 
1 2 ,3    L L2T, q , X , y, Z  are defined as follows: 
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(21) 

The components of the 
1 2 ,3L LX and Z  matrices are related to the response basis functions 

by: 

 
1 2 ,3,( ) 1 1,   L L i i i iX Z        (22) 

The columns in the 
1 2 ,3L LX  matrix are similar to the sensitivity vectors in parameter 

estimation [21]. The first column is for q at first time step (t1), the second for q at second 

time step (t2) and so on. By calculating the sum of the squared of the errors between the 

computed temperature from Eq. 20 and measured temperature values (Y) at x=L1+L2 and 

adding Tikhonov regularization term, a solution for the inner layer (layer 3) of the IHCP is 

determined, and can be given as: 

 
1 2 1 2,3 2 ,3 2 2 2( ) ( ) H HT T T

L L L L TS       Y X q Zy Y X q Zy q q  (23) 
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S is minimized with respect to 2q  and is used to estimate the value of heat flux vector at 

the interface ( 2q̂ ) which is given as: 
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q X X X Y F Y

F X X X
 

(24) 

where T is the Tikhonov regularization parameter and H  is the first order regularization 

matrix [164]. Here, the equation is dimensional and the subscripts 3 in the X and F matrices 

indicate that the values are for Layer 3.  

3.4.2. Middle Layer (Layer 2) 

The second IHCP is related to Layer 2 and the goal is to evaluate 1q̂ using 2q̂ (from Eq. 

(24)) and the temperature measurements at the interface (Y) which can be also calculated 

using Eq. (20). 

By substituting 2q̂ from Eq. (14) in Eq. (20) 2T̂  can be found as: 

  
1 2 1 22 ,3 3 ,3 3

ˆ
L L L L  T X F Y + Z X F Z y  (25) 

The temperature at any location x1 (L1  x1  L1+ L2) is a function of the heat flux q1(t) and 

q2(t): 

 
1 2, , 1 2

1 1

M M
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        (26) 

Where,  

 
22 10 0 1 22 10 0 1 2 1

1 1

1 2

( , ) ( , )
( , ) ; ( , )X B T X B TT x t T L L x t
x t x t

q q
 

   
  

 
 (27 a,b) 



56 
 

 Equation (26) can be written in the matrix form as below:  

 
1 2 1,2 1 ,2 2L L LT = X q + X q  (28) 

Where,  
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X  (29) 

Sum of the square of the errors between the estimated temperature and measured 

temperature values can be found and by adding Tikhonov regularization term, the solution 

may be given as:  

 
1 1 2 1 1 22 ,2 1 ,2 2 2 ,2 1 ,2 2 1 1

ˆ ˆˆ ˆ( ) ( ) H HT T T

L L L L L L TS       T X q X q T X q X q q q  (30) 

After minimizing the above equation with respect to q1, the estimated value of the heat flux 

vector, denoted 1q̂ , is found as: 
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q X X X T

F T F X X X
 (31) 

3.4.3. Outer Layer (Layer 1):  

The temperature at any location x0 (0  x0  L1) is a function of the surface heat fluxes q0(t) 

and q1(t). The value of q1(t) is already determined through the analysis of Layer 2: 

 
0 1, , 0 1

1 1

M M

M q M q M i M i i M i

i i

T T T q q  

 

        (32) 

where 
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 The matrix form of the solution (Eq. (32)) can be given as:  

 
10 0 1L T X q X q   (34) 

where 
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 The IHCP solution for Layer 1 starts with a matrix form for the sum of squares of errors 

with an added regularization term: 

 
1 1,10 0 ,1 1 0 0 1 0 0

ˆ ˆˆ ˆ( ) ( ) H HT T T

L L TS      1 1T X q X q T X q X q q q  (36) 

By minimizing the summation with respect to the parameter vector q0, the estimated value 

of the heat flux vector,
0q̂  is given as: 
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  (37) 

3.4.4. Combined solution 

To achieve a single expression for the three-layer IHCP, Eq. (31) and Eq. (34) are 

substituted in Eq. (37) which resulted in the following equation: 
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 (38) 

Here, F and G are filter matrices which will be discussed in the next section. It should be 

noted that although the proposed solution is developed for a three-layer medium, it can also 

be applied to any multi-layer medium, if two temperature measurements are available on 

the innermost layer. 

3.4.5. Filter Form Solution 

The concept of the filter form of the Tikhonov regularization method was first 

discussed in detail by Woodbury and Beck [162]. The value of heat flux at any time is not 

a function of temperature data from the entire duration of the experiment and therefore 

does not have to be calculated through batch calculation. In other words, the heat flux at 

any time step is only a function of temperatures from limited number of previous and future 

time steps and is independent from the temperature measurements from the rest of the time 

domain. This characteristic of the filter coefficients introduces it as a very computationally 

effective approach for near-real time heat flux estimation. 

This concept can be illustrated by close investigation of the filter matrices: F and G in 

Equation (38). The rows of each filter matrix have identical values that are shifted with 

time (with the exception of the first few and last few rows). Also, there are only a few 

significant values in each row of the filter matrix and other values are approaching zero, 

indicating the independency of the heat flux to temperature data far from the current time 
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step. This is illustrated further in the next section. The value of surface heat flux at time 

step M, can be found using temperature measurement data at x = x1 (T(x1,t) = Y) and at x = 

x2 (T(x2,t) = y) as below:  

 

1

ˆ ( )
p f

f f

m m

M j M m j j M m j

j

q f Y g y



   



          (39) 

Where f’s and g’s are the elements of one row of the filter matrices F and G respectively, 

mf represents the number of significant filter coefficients after the current time step (future 

time steps) and mp is the number of significant filter coefficients prior to the current time 

step. 

3.5 Results and Discussions 

3.5.1. ANSYS Simulations for Direct Problem 

In order to assess the performance of the developed solution for surface heat flux 

estimation of the TPS, a simple one-dimensional transient heat conduction model is 

developed via ANSYS and used as a test case. A known transient heat flux is applied on 

the outer surface of the three-layer model. The heat flux profile which is obtained from 

[169] was generated experimentally by NASA Langley Research Center. A constant 

temperature is maintained at the back surface of the model (T(x3,t) = y =273 K) while the 

sides are perfectly insulated. The temperature data at the interface (T(x2,t) = Y) is calculated 

under this condition using ANSYS-transient thermal module. 

A schematic of the three-layer model used in ANSYS is shown in Figure 16. Here,

''
iq  is the aerothermal heat flux incident on the top surface of the TPS, 

''
condq  is the heat 
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which conducts through the material and 
''
rq  is the radiation heat flux term. The resulting 

energy balance is expressed as: 

 '' '' ''

i cond rq q q   (40) 

It should be noted that the IHCP solution algorithm (Eq. 39) evaluates 
''
condq  and outer 

surface temperature (T0) which will also allow for the determination of 
''
radq  using Stephan 

Boltzmann’s law (
'' 4

0radq T ) and reconstruction of qi accordingly. In the test case 

developed, the surface emissivity is assigned to be 0.84 which is a commonly used 

emissivity value in the aerospace industry. Probes were used to obtain measurements upon 

completion of the simulation and used in validation of the algorithm. The performance of 

the developed solution is first investigated for a medium with constant material properties 

and then further extended for media with temperature dependent material properties. Also, 

a parametric study on the effect of temperature sensor locations is studied to provide a 

better understanding of the impact of this important parameter.   

 

Figure 16: Schematic of TPS model with 3 Layers 
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3.5.2. Constant Material Properties 

For the first simulation, constant material properties are considered as given in Table 1.  

Table 1: Material properties of the TPS for simulations 

Layers Material 
Thickness 

(mm) 

Density 

(kg/m3) 

Specific 

Heat 

(J/kg K) 

Thermal 

Conductivity 

(W/m.K) 

Layer 1 Alumino-silicate 2.2 2525 1025 2.725 

Layer 2 Saffil 4 50 950 0.0315 

Layer 3 Glass-wool 114 26 1000 0.03256 

 

 

The heat flux profile and the associated temperature values at the interfaces (Y and y) are 

depicted in Figure 17 (a) and (b) respectively. The temperature data obtained from the 

ANSYS simulation is then used as inputs for the developed solution in order to reconstruct 

the surface heat flux using Eqs. (39) and (40). The reconstructed/estimated heat flux is then 

compared with the known/applied values of heat flux to evaluate the performance of the 

proposed algorithm.  
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(a) 

 
(b) 

Figure 17: (a) Applied Heat flux profile for the test case (b) Temperature data for the test case 

Three rows (7000th, 7500th and 8000th) of the F and G matrices are plotted in Figures 18 

(a) and (b) respectively. As seen, the rows of the filter matrices are identical but shifted in 

time. Furthermore, only the filter coefficients closer to the current time step have 

significant values and the coefficients farther from the current time step approach to zero. 
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(a) 

 
(b) 

Figure 18: (a) F-Filter coefficients (b) G-Filter coefficients. (αT = 0.01, mp= 300, mf =80) 

It can be observed that the g filter coefficients are much wider than the f filter coefficients. 

This is due to the greater distance of the second temperature sensor from the front face of 
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the medium. It can also be noticed that the f filter coefficients are much larger in terms of 

magnitude than the g filter coefficients. This is also related to the close proximity of the 

front temperature probe with the surface of the medium when compared with the back 

probe. In other words, the surface heat flux at any time step is a stronger function of the 

temperature data from the closest sensor and a weaker function of the sensor(s) that are 

further away from the surface. 

It is noteworthy that the values of pm and fm  cannot be selected randomly, as they 

depend on the boundary conditions, material properties, sensor location, time step and 

regularization parameter. The filter coefficients must therefore be examined carefully to 

determine pm and fm .  Considering the material properties given in Table 1, the time step 

of 1s and Tikhonov Regularization parameter of αT =0.01, the F and G filter coefficients 

are determined. Careful selection of the order of magnitude of the regularization parameter 

is important in achieving accurate solutions as discussed by Woodbury and Beck [162]. By 

close inspection of Figure 18, the value of mf is found as 80 and 60 for f and g respectively. 

Therefore, the maximum value of 80 is used for calculations. This means that in order to 

accurately estimate the surface heat flux, a delay in the amount of 80 seconds is needed 

when using the proposed algorithm considering the given configuration of the system, time 

step and material properties. It is clear that smaller values of fm  are always desirable as it 

allows a surface heat flux estimation in a near real-time fashion. Similarly, pm can be 

determined by close inspection of the filter coefficients. The value of pm is 300 and 270 for 

f and g respectively, and therefore the maximum value of 300 is considered for calculation. 
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It should be noted the bigger value of pm  does not affect how fast the algorithm can operate 

and it only decides how many data points must be used from the previous time steps to 

estimate the heat flux at the current time. The stability of the solution was investigated by 

introducing a random error of 0.1% of the temperature to the measurement data. 

In order to provide a measure for the accuracy of the developed algorithm the root mean 

square error (RMS error) for each test case is calculated using Eq. (41):  
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 (41) 

where qactual is the heat flux used in ANSYS while qestimated is the heat flux obtained from 

the filter solution and n is the number of time steps used in the calculation. The surface 

heat flux calculated by the filter solution (using noisy temperature data) and the input heat 

flux data to ANSYS are plotted in Figure 19.  

A comparison between the actual heat flux and the estimated heat flux (with the 

error included) indicates that accurate solution can be achieved even in the presence of 

random measurement error. For the given test case, the RMS error of the calculated heat 

flux with respect to the exact solution was determined as 744.837 W/m2 which is 0.98% of 

the average heat flux.  
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Figure 19: Estimated vs Actual Heat Flux; (αT = 0.01, mp= 300, mf =80) 

3.5.3. Effects of Sensor Location 

The results from the previous section showed that the proposed algorithm can 

accurately estimate the surface heat flux for a TPS, but with a considerable delay. It was 

observed that for the given condition of the problem, a delay in the amount of 80 seconds 

was inevitable. Reducing this delay is desirable as it allows development of near real-time 

monitoring and control devices. An approach that can result in the reduction of the delay 

is moving sensors towards the front surface. To investigate the effect of the sensor location, 

in this section, it is assumed that the sensors are moved to x=L1 and x=L1+L2 locations, as 

shown in Figure 20. With the new sensor arrangement, the IHCP problem for surface heat 

flux estimation is associated with a two-layer medium. 
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Figure 20: Schematic of TPS model with 2 Layers 

The solution of an IHCP in a one-dimensional two-layer medium is presented by Najafi 

et al. [Error! Bookmark not defined.] as below: 

 

ˆˆ



0 1 1 1 L 2 2

1 2 L 2 1 2 2 L 2

q = F T - F X (F Y - F Zy)

= F (X + X )F Y + F (Z - X F Z - X F Z)y

FY + Gy

 (42) 

Where F and G are the filter matrices. The f and g filter coefficients for the the new sensor 

locations are plotted in Figure 21 (a) and (b) respectively. The values of mp and mf are 

determined as 20 and 15 respectively which are significantly smaller than the 3-layer 

model, as expected. Particularly, mf  reduced from 80 to 15 which basically means that the 

algorithm can now evaluate heat flux at each time step with a 15 seconds delay which is 

significantly smaller than the delay for the previous sensor configuration. The results 

suggest, as expected, temperatures sensors must be placed as close as possible to the outer 

surface in order to minimize the delay in surface heat flux estimation. Of course, care must 

be taken to avoid damaging the sensors due to extreme temperatures when optimizing 

sensors locations. 
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(a) 

 

(b) 

Figure 21: filter coefficients for two layer medium: (a) F-filter coefficients (b) G-filter coefficients   (mp = 

20, mf =15, αT= 0.05) 
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A random error in the amount of 0.1% of the temperature is added to the temperature data 

to evaluate the stability of the algorithm against measurement errors. The heat flux profile 

is estimated using the algorithm and compared with the test case used in ANSYS. The 

results as depicted in Figure 22 and shows a close match between the heat flux profiles. 

The RMS error between the actual and estimated heat flux values is 1567.9 W/m2 which is 

1.96% of the average heat flux.  

 

Figure 22: Estimated versus Actual Heat Flux (mp = 20, mf = 15, αT= 0.05) 

3.5.4. Temperature Dependent Material Properties (Two-Layers) 

One of the challenges with TPS is the large temperature variations within the 

system during reentry to the atmosphere which results in change in thermal properties of 

materials. In order to accurately estimate the surface heat flux, a successful algorithm must 

be capable of accounting for temperature dependent material properties. The performance 
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of the developed algorithm for TPS with temperature dependent material properties is 

tested through the development of test cases in ANSYS with temperature dependent 

material properties as listed in Table 2 [170]. Here, the material properties for the First 

Layer (Alumino Silicate) are assumed to be constant and are given as: k = 2.725 W/m2.K, 

ρ = 2525 kg/m3, Cp = 1025 J/kg.K. For this case, the f and g filter coefficients can be 

evaluated at several different temperatures. The value of filter coefficient at each time step 

can be then interpolated using the available values for filter coefficients at different 

temperatures.   

Table 2 Temperature Dependent Material Properties 

  Layer 2 - Saffil Layer 3 - Glass wool 

Temp 

(K) 

k 

(W/m.K) 

ρ  

(kg/m3) 

Cp 

(J/kg.K) 

k  

(W/m.K) 

ρ 

(kg/m3) 

Cp 

(J/kg.K) 

300 0.0363 50 950 0.04 26 1000 

450 0.0468 50 950 0.09 26 1000 

800 0.1063 50 1022.2 0.203 26 1000 

1000 0.1623 50 1064.7 0.268 26 1000 

1050 0.1788 50 1075.4 0.284 26 1000 

1100 0.1963 50 1086 0.3 26 1000 

 

Figure 23 (a) and (b) show the f and g filter coefficients for three different temperatures of 

400 K, 600 K and 800 K. The filter coefficients are determined for 3 different temperatures 

and interpolated for each time step. From Figure 23 (a), it is observed that the f-filter 

coefficients are close to each other. This is as a result of the thermo-physical properties 

selected for the material, especially the selection of constant material properties in the first 

layer. Since the properties are constant in the first layer, it is expected that there are minimal 

changes in the response of the front sensor. However, the variations in the g-filter 
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coefficients indicate that the temperature dependent nature of the second layer affects the 

response of the material at the location of the back probe thus resulting in significant 

differences in the filter coefficients.  

 

(a) 

 

(b) 

Figure 23: Filter coefficients for three different temperatures: (a) f-filter coefficients (b) g-filter coefficients 

 (αT= 0.1, mp =40, mf = 20) 
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The heat flux profile for the given test case were also reconstructed for the 2-layer 

temperature dependent material TPS as shown in Figure 24. Again, the results show a close 

match between the actual heat flux profile and estimated profile obtained using the filter 

based solution. The RMS error value for this case was found to be 2845.5 W/m2 or 3.44% 

of the average heat flux. 

 

Figure 24 Estimated vs Actual Heat Flux (αT = 0.1, mp = 40, mf = 20) 

3.5.5. Temperature Dependent Material Properties (Three-Layers) 

The results for the three-layer temperature dependent medium show that the 

algorithm is still quite effective in the estimation of the surface heat flux. However it is 

observed that due to the nonlinear nature of the problem and the thickness of the medium, 

more number of past and future time steps is required to accurately estimate the heat flux. 

This is evidenced by the fact that the amount of future time steps (mf) needed for the 

solution of 80 while the number of past time steps needed (mp) is 300. However the F and 
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G filter coefficients show an interesting trend as shown in Figure 25 a) and b). The F-filter 

coefficients for smaller temperatures are wider and smaller (in terms of amplitude) than the 

filter coefficients for higher temperatures. It is also observed that for 3 layer mediums with 

similar material properties but shorter length, the filter coefficient plots have the exact same 

profiles but are thinner and have higher amplitudes. For the G-filter coefficients, smaller 

temperatures are also observed to have smaller filter coefficient values initially and as time 

goes on, it is also observed that the magnitudes of the G-filter coefficients for all 

temperatures approaches zero. This is because the back probe is so far from the surface of 

the medium and due to the thickness of the medium, changes in temperature experienced 

there are very small over a specific time interval and so require a long time to be sensed.  

 

(a) 
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(b) 

Figure 25: Filter coefficients for three different temperatures (a) F-Filter Coefficients (b) G-Filter coefficients  

 (αT= 0.1, mp =300, mf = 80) 

The heat flux profile for the given test case were also reconstructed for the 3-layer 

temperature dependent material TPS as shown in Figure 26. Again, the results show a 

close match between the actual heat flux profile and estimated profile obtained using the 

filter based solution. The RMS error value for this case was found to be 3109.5 W/m2 or 

3.88% of the average heat flux. 
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Figure 26 Estimated vs Actual Heat Flux αT = 0.1, mp = 300, mf = 80 

3.6. Conclusions  

In this chapter, a novel method is introduced and developed for the estimation of 

surface heat flux in a near-real time fashion for TPS. The method involves the minimization 

of the sum of squares error between the measured values which are obtained several layers 

underneath the surface of the vehicle and the calculated temperature values which are 

obtained through the solution of the IHCP. Three IHCPs were solved for the 3 layers and 

a coupled solution which highlights the combined nature of heat flux within each layer is 

presented. The solution is then expressed in a digital filter form which identifies the 

characteristic behavior of the solution. Overall, the RMS values between the actual and 

estimated heat flux for the 2 layer and 3 layer mediums with constant material properties 

were 1.96% and 0.98% respectively. In these cases, the mp values were found to be 20 and 

300 respectively while the mf values were found to be 15 and 80 respectively. Similarly, 
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the RMS values for the nonlinear cases were found to be 3.44% and 3.88% for the 2 layer 

and 3 layer mediums respectively. In these cases, the mp values were found to be 40 and 

300 respectively while the mf values were found to be 20 and 80 respectively. Benefits of 

this digital filter form include simplicity and reduced computational cost while providing 

near-real time estimates of the surface heat flux. Several test cases for the direct problem 

developed in ANSYS were used to verify the accuracy of the solution and it was shown 

that the proposed method is effective in the estimation of heat flux for linear/nonlinear 

cases.  
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Chapter 4.  

Filter Based Solution for IHCP in a 

Medium with Moving Boundary/Ablation 

 

“Everything is theoretically impossible until it is done” – Robert A. Heinlein 

As discussed earlier in previous sections, ablative TPS is the most commonly used 

in the industry. In many other applications, the presence of components which experience 

the movement of one or more boundaries is prevalent.  In this chapter, a novel method of 

estimating the conducted heat flux and the surface heat flux for TPS with moving 

boundaries is presented. The idea of the possibility of calculating the filter coefficients for 

a set of known thicknesses of a given medium and then interpolating between those at each 

time step (knowing the thickness of the medium at that given time step) to account for 

moving boundary when estimating surface heat flux is explored. Additionally, this concept 

is used along with the previously discussed approach for interpolating the filter coefficients 

for different temperatures to simultaneously account for temperature dependent material 

properties and moving boundary. The resulting algorithm is an effective and 

computationally efficient algorithm for solving complex IHCPs associated with ablative 

TPS.  
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4.1. Introduction  

TPS used on hypersonic vehicles consists of several layers of material to ensure 

safety from the immense heat flux the vehicle experiences during the reentry process. The 

outer most layer, which is typically made of an ablative material undergoes recession as a 

result of the incident heat flux. In order to properly size the TPS for subsequent missions, 

it is necessary to understand the material response/behavior of the ablative layer (moving 

boundary). Once the behavior of the moving boundary is understood, then the process of 

coupling it with the rest of the TPS and determining the overall response is more or less 

straight forward albeit cumbersome. Therefore, this chapter focuses on the estimation of 

surface heat flux in an ablative material solely under moving boundary conditions. It is 

shown that the heat flux for ablative TPS can be estimated in a near real-time manner using 

temperature measurement data. 

4.2. Problem Statement 

The outer surface of an ablative TPS is usually thin (~ 5mm) and made from materials 

such as Teflon or Carbon Phenolic. A schematic of a one-dimensional heat conduction 

problem in an ablative domain was already shown in Figure 27. Here, the incident heat flux 

(q0) is applied on the surface (x = 0) over a given time interval and diffusion occurs across 

the medium resulting in drastic temperature changes within the medium. In the case of a 

moving boundary problem, one or more boundaries becomes subject to spatial variations 

as a result of the applied heat/energy. Therefore, the inclusion of a moving boundary 

implies that at once the surface of the medium reaches a certain temperature, a movement 

of the surface will begin to occur. This complicates the IHCP since now, there is a 
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dependence of the surface heat flux on both the temperature within the medium as well as 

the surface position. As such, the solution of the IHCP must account for the varying surface 

position and the temperature dependent thermo-physical properties. These are expressed 

mathematically in the following section. 

4.3. Governing Equations 

The governing equation for the 1-D heat conduction within the medium can be given 

as: 

 
𝜕

𝜕𝑥
(𝑘

𝜕𝑇

𝜕𝑥
) = 𝐶

𝜕𝑇

𝜕𝑡
,  0 < 𝑥 < 𝐿,  𝑡 > 0 (43) 

The initial condition can be defined as:  

 𝑇(𝑥, 0) = 0 (44) 

The measured temperature boundary condition is given as below: 

 𝑇(𝐿, 𝑡) = 𝑦(𝑡) (45) 

The second boundary condition is the temperature measured at a point x1, (0 ≤ 𝑥1 < 𝐿): 

 �̂�(𝑥1, 𝑡) = 𝑌(𝑡) (46) 

Similarly, initial and boundary conditions can be defined for the moving boundary such 

that:  

 𝑠(𝑥, 0) = 0,   𝑠(𝑥, 𝑡) = 𝑠(𝑡)                                                                                                             (47) 

The IHCP solution must be developed in order to address and estimate the surface heat 

flux: 
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 −𝑘
𝜕𝑇

𝜕𝑥
(0, 𝑡) = 𝑞(𝑡) =? (48) 

4.4 Solution Strategy 

The solution to this problem for a fixed boundary has been developed by Woodbury et al. 

[171] and further developed by Najafi et al.[164] [165] for multi-layer mediums with 

temperature dependent material properties. The solution to the direct problem with a 

constant heat flux at x=0 and a zero temperature boundary condition at x=L using Green’s 

Function can be given as [4]: 

 𝑇(𝑥,𝑡)

𝑞0𝐿 𝑘⁄
= (1 −

𝑥

𝐿
) − 2∑ 𝑒

−𝛽𝑚
2 𝛼𝑡

𝐿2∞
𝑚=1

cos (𝛽𝑚
𝑥

𝐿
)

𝛽𝑚
2   (49) 

with 𝛽𝑚 = (𝑚 −
1

2
)𝜋,𝑚 = 1,2…  representing the eigenvalues.  

Similarly, for a constant temperature boundary condition at x = L, the solution can be stated 

as: 

 
T(x, t)

T0
= 1 − 2 ∑ e

−βm
2 αt

L2

cos (βm (1 −
x
L))

βm

∞

m=1

 (50) 

Using superposition, the temperature at any point within this medium (x1) as the result of 

the heat flux at x=0 and the temperature at x=L can be found as: 

 𝑇𝑀 = 𝑇𝑞,𝑀 + 𝑇𝑦,𝑀 = ∑ 𝑞𝑖Δ𝜙𝑀−𝑖

𝑀

𝑖=1
+ ∑ 𝑦𝑖Δ𝜂𝑀−𝑖

𝑀

𝑖=1
 (51) 

Where 𝜙 and 𝜂 are the response basis functions and 

 Δ𝜙𝑖 = 𝜙(𝑥1, 𝑡1) − 𝜙(𝑥1, 𝑡𝑖−1) (52) 
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 Δ𝜂𝑖 = 𝜂(𝑥1, 𝑡1) − 𝜂(𝑥1, 𝑡𝑖−1) (53) 

and  

 𝜙(𝑥, 𝑡) =
𝛿𝑇𝑋21

𝛿𝑞𝑐
 (54) 

 𝜂(𝑥, 𝑡)  =
𝛿𝑇𝑋21

𝛿𝑇𝑐
 (55) 

This solution for the temperature given in Eq. 51 can therefore be expressed in matrix form 

as:  

 𝐓 =  𝐗𝐪 + 𝐙𝐲                                                                                                          (56) 

where 

 

𝑇 = [

𝑇1

𝑇2

⋮
𝑇𝑛

]   q =  [

𝑞1

𝑞2

⋮
𝑞𝑛

]   𝑋 =

[
 
 
 
 
𝑋1 0
𝑋2 𝑋1

𝑋3

⋮
𝑋𝑛

𝑋2

⋮
𝑋𝑛−1

    

0
0
𝑋1

⋮
𝑋𝑛−2

⋯ 0 0
⋯ 0 0
⋯
⋯
⋯

0 0
⋮ ⋮

𝑋2 𝑋1]
 
 
 
 

 

 

in which X and Z represent the matrices of sensitivity coefficients [21]. 

Sum of the squares of the error between measured temperatures at x1 (Y) and estimated 

temperatures in eq (57) can be found as:  

 𝐒 = (𝐘 − 𝐗𝐪 − 𝐙𝐲)𝑇(𝐘 − 𝐗𝐪 − 𝐙𝐲) + 𝛼𝑇𝐪T𝐇T𝐇𝐪 (57) 

By minimizing the sum of the square of the errors, an expression for the estimated heat 

flux can be found as: 

 1ˆ [ ] (

( )

T T T

T
  

  

q X X H H X Y Zy)

 F Y Zy   FY + Gy
        (58) 
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where F and G are the filter matrices. As can be seen from Eq. (58), the value of heat flux 

at each time step is a function of the measured temperature values as well as the 

components of the filter matrices.  

The characteristics of these filter matrices as noted before show that the rows of 

each filter matrix are identical but shifted in time. Additionally, there are limited number 

of significant (non-zero) magnitudes in each row which suggest that the value of heat flux 

at each time step only depends on the temperature data from a few previous and future time 

steps and it is independent from the rest of the time domain. Such characteristics allow for 

a near-real time computation of the heat flux that is efficient, rapid and easy to implement 

in a microprocessor based instrument.  

By taking advantage of the above characteristics of the filter matrices, the heat flux can be 

expressed in terms of future and past time steps as: 

 �̂�𝑴 = ∑ (𝑓𝑗𝑌𝑀+𝑚𝑓−𝑗 + 𝑔𝑗𝑦𝑀+𝑚𝑓−𝑗)
𝑚𝑝+𝑚𝑓

𝑗=1
        (59) 

Where f and g are individual rows of the filter matrices F and G, mp and mf are the number 

of required data points from previous and future time steps respectively and Y and y are 

the measured temperature values. The values of mp and mf are dependent on the material 

properties, sensor location, time-step and regularization parameter so special care must be 

taken in selecting the values. In order to obtain accurate results, the appropriate 

regularization parameter, mp and mf have to be selected and these can be inferred from the 

nature of the problem. 
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4.5. Results and Discussions 

In this section, a number of test cases are developed and the results are discussed 

in detail. The results and discussions address i) The COMSOL model which was used to 

solve the simulate the direct problem ii)Varying Medium Thickness where it is shown that 

a linear interpolation between filter coefficients developed by the filter algorithm for 

different thicknesses/surface positions provides a good estimate of the filter coefficients 

for moving boundary problems iii) Heat Flux Estimation for Moving Boundary Problems 

whereby the surface heat flux is estimated based on the interpolation of filter coefficients 

w.r.t position and temperature. 

4.5.1. COMSOL Simulations for Direct Problem 

In order to investigate the accuracy of the proposed algorithm, the numerical model 

of a moving boundary problem is developed via COMSOL. The direct problem involving 

the moving boundary is modeled and temperature values are determined. COMSOL 5.3a 

is used to perform the direct problem analysis of a 1-D moving boundary problem as shown 

in Figure 2. Since it is a 1-D problem, the height of the medium is considered negligible 

(0.1mm) while the length is considered to be 5mm. The material selected is Carbon 

Phenolic, a common ablative material used in the aerospace industry with material 

properties as shown in Table 3 [8]  
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Figure 27 Schematic of the medium with moving boundary 

Table 3 Thermo-physical properties of Carbon Phenolic 

Temp (K) Conductivity (W/m.K) Specific heat (J/kg.K) 

255.56 0.62 795.49 

422.22 0.66 1323.03 

533.33 0.76 1507.25 

811.11 1.11 1674.72 

1088.89 1.35 1842.19 

1366.67 1.59 1925.93 

 

A “Heat Transfer in solids” model is developed to simulate the time dependent heat 

conduction process through the medium. Three separate test cases are developed for the 

applied heat flux on the front boundary: i) a triangular heat flux with three peaks ii) a 

combination of a step, parabolic and triangular profile iii) a random heat flux profile as 

shown in Figure 28. While these heat flux profiles are applied on the front boundary of the 

medium, the back and side boundaries are perfectly insulated to fully simulate 1-D 

conduction. In all cases, initial temperatures of the medium are defined as 293.15 K. 

 q0 

𝑥 = 0 

Surface movement direction 

𝑥 = 𝐿 
L=5mm

T(x1, t) =Y T (L, t)=y 

Thermocouples 
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a) 

 

b) 
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c) 

Figure 28: Heat flux applied on the front surface a) Test case 1 b) Test case 2 c) Test case 3 

A Moving Mesh (ALE) model is then coupled with the Heat Transfer model to 

accurately simulate the moving boundary problem in COMSOL. Here, the back and side 

boundary displacements are defined as 0 while implies that they do not undergo any 

displacement. Since the front boundary undergoes changes in position, the prescribed 

surface normal mesh velocity is given by the equation: 

 𝑣𝑛 = (
𝑞0

𝜌.𝐻_𝑠
) . 𝑛𝑥 (60) 

where 𝑣𝑛 is the velocity of the surface, 𝑞0 is the instantaneous surface heat flux, 𝜌 is the 

density (1448.1 kg/m3), 𝐻_𝑠 is the Heat of Sublimation (5.88E6 J/kg) and 𝑛𝑥 is the normal 

vector for the surface. A predefined extra fine mesh with Laplace Smoothing is used in the 

model and it undergoes automatic remeshing as the surface recedes. The simulations were 

performed for 700 seconds, 1500 seconds and 2200 seconds for Test cases 1, 2 and 3, 

respectively. The surfaces receded to ~0.9mm, ~0.18mm and 0.15mm for test cases 1, 2 
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and 3 respectively. Upon completion of the simulations, the temperature measurements are 

obtained at positions just behind the surface and the back boundary. This temperature data 

is then fed to filter algorithm and an IHCP is solved using the digital filter method and 

interpolation of filter coefficients to estimate the surface heat flux. Figures 29 - 32 

demonstrate the temperature measurements obtained from COMSOL by the front and back 

probes as well as the final surface positions.  

 
a) 

 
b) 

Figure 29 a) Temperature profile at x=1mm and x=5mm b) Surface position vs Time for Test 

case 1 
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a) 

 
b) 

Figure 30 a) Temperature profile at x= 0.18mm and x=5mm b) Surface position vs Time for Test 

case 2 



89 
 

 
a) 

 
b) 

Figure 31 Temperature profile at x= 0.42mm and x=5mm b) Surface position vs Time for Test 

case 3 

4.5.2. Varying Thickness 

In order to illustrate the development of the solution for the moving boundary 

problem on the filter algorithm, the filter coefficients of a 1D IHCP are generated and 

analyzed for different thicknesses of the medium. In a moving boundary problem, the 
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thickness of the medium is changing on a continuous basis. Therefore, the filter coefficients 

are also changing continuously and so in order to use the filter algorithm, filter coefficients 

must be updated for each time step knowing the current thickness (surface position) of the 

domain. The goal is to assess whether the filter coefficients can be interpolated within a set 

of previously generated values at each time step, knowing the sensor position and the 

instantaneous thickness of the domain, in order to determine the applicable filter 

coefficients for that particular time step and perform the surface heat flux estimation.  

Consider two temperature sensors as shown in Figure 27 which are placed on the 

two boundaries of the domain at x=0 and x= L. The thickness of the original domain is 

considered as 2 cm. The f and g filter coefficients are then calculated for 20 different 

thicknesses (0.05L, 0.1L, 0.15L, …, 0.95L and L). Figure 32 shows the calculated f and g 

filter coefficients for a sample of 3 different thicknesses. Two test cases were performed to 

determine the accuracy of the direct interpolation of the generated filter coefficients for 

various thickness in comparison to the directly calculated filter coefficients using Eq (15). 

Figure 33 shows the interpolated f and g filter coefficients for 0.25L (using the filter 

coefficients at 0.2L and 0.3L for the interpolation) is plotted against the filter coefficients 

directly calculated at 0.25L. Both plots are shown to be almost identical which indicates 

that the filter coefficients interpolation can accurately account for the varying thicknesses. 

Similarly, the f and g filter coefficients for 0.42L were plotted for both the interpolated and 

calculated values as shown in Fig 34. The results once again show that there is very little 

difference between interpolated filter coefficients and the solution of the IHCP at the 

location.  
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The results for these two test cases shows that it is possible to generate a series of 

filter coefficients for various thicknesses and interpolate within those values at each time 

step for a known thickness value in order to determine the applicable filter coefficients for 

that particular time step and evaluate the associated surface heat flux [9].  

 

 

Figure 32  f and g - filter coefficients for varying medium thickness 
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Figure 33  f and g - filter coefficients for a thickness of 0.25L 
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Figure 34 f and g - filter coefficients for a thickness of 0.42L 

4.5.3. Heat Flux Estimation for a moving boundary 

As discussed earlier, several industrial applications perform the estimation of 

surface heat flux by using internally measured temperature data. Since such temperature 

measurements occur over a wide temperature range and the material properties vary at 

different temperatures, this results in a non-linearity of the IHCP. Najafi et al [165] have 
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shown that it is possible to interpolate between the filter coefficients for different 

temperatures within the operating temperature range to obtain the correct filter coefficients 

which can be used to accurately estimate the surface heat flux. By combining this concept 

of interpolating between temperatures coupled with the interpolation between positions 

previously discussed, the following results illustrate the efforts to estimate the surface heat 

flux for a moving boundary problem.  

Using the temperature data from COMSOL and knowing the thickness of the 

medium at each time step (instantaneous surface position), the IHCP filter-based solution 

algorithm is used to estimate the surface heat flux. A random error in the amount of 0.1% 

of the temperature is added to the temperature data. Through the application of the IHCP 

solution method developed in the previous sections, the filter matrices are developed for 

the medium based on the measured temperature values. Due to the temperature dependent 

nature of the medium, the filter matrices are developed and stored for different 

temperatures within the operating temperature range of the material. In this case, the filter 

matrices are generated for 300K to 1200K in increments of 100K as functions of different 

surface positions. Therefore, what is obtained is a multi-dimensional set of matrices which 

show the filter coefficients for a certain position at the different temperatures. Figures 35 

and 36 respectively show the F and G filter coefficients over the temperature range at 4 

different positions. As can be seen in the figure, there are a number of non-zero digital 

filter coefficients which approach zero on both sides of the plot depending on position and 

temperature. 
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Figure 35 F-Filter coefficients for the different temperatures at different temperatures  

 

Figure 36 G-Filter coefficients for the different temperatures at different temperatures  

As explained previously, a moving boundary problem involves the temporal variation of 

surface position within a medium. By dividing the medium into various subdomains and 

with the surface positions obtained from COMSOL at specific time steps, a linear 



96 
 

interpolation is then performed between two subdomains to obtain a set of digital filter 

coefficients for the instantaneous surface positions. Likewise, a linear interpolation is 

performed between the measured temperatures from COMSOL and temperature range of 

the material properties to determine the filter coefficients for the instantaneous 

temperature. The interpolations are performed by comparing the current surface position 

to two subdomain positions i.e. one just before it and one just after it while simultaneously 

interpolating between the temperatures to obtain the filter coefficients. This process 

ensures the generation of filter coefficients that are both position dependent as well as 

temperature dependent which can then be used to estimate the surface heat flux. 

Since no additional condition occurs on the surface on the medium besides the 

incident heat flux, the conducted heat flux is equal to the incident heat flux. Using Eq. (59), 

the conducted heat flux on the surface of the medium is therefore estimated in a near-real 

time fashion using the filter coefficients and the measured temperature values. The 

comparisons between conducted heat flux data which is obtained from COMSOL and the 

heat flux values determined using filter based IHCP solution are demonstrated in Figure 

37, 38 and 39. Close matches can be observed between the results which clearly show that 

the proposed algorithm is effective in estimating the surface conditions of the medium. The 

RMS error between the estimated heat flux and exact heat flux from COMSOL was found 

to be 2492.8 W/m2 (~10%) for test case 1 and 191.3 W/m2 (~15%) for test case 2 and 162.7 

W/m2 (~16%). For these simulations, it is assumed that mp = 60 and mf = 40, mp = 150 and 

mf = 80 and mp = 150 and mf = 60 for test cases 1, 2 and 3 respectively. This indicates that 

the presented solution technique can report the surface heat flux with a delay of 40 seconds 



97 
 

over a period of 700 seconds for test case 1. For these problems, the Tikhonov 

regularization factor varied from 0.0015 to 0.01. It should be noted that the results can 

definitely be improved by optimizing the Tikhonov regularization parameter and further 

investigation of the filter coefficients. It is worth mentioning that the number of domains 

required for interpolation plays a significant role in the accuracy of the results. An 

increased number of interpolation subdomains results in higher accuracy (similar to 

refining mesh size) but comes with increased computational cost. Accuracy can also be 

improved by moving the front temperature sensor closer to the surface is needed. However, 

special care is needed in positioning the sensors in order to prevent them from damage in 

practical industrial applications.    

 

Figure 37 Comparison of Surface Heat flux profiles for Test Case 1 



98 
 

 

Figure 38 Comparison of Surface Heat flux profiles for Test Case 2 

 

Figure 39 Comparison of Surface Heat flux profiles for Test Case 3 
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4.6. Conclusions  

In this chapter, a novel method is introduced and developed for the estimation of 

surface heat flux in a near-real time fashion for TPS with moving boundary. The method 

involves the calculation of the filter coefficients for known set of thicknesses of a given 

medium and then interpolating between those at each time step (knowing the thickness of 

the medium at that given time step) to account for moving boundary when estimating 

surface heat flux is explored. This is coupled with the earlier developed method of 

interpolating between temperatures such that a simultaneous interpolation between 

temperature and position occurs for both temperature dependent material properties and 

moving boundary. The resulting algorithm is an effective and computationally efficient 

algorithm for solving complex IHCPs associated with ablative TPS. Three test cases for 

the direct problem developed in COMSOL were used to verify the accuracy of the solution. 

The RMS values for the test cases were as follows: 2492.8 W/m2 (~10%) for test case 1 

and 191.3 W/m2 (~15%) for test case 2 and 162.7 W/m2 (~16%). It was shown that the 

proposed method is effective in the estimation of surface heat flux in a medium with 

moving boundary.  
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Chapter 5. 

Artificial Neural Network in the 

estimation of surface heat flux in medium 

with Moving Boundary/Ablation 

 

“Profound study of nature is the most fertile source of mathematical discoveries” – 

Joseph Fourier 

In Chapter 4, it was shown that the estimation of the surface heat flux for a medium 

with moving boundary can be achieved through the filter-based solution of the IHCP in a 

single layer medium. In most TPS architectures however, the structure is made up of 

several distinct layers. The rigor and complexity of solving the IHCP for multiple layers 

and the presence of a moving boundary/ablation has led to the development of different 

techniques which include the use of Artificial Intelligence and Intelligent Algorithms to 

obtain and estimate surface parameters. AI has been used in a wide variety of applications 

with immense success, however its use in near-real time estimation of surface parameters 

for IHCPs is still a novel concept. As such, this is discussed in this chapter. 

5.1. Introduction to Neural Networks 

The development of high computing power has brought with it new and interesting 

ways of solving once intractable problems. This increased computing power implies that 
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machines (computers) can now perform complex tasks that require intelligence and as such, 

the field of Artificial Intelligence (AI) has been enjoying a lot of interest from researchers 

for the last 70 years. These days, companies like Google, Microsoft, etc. lead the way in 

the development of projects and software that are capable of learning and self-adjusting 

[172]. While there are philosophical and ethical debates about its use [173], it is clear that 

AI can play an important role in the development of new technologies in the years to come. 

Through its ability to use working memory, acquire collective intelligence and self-

correction, AI models are pushing the boundaries on language, speech, translation, data 

processing and statistical analyses [174].   

Over the years, numerous algorithms have been developed which foster increased rate 

of convergence for optimization problems. Many of these algorithms (which are similar to 

gradient-based search methods) have been developed based on the mimicry of natural 

systems and organisms. In nature, many organisms forage for food and resources in groups 

using natural optimization mechanics based on a path of least resistance. While the details 

and reasons are still being understood, it is evident that these processes are efficient and 

provide feasible approaches to solving difficult optimization problems. Figure 40 shows 

some of the algorithms which have been developed over the years. In some of these 

algorithms, especially the more recent ones, speed and performance are considered more 

important than the accuracy and precision of the solution. These classes of algorithms are 

known as Heuristic Algorithms and they can be highly effective and complex [175]. All 

the same, the more traditional algorithms still remain popular and are used in many 

optimization problems. This work focuses solely on Artificial Neural Networks and 
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explores the ways in which they can be applied to the estimation of parameters including 

surface heat flux, conducted heat flux and recession rate in TPS for hypersonic vehicles.  

 

Figure 40 Historical timeline showing development of Intelligent Algorithms 

 Artificial Neural Networks or simply Neural Networks are computational models 

which have been inspired/developed based on the operations and functioning of the human 

brain. Like the brain, they consist of interconnected nodes (known as neurons) which store 

information and facilitate the processing/transfer of information in the form of inputs and 

outputs. Similarly, the network responds to external stimuli (information) in the form of 

data being fed and processes this data through as set of powerful commands and functions. 

Numbering anywhere from tens to millions depending on the application and use, these 

neurons are arranged in layers with connections established between adjacent layers. 

Through these connections, the network is trained such that it is able to relay information 

between the various nodes. Starting from the first layer known as the “Input Layer”, each 

node receives an input, processes it and sends it to an adjacent node as an output. This 



103 
 

chain of events continues within the so-called “Hidden Layers” until the last layer receives 

its input and provides them as output for the network in the “Output Layer”. The sequence 

is shown in Figure 41 which shows the schematic of a simple neural network.  

 

Figure 41 Schematic of a simple Neural Network 

 As described earlier, the main goal of each network is to perform specific tasks and 

obtain outputs after undergoing a training process where it learns to identify patterns within 

the data. During the training process, each connection to a neuron is assigned a weight 

which signifies the importance/strength of that connection. These weights control the 

influence of the input on the output. Likewise, each neuron is assigned a unique bias value 

which indicates the amount of offset the output will have. Together, the weights and biases 

are used in training the network such that the best and most optimal outputs are obtained 

from the inputs. The outputs of a network 𝑦𝑖
𝑛 including the effects of the weights and biases 

can be expressed mathematically based on a state variable as:   

 𝑣𝑖
𝑛 = ∑(𝑊𝑖𝑗

𝑛,𝑛−1𝑣𝑗
𝑛−1 + 𝑏𝑖

𝑛)

𝑖

 (61) 

Input Layer Hidden Layers Output Layer 
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𝑦𝑖
𝑛 = ∅𝑖

𝑛(𝑣𝑖
𝑛) 

where the state variable v of the ith neuron in the nth layer is denoted as 𝑣𝑖
𝑛 , 𝑊𝑖𝑗

𝑛,𝑛−1
 

represents the weight between the ith neuron in the nth layer and the jth neuron in the (n-1)th 

layer, while 𝑏𝑖
𝑛 is the bias in the neuron and ∅𝑖

𝑛 is the transfer function [176].  

5.2. Types of Neural Networks 

 There are many types of NNs and they can be loosely classified based on network 

structure/Topology, data flow pattern, type of neurons used and their density. The 

following are some of the more common NNs that are used for various applications. 

i) Perceptron: A perceptron is one of the simplest/oldest models of a neuron and 

it is considered as the smallest unit of a neural network that is capable of 

detecting patterns based on input data. Through the individual weights and 

biases, the perceptron classifies data into two categories and is therefore 

described as a binary classifier where it maps inputs to single output values. It 

is usually used to implement logical commands however it is does not offer 

solutions for non-linear problems.  

ii) Feed-Forward Neural Networks: These networks are designed in such a way 

that data only flows in one direction, forward and as such they are sometimes 

called uni-directional forward propagation networks. The inputs are fed forward 

and the data travels through the various layers until an output is provided. The 

number of layers in the network depend on the complexity of the problem to be 

solved and such networks are useful when dealing with data with significant 

noise.  
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iii) Multi-layer Perceptron (MLP): MLPs are a class of Feed-Forward NNs that also 

allow for backward-propagation during training. They are widely considered to 

be the simplest and one of the more fundamental types of NN. As the name 

suggests, it usually consists of multiple layers (including hidden layers) which 

are dictated by the complexity of the problem [177]. In MLP networks, the 

inputs are multiplied with weights and fed to the activation function which. 

These networks are especially advantageous to use in deep learning applications 

since they allow for the formation of dense networks in the hidden layer as well 

as backward propagation during training which significantly reduces the error. 

They can however be computationally costly since they allow for densely 

packed layers.  

iv) Convolutional Neural Network (CNN): These networks contains a neurons that 

are arranged in three-dimensional space rather than the traditional two-

dimensional array. The first layer is called a convolutional layer and each 

neuron in the convolutional layer only processes the information from a small 

portion of the data set. Subsequent input data is taken in batch, much like a 

filter. The method of propagation may be uni-directional or bi-directional 

depending on the number of convolutional layers within the network. CNNs are 

useful for deep learning applications where few parameters are known however 

they are very complex to design and are computationally costly. 

Other types of NNs include Radial Basis Functions (RBF), Recurrent Neural Networks 

(RNN), Modular Neural Network (MNN) and the Nonlinear Autoregressive Neural 
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Network with external input (NARX). As noted, each method has its advantages and 

disadvantages and so the decision to use a particular network depends on a variety of 

conditions. The network used in this work is the MLP and its implementation in the 

estimation of surface parameters in an ablative medium is discussed below.  

5.3. Solution of IHCP using Neural Networks 

The application of NN to the solution of IHCPs in a variety of applications has been 

explored recently by several researchers. The work by Deng et al [178] in 2006 showed 

that it was possible determine the temperature distribution for a forward heat conduction 

problem using a continuous-analog Hopfield NN. More importantly, the unknown 

boundary conditions for the associated IHCP were determined using a back propagation 

neural network (BPN). The Bayesian regularization algorithm was used to improve the 

weak generalization capacity of the network and the feasibility of the solution was tested 

using a series of numerical test cases. It was shown that the network was reliable in 

predicting the unknown parameters for the IHCP. Kowsary et al [179] determined the filter 

coefficients for an IHCP by using a 2-layered perceptron. The training phase was 

developed based on inspiration from Burgraff’s exact solution which ensured that the 

estimation did not need temperature of sensitivity coefficients. The results were shown to 

be accurate and stable. Research and studies which have used NN to solve IHCPs can be 

found in the following works [180]–[183]. Najafi et al. [[183] ] used neural network as a 

digital filter for solving an IHCP in a one-dimensional medium with fixed boundary. In 

this study, temperature measurements were used inputs and heat flux was determined to be 

the desired output with the weights interpreted as the filter coefficients. The method was 
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tested for both constant and temperature dependent material properties and it was shown 

that the ANN could be used as a digital filter method for the near real-time estimation of 

surface heat flux in a medium with fixed boundary. This solution form is the basis for 

developing a neural network based solution for the IHCP in the medium with ablative 

surface presented in this chapter [176].  

5.3.1. Problem Statement 

The outer surface of an ablative TPS is usually thin (~ 5mm) and made materials such 

as Teflon or Carbon Phenolic. A schematic of a one-dimensional heat conduction problem 

in an ablative domain was already shown in Figure 42. Here, the incident heat flux (q0) is 

applied on the surface (x = 0) over a given time interval and diffusion occurs across the 

medium resulting in drastic temperature changes within the medium. The presence of 

ablation phenomenon implies that once the surface of the medium reaches a certain 

temperature known as the ablation temperature, heat is also removed from the surface and 

a movement of the surface will begin to occur. The resulting energy balance equation takes 

the form: 

 𝑞𝑜
" = 𝑞𝑎𝑏𝑙

" + 𝑞𝑐𝑜𝑛𝑑
"  (62) 

where 𝑞𝑜
" , 𝑞𝑎𝑏𝑙

" , 𝑞𝑐𝑜𝑛𝑑
"  represent the incident, ablative and conductive heat flux components 

respectively.  
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Figure 42 Schematic of Ablative Material 

The goal is to used NN to estimate the conducted heat flux, incident heat flux as well as 

the recession rate for a random profile using data temperature and recession rate data from 

computational simulations. 

5.3.2. Solution Strategy 

In this work, a neural network is developed using a combination of two sets of data. 

The network uses the ablation/recession rate at the current time step in addition to the 

temperature values from x=L from (i - mp) to (i + mf) time steps while the output is 

considered as the incident heat flux (𝑞o).  

Figure 43 highlights the data structure used for the development of the network.  
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Figure 43 Data structure for the Neural Network 

5.4. Results and Discussion 

This section provides the results for the COMSOL numerical simulations for the 

ablation problem which provided the data for the networks as well as the results from the 

implementation of the network. These results are also discussed in detail and conclusions 

are drawn about the network used and areas of improvement.  

5.4.1. COMSOL Model for Ablation (Direct Problem) 

A transient, heat transfer model was developed for the schematic shown in Figure 42. 

Carbon Phenolic was selected as the material of choice since it is commonly used as 

ablative TPS. The material properties are given in Table 5 as: 
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Table 4 Thermo-physical material properties for Carbon Phenolic 

Temperature 

(K) 

 

Thermal Conductivity 

(W/m.k) 

 

Specific Heat 

(J/kg.K) 

   

255.6 0.62 795.5 

422.2 0.66 1323.03 

533.3 0.76 1507.25 

811.1 1.11 1674.72 

1088.9 1.35 1842.2 

1366.9 1.59 1925.93 

1644.4 1.83 2051.53 

1922.2 2.07 2135.27 

2777.8 2.77 2386.48 

 

Other material properties include the density (1448.09 kg/m3), the Heat of Sublimation 

(5.88E7 J/kg) and Ablation Temperature (833K). The heat of sublimation represents the 

amount of energy required to cause a phase change from solid to gas and this is relevant 

since during ablation, the material transforms from vapor to gas. The ablative heat flux 

which leaves the surface of the medium was defined using Newton’s law of cooling where 

the convective heat transfer coefficient was defined based on an arbitrary ramp function of 

the surface temperature and ablation temperature such that:  

 

ℎ = ℎ𝑎(𝑇 − 𝑇𝑎) 

𝑞𝑜 = ℎ. (𝑇∞ − 𝑇) 

(63) 

 where h represents the convective heat transfer coefficient, ha represents a ramp function, 

T represents the time dependent surface temperature, Ta is the ablation temperature and T∞ 
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is the ambient temperature defined as 293.15K and qo is the transient incident heat flux. 

The applied heat flux is shown in Figure 44 and was a combination of three simple profiles: 

as step function, a parabola and a triangle. 

 

Figure 44 Applied Heat Flux profile 

A deformed geometry model was then coupled with the Heat Transfer model to 

accurately simulate the ablation problem. Here, the back, top and bottom boundary 

deformations are defined as 0 which implies that they do not undergo any deformation. 

Since the front boundary undergoes ablation, the prescribed surface normal mesh velocity 

is given by the equation: 

 𝑣𝑛 = (
𝑞0

𝜌.𝐻_𝑠
) . 𝑛𝑥 (64) 

where 𝑣𝑛 is the velocity of the surface, 𝑞0 is the instantaneous surface heat flux, 𝜌 is the 

density, 𝐻_𝑠 is the Heat of Sublimation and 𝑛𝑥 is the normal vector for the surface. A 

predefined extra fine mesh with Laplace Smoothing is used in the model and it undergoes 
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automatic remeshing as the surface recedes. A simple “free triangular” mesh was used and 

the time step for the simulation was 1 second over a duration of 1200 seconds.  

The results for the direct problem COMSOL simulations are shown in Figures 45 - 

49. Figure 45 shows the surface temperature and indicates the moments when ablation 

takes place within the medium followed by resting periods where the temperature drops 

below the ablation temperature. Figure 46 shows the temperature obtained using the back 

probe. As expected, the temperature never gets to the ablation temperature although there 

a significant rise. Figure 46 shows the surface position as a function of time.  

 

Figure 45 Simulated surface Temperature profile 
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Figure 46 Simulated Back probe temperature profile 

 

Figure 47 Simulated surface position profile 

A second set of simulations was performed and the data generated was used a cross-

validation model for the network. Effective networks not only aim to regenerate target data 

but more importantly, the network needs to be able to predict accurate results given a 

random data set with similar characteristics as the input data. Therefore the ability of the 
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developed network was tested using data developed from the heat flux in Figure 47 as well 

as back temperature and position are shown in Figures 48 and Figure 49. 

 

Figure 48 Applied random heat flux profile 

 

Figure 49 Simulated surface temperature 
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Figure 50 Simulated surface position 

5.4.2. Incident Heat Flux using Neural Network  

The model which is used in the development of the NN for the estimation of surface 

heat flux using temperature and ablation data is a feedforward MLP with back 

propagations. Through a process of trial and error, it is determined that having four hidden 

layers results in a stable and computationally effective model. The optimal number of mp 

and mf was also found through trial and error to be 10 for both parameters. This means that 

in order to calculate the surface heat flux at each time step, the temperature data from 10 

previous time steps and 10 future time steps are needed. It was also discovered that the 

optimum number of neurons on the first layer had to equal to the total number of near-

future time-steps used for inputs. Therefore, the first layer of the model had to consist of 

21 neurons. Once the required number of inputs neurons had been identified, a slightly less 

number of neurons was used in the hidden layers to reduce the computational costs. 
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During the training process, the network automatically estimates the gradient of the 

error function and feeds it back to the inputs to adapt the neural network. The particular 

model in this analysis used the pure-linear transfer functions on all layers. Upon several 

tests, the pure-linear transfer function was found to provide the best precision and 

consistency over other transfer functions including the saturated linear, positive linear, or 

Elliot sigmoid transfer functions. This selection of the pure-linear transfer function was 

mainly due to the inability of the other functions to not converge during training. A possible 

explanation for this is that the pure-linear transfer function allows for maximum passage 

of information through each layer and this may have caused the significantly better 

performance.  

The performance training goal used in the network is the mean square error (MSE) 

function. In this case, the training process stops once the MSE value is minimized or the 

validation fails ten times. During validation, the network compared the estimated input heat 

flux and the theoretical value from the simulation at each time-step, then computed an 

overall mean-square error value as an average difference between these two datasets. 

Similar to the training goal, a lower MSE result in the cross-validation test indicates a better 

performance to solve the IHCP. Noise was added to both the training and cross-validation 

data sets in order to observe the response of the network to noise and external disturbances 

in the data. The parameters used for training the network are in Table 5 Input Flux Training 

CriterionTable 5. It is found that the majority of the predicted profile has matched the target 

in a random heat flux test, but with an increasing vibration over time.  
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Table 5 Input Flux Training Criterion for Network A 

Network Property Training Criterion 
Network Name BFGS 

Number of Hidden Layers 4 

Number of Neurons (1st Layer) 22 

Number of Neurons (2nd Layer) 11 

Number of Neurons (3rd Layer) 5 

Number of Neurons (4th Layer) 3 

Transfer Function (1st Layer) Pure Linear  

Transfer Function (2nd Layer) Pure Linear  

Transfer Function (3rd Layer) Pure Linear  

Transfer Function (4th Layer) Pure Linear  

Performance Equation Mean Square Error 

Max Epoch 1.00E+04 

Max Fail 10 

Training Goal 2.00E+04 

Min Gradient 1.00E-07 

 

   

Figure 51 Comparison between Actual and Estimated Input Heat Flux 
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Figure 51 highlights the comparison between actual heat flux input in the COMSOL 

simulation and the estimated heat flux using the NN based on temperature and ablation 

rate. It is evident that the NN does a good job in estimating the heat flux although it is not 

a perfect match. The training process used 70% of the data for training, 15% for testing 

and 15% for validation. The BFGS Quasi-Newton training algorithm had its best validation 

performance occurring at an epoch of 40. Here, the epoch represents the system time which 

it takes for the trained, validated and test data to converge. 10 validation checks were 

performed and training automatically stopped once it was determined that the best 

performance had been obtained. Figure 52 shows the performance plot of the network 

indicating the MSE and best validation performance.  

  

Figure 52 Performance plot of Input Heat flux model with temperature and ablation rate 
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A Linear regression analysis was also performed on the training, validation, test and 

the overall set of results. This is shown in Figure 53. The regression analyses for all of 

these output components all have R values greater than 0.98 which indicates that there is a 

very strong relationship between these outputs and the input. A second data set based on 

the random profile from Figure 48 was used to cross-validate the algorithm and network. 

The results for this are shown in Figure 54. The MSE was found to be 0.0691 which 

indicates that the error between the actual profile and the estimated profile is small. It is 

seen however that despite the presence of significant noise in the data, the network still 

does a good job in the validation of the heat flux for the random profile.   

  

Figure 53 Regression Analysis for Training, Validation, Test and Overall outputs 
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From Figure 54, it is evident that the effects of noise in the results are very pronounced and 

so it is necessary to smoothen them out. Using a rational transfer function, an average filter 

was used on the input data as shown in Figure 55. However, adding a filter decreases the 

estimated precision, and can result in the presence of a lag time. One possible future study 

includes the use of other filter methods such as the Kalman-filter.  

  

Figure 54 Comparison between Applied and Estimated Heat Flux for the random profile 



121 
 

  

Figure 55 Comparison between Applied and Estimated Heat Flux for the filtered data 

5.5. Conclusions  

 Ablative TPS is the commonly used to protect space vehicle and obtaining real-

time estimates of surface heat flux has proven to be a challenging problem. In this chapter, 

the use of ANN is explored as a means for the estimation of surface parameters including 

incident heat flux. ANNs are a type of Artificial Intelligence modeled after the human 

brain. They possess neurons which are capable of recognizing patterns and trends in data 

after undergoing a training process. Once the training is completed, the network should 

possess the ability to predict similar patterns in unsorted data. This hypothesis was tested 

as a network was developed to estimate the surface heat flux for a medium undergoing 

ablation. The developed network used temperature and surface position data as training 

inputs. A feed forward Multi-Layer Perceptron (MLP) is used with Broyden-Fletcher-
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Goldfarb-Shanno Quasi-Newton backpropagation algorithm. The data set obtained from 

COMSOL simulations for the direct problem of a medium undergoing ablation was used 

to train and validate the performance of the network. Cross-validation and further 

examination of the network’s performance was done using a randomly generated 

temperature data set. The MSE was found to be 0.0691. The developed network was shown 

to successfully estimate the surface heat flux. It can be concluded that the use of NN offers 

a computationally efficient means for estimation surface conditions and other parameters 

in a medium with ablation. 
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Chapter 6. 

Conclusions 

Life involves the art of drawing sufficient conclusions from insufficient premises” – 

Samuel Butler  

Over the next few decades, rapid developments in high speed travel and space 

exploration are expected to continue as humans look to explore outer space. Such missions 

are primarily possible through hypersonic travel which is characterized primarily by 

aerothermal heating which can easily damage the vehicle. In order to ensure the safety of 

these vehicles from the aerothermal heating, Thermal Protection Systems are needed. 

While TPS technology can be considered to be evolved, there are several areas which have 

been identified that require further research and development namely i) Development of 

material for ascent/entry TPS ii) Development of effective TPS Modeling and Simulation 

iii) Development of TPS Sensors and Measurement Systems. This work addresses the 3rd 

aspect of this criteria of TPS development.  

This study involved the development of solution techniques which allow for the 

estimation of surface heat flux in the associated IHCP experienced under reentry 

conditions. As has been discussed, direct measurement of the heat flux is challenging and 

so temperature measurements within the mediums can be used instead. The developed 

solutions are based on the Tikhonov regularization method and express the sensitivity 
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coefficients in Filter form which allows for near real-time estimation of heat flux and other 

parameters. Through a variety of test cases, the following conclusions can be drawn:  

 The digital filter solution effectively allows for the estimation of surface heat 

flux in multi layered mediums without and with temperature dependent material 

properties. This is especially useful in passive TPS where the domains remain 

dormant upon exposure to high heating.  

 A parametric study on the effect of sensor location showed that while the 

solution is effective when using temperature data from any location, sensors 

closer to the surface result in more accurate results and have less “lag time” i.e. 

the delay is less when the sensors are closer to the surface.  

 For moving boundary problems, it was shown that a linear interpolation of the 

filter coefficients developed for both temperature and surface position can be 

used to accurately estimate the surface heat flux.  

 The complexities in the determination of heat flux in an ablative TPS and the 

absence of the ability to measurement surface recession in real-time means that 

more practical solutions have to be developed. The application of Neural 

Networks in the estimation of surface heat flux is shown through the use of a 

multi-layer perceptron. The results indicate that NN can provide accurate 

estimates of surface heat flux and other parameters as long as sufficient training 

data is provided. While one network topology is explored in this work, 

numerous topologies exist and they should be analyzed to compare network 

performances and optimize the estimation process. 
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6.1. Future Works and Limitations 

It has been shown through the use of computational experiments that the accurate 

estimation of surface heat flux using internally measured temperature data can be achieved. 

These experiments simulate the phenomenon of aerothermal heating on the surface of 

materials typically used in TPS for hypersonic vehicles. Therefore, one future work would 

involve performing physical experiments whereby the temperature data is acquired, the 

filter coefficients determined and the heat flux estimated in a near-real time fashion. This 

can be easily implemented with knowledge of the material properties and physical 

characteristics. The effects of contact resistance between different layers of the material 

too must be included in the algorithm.  

For problems with moving boundaries/ablation, the preliminary studies conducted 

in this work indicate that Neural Networks can be used to obtain decent estimates of surface 

heat flux. However, these results were obtained using a simple MLP network. Therefore, 

it is expected that the use of more powerful networks will yield increased accuracy of the 

estimated heat flux. Network topology, number of neurons and hidden layers as well as 

data flow pattern can all be analyzed to obtain networks that provide the most accurate 

results.  

A major limitation of this work, especially in the moving boundary/ablation 

sections is the assumption of a method of determining the recession rate. While this was 

obtained from the COMSOL, in reality, it is not easy and feasible to direction measure the 
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surface position in time. As such, the developed solution will benefit significantly from the 

development of approaches which allow for the estimation of surface recession rate.  
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Appendix A 

List of Publications 

The following are the publications that have been published during the course of the 

Ph.D. They constitute direct outcomes for the research conducted.  

Published work: Journals 

Obinna Uyanna and Hamidreza Najafi, “An Inverse Method for Real-Time Estimation of 

Aerothermal Heating for Thermal Protection Systems of Space Vehicles” International 

Journal of Heat and Mass Transfer. 

Obinna Uyanna and Hamidreza Najafi, “Thermal protection systems for space vehicles: A 

review on technology development, current challenges and future prospects,” Acta 

Astronaut., vol. 176, pp. 341–356, Nov. 2020. 

Published work: Conference Works 

Hamidreza Najafi, Obinna Uyanna, and Jian Zhang, “Application of Artificial Neural 

Network As a Near-Real Time Technique for Solving Non-Linear Inverse Heat Conduction 

Problems in a One-Dimensional Medium With Moving Boundary,” ASME 2020 Heat 

Transf. Summer Conf., Jul. 2020. 

Obinna Uyanna, Hamidreza Najafi. “A Near Real-Time Solution Approach for Surface 

Heat Flux Estimation in One Dimensional Inverse Heat Conduction Problems With 

Moving Boundary,” ASME 2019 Heat Transf. Summer Conf., Jul. 2019. 
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Obinna Uyanna, Hamidreza Najafi. “A Numerical Analysis on Cavitation Effects in 

Microchannels” ASME 2017 International Mechanical Engineering Congress and 

Exposition., Nov. 2017. 

In review 

Obinna Uyanna and Hamidreza Najafi, “A Novel Solution for Inverse Heat Conduction 

Problem in One-Dimensional Medium with Moving Boundary and Temperature-

Dependent Material Properties” International Journal of Heat and Mass Transfer. 

 

 

 

 

 

 

 

 

 

 



129 
 

References 
 

[1] I. Crawford and C. Cockell, “The scientific case for human space exploration,” 

Astron. Geophys., vol. 46, no. 1, pp. 1.17-1.18, Feb. 2005. 

[2] D. M. Van Wie, S. M. D’Alessio, and M. E. White, “Hypersonic airbreathing 

propulsion,” Johns Hopkins APL Technical Digest (Applied Physics Laboratory). 

2005. 

[3] G. Duffa, Ablative Thermal Protection Systems Modeling. Washington, DC: 

American Institute of Aeronautics and Astronautics, Inc., 2013. 

[4] Federal Aviation Authority, “Returning from Space: Re-entry,” Advanced 

Aerospace Medicine On-line, 2018. [Online]. Available: 

www.faa.gov/about/office_org/headquarters_offices/avs/offices/aam/cami/library/

online_libraries/aerospace_medicine/tutorial/medua/iii.4.1.7_returning_from_spac

e.pdf. [Accessed: 07-Dec-2020]. 

[5] F. J. Regan and S. M. Anandakrishnan, Dynamics of Atmospheric Re-Entry. 1993. 

[6] A. Zak, “Here is how Soyuz returns to Earth,” 2020. [Online]. Available: 

www.russianspaceweb.com/soyuz-landing.html. [Accessed: 07-Dec-2020]. 

[7] Y. B. Zel’dovich, Y. P. Raizer, W. D. Hayes, R. F. Probstein, and S. P. Gill, 

“Physics of Shock Waves and High-Temperature Hydrodynamic Phenomena, Vol. 

1,” J. Appl. Mech., 1967. 



130 
 

[8] W. H. T. Loh, “Summary Discussion on Re-entry and Planetary Entry—Physics 

and Technology,” 1968, pp. 1–15. 

[9] F. P. Incropera, D. P. Dewitt, T. Bergman, and A. S. Lavine, Fundamentals of 

Heat an Mass Transfer. 2015. 

[10] M. Curry, “Computational Fluid Dynamics (CFD) Image of Hyper-X Research 

Vehicle at Mach 7 with Engine Operating,” Dryden Flight Research Center: Photo 

Collection. [Online]. Available: https://www.dfrc.nasa.gov/Gallery/Photo/X-

43A/Small/ED97-43968-1.jpg. [Accessed: 20-Feb-2021]. 

[11] S. C. Sommer, B. J. Short, and D. L. Compton, “Free-Flight Measurements of 

Static and Dynamic Stability of Models of the Project Mercury Re-entry Capsule 

at Mach Numbers of 3 and9.5,” Moffett Field, CA., 1960. 

[12] O. Uyanna and H. Najafi, “Thermal protection systems for space vehicles: A 

review on technology development, current challenges and future prospects,” Acta 

Astronaut., vol. 176, pp. 341–356, Nov. 2020. 

[13] L. A. Dombrovsky and D. Baillis, “Thermal radiation in disperse systems: an 

engineering approach,” Begell House Redding, CT, 2010. 

[14] J. D. Anderson, Hypersonic and High-Temperature Gas Dynamics, Third Edition. 

Washington, DC: American Institute of Aeronautics and Astronautics, Inc., 2019. 

[15] W. H. Mason and J. Leef, “Aerodynamically blunt and sharp bodies,” J. Spacecr. 

Rockets, vol. 31, no. 3, pp. 378–382, 1994. 



131 
 

[16] Scott D. Kasen, “Thermal Management at Hypersonic Leading Edges,” University 

of Virginia, 2013. 

[17] R. D. Launius and D. R. Jenkins, Coming Home: Reentry and Recovery from 

Space. Washington, D.C.: NASA, 2012. 

[18] National Aeronautics and Space Administration, “NASA Technology Roadmaps, 

TA 14: Thermal Management Systems,” 2015. 

[19] J. Sobczyk, “Experimental study of the flow field disturbance in the vicinity of 

single sensor hot-wire anemometer,” in EPJ Web of Conferences, 2018. 

[20] G. Stolz, “Numerical solutions to an inverse problem of heat conduction for simple 

shapes,” J. Heat Transfer, 1960. 

[21] J. V. Beck, B. Blackwell, and C. R. St Clair, Inverse Heat Conduction: Ill-Posed 

Problems. 1985. 

[22] M. Monde, “Analytical method in inverse heat transfer problem using Laplace 

transform technique,” Int. J. Heat Mass Transf., 2000. 

[23] National Reseach Council, Reusable Launch Vehicle. Washington, D.C.: National 

Academies Press, 1995. 

[24] E. Congdon, D. Mehoke, M. Buchta, D. Nagle, and D. Zhang, “Development of 

High-Temperature Optical Coating for Thermal Management on Solar Probe 

Plus,” in 10th AIAA/ASME Joint Thermophysics and Heat Transfer Conference, 

2010. 



132 
 

[25] E. L. Reynolds, A. Driesman, J. Kinnison, and M. K. Lockwood, “Solar Probe 

Plus Mission Overview,” in AIAA Guidance, Navigation, and Control (GNC) 

Conference, 2013. 

[26] L. A. Dombrovsky, D. L. Reviznikov, A. P. Kryukov, and V. Y. Levashov, “Self-

generated clouds of micron-sized particles as a promising way of a Solar Probe 

shielding from intense thermal radiation of the Sun,” J. Quant. Spectrosc. Radiat. 

Transf., vol. 200, pp. 234–243, Oct. 2017. 

[27] M. C. ADAMS, “Recent Advances in Ablation,” ARS J., vol. 29, no. 9, pp. 625–

632, Sep. 1959. 

[28] W. Murray and M. J. Neufeld, “The Rocket and the Reich: Peenemunde and the 

Coming of the Ballistic Missile Era.,” J. Mil. Hist., vol. 60, no. 4, p. 796, Oct. 

1996. 

[29] NASA, “Reentry studies: Vitro Corporation Report no 2331-25,” in NACA 

Conference on High-Speed Aerodynamics. 

[30] J. D. Anderson, A history of aerodynamics: And its impact on flying machines. 

2015. 

[31] D. Jenkins, “Hypersonics Before the Shuttle: A Concise History of the X-15 

Research Airplane,” NASA Hist. Off., 2000. 

[32] T. A. Talay, “Introduction to the Aerodynamics of Flight,” NASA Single Res. 

Memo. Vol., 1975. 



133 
 

[33] C. Reuter, The V2 and the German, Russian and American Rocket Program, 2nd 

ed. German Canadian Museum of History. 

[34] G. E. Bugos, Atmosphere of Freedom: Sixty Years at the NASA Ames Research 

Center. Washington, D.C.: NASA History Division, 2000. 

[35] H. Julian Allen and A. Eggers, “A study of the motion and aerodynamic heating of 

missiles entering the Earth’s atmosphere at high hypersonic speeds,” NACA RM 

A53D28, 1953. 

[36] M. Y. M. Ahmed and N. Qin, “Recent advances in the aerothermodynamics of 

spiked hypersonic vehicles,” Progress in Aerospace Sciences. 2011. 

[37] J. Shang and S. T. Surzhikov, Plasma Dynamics for Aerospace Engineering. 

Cambridge University Press, 2018. 

[38] E. V. Titov, R. Kumar, and D. A. Levin, “In depth analysis of AVCOAT TPS 

response to a reentry flow,” in AIP Conference Proceedings, 2011. 

[39] J. R. Staider, “The Useful Heat Capacity of Several Materials for Ballistic Nose-

Cone Construction,” Washington, D.C., 1957. 

[40] T. A. Heppenheimer, Facing the Heat Barrier: A History of Hypersonics. 

Washington, D.C.: NASA History Division, 2007. 

[41] A. V. Levy, “Evaluation of reinforced plastics material in high speed guided 

missles and power plant application,” Plastics, vol. 14, pp. 10–11, 1956. 



134 
 

[42] F. I. Hurwitz, “Thermal Protection Systems (TPS),” in Encyclopedia of Aerospace 

Engineering, Chichester, UK: John Wiley & Sons, Ltd, 2010. 

[43] C. Purpura et al., “Experimental investigation of the emissivity of UHTC coatings 

on CMC materials in ghibli plasma wind tunnel tests,” in Proceedings of 68th 

International Astronautical Congress, 2017. 

[44] W. Niehaus, “Heat Shield Concepts and Materials for Reentry Vehicles,” 

Alexandria, Virginia, 1963. 

[45] H. K. Rivers and D. E. Glass, “Advances in hot-structure development,” in 

European Space Agency, (Special Publication) ESA SP, 2006. 

[46] S. Tang and C. Hu, “Design, Preparation and Properties of Carbon Fiber 

Reinforced Ultra-High Temperature Ceramic Composites for Aerospace 

Applications: A Review,” J. Mater. Sci. Technol., 2017. 

[47] R. Savino, S. Mungiguerra, and G. D. Di Martino, “Testing ultra-high-temperature 

ceramics for thermal protection and rocket applications,” Adv. Appl. Ceram., 2018. 

[48] D. Sciti, L. Silvestroni, F. Monteverde, A. Vinci, and L. Zoli, “Introduction to 

H2020 project C3HARME–next generation ceramic composites for combustion 

harsh environment and space,” Adv. Appl. Ceram., 2018. 

[49] R. Savino, M. De Stefano Fumo, D. Paterna, and M. Serpico, 

“Aerothermodynamic study of UHTC-based thermal protection systems,” Aerosp. 

Sci. Technol., 2005. 



135 
 

[50] P. Sengupta and I. Manna, “Advanced High-Temperature Structural Materials for 

Aerospace and Power Sectors: A Critical Review,” Trans. Indian Inst. Met., 2019. 

[51] J. M. Modlin, “Hypersonic aerospace vehicle leading edge cooling using heat pipe, 

transpiration and film cooling techniques,” 1991. 

[52] C. A. Steeves, M. Y. He, S. D. Kasen, L. Valdevit, H. N. G. Wadley, and A. G. 

Evans, “Feasibility of metallic structural heat pipes as sharp leading edges for 

hypersonic vehicles,” J. Appl. Mech. Trans. ASME, 2009. 

[53] A. Faghri, “HEAT PIPES: REVIEW, OPPORTUNITIES AND CHALLENGES,” 

Front. Heat Pipes, 2014. 

[54] G. P. Peterson, “An introduction to heat pipes. Modeling, testing and 

applications,” 1994. 

[55] T. P. Cotter, “Theory of Heat Pipes,” Los Alamos, New Mexico, 1965. 

[56] H. Jouhara, A. Chauhan, T. Nannou, S. Almahmoud, B. Delpech, and L. C. 

Wrobel, “Heat pipe based systems - Advances and applications,” Energy. 2017. 

[57] A. Shafieian, M. Khiadani, and A. Nosrati, “A review of latest developments, 

progress, and applications of heat pipe solar collectors,” Renewable and 

Sustainable Energy Reviews. 2018. 

[58] R. Yisheng, W. Yuechuan, D. Dongli, and Z. Renjun, “Heat-balance thermal 

protection with heat pipes for hypersonic vehicle,” in MATEC Web of 

Conferences, 2016. 



136 
 

[59] M. S. B. Frank Kreith, Raj M. Manglik, Principles of Heat Transfer Seventh 

Edition. 2011. 

[60] G. F. D’Alelio and J. A. Parker, Ablative Plastics. New York: Marcek Dekker, 

1971. 

[61] L. Nicolais, M. Natali, and L. Torre, “Composite Materials: Ablative,” in Wiley 

Encyclopedia of Composites, 2012. 

[62] J. B. Davis and D. B. Marshall, “Connected Fibers: Fiber Felts and Mats,” in 

Cellular Ceramics: Structure, Manufacturing, Properties and Applications, 2006. 

[63] D. Schmidt, “Chemical Propulsion Exhaust,” Envireonmental Eff. Polym. Mater., 

pp. 413–486, 1968. 

[64] R. D. Mathieu, “Mechanical spallation of charring ablators in hyperthermal 

environments,” AIAA J., 1964. 

[65] J. H. Koo, D. W. H. Ho, and O. A. Ezekoye, “A review of numerical and 

experimental characterization of thermal protection materials - Part I. Numerical 

modeling,” in Collection of Technical Papers - AIAA/ASME/SAE/ASEE 42nd Joint 

Propulsion Conference, 2006. 

[66] C. A. Fyfe, M. S. McKinnon, A. Rudin, and W. J. Tchir, “Investigation of the 

Mechanism of the Thermal Decomposition of Cured Phenolic Resins by High-

Resolution 13C CP/MAS Solid-State NMR Spectroscopy,” Macromolecules, 

1983. 



137 
 

[67] A. A. Berlin, V. V. Yarkina, and A. P. Firsov, “Thermal degradation of 

phenolformaldehyde resin under isothermal conditions,” Polym. Sci. U.S.S.R., 

1968. 

[68] SpaceX, “PICA Heat Shield.” Space Exploration Technologies Corp, 2017. 

[69] A. Chaikin, “Is SpaceX Changing the Rocket Equation? | Space | Air &amp; Space 

Magazine,” Air & Space Smithsonian, 2012. . 

[70] D. A. Stewart and D. B. Leiser, “Lightweight TUFROC TPS for hypersonic 

vehicles,” in A Collection of Technical Papers - 14th AIAA/AHI International 

Space Planes and Hypersonic Systems and Technologies Conference, 2006. 

[71] S. M. Johnson et al., “Development of new TPS at NASA Ames Research Center,” 

in 15th AIAA International Space Planes and Hypersonic Systems and 

Technologies Conference, 2008. 

[72] M. Rivier, J. Lachaud, and P. M. Congedo, “Ablative thermal protection system 

under uncertainties including pyrolysis gas composition,” Aerosp. Sci. Technol., 

2019. 

[73] A. Harpale, S. Sawant, R. Kumar, D. Levin, and H. B. Chew, “Ablative thermal 

protection systems: Pyrolysis modeling by scale-bridging molecular dynamics,” 

Carbon N. Y., 2018. 

 

 



138 
 

[74] HELENBROOK RG and ANTHONY FM, “Design of a convective cooling 

system for a Mach 6 hypersonic transport airframe,” NASA Contract. Reports, 

1971. 

[75] MCCONARTY WA and ANTHONY FM, “Design and evaluation of active 

cooling systems for Mach 6 cruise vehicle wings,” NASA Contract. Reports, 1971. 

[76] Y. Zhu, W. Peng, R. Xu, and P. Jiang, “Review on active thermal protection and 

its heat transfer for airbreathing hypersonic vehicles,” Chinese Journal of 

Aeronautics. 2018. 

[77] D. E. Glass, “Ceramic matrix composite (CMC) thermal protection systems (TPS) 

and hot structures for hypersonic vehicles,” in 15th AIAA International Space 

Planes and Hypersonic Systems and Technologies Conference, 2008. 

[78] H. Bohrk, “Transpiration cooling at hypersonic flight - AKTiV on SHEFEX II,” in 

AIAA AVIATION 2014 -11th AIAA/ASME Joint Thermophysics and Heat Transfer 

Conference, 2014. 

[79] S. Gulli, L. Maddalena, and S. Hosder, “Variable transpiration cooling for the 

thermal management of reusable hypersonic vehicles,” Aerosp. Sci. Technol., 

2013. 

[80] D. Greuel, A. Herbertz, O. J. Haidn, M. Ortelt, and H. Hald, “Transpiration 

cooling applied to C/C liners of cryogenic liquid rocket engines,” in 40th 

AIAA/ASME/SAE/ASEE Joint Propulsion Conference and Exhibit, 2004. 



139 
 

[81] C. M. Ezhilarasu, Z. Skaf, and I. K. Jennions, “The application of reasoning to 

aerospace Integrated Vehicle Health Management (IVHM): Challenges and 

opportunities,” Progress in Aerospace Sciences. 2019. 

[82] B. A. Woollard, R. D. Braun, and D. Bose, “Aerothermodynamic and thermal 

protection system instrumentation reference guide,” in IEEE Aerospace 

Conference Proceedings, 2016. 

[83] J. A. . Lloyd, M. . Stackpoole, E. . Venkatapathy, D. E. Yuhas, and E. V. J. A. 

Lloyd, M. Stackpoole, “a New, Non-Intrusive, Ultrasonic Tps Recession 

Measurement Needed To Determine the Thermal Structure of the Upper 

Atmosphere of Venus, Saturn, Uranus or Neptune,” Int. Work. Instrum. Planet. 

Mission., 2012. 

[84] J. H. Koo, M. Natali, B. Lisco, E. Yao, and K. Schellhase, “In situ ablation 

recession and thermal sensor for thermal protection systems,” in Journal of 

Spacecraft and Rockets, 2018. 

[85] C. Yee et al., “In situ ablation recession sensor for ablative materials based on 

ultraminiature thermocouples,” J. Spacecr. Rockets, 2014. 

[86] M. Natali, J. H. Koo, E. Allcorn, and O. A. Ezekoye, “An in-situ ablation recession 

sensor for carbon/carbon ablatives based on commercial ultra-miniature 

thermocouples,” Sensors Actuators, B Chem., 2014. 

 



140 
 

[87] M. J. Gazarik et al., “Overview of the MEDLI project,” in IEEE Aerospace 

Conference Proceedings, 2008. 

[88] F. S. Milos, Y. K. Chen, T. H. Squire, and R. A. Brewer, “Analysis of Galileo 

Probe heatshield ablation and temperature data,” J. Spacecr. Rockets, 1999. 

[89] J. B. Bell, A. N. Tikhonov, and V. Y. Arsenin, “Solutions of Ill-Posed Problems.,” 

Math. Comput., 1978. 

[90] M. Ozisik, H. Orlande, and A. Kassab, “Inverse Heat Transfer: Fundamentals and 

Applications,” Appl. Mech. Rev., 2002. 

[91] S. Kumar and S. P. Mahulikar, “Reconstruction of aero-thermal heating and 

thermal protection material response of a Reusable Launch Vehicle using inverse 

method,” Appl. Therm. Eng., 2016. 

[92] J. V. Beck, “Surface heat flux determination using an integral method,” Nucl. Eng. 

Des., 1968. 

[93] J. V. Beck, “Nonlinear estimation applied to the nonlinear inverse heat conduction 

problem,” Int. J. Heat Mass Transf., 1970. 

[94] B. F. Blackwell, “Efficient technique for the numerical solution of the one-

dimensional inverse problem of heat conduction,” Numer. Heat Transf., 1981. 

[95] M. Imber, “Nonlinear heat transfer in planar solids: Direct and inverse 

applications,” AIAA J., 1979. 



141 
 

[96] M. Imber and J. Khan, “Prediction of transient temperature distributions with 

embedded thermocouples,” AIAA J., 1972. 

[97] M. Imber, “Temperature extrapolation mechanism for two-dimensional heat flow,” 

AIAA J., 1974. 

[98] G. P. Mulholland, B. P. Gupta, and R. L. San Martin, “INVERSE PROBLEM OF 

HEAT CONDUCTION IN COMPOSITE MEDIA.,” in American Society of 

Mechanical Engineers (Paper), 1975. 

[99] R. G. Hills and G. P. Mulholland, “The accuracy and resolving power of one 

dimensional transient inverse heat conduction theory as applied to discrete and 

inaccurate measurements,” Int. J. Heat Mass Transf., 1979. 

[100] D. M. France, R. D. Carlson, T. Chiang, and W. J. Minkowycz, “Critical heat flux 

experiments and correlation in a long sodium-heated tube,” J. Heat Transfer, 1981. 

[101] R. J. Muzzy, J. H. Avila, and D. E. Root, “Topical report: determination of 

transient heat transfer coefficients and the resultant surface heat flux from internal 

temperature measurements.” 1975. 

[102] B. R. Bass, “INCAP: a finite element program for one-dimensional nonlinear 

inverse heat conduction analysis.” 1979. 

[103] Y. Heng et al., “Reconstruction of local heat fluxes in pool boiling experiments 

along the entire boiling curve from high resolution transient temperature 

measurements,” Int. J. Heat Mass Transf., 2008. 



142 
 

[104] N. Barth et al., “An inverse method predicting thermal fluxes in nuclear waste 

glass canisters during vitrification and cooling,” Nucl. Eng. Des., 2020. 

[105] G. R. Safakish, “Temperature estimation in the combustion chamber of an internal 

combustion engine,” Adv. Mech. Eng., 2012. 

[106] H. Matsuura, M. Oouti, M. S. Islam, T. Iijima, R. Minami, and Y. Nakashima, 

“Comparison of Two Inverse Heat Conduction Models for Heat Flux Measurement 

in the GAMMA 10/PDX,” IEEE Trans. Plasma Sci., 2019. 

[107] F. N. David, J. V. Beck, and K. J. Arnold, “Parameter Estimation in Engineering 

and Science,” Biometrics, 1977. 

[108] K. Fujii, T. Nakamura, H. Kawato, and S. Watanabe, “Concepts and studies of 

flight experiment vehicles for reusable space transportation system,” in 12th AIAA 

International Space Planes and Hypersonic Systems and Technologies, 2003. 

[109] Y. Li, Y. Jiang, and C. Huang, “Trajectory optimization and analysis for near 

spacecraft’s unpowered gliding phase,” in Advances in Intelligent and Soft 

Computing, 2012. 

[110] M. R. Golbahar Haghighi, P. Malekzadeh, and M. Afshari, “Inverse estimation of 

heat flux and pressure in functionally graded cylinders with finite length,” 

Compos. Struct., 2015. 

 

 



143 
 

[111] H. L. Lee, W. J. Chang, W. L. Chen, and Y. C. Yang, “Inverse heat transfer 

analysis of a functionally graded fin to estimate time-dependent base heat flux and 

temperature distributions,” Energy Convers. Manag., 2012. 

[112] R. H. Smith and E. P. Scott, “2D non-uniform, time dependent, high heat flux 

estimates using data from thin film sensors and/or PT measurements,” in 39th 

Aerospace Sciences Meeting and Exhibit, 2001. 

[113] M. Mohammadiun and A. B. Rahimi, “Estimation of time-dependent heat flux 

using temperature distribution at a point in a two layer system,” Sci. Iran., 2011. 

[114] A. M. Osman and J. V. Beck, “Nonlinear inverse problem for the estimation of 

time-and-space-dependent heat-transfer coefficients,” J. Thermophys. Heat 

Transf., 1989. 

[115] M. S. M. Selim, “Heat and mass transfer with a moving boundary,” Iowa State 

University, Digital Repository, Ames, 1970. 

[116] G. B. Mathews and H. Weber, “Die Partiellen Differential-Gleichungen der 

Mathematischen Physik,” Math. Gaz., 1901. 

[117] A. Friedman, “Remarks on Stefan-Type Free Boundary Problems for Parabolic 

Equations.,” J. Math. Mech., vol. 9, no. 6, pp. 885–903, 1960. 

[118] L. Rubinstein, A. Fasano, and M. Primicerio, “Remarks on the analyticity of the 

free boundary for the one-dimensional Stefan problem,” Ann. di Mat. Pura ed 

Appl., 1980. 



144 
 

[119] W. Miranker and J. Keller, “The Stefan Problem for a Nonlinear Equation,” 

Indiana Univ. Math. J., 1960. 

[120] L. Rubinstein, “The stefan problem: Comments on its present state,” IMA J. Appl. 

Math. (Institute Math. Its Appl., 1979. 

[121] S. D. Foss, “An Approximate Solution to the Moving Boundary Problem 

Associated with the Freezing and Melting of Lake Ice,” University of New 

Hampshire, 1974. 

[122] E. Hirai and T. Komori, “A proposal to solve neumann’s neumann’s problem 

approximately, taking account of bulk dilatation by phase change: —A Semi-

infinite Solid —,” J. Chem. Eng. JAPAN, 1971. 

[123] H. G. Landau, “Heat conduction in a melting solid,” Q. Appl. Math., 1950. 

[124] J. M. Floryan and H. Rasmussen, “Numerical methods for wiscous flows with 

moving boundaries,” Appl. Mech. Rev., 1989. 

[125] R. Scardovelli and S. Zaleski, “Direct numerical simulation of free-surface and 

interfacial flow,” Annu. Rev. Fluid Mech., 1999. 

[126] R. M. Furzeland, “A comparative study of numerical methods for moving 

boundary problems,” IMA J. Appl. Math. (Institute Math. Its Appl., 1980. 

[127] D. E. Womble, “A Front-Tracking Method for Multiphase Free Boundary 

Problems,” SIAM J. Numer. Anal., 1989. 



145 
 

[128] S. O. Unverdi and G. Tryggvason, “A front-tracking method for viscous, 

incompressible, multi-fluid flows,” J. Comput. Phys., 1992. 

[129] S. Osher, R. Fedkiw, and K. Piechor, “Level Set Methods and Dynamic Implicit 

Surfaces,” Appl. Mech. Rev., 2004. 

[130] G. J. Fix, “Phase Field Methods for Free Boundary Problems,” Free Bound. 

Probl., 1983. 

[131] A. W. Date, “Novel strongly implicit enthalpy formulation for multidimensional 

Stefan problems,” Numer. Heat Transf. Part B Fundam., 1992. 

[132] E. Javierre, C. Vuik, F. J. Vermolen, and S. van der Zwaag, “A comparison of 

numerical models for one-dimensional Stefan problems,” J. Comput. Appl. Math., 

2006. 

[133] S. Wang and P. Perdikaris, “Deep learning of free boundary and Stefan problems,” 

J. Comput. Phys., 2021. 

[134] J. Sirignano and K. Spiliopoulos, “DGM: A deep learning algorithm for solving 

partial differential equations,” J. Comput. Phys., 2018. 

[135] K. M. Hanquist, “Modeling of Electron Transpiration Cooling for Leading Edges 

of Hypersonic Vehicles,” University of Michigan, 2017. 

[136] S. M. Johnson, “Thermal Protection Materials: Development, Characterization and 

Evaluation,” in HiTemp2012, 2012. 



146 
 

[137] H. Hurwiz, “Aerothermochemistry Studies in Ablation,” in 5th AGRAD 

Colloquium on High Temperatrue phenomena, 1962. 

[138] T. R. Munson and R. J. Spindler, “Transient Thermal Behavior of Decomposing 

Materials Part 1: General Theory and Application of Convective Heating,” 

Inglewood, California, 1961. 

[139] Acurex Corporation, “User’s Manual: Aerotherm Charring Material Thermal 

Response and Ablation Program,” Mountain View, California, 1987. 

[140] M. Storti, “Numerical modeling of ablation phenomena as two-phase Stefan 

problems,” Int. J. Heat Mass Transf., 1995. 

[141] M. Storti, L. A. Crivelli, and S. R. Idelsohn, “Making curved interfaces straight in 

phase‐change problems,” Int. J. Numer. Methods Eng., 1987. 

[142] M. Storti, L. A. Crivelli, and S. R. Idelsohn, “An efficient tangent scheme for 

solving phase-change problems,” Comput. Methods Appl. Mech. Eng., 1988. 

[143] L. Torre, J. M. Kenny, and A. M. Maffezzoli, “Degradation behaviour of a 

composite material for thermal protection systems Part I-Experimental 

characterization,” J. Mater. Sci., 1998. 

[144] L. Torre, J. M. Kenny, G. Boghetich, and A. Maffezzoli, “Degradation behaviour 

of a composite material for thermal protection systems Part III Char 

characterization,” J. Mater. Sci., 2000. 

 



147 
 

[145] M. E. Ewing, T. S. Laker, and D. T. Walker, “Numerical modeling of ablation heat 

transfer,” J. Thermophys. Heat Transf., 2013. 

[146] A. Brandon Oliver and A. J. Amar, “Inverse heat conduction methods in the 

CHAR code for aerothermal flight data reconstruction,” in 46th AIAA 

Thermophysics Conference, 2016. 

[147] W. qi Qian, K. feng He, and Y. Zhou, “Estimation of surface heat flux for ablation 

and charring of thermal protection material,” Heat Mass Transf. und 

Stoffuebertragung, 2016. 

[148] V. Petrushevsky and S. Cohen, “Nonlinear inverse heat conduction with a moving 

boundary: Heat flux and surface recession estimation,” J. Heat Transfer, 1999. 

[149] D. G. Walker, E. P. Scott, and R. J. Nowak, “Estimation methods for two-

dimensional conduction effects of shock-shock heat fluxes,” J. Thermophys. heat 

Transf., 2000. 

[150] D. Walker, E. Scott, D. Walker, and E. Scott, “A method for improving two-

dimensional high heat flux estimates from surface temperature measurements,” in 

32nd Thermophysics Conference, 1997. 

[151] H. Chin, Y. Hwang, and S. Deng, “Heat flux estimation in nonlinear materials 

using Kalman filter-enhanced neural network,” J. Thermophys. Heat Transf., 2009. 

 

 



148 
 

[152] S. M. Johnson, T. H. Squire, F. S. Milos, J. W. Lawson, and A. Thompson, 

“NASA Ames Modeling and Computational Capabilities,” in ICCCRD 2015, 

2015. 

[153] C. Sawyer, K. Iyer, X. Zhu, M. Kelly, D. Luke, and D. Amdahl, “Two-

dimensional laser-induced thermal ablation modeling with integrated melt flow 

and vapor dynamics,” J. Laser Appl., 2017. 

[154] Y. K. Chen and F. S. Milos, “Ablation and thermal response program for 

spacecraft heatshield analysis,” J. Spacecr. Rockets, 1999. 

[155] F. S. Milos and T. H. Squire, “Thermostructural analysis of X-34 wing leading-

edge tile thermal protection system,” J. Spacecr. Rockets, 1999. 

[156] F. S. Milos, M. J. Gasch, D. K. Prabhu, and G. Russell, “Conformal phenolic 

impregnated carbon ablator arcjet testing, ablation, and thermal response,” in 

Journal of Spacecraft and Rockets, 2015. 

[157] F. S. Milos and Y. K. Chen, “Ablation predictions for carbonaceous materials 

using CEA and JANNAF-based species thermodynamics,” in 42nd AIAA 

Thermophysics Conference, 2011. 

[158] F. S. Milos and Y. K. Chen, “Ablation predictions for carbonaceous materials 

using two databases for species thermodynamics,” J. Spacecr. Rockets, 2013. 

 

 



149 
 

[159] Y. Wang, T. K. Risch, and J. H. Koo, “Assessment of a one-dimensional finite 

element charring ablation material response model for phenolic-impregnated 

carbon ablator,” Aerosp. Sci. Technol., 2019. 

[160] Y. Wang, T. K. Risch, and C. L. Pasiliao, “Modeling of pyrolyzing ablation 

problem with abaqus: A one-dimensional test case,” J. Thermophys. Heat Transf., 

2018. 

[161] J. Xiao, O. Das, R. A. Mensah, L. Jiang, Q. Xu, and F. Berto, “Ablation behavior 

studies of charring materials with different thickness and heat flux intensity,” Case 

Stud. Therm. Eng., 2021. 

[162] K. A. Woodbury and J. V. Beck, “Estimation metrics and optimal regularization in 

a Tikhonov digital filter for the inverse heat conduction problem,” Int. J. Heat 

Mass Transf., 2013. 

[163] J. V. Beck, “Filter solutions for the nonlinear inverse heat conduction problem,” 

Inverse Probl. Sci. Eng., 2008. 

[164] H. Najafi, K. A. Woodbury, and J. V. Beck, “A filter based solution for inverse 

heat conduction problems in multi-layer mediums,” Int. J. Heat Mass Transf., 

2015. 

[165] H. Najafi, K. A. Woodbury, J. V. Beck, and N. R. Keltner, “Real-time heat flux 

measurement using directional flame thermometer,” Appl. Therm. Eng., 2015. 

 



150 
 

[166] H. Najafi and K. A. Woodbury, “Developing an inverse heat conduction analysis 

tool for real time heat flux estimation in directional flame thermometer 

application,” in ASME 2014 8th International Conference on Energy 

Sustainability, ES 2014 Collocated with the ASME 2014 12th International 

Conference on Fuel Cell Science, Engineering and Technology, 2014. 

[167] K. A. Woodbury, H. Najafi, and J. V. Beck, “Exact analytical solution for 2-D 

transient heat conduction in a rectangle with partial heating on one edge,” Int. J. 

Therm. Sci., 2017. 

[168] H. Najafi, K. A. Woodbury, and J. V. Beck, “Real time solution for inverse heat 

conduction problems in a two-dimensional plate with multiple heat fluxes at the 

surface,” Int. J. Heat Mass Transf., 2015. 

[169] D. E. Myers, C. J. Martin, and M. L. Blosser, “Parametric weight comparison of 

current and proposed thermal protection system (TPS) concepts,” in 33rd 

Thermophysics Conference, 1998. 

[170] S. Kumar and S. P. Mahulikar, “Selection of materials and design of multilayer 

lightweight passive thermal protection system,” J. Therm. Sci. Eng. Appl., 2016. 

[171] K. A. Woodbury, J. V. Beck, and H. Najafi, “Filter solution of inverse heat 

conduction problem using measured temperature history as remote boundary 

condition,” Int. J. Heat Mass Transf., 2014. 

 



151 
 

[172] S. Ransbotham, D. Kiron, P. Gerbert, and M. Reeves, “Reshaping Business With 

Artificial Intelligence: Closing the Gap Between Ambition and Action,” MIT 

Sloan Mangement Rev. Bost. Consult. Gr., 2017. 

[173] J. McCarthy, “The Philosophy of AI and the AI of Philosophy,” in Philosophy of 

Information, 2008. 

[174] N. Sambasivan, S. Kapania, H. Highfill, D. Akrong, P. K. Paritosh, and L. M. 

Aroyo, “‘Everyone wants to do the model work, not the data work’: Data Cascades 

in High-Stakes AI,” CHI ’21 Proc. SIGCHI Conf. Hum. Factors Comput. Syst., 

2021. 

[175] A. K. Kar, “Bio inspired computing - A review of algorithms and scope of 

applications,” Expert Systems with Applications. 2016. 

[176] H. Najafi, O. Uyanna, and J. Zhang, “Application of Artificial Neural Network As 

a Near-Real Time Technique for Solving Non-Linear Inverse Heat Conduction 

Problems in a One-Dimensional Medium With Moving Boundary,” ASME 2020 

Heat Transf. Summer Conf., Jul. 2020. 

[177] B. W. White and F. Rosenblatt, “Principles of Neurodynamics: Perceptrons and 

the Theory of Brain Mechanisms,” Am. J. Psychol., 1963. 

[178] S. Deng and Y. Hwang, “Applying neural networks to the solution of forward and 

inverse heat conduction problems,” Int. J. Heat Mass Transf., 2006. 

 



152 
 

[179] F. Kowsary, M. Mohammadzaheri, and S. Irano, “Training based, moving digital 

filter method for real time heat flux function estimation,” Int. Commun. Heat Mass 

Transf., 2006. 

[180] S. S. Sablani, A. Kacimov, J. Perret, A. S. Mujumdar, and A. Campo, “Non-

iterative estimation of heat transfer coefficients using artificial neural network 

models,” Int. J. Heat Mass Transf., 2005. 

[181] S. S. Sablani, “A neural network approach for non-iterative calculation of heat 

transfer coefficient in fluid-particle systems,” Chem. Eng. Process., 2001. 

[182] S. Huang, B. Tao, J. Li, and Z. Yin, “On-line heat flux estimation of a nonlinear 

heat conduction system with complex geometry using a sequential inverse method 

and artificial neural network,” Int. J. Heat Mass Transf., 2019. 

[183] H. Najafi and K. A. Woodbury, “Online heat flux estimation using artificial neural 

network as a digital filter approach,” Int. J. Heat Mass Transf., 2015. 

 


