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Abstract 
 

Extraction of Pendulum Model Parameters from Steady-state Slosh Data with Adaptive 

Gradient Descending Optimization Method for Spacecraft Propellant Tanks 

By 

Tengjie Gao 

Advisor: Daniel R. Kirk, Ph.D. 

This thesis proposes a new experimental approach to extract pendulum model 

parameters from spacecraft propellant tank slosh data. The novelty of the approach is in the 

utilization of steady-state triaxial force measurements at the support points of the tank 

under sinusoidal excitation, which enables repeatable and accurate determination of 

pendulum model parameters in contrast to the single-axis force sensing and multiple 

repetitions averaging techniques associated with the more common decay approach. This 

approach may be used for tanks with free slosh; however, this thesis considers a diagram 

tank with three different diaphragm configurations under translational oscillatory lateral 

excitation. With the aid of a parameter optimization technique prevalently used in machine 

learning, the proposed methodology identifies the pendulum model parameters based on an 

adaptive gradient descent on the error surface defined in the parameter space. The proposed 

approach is validated by comparing experimental measurements against model-predicted 

behavior, and the numerical procedure is verified against a quasi-Newton method. 

Moreover, the extracted pendulum model parameters enable prediction of the frequency 

response functions for both the apparent mass and apparent mass moment as function of 

excitation frequency, and the methodology enables extraction of higher order vibration 

modes. 
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Chapter 1 

Introduction 
 

1.1 Thesis Overview 

Liquid propellant slosh movement within tanks with propellant management 

devices (PMD) is important for spacecraft operations and ground transportation [1-5]. 

Meanwhile, the introduction of diaphragm in propellant tank application leads to a surge of 

research interest on the effect of liquid slosh on diaphragm [3, 6-9]. Liquid slosh has a 

significant effect in spacecraft dynamics, and it is often considered in mission analysis by 

means of pendulum models, whose parameters can be extracted through experimentation 

[9-18]. Most of the relevant literature demonstrate the extraction of pendulum model 

parameters for the fundamental slosh mode using free-decay slosh experiments, and there 

are some references to pendulum models in diaphragm tanks. This thesis introduces an 

experimental approach to determine pendulum model parameters based on the steady-state 

slosh data for spacecraft propellant tanks with a diaphragm. A machine learning technique 

based on gradient descent is used to estimate model parameters from force measurements 

at the support points of the tank. 

1.2 Literature Review 

Propellant movement within a spacecraft tank can impact precise positioning, 

orbital maneuvers, and propellant expulsion. An insightful characterization of analytical, 

experimental, and numerical aspects of cryogenic fluid slosh dynamics for on-orbit 

propellant storage, transfer, and management was offered in [1], and systematically 

elaborated in [19]. An evaluation on lateral slosh damping models that incorporates 

nonlinear effects was aimed at the improvement of vehicle flight control performance and 

robustness in adverse resonant interaction during operations [2]. Movement of the 

propellant is also important during ground transportation, installation, and launch. The 

research [3] provided a comprehensive investigation on propellant sloshing, as well as 
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diaphragm motion excited by wind loading on the launch pad. Migration of the center of 

gravity (CG) of the liquid propellent due to propellant utilization or movement within the 

tank during maneuvers has a significant effect over the stability of a space vehicle. A 

research [4] has demonstrated the stiffening rings installed on a diaphragm take effect on 

the center of gravity migration of a 1.0 m diameter simulator tank at different fill levels. In 

addition, the propellant movement within the fuel tank of Cassini spacecraft, which carries 

3100 kg of liquid propellant, monomethyl hydrazine (MMH) and nitrogen tetroxide (NTO) 

with 60% fill fraction at launch for a four-year orbital tour of the Saturn system, was 

studied for the purpose of spacecraft attitude control and associated performance 

evaluations [5]. Their efforts also contribute to the identification of potential influence by 

the propellant slosh on the three control modes: main engine burns, reaction control system 

thrusters, and reaction-wheels regarding attitude control of the spacecraft. 

 

Figure 1: An elastomeric diaphragm tank assembly [6] 

The history of the elastomeric diaphragm tanks includes materials evolution, tank 

design philosophy, manufacturing process, and testing heritage was reviewed in [6]. A 

valuable recent update regarding the new tools and techniques in last decade to help 

diaphragm tank production quality has been reviewed in [7]. Furthermore, the research [3] 

also focuses on the displacement measurements of two types of elastomeric diaphragm 

(SIFA & AFE-332) under a lateral sinusoidal excitation motion at different test conditions. 
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In most cases, little to no movement of the diaphragm membrane was observed; at higher 

excitation frequencies with lower fill fractions, movement was observed; in all scenarios at 

lower frequencies, membrane movement was imperceptible. In another study [8], an 

attempt was made to extend the previous work for a spacecraft propellant tank application 

by investigating propellant slosh motion in two tanks with different diameters (1.0 m and 

0.42 m). The team found that under 1 Hz excitation with fill fractions from 25% to 80% the 

elastomeric diaphragm (AFE-332) in the 1.0 m diameter tank exhibited a large amount 

movement. Additionally, the diaphragm rubbed against itself and against the tank wall 

when the tank was oriented horizontally with fill fractions between 34% and 66%. In 

contrast, no motion of the diaphragm was observed for the smaller, 0.42 m diameter tank 

under the same excitations. A similar work was conducted in [9] where the authors 

conclude that diaphragm shape stability, i.e., the resistance to the shape change from initial 

to final test status, is dependent on tank size according to a comparison of their results with 

the one shown in [10]. 

 

Figure 2: A typical pendulum-analogy model [9] 
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In the past several decades, a substantial body of research has accumulated on the 

development of liquid propellant slosh dynamic behavior modeling. Many of the 

developed, and currently used slosh models rely largely on a mechanical pendulum 

analogy. One of the examples that have been used in spacecraft is the one deployed in [5]. 

A few limited examples of the model applied to diaphragm tanks have been revealed with 

noble details in [9, 10]. Although a vast body of academic work for liquid slosh pendulum 

analogy modeling exists, most of them are for tanks without a diaphragm (free surface 

slosh). The fundamentals of such modeling were well established and summarized in [11, 

12]. As the above research noted, the equivalent mechanical models are in the linear range, 

and cannot consider larger sloshing where fluid break-up at surface occurs. Hence, 

Computational Fluid Dynamics (CFD) may be needed for modeling such violent slosh in 

associated practical scenarios. A study [13] provided a necessary physics for CFD type 

simulation to predict liquid slosh dynamic behavior, with the suggestions and criterions for 

computational grid resolution definition. Another study [14] used a CFD model to predict 

the effect of liquid slosh on a spacecraft propellant tank’s trajectory. 

The most common approach for the extraction of slosh model pendulum 

parameters is based on measuring the free oscillation decay after an excitation, such as an 

impulsive translation or pitching torque. Examples of this approach are discussed in [15-

18]. Oscillation decay experiments typically measure forces only in the direction of 

excitation and thereby are not suitable for high-accuracy slosh model parameter extraction 

when an asymmetrically shaped diaphragm leads to multi-directional fluid forces and 

torques acting on the tank. Impulse-decay experiments (ring down experiments) work 

relatively well for free-surface slosh conditions under linear regimes; in diaphragm tanks, 

the stiffness of the diaphragm and nonlinear behavior of the sloshing phenomena make the 

use of ring-down experiments very poorly suited for pendulum model parameter 

extraction. 
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1.3 Motivation 

Despite the lack of associated research in the past, the primary purpose of this 

thesis is to provide a new experimental approach for pendulum model parameters 

extraction with the aid of machine learning methodology. The novelty of the proposed 

approach is in the utilization of steady-state triaxial force measurements at the support 

points of the tank under sinusoidal excitation to estimate pendulum model parameters, and 

the main advantages to exercise the approach are summarized as below: 

⚫ Steady-state sinusoidal excitation provides repeatable and accurate results [11]. 

⚫ The technique is based on the measurement of all forces and torques acting on the 

tank, as measured by three triaxial load cells acting on the support points of the tank. 

This contrasts with many of the experimental procedures described in the literature 

which use single-axis force measurements and the experiments are designed to 

minimize and neglect other forces and torques acting on the tank, which introduces 

experimental error. 

⚫ The approach can be used for diaphragm tanks but also for free slosh tanks.   

⚫ Working with slosh data from steady-state sinusoidal excitation enables the use of 

machine learning techniques such as gradient descent, since optimal parameter 

extraction is based on minimizing the sum of square errors of measured and predicted 

amplitudes over several data sets. The extraction of high order slosh modes also 

becomes more robust and repeatable because higher order terms can be directly 

included in the objective function to be optimized. 

1.4 Methodology 

In order to extract the parameters from the steady-state slosh test that fit into a 

slosh model of the liquid propellant motions, a machine learning type methodology by 

means of the optimization of experimental constructed objective function is adopted in this 

thesis, i.e., an adaptive gradient descent on the error (objective function) surface defined in 
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the parameter space. In addition to that, an initial set sampling method is proposed as a 

practical adjustment to the deployed method. To validate the methodology, the 

comparisons of prediction and measurement are performed in 1) time domain, 2) peaks of 

sinusoidal waveforms, and 3) the frequency response functions, i.e., apparent mass and 

apparent mass moment as function of excitation frequency through the test cases selected 

from the entire test envelope. For a complete methodology validation, the prediction of the 

proposed methodology is also compared with the one of another gradient method, i.e., 

quasi-Newton. 

1.5 Significance of Study 

This thesis contributes to the literature in several ways. First, the attainment of 

steady-state data on a full-scale tank simulator from a high-performance linear stage 

experimental facility was accomplished; secondly, the data were collected in different fill 

levels with different diaphragm configurations; thirdly, this thesis integrates the machine 

learning method in pendulum model parameters extraction; last but not least, the collect 

data can be used to determine the pendulum parameters that fit into a pendulum model with 

multiple pendula of a spacecraft propellant tank slosh motions with a diaphragm. 

Therefore, this thesis fills an existing research gap by introducing the proposed 

experimental approach for diaphragm tank pendulum analog application, and thus it has the 

potential to help such slosh modeling and tank designs in the future. 

1.6 Thesis Outline 

The article of the thesis is organized as follows: the pendulum models for 1) 

sloshing in a diaphragm tank, 2) sloshing in a tank with a free surface, and 3) sloshing in a 

diaphragm tank with infinite diaphragm torsional stiffness (purely rigid body motion) are 

developed in Chapter 2, and the methodology of parameters extraction is presented in 

Chapter 3; a summary of the experiment and data processing is provided along with a brief 

overview of the experimental facility in Chapter 4; the validation and performance 

assessment of the proposed methodology is presented with the associated analyses on the 

obtained results in Chapter 5; finally, the conclusions are drawn in Chapter 6. 
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Chapter 2 

Experimental Modeling 
 

2.1 Overview 

In general, the forces and torques exerted on the tank due to liquid slosh are 

acquirable through the integration of the liquid pressures over the inner tank walls [19]. 

This procedure required the knowledge of the pressures distribution on the walls from 

solving the Navier-Stokes (NS) equations that well describe the liquid motions within the 

tank with appropriate boundary conditions, or from solving the liquid velocity potential 

field Laplace equation, i.e., ∇2Φ = 0 for small linearized liquid motions with proper 

assumptions [11]; however, analytical analyses are restrictive by assumptions of fluid 

idealization and small motions, even in some well-studied and simplified tank geometries, 

which makes the analyses less accessible to most of the slosh practical problems nowadays 

[19]. In addition, CFD type numerical approaches in the relevant practices are still time-

consuming, which limits the suitability of such computational techniques in large-scale 

slosh modeling for earlier knowledge of the slosh dynamic behavior and its associated 

potential consequences for vehicle performance [10]. Thus, experimental approaches are 

still the relatively efficient and reliable basis for tank or vehicle design in some specialized 

scenarios such as the slosh modeling for diaphragm tanks covered in this thesis, i.e., the 

proposed approach allows the determination of forces and torques acting on the tank by 

triaxial force measurements at the three support points of the tank. Technically speaking, 

experimental approaches for determining such quantities are in accordance with some 

equivalent mechanical models of tank slosh [19]. One of the prevalent models is the 

pendulum-analogy one: the slosh of liquid can be analogized as a series of pendulum 

elements moving with some attached mechanical elements such as dampers or springs. For 

linear liquid slosh without breaking waves at the free surface, the slosh forces and torques 

acting on the tank can be approximated by the pendulum model described in [12]. The 

coupled mass represents the static portion of the liquid propellant, and the pendulum 
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represents the moving portion of the liquid. If two slosh modes are considered, parameters 

for two pendula are required. 

2.2 EOM of Diaphragm Tank Slosh with Multiple Modes 

The spacecraft propellant tank geometry adopted in this thesis and the associated 

free body diagram along with the forces acting on the slosh mass (the pendulum bob) 

during angular motion 𝜃 are illustrated in Figure 3. The upright tank analog is commonly 

used for the analyses of slosh dynamic behavior in partially filled liquid propellant tank of 

spacecraft under purely translational oscillatory lateral motion. 

 

Figure 3: Diaphragm tank (upright) pendulum model analog 

The angular motion of the slosh mass is opposed by torsional damping and 

torsional stiffness due to the diaphragm, i.e., the viscous effect generated at the tank wall 

with the slosh liquid and the stiffness effect due to the diaphragm that encloses the liquid. 

𝑚𝑝 

𝐿𝑝 

𝐹𝑝𝑣 
𝑀𝑝𝑣 

𝜃 

𝑚𝑇 

𝑚0 

𝐻𝑇  

𝐻0 

𝐻𝑝 

𝑥 

𝐹𝑇 

𝑀𝑇 
Ref. Line 

+ 
Pivot 

𝐹𝑡𝑝 

𝑀𝑡𝑝 

𝑇 

𝜃 

𝑚𝑝 

Radial: 

Lateral 

𝑚𝑝𝑔 𝑚𝑝𝐿𝑝ሺ𝜃ሻሶ
2 

�̈�𝑇 

𝑚𝑝�̈�𝑇 

𝐾𝜃ሺ𝜃ሻ

𝐿𝑝
+
𝐵𝜃,𝑒𝑓𝑓ሺ𝜃ሻሶ

𝐿𝑝
 

Tangential: 

𝑚𝑝𝐿𝑝ሺ𝜃ሻ̈  

Vertical 



 

 

9 

 

Summation of forces acting on the slosh mass in the direction of motion yields (the 

compact expression 𝐾𝜃ሺ𝜃ሻ means 𝐾𝜃 ∙ 𝜃), 

 

∑𝐹𝑇𝑎𝑛 = 𝑚𝑝𝐿𝑝(�̈�) = −[
𝐵𝜃,𝑒𝑓𝑓(𝜃ሶ)

𝐿𝑝
+
𝐾𝜃ሺ𝜃ሻ

𝐿𝑝
+𝑚𝑝𝑔 sin𝜃] − 𝑚𝑝�̈�𝑇 cos 𝜃 (1a) 

 

Using the small angular motion assumption, i.e., sin𝜃 ≈ 𝜃 and cos𝜃 ≈ 1, to 

Equation 1a, which gives the following expression for the lateral tank acceleration, 

 

�̈�𝑇 = −[𝐿𝑝(�̈�) + (
𝐵𝜃,𝑒𝑓𝑓

𝑚𝑝𝐿𝑝
) (𝜃ሶ) + (

𝐾𝜃
𝑚𝑝𝐿𝑝

+ 𝑔) ሺ𝜃ሻ] (1b) 

 

The second order non-homogenous differential equation for the forced and damped 

pendulum angular motion can be obtained from the above equation. 𝐾𝜃,𝑒𝑓𝑓 combines the 

diaphragm stiffness with the vertical tank acceleration, i.e., earth gravity, and 𝐵𝜃,𝑒𝑓𝑓 

combines the torsional stiffness due to the diaphragm with the viscous slosh damper, 

 

𝜔𝑛 = √
𝐾𝜃,𝑒𝑓𝑓

𝑚𝑝𝐿𝑝
2 = √

𝑘𝜃

𝑚𝑝𝑙𝑝
2 +

𝑔

𝐿𝑝
 (1c) 
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𝐵𝜃,𝑒𝑓𝑓 = 2𝜉√𝐾𝜃,𝑒𝑓𝑓𝑚𝑝𝑙𝑝
2 = 2𝜉𝑚𝑝𝑙𝑝

2
√

𝐾𝜃

𝑚𝑝𝑙𝑝
2 +

𝑔

𝐿𝑝
= 2𝜉𝜔𝑛𝑚𝑝𝑙𝑝

2
 (1d) 

 

Notice that the critical damping coefficient is given as 2𝜔𝑛𝑚𝑝𝐿𝑝
2 with the natural 

undamped frequency defined in Equation 1c, and the damping ratio is given as the ratio of 

𝐵𝜃,𝑒𝑓𝑓 to the critical damping coefficient. The force and moment acting on the tank at the 

pivot due to the pendulum is, 

 

𝐹𝑝𝑣 = 𝑚𝑝�̈�𝑇 +𝑚𝑝𝐿𝑝(�̈�) (1e) 

 

𝑀𝑝𝑣 = −𝐵𝜃,𝑒𝑓𝑓(𝜃ሶ) (1f) 

 

The external force and torque exerted in the tank at the support points are shown in 

Equation 1g and 1h respectively, written as transfer functions of the excitation frequency 

Ω, 

 

𝐹𝑇
�̈�𝑇
ሺΩሻ = 𝑚𝑇 +𝑚0 +𝑚𝑝 [1 +

𝐿𝑝(�̈�)

�̈�𝑇
] (1g) 

 



 

 

11 

 

𝑀𝑇

�̈�𝑇
ሺΩሻ = 𝑚𝑇𝐻𝑇 +𝑚0𝐻0 +𝑚𝑝𝐻𝑝 [1 +

𝐿𝑝(�̈�)

�̈�𝑇
] + 𝑚𝑝𝐿𝑝 [

𝐵𝜃,𝑒𝑓𝑓(𝜃ሶ)

𝑚𝑝𝐿𝑝�̈�𝑇
] (1h) 

 

Considering lateral harmonic excitation, i.e., 𝑥𝑇 = 𝑥𝑇𝑒𝑥𝑝ሺ𝑖Ωtሻ , and small angular 

motion assumption (𝜃 ≈
𝑥𝑇

𝐿𝑝
), the following expressions from Equation 1g and 1h by using 

Equation 1b, 1c, and 1d are obtained as below, 

 

𝐹𝑇
�̈�𝑇
ሺΩሻ = 𝑚𝑇 +𝑚0 +𝑚𝑝

[
 
 
 
1 +

(
Ω
𝜔𝑛
)
2

1 − (
Ω
𝜔𝑛
)
2

+ 𝑖 (2𝜉
Ω
𝜔𝑛
)]
 
 
 
 

 

(1i) 

 

𝑀𝑇

�̈�𝑇
ሺΩሻ = 𝑚𝑇𝐻𝑇 +𝑚0𝐻0 +𝑚𝑝𝐻𝑝

[
 
 
 
1 +

(
Ω
𝜔𝑛
)
2

1 − (
Ω
𝜔𝑛
)
2

+ 𝑖 (2𝜉
Ω
𝜔𝑛
)]
 
 
 

− 𝑚𝑝𝐿𝑝

[
 
 
 𝑖 (2𝜉

Ω
𝜔𝑛
)

1 − (
Ω
𝜔𝑛
)
2

+ 𝑖 (2𝜉
Ω
𝜔𝑛
)]
 
 
 
 

 

 

 

(1j) 

 

The above equations of motion (EOM) are for the primary slosh mode. When 

additional modes are considered, i.e., multiple pendula, Equation 1i and 1j are rewritten as 

follow, 
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𝐹𝑇
�̈�𝑇
ሺΩሻ = 𝑚𝑇 +𝑚0 +∑

{
 

 
𝑚𝑝𝑘

[
 
 
 
1 +

(
Ω
𝜔𝑛𝑘

)
2

1 − (
Ω
𝜔𝑛𝑘

)
2

+ 𝑖 (2𝜉
Ω
𝜔𝑛𝑘

)]
 
 
 

}
 

 

𝑘

 

 

(2a) 

 

𝑀𝑇

�̈�𝑇
ሺΩሻ = 𝑚𝑇𝐻𝑇 +𝑚0𝐻0 +∑

{
 

 
𝑚𝑝𝑘

[
 
 
 
𝐻𝑝𝑘 +

𝐻𝑝𝑘 (
Ω
𝜔𝑛𝑘

)
2

− 𝑖𝐿𝑝𝑘 (2𝜉
Ω
𝜔𝑛𝑘

)

1 − (
Ω
𝜔𝑛𝑘

)
2

+ 𝑖 (2𝜉
Ω
𝜔𝑛𝑘

)
]
 
 
 

}
 

 

𝑘

 

 

(2b) 

 

In this thesis, the apparent mass is defined as the modulus of Equation 2a with a 

mass unit, and the apparent mass moment is defined as the modulus of Equation 2b with a 

mass×length unit, i.e., the Equation 3 and 4. 

 

{
  
 

  
 
𝐴𝑀ሺΩሻ = √[𝑅𝑒 (

𝐹𝑇
�̈�𝑇
)]
2

+ [𝐼𝑚ሺ
𝐹𝑇
�̈�𝑇
ሻ]
2

𝐴𝑀 𝑝ℎ𝑎𝑠𝑒ሺΩሻ = tan−1 [
𝐼𝑚ሺ

𝐹𝑇
�̈�𝑇
ሻ

𝑅𝑒 (
𝐹𝑇
�̈�𝑇
)
]

 

 

 

(3) 
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{
  
 

  
 
𝐴𝑀𝑀ሺΩሻ = √[𝑅𝑒 (

𝑀𝑇

�̈�𝑇
)]
2

+ [𝐼𝑚ሺ
𝑀𝑇

�̈�𝑇
ሻ]
2

𝐴𝑀𝑀 𝑝ℎ𝑎𝑠𝑒ሺΩሻ = tan−1 [
𝐼𝑚ሺ

𝑀𝑇
�̈�𝑇
ሻ

𝑅𝑒 (
𝑀𝑇
�̈�𝑇
)
]

 

 

 

(4) 

 

2.3 EOM of Free Surface Tank Slosh and Purely Rigid Body   

As 𝐾𝜃 approaches to zero, i.e., free surface slosh, all the associated terms are 

vanished, in other words, Equation 1b and 1c reduce to the following expressions, 

 

�̈�𝑇 = −[𝐿𝑝(�̈�) + (
𝐵𝜃
𝑚𝑝𝐿𝑝

) (𝜃ሶ) + 𝑔ሺ𝜃ሻ] (5a) 

 

𝜔𝑛 = √
𝑔

𝐿𝑝
 

 

(5b) 

 

Repeat the procedures shown in section 2.2, then the EOM of free surface slosh 

take the same form as the one of slosh with diaphragm. On the other hand, as 𝐾𝜃 

approaches to infinity, in other words, 𝜔𝑛
2 approaches to infinity according to Equation 

1c, Equation 1i, and 1j reduce to the EOM of purely rigid body, i.e., infinitesimal small 

amount of slosh mass. Take the limit on Equation 1i results in 5c, and take the limit on 1j 

leads to 5d,  
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lim
𝜔𝑛

2→∞

𝐹𝑇
�̈�𝑇
ሺΩሻ = 𝑚𝑇 +𝑚0 +𝑚𝑝 +𝑚𝑝 lim

𝜔𝑛
2→∞

[
1

(
𝜔𝑛
Ω )

2
− 1 + 𝑖 (2𝜉

𝜔𝑛
Ω )

] 

= 𝑚𝑇 +𝑚0 +𝑚𝑝 +𝑚𝑝 [
1

∞ + 𝑖∞
] 

= 𝑚𝑇 +𝑚0 +𝑚𝑝 

 

 

 

 

(5c) 

 

lim
𝜔𝑛

2→∞

𝑀𝑇

�̈�𝑇
ሺΩሻ = 𝑚𝑇𝐻𝑇 +𝑚0𝐻0 +𝑚𝑝𝐻𝑝

+𝑚𝑝𝐻𝑝 lim
𝜔𝑛

2→∞
[

1

(
𝜔𝑛
Ω
)
2
− 1 + 𝑖 (2𝜉

𝜔𝑛
Ω
)
]

− 𝑚𝑝𝐿𝑝 lim
𝜔𝑛

2→∞

{
 
 

 
 (2𝜉

Ω
𝜔𝑛
)
2

+ 𝑖 [1 − (
Ω
𝜔𝑛
)
2

] ሺ2𝜉
Ω
𝜔𝑛
ሻ

[1 − (
Ω
𝜔𝑛
)
2

]

2

+ (2𝜉
Ω
𝜔𝑛
)
2

}
 
 

 
 

 

= 𝑚𝑇𝐻𝑇 +𝑚0𝐻0 +𝑚𝑝𝐻𝑝 +𝑚𝑝𝐻𝑝 (
1

∞+ 𝑖∞
) −𝑚𝑝𝐿𝑝 (

0 + 𝑖0

1 + 0
) 

= 𝑚𝑇𝐻𝑇 +𝑚0𝐻0 +𝑚𝑝𝐻𝑝 

 

 

 

 

 

 

 

(5d) 
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Chapter 3 

Prediction Methodology 
 

3.1 The Optimization Algorithm 

The objective function, i.e., the error surface defined in the parameter space, can be 

constructed from the EOM of diaphragm tank slosh with two modes, and the 𝑈 set contains 

the twelve unknown pendulum parameters, which are shown as follows, 

 

𝑈 = [𝑚0,𝑚𝑝𝑘 , 𝜔𝑛𝑘, 𝜉, 𝐻0, 𝐻𝑇 , 𝐻𝑝𝑘, 𝐿𝑝𝑘]
𝑇
 

𝐸𝑁 = ∑ √[(𝐹𝑇,𝑒𝑥𝑝)𝑛 − (𝐹𝑇,𝑡ℎ)𝑁,𝑛]
2
+ [(𝑀𝑇,𝑒𝑥𝑝)𝑛 − (𝑀𝑇,𝑡ℎ)𝑁,𝑛]

2
𝑛𝑠𝑖𝑧𝑒

𝑛=1

 

 

 

(6) 

 

where the theoretical values are defined as, 

 

(𝐹𝑇,𝑡ℎ)𝑁,𝑛 = 𝑆𝑅𝐹 ∙ (�̈�𝑇,𝑒𝑥𝑝)𝑛 ∙ 𝐴𝑀𝑁 

(𝑀𝑇,𝑡ℎ)𝑁,𝑛 = 𝑆𝑅𝑀 ∙ (�̈�𝑇,𝑒𝑥𝑝)𝑛 ∙ 𝐴𝑀𝑀𝑁 

 

(7) 

 

The optimization process in this thesis is defined as an update mechanism for the 

defined 𝑈 set to prompt the theoretical values computed from Equation 7 to approach the 

measured data in time domain. In other words, minimize the 𝐸 value in Equation 6. 

Because the moduli, i.e., 𝐴𝑀 and 𝐴𝑀𝑀, are always positive, the synchronization 
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regulators, SRF and SRM, ensure the sign of theoretical values are consistent with the 

associated experimental steady-state data at each point within the test time domain. 

 

{
𝑆𝑅𝐹 =  −1, 𝑖𝑓 (𝐹𝑇,𝑒𝑥𝑝)𝑛 ∙ (�̈�𝑇,𝑒𝑥𝑝)𝑛 < 0

𝑆𝑅𝐹 =  +1, 𝑖𝑓 (𝐹𝑇,𝑒𝑥𝑝)𝑛
∙ (�̈�𝑇,𝑒𝑥𝑝)𝑛

> 0
 

{
𝑆𝑅𝑀 =  −1, 𝑖𝑓 (𝑀𝑇,𝑒𝑥𝑝)𝑛 ∙ (�̈�𝑇,𝑒𝑥𝑝)𝑛 < 0

𝑆𝑅𝑀 =  +1, 𝑖𝑓 (𝑀𝑇,𝑒𝑥𝑝)𝑛
∙ (�̈�𝑇,𝑒𝑥𝑝)𝑛

> 0
 

 

 

(8) 

 

The core task of the solution algorithm is to seek for a first order recursive formula 

from the objective function such that, after 𝑁 iterations of 𝑈 set update, 

 

𝑈𝑁+1 = 𝑅ሺ𝑈𝑁ሻ 

lim
𝑁→∞

∇𝐸ሺ𝑈𝑁ሻ = 0 

 

(9) 

 

Perform Taylor Expansion on 𝐸ሺ𝑈ሻ in vector form with the assumption that the 

step size ∆𝑈 is small enough so that the first order maintains, and the higher order terms, 

i.e., order ≥ 2 can be ignored, 

 

𝐸ሺ𝑈 + ∆𝑈ሻ = 𝐸ሺ𝑈ሻ + [∇𝐸ሺ𝑈ሻ]𝑇 ∙ ∆𝑈 +
1

2
[∆𝑈]𝑇 ∙ 𝐻ሺ𝑈ሻ ∙ ∆𝑈 + 𝑜ሺ∆𝑈ሻ (10) 

 

Note that 𝐻ሺ𝑈ሻ represents the Hessian Matrix, and by exercising the assumption, 
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𝐸ሺ𝑈 + ∆𝑈ሻ − 𝐸ሺ𝑈ሻ = [∇𝐸ሺ𝑈ሻ]𝑇 ∙ ∆𝑈 (11) 

 

Since the minimum of the objective function needs to be approached, the left-hand 

side of Equation 11 should always less than zero at each iteration. A small positive 

coefficient 𝛼, or it is also referred to as the “learning rate” (or “initial learning rate” in the 

Adagrad method) from machine learning [20, 21], is introduced to guarantee holding the 

assumption of ∆𝑈, and Equation 11 is further rearranged to give a first order recursive 

formula for the update mechanism, 

 

∆𝑈 = −𝛼∇𝐸ሺ𝑈ሻ (12) 

 

3.2 The Adagrad Method 

To eliminate numerical oscillation through optimization process [21], the adaptive 

gradient descending method, which was originally proposed in [20], further modified with 

a non-zero division protector (10-8) by [21], is applied for the slosh practical problem 

studied in this thesis, instead of using Equation 12 directly. The advantage of this method 

is that the learning rate is automatically tuned by using the historical information from all 

the previous local gradient values [21]. Equation 13 represents an implemented form of 

this method with the three iteration cease conditions, i.e., step, optimality, and function 

tolerance cease the optimization process whichever comes first, 
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ሺ𝑈𝑁+1ሻ𝑖 = ሺ𝑈𝑁ሻ𝑖 − 𝛼

{
 

 (∇𝐸ሺ𝑈𝑁ሻ)𝑖

√∑ [(∇𝐸(𝑈𝑗))
𝑖
]
2

𝑁
𝑗=1 + 𝜀

}
 

 

 

 

{
  
 

  
 ∑|ሺ𝑈𝑁+1ሻ𝑖 − ሺ𝑈𝑁ሻ𝑖|

𝑖

< 𝐶𝐼

√∑[ሺ∇𝐸ሺ𝑈𝑁ሻሻ𝑖]
2

𝑖

< 𝐶𝐼

|𝐸𝑁+1 − 𝐸𝑁| < 𝐶𝐼

 

 

 

 

 

 

 

 

 

 

 

(13) 

 

For a given pre-processed steady-state test data set (the definition of “pre-

processed” and “steady-state” are given in Chapter 4 section 4.4, and “test data set” 

referred in this chapter means the pre-processed steady-state one corresponding to a test 

case), a group of initial sets 𝑈0 is generated correspondingly. Some of the sets within the 

group will satisfy the cease conditions after 𝑁 iterations, and they become the nominees. 

The optimal set 𝑈𝑜𝑝𝑡 is defined as the nominee whose objective function value is a 

minimum or whose Euclidean norm of the local gradient, i.e., ‖∇𝐸ሺ𝑈𝑁ሻ‖, is a minimum 

among the others. On the other hand, the performance of the Adagrad method highly relies 

on the chosen 𝑈0: as iteration proceeds, the step size will be rapidly diminished so that the 

𝑈 set “ceases” at a point and no longer advance to the optimal one [21]. To compensate, an 

initial set sampling method is proposed as a practical adjustment to the Adagrad method 

deployed in this thesis. 

3.3 The 𝑈0 Sampling Method 

The initial set sampling method consists of three procedures to generate the 𝑈0 for 

the optimization of a given test data set. The objective of the “mass lock” procedure is to 

select the mass parameters 𝑚0 and 𝑚𝑝𝑘 for the other two procedures. The “𝜉 search” 

procedure provides the choices of 𝜔𝑛k and 𝜉, and the “𝐻0 search” procedure provides the 

choices of 𝐻𝑝𝑘, 𝐿𝑝𝑘, and 𝐻0. Furthermore, the 𝑈0 sampling algorithm is completed once all 

the available 𝜆0 and 𝜆𝑚 are examined. 
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3.3.1 The “Mass Lock” Procedure 

Take the free-selected parameters: 𝑚0, 𝑚𝑝1, and 𝑚𝑝2 for a test data set with 

certain fill level to ignite the seeking process. The pick range of the mass fractions, 𝜆 can 

be estimated based on experimental observation. 

 

𝑚0 = 𝜆0 ∙
𝐹𝐿

100
∙ 𝑚100 

𝑚𝑝1 = 𝜆𝑚 ∙ ሺ1 − 𝜆0ሻ ∙
𝐹𝐿

100
∙ 𝑚100 

𝑚𝑝2 = ሺ1 − 𝜆𝑚ሻ ∙ ሺ1 − 𝜆0ሻ ∙
𝐹𝐿

100
∙ 𝑚100 

 

 

 

(14) 

 

3.3.2 The “𝜉 Search” Procedure 

After the selection of the three mass parameters, the average peak force amplitude 

from a given test data set is used as the constraint to limit the choice of 𝜉. A root-finding 

algorithm such as the Brent method [22] serves as the solver of the following equation, 

 

𝑓ሺ𝜉ሻ = 𝐴𝑀(𝜔𝑛𝑘,𝑚0,𝑚𝑝𝑘 ,𝑚𝑇 , 𝜉, Ω) −
𝐹𝑎𝑣𝑔

𝐺 ∙ 𝑔
 (15) 

 

where the g level is defined in this thesis as, 
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𝐺 =
𝐴 ∙ ሺ2𝜋 ∙ Ωሻ2

𝑔
 (16) 

 

To implement the procedure, the following steps are performed: 1) set up the 

maximum count for the search loop; 2) initiate the 𝜔𝑛k selections based on the eigenvalues 

of the boundary value problem ∇2Φ = 0 for a given tank geometry, i.e., use Equation 17, a 

proposed modification of the solution shown in [11] for the natural frequencies of two-

dimensional waves in rectangular tank configuration with a proposed adjustment 

coefficient 𝐶𝛽; 3) adjust the coefficient in accordance with the loop counter, i.e., Equation 

18; 4) increment the loop counter, compute 𝑓ሺ𝜉ሻ, and cease the procedure until the criteria 

are satisfied, i.e., |𝑓ሺ𝜉ሻ| ≤ 𝜀, where 𝜀 presented in this section is set as 10-2, and the 

computed root 𝜉 is within the range 0.01~0.5. If the max. count was reached and the root 

was still outside the range, use the damping ratio correlation for circular cylindrical tanks 

given by Mikishev & Dorozhkin, 1961 shown in [11] for 𝜉 with the necessary 

modifications, i.e., Equation 19. Notice that the correction factor 𝐶𝑑𝑜𝑚𝑒 is equal to 1.0 for 

the tank simulator adopted in this thesis according to the figure 2.2 in [11], and the 

adjustment coefficient 𝐶𝜉 is proposed in Equation 19. Moreover, the computational 

schematic of the procedure is illustrated in Figure 4. 

 

𝜔𝑛𝑘 = 𝐶𝛽 ∙ √ሺ2𝛽 − 1ሻ𝜋 (
𝑔

2 ∙ 𝑟𝑇
) 𝑡𝑎𝑛ℎ [ሺ2𝛽 − 1ሻ𝜋 (

𝐹𝐿 ∙ ℎ

100 ∙ 𝑟𝑇
)] 

𝛽 = 1,2 

 

(17) 
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𝛽 = 1: {

𝐶𝛽 = 0.01 + 0.009 ∙ ሺ𝑐𝑜𝑢𝑛𝑡𝑒𝑟 − 1ሻ, 𝑖𝑓 Ω < 8.0 Hz

𝐶𝛽 = 1.0 + 0.0035 ∙ ሺ𝑐𝑜𝑢𝑛𝑡𝑒𝑟 − 101ሻ, 𝑖𝑓 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 > 100,Ω ≥ 8.0 Hz

𝐶𝛽 = 0.05 + 0.0096 ∙ ሺ𝑐𝑜𝑢𝑛𝑡𝑒𝑟 − 1ሻ, 𝑖𝑓 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 ≤ 100,Ω ≥ 8.0 Hz

 

𝛽 = 2:

{
 
 

 
 

𝐶𝛽 = 0.37 − 0.008 ∙ ሺ𝑐𝑜𝑢𝑛𝑡𝑒𝑟 − 73ሻ, 𝑖𝑓 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 > 72, Ω < 8.0 Hz

𝐶𝛽 = 0.59 − 0.008 ∙ ሺ𝑐𝑜𝑢𝑛𝑡𝑒𝑟 − 1ሻ, 𝑖𝑓 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 ≤ 72,Ω < 8.0 Hz

𝐶𝛽 = 0.91 − 0.0016 ∙ ሺ𝑐𝑜𝑢𝑛𝑡𝑒𝑟 − 186ሻ, 𝑖𝑓 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 > 185, Ω ≥ 8.0 Hz

𝐶𝛽 = 1.24 − 0.0067 ∙ ሺ𝑐𝑜𝑢𝑛𝑡𝑒𝑟 − 1ሻ, 𝑖𝑓 𝑐𝑜𝑢𝑛𝑡𝑒𝑟 ≤ 185,Ω ≥ 8.0 Hz

 

 

 

 

(18) 

 

𝜉 = 𝐶𝑑𝑜𝑚𝑒(0.79√𝑅𝑒
∗) [1 +

0.318

𝑠𝑖𝑛ℎ (
1.84 ∙ 𝐹𝐿 ∙ ℎ
100 ∙ 𝑟𝑇

)
(1 +

1 −
𝐹𝐿 ∙ ℎ
100 ∙ 𝑟𝑇

𝑐𝑜𝑠ℎ (
1.84 ∙ 𝐹𝐿 ∙ ℎ
100 ∙ 𝑟𝑇

)
)] + 𝐶𝜉 

𝑅𝑒∗ =
𝜗

√𝑔ሺ2 ∙ 𝑟𝑇ሻ
3
 

{
𝐶𝜉 = 0.45, 𝑖𝑓 Ω < 8.0 𝐻𝑧

𝐶𝜉 = 0.05, 𝑖𝑓 Ω ≥ 8.0 𝐻𝑧
 

 

 

 

(19) 
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Figure 4: The program logic diagram for the damping ratio search 

 

3.3.3 The “𝐻0 Search” Procedure 

The average peak torque amplitude from a given test data set is used as the 

constraint to limit the choice of 𝐻0, i.e., Equation 20. To implement the procedure, the 

following steps are performed: 1) pre-select 𝐻𝑝𝑘 and 𝐿𝑝𝑘 according to Equation 21 

(modified from the one shown in [11]) and Equation 22; 2) compute 𝑓ሺ𝐻0ሻ by using the 

parameters determined from the preceding procedures, and cease the procedure until the 

criteria are satisfied, i.e., |𝑓ሺ𝐻0ሻ| ≤ 𝜀, and the computed root 𝐻0 is within the range -

0.6~0.6. The preceding procedures may need to be repeated to guarantee the satisfaction of 

the criteria. Alternatively, use Equation 23 for 𝐻0 estimation together with the other 

parameters selected when 𝜆𝑚 is equal to 0.3, 0.5, or 0.99. Notice that 𝐾𝜃,𝑘
∗  is proposed to 

keep the selected pendulum arm length within 0.0~1.0, or the value of the length can be 

Stop  

DO 

Counter≥ max count? 
True 

False 

False 

True 

1.Select 𝜔𝑛1 & 𝜔𝑛2 

2.Set max count 

4.Compute 𝑓ሺ𝜉ሻ 

‖𝑓ሺ𝜉ሻ‖ ≤ 𝜀 𝐴𝑁𝐷 𝜉 < 0.5 𝐴𝑁𝐷 𝜉 > 0.01 ? 

Program generates 

𝜔𝑛1, 𝜔𝑛2, and 𝜉 for 

𝑈0 

3.Increment counter 
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estimated from the given excitation frequency. Furthermore, the computational schematic 

of the procedure is illustrated in Figure 5. 

 

𝑓ሺ𝐻0ሻ = 𝐴𝑀𝑀(𝜔𝑛𝑘,𝑚0,𝑚𝑝𝑘 ,𝑚𝑇 , 𝜉, 𝐻𝑇 , 𝐻0, 𝐻𝑝𝑘 , 𝐿𝑝𝑘 , 𝑔, Ω ) −
𝑀𝑎𝑣𝑔

𝐺 ∙ 𝑔
 (20) 

 

𝐻𝑝𝑘 =
𝑀𝑎𝑣𝑔

𝐹𝑎𝑣𝑔
 (21) 

 

{
 
 

 
 

𝐿𝑝𝑘 =
𝑔𝑚𝑝𝑘 ±√(𝑔𝑚𝑝𝑘)

2
+ 4𝜔𝑛𝑘

2𝑚𝑝𝑘𝐾𝜃,𝑘
∗

2𝜔𝑛𝑘
2𝑚𝑝𝑘

, 𝐾𝜃,𝑘
∗ = 0.67𝑚𝑝𝑘ሺ𝜔𝑛𝑘

2 − 𝑔ሻ

𝐿𝑝𝑘 = 0.5𝑔 (
1

2𝜋Ω
)
2

  

 

 

 

 

 

(22) 

 

𝐻0 = −0.05ℎ (1 −
𝜆0 ∙ 𝐹𝐿

100
) (23) 

 



 

 

24 

 

 

Figure 5: The program logic diagram for the pendulum hinge location search 

 

3.4 The Quasi-Newton Method 

To validate the proposed methodology, the quasi-Newton method is chosen due to 

the mathematical similarity to the Adagrad approach. Both approaches are gradient 

methods so that their results are comparable. However, the quasi-Newton method 

convergence performance relies on the assumption of smooth objective function 𝐸 with 

positive definite Hessian matrix 𝐻ሺ𝑈ሻ, whereas the Adagrad method, according to [20], is 

claimed to be applied more generally without such assumption. There are two important 

procedures in the quasi-Newton method: firstly, the backtracking line search helps to 

determine the step size, and secondly, the optimization direction is determined by an 

Stop  

Program generates 

𝐻𝑝1, 𝐻𝑝2, 𝐿𝑝1, 𝐿𝑝2, 

and 𝐻0 for 𝑈0 

DO 

𝜆𝑚 = 0.3 OR 𝜆𝑚 = 0.5 OR 𝜆𝑚 = 0.99 ? 

‖𝑓ሺ𝐻0ሻ‖ ≤ 𝜀 𝐴𝑁𝐷 𝐻0 < 0.6 𝐴𝑁𝐷 𝐻0 > −0.6 ? 

True False 

False 

True 

1. Update the mass lock 

2. Repeat the 𝜉 search 

3. Select 𝐻𝑝1 & 𝐻𝑝2and 𝐿𝑝1 & 𝐿𝑝2 

4. Compute 𝑓ሺ𝐻0ሻ 
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approximated Hessian [23]. With step size and optimization direction, the 𝑈 set can be 

updated towards an optimal value. Technically speaking, the 𝐻ሺ𝑈ሻ estimation can be 

accomplished by using the Broyden Fletcher Goldfard Shanno (BFGS) formula and its 

associated approaches mentioned in [23]. This formula is also the default one for Hessian 

update adopted in the MATLAB unconstrained nonlinear optimization toolbox command 

“𝑓𝑚𝑖𝑛𝑢𝑛𝑐” with the algorithm option “𝑞𝑢𝑎𝑠𝑖 𝑛𝑒𝑤𝑡𝑜𝑛”. Furthermore, the algorithm 

tolerances for both methods are set as 10-6. The proposed 𝑈0 sampling algorithm has been 

incorporated into the implementation of both methods. 

3.5 Prediction vs. Measurement Procedure 

The performance of the proposed methodology is evaluated through: 1) the relative 

error between the prediction and measurement in average force and torque peaks data 

(𝑀𝑎𝑣𝑔, 𝐹𝑎𝑣𝑔) via the test cases (Table 2-3) by using Equation 24, and 2) the time domain 

steady-state force/torque magnitude absolute error between the prediction (acquirable 

through Equation 7 at 𝑁 = 𝑁𝑜𝑝𝑡) and measurement via the nine typical test cases (Table 4) 

by using Equation 25. 

 

{
 
 

 
 𝐹∆% = |

𝐺 ∙ 𝑔 ∙ 𝐴𝑀(𝑈𝑜𝑝𝑡) − 𝐹𝑎𝑣𝑔

𝐺 ∙ 𝑔 ∙ 𝐴𝑀(𝑈𝑜𝑝𝑡)
| × 100

𝑀∆% = |
𝐺 ∙ 𝑔 ∙ 𝐴𝑀𝑀(𝑈𝑜𝑝𝑡) − 𝑀𝑎𝑣𝑔

𝐺 ∙ 𝑔 ∙ 𝐴𝑀𝑀(𝑈𝑜𝑝𝑡)
| × 100

 

 

(24) 

 

{
ሺ𝐹𝐸ሻ𝑛 = |(𝐹𝑇,𝑡ℎ)𝑛 − (𝐹𝑇,𝑒𝑥𝑝)𝑛|

ሺ𝑀𝐸ሻ𝑛 = |(𝑀𝑇,𝑡ℎ)𝑛−(𝑀𝑇,𝑒𝑥𝑝)𝑛|
 

 

(25) 
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In addition, the experimental apparent mass and apparent mass moment are 

obtained from measurement via the test cases (Table 2-3) by using Equation 26. 

 

𝐴𝑀𝑒𝑥𝑝 =
𝐹𝑎𝑣𝑔

𝐺 ∙ 𝑔
 

𝐴𝑀𝑀𝑒𝑥𝑝 =
𝑀𝑎𝑣𝑔

𝐺 ∙ 𝑔
 

 

 

(26) 
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Chapter 4 

Steady-state Slosh Test 
 

4.1 The Test Overview 

A design and development of 2,000 kg linear motion stage for spacecraft 

propellant tank slosh research is revealed in [24], which is the newly developed apparatus 

employed at the Aerospace Systems and Propulsion Laboratory in Florida Institute of 

Technology. This test platform has the capability of sinusoidal slosh excitation of 

propellant tanks up to 2,000 kg at a rate of 1.5 Hz and 0.38 m of total travel. Furthermore, 

this apparatus is primarily applicable for flight validation of spacecraft propellant tanks to 

frequency response, but also can be used for further investigation in tank slosh dynamic 

behavior, which makes it possible for the proposed experimental approach to be achieved. 

The test platform is illustrated in Figure 6 with the definition of coordinates axis, support 

structure (in yellow), guided rails for lateral excitation, camera, and the triaxial force 

sensor locations (at the tank support points), etc. A full-scale tank simulator with two 

conical acrylic domes (of 0.625 m diameter) is mounted to an aluminum 6061 T6 plate 

through a center hole. The propellant compartment with liquid is at the bottom of the 

simulator, and the pressurant compartment, at the top of the simulator, is filled with air at 

ambient pressure. Due to the fact that the propellant slosh behavior within a diaphragm 

tank depends on the factors largely associated with the diaphragm, the experimental result 

is not unique for the tests with different tank simulator and diaphragm [7]. 

Three diaphragm configurations are tested: 1) symmetric or natural shape (Sym); 

2) asymmetric shape with X-Z plane symmetry (Asym.XZ); 3) asymmetric shape with Y-Z 

plane symmetry (Asym.YZ). The tank was excited into sinusoidal motion using the lateral 

direction over a range of excitation frequency and amplitude. The forces data were 

collected from the triaxial force sensors with accuracy ±10N for 𝐹𝑥, 𝐹𝑦 and ±20N for 𝐹𝑧 on 

each sensor. The linear stage position and acceleration data �̈�𝑇 were also collected. The 

torques data, i.e., 𝑀𝑥, 𝑀𝑦, and 𝑀𝑧 are computed from the force data at the tank’s support 
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points by knowing the positions of the force sensors. An implemented camera capture 

program is aimed to collect images of tank motions. Water is used in the experiment as an 

alternative to the hydrazine spacecraft propellant due to their similar density. The 

experimental procedures for each test are summarized as: 1) fill the tank to the highest 

testing fill level accurately, 2) setup the LabVIEW and camera capture programs through 

the stage control panel, 3) run the test and verify the shape of the plots of position and 

force as functions of time in LabVIEW, and 4) drain the tank for the next fill level test. 

 

Figure 6: The test platform, A) camera, B) triaxial force sensors, C) support plate, D) 

linear stages, E) motors, F) diaphragm, G) propellant liquid (water), H) air, I) guided 

rails, J) full-scaled spacecraft propellant tank simulator 
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4.2 Tank Structure Dry Mass Estimation 

The dry mass of the tank structure 𝑚𝑇 presented in Equation 2a and 2b is 

estimated by the summation of the dry mass of the tank simulator and the mass of the 

support plate. Since it is impractical to perform the direct measurement on those quantities, 

the dry mass of the tank simulator 𝑚𝑡𝑎𝑛𝑘 is approximated from its CAD model, and the 

mass of the support plate 𝑚𝑝𝑙𝑎𝑡𝑒 is approximated from Equation 27 using the dimensions 

(convert from inches) and mass properties summarized in Table 1. In Figure 7, the 

trapezoid ACDE and the right triangle ABC are illustrated, and the resulting 𝑚𝑇 is 

computed as 161.1 kg. 

 

 

Figure 7: The support plate 
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Table 1: Dimensions and mass properties of the support plate  

Values \ Properties 𝐴𝐵, m 𝐴𝐸, m 𝐶𝐷, m 𝐶𝐵, m 

 0.647 0.332 1.626 1.626 

ℎ𝑝𝑙𝑎𝑡𝑒, m 𝐷ℎ𝑜𝑙𝑒 , m 𝜌𝑝𝑙𝑎𝑡𝑒 , kg/m3 𝑚𝑡𝑎𝑛𝑘, kg 𝑚𝑏𝑜𝑙𝑡, kg 

0.025 0.635 2703.0 59.6* 2.0 

* Computed from the CAD model by using the commercial software package, i.e., ANSYS.  

 

𝑚𝑝𝑙𝑎𝑡𝑒 ≈ 𝑚𝑏𝑜𝑙𝑡 + ℎ𝑝𝑙𝑎𝑡𝑒𝜌𝑝𝑙𝑎𝑡𝑒 [𝐶𝐵 ∙ (
𝐴𝐸 + 𝐶𝐷

2
) + (

𝐴𝐵 ∙ 𝐶𝐵

6
) − 𝜋 (

𝐷ℎ𝑜𝑙𝑒
2

)
2

] (27) 

 

4.3 Calibration Procedure 

This section describes the procedure that is used to calibrate the full set-up of the 

experiment, including derivation of the calibration matrix that is used to properly convert 

the sensor signals to forces and torques. Although the force sensors (shown in Appendix E) 

are mounted on a rigid plate at the support points of the tank, the entire system does have 

some mechanical compliance which needs to be carefully calibrated. Further, because of 

the way that these types of force sensors are installed and used to measured non-symmetric 

sloshing forces, the force sensors will not split the resulting loads evenly, i.e., a z-torque on 

the tank may impact an x-axis load on a force sensor. 

The calibration process is required so that when a force is applied, the sensors 

record other forces and torques but the data output is only a true force. In order to do so, 

multiple loads across the whole expected operating range were applied to the stage and a 

calibration matrix was developed. All output voltages linked to forces and torques are 

related through Equation 28, where 𝑉𝑥1 is the voltage output from the x-direction 

component of the force sensor at location one. 𝐹𝑥 is the applied x-direction (lateral) force 

and 𝐾𝑥1.𝐹𝑥 is the calibration factor for this particular sensor for the applied load 𝐹𝑥. 
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𝑉𝑥1 = 𝐾𝑥1.𝐹𝑥𝐹𝑥 + 𝐾𝑥1.𝐹𝑦𝐹𝑦 + 𝐾𝑥1.𝐹𝑧𝐹𝑧 + 𝐾𝑥1.𝑀𝑥𝑀𝑥 + 𝐾𝑥1.𝑀𝑦𝑀𝑦 + 𝐾𝑥1.𝑀𝑧𝑀𝑧 

𝑉𝑥2 = 𝐾𝑥2.𝐹𝑥𝐹𝑥 + 𝐾𝑥2.𝐹𝑦𝐹𝑦 + 𝐾𝑥2.𝐹𝑧𝐹𝑧 + 𝐾𝑥2.𝑀𝑥𝑀𝑥 + 𝐾𝑥2.𝑀𝑦𝑀𝑦 + 𝐾𝑥2.𝑀𝑧𝑀𝑧 

𝑉𝑥3 = 𝐾𝑥3.𝐹𝑥𝐹𝑥 + 𝐾𝑥3.𝐹𝑦𝐹𝑦 + 𝐾𝑥3.𝐹𝑧𝐹𝑧 + 𝐾𝑥3.𝑀𝑥𝑀𝑥 + 𝐾𝑥3.𝑀𝑦𝑀𝑦 + 𝐾𝑥3.𝑀𝑧𝑀𝑧 

𝑉𝑦1 = 𝐾𝑦1.𝐹𝑥𝐹𝑥 +𝐾𝑦1.𝐹𝑦𝐹𝑦 + 𝐾𝑦1.𝐹𝑧𝐹𝑧 + 𝐾𝑦1.𝑀𝑥𝑀𝑥 + 𝐾𝑦1.𝑀𝑦𝑀𝑦 + 𝐾𝑦1.𝑀𝑧𝑀𝑧 

𝑉𝑦2 = 𝐾𝑦2.𝐹𝑥𝐹𝑥 +𝐾𝑦2.𝐹𝑦𝐹𝑦 + 𝐾𝑦2.𝐹𝑧𝐹𝑧 + 𝐾𝑦2.𝑀𝑥𝑀𝑥 + 𝐾𝑦2.𝑀𝑦𝑀𝑦 + 𝐾𝑦2.𝑀𝑧𝑀𝑧 

𝑉𝑦3 = 𝐾𝑦3.𝐹𝑥𝐹𝑥 +𝐾𝑦3.𝐹𝑦𝐹𝑦 + 𝐾𝑦3.𝐹𝑧𝐹𝑧 + 𝐾𝑦3.𝑀𝑥𝑀𝑥 + 𝐾𝑦3.𝑀𝑦𝑀𝑦 + 𝐾𝑦3.𝑀𝑧𝑀𝑧 

𝑉𝑧1 = 𝐾𝑧1.𝐹𝑥𝐹𝑥 + 𝐾𝑧1.𝐹𝑦𝐹𝑦 +𝐾𝑧1.𝐹𝑧𝐹𝑧 + 𝐾𝑧1.𝑀𝑥𝑀𝑥 +𝐾𝑧1.𝑀𝑦𝑀𝑦 +𝐾𝑧1.𝑀𝑧𝑀𝑧 

𝑉𝑧2 = 𝐾𝑧2.𝐹𝑥𝐹𝑥 + 𝐾𝑧2.𝐹𝑦𝐹𝑦 +𝐾𝑧2.𝐹𝑧𝐹𝑧 + 𝐾𝑧2.𝑀𝑥𝑀𝑥 +𝐾𝑧2.𝑀𝑦𝑀𝑦 +𝐾𝑧2.𝑀𝑧𝑀𝑧 

𝑉𝑧3 = 𝐾𝑧3.𝐹𝑥𝐹𝑥 + 𝐾𝑧3.𝐹𝑦𝐹𝑦 +𝐾𝑧3.𝐹𝑧𝐹𝑧 + 𝐾𝑧3.𝑀𝑥𝑀𝑥 +𝐾𝑧3.𝑀𝑦𝑀𝑦 +𝐾𝑧3.𝑀𝑧𝑀𝑧 

 

 

 

 

 

(28) 

 

In the above equations, the calibration factors are solved from dividing the voltage 

output by the single known applied load (or linear fit if multiple load test points recorded). 

For example, 𝐾𝑥1.𝐹𝑥 = 𝑉𝑥1/𝐹𝑥. Other loads are zero when a pure load is applied. Given the 

known geometric layout of the force sensors, the nine sub-equations shown in Equation 28 

can be combined and reduced into six sub-equations shown in Equation 29. Notice that “∆” 

terms appeared in the equation are the corresponding moment arms. 

 

𝑉𝐹𝑥 = 𝑉𝑥1 + 𝑉𝑥2 + 𝑉𝑥3 

𝑉𝐹𝑦 = 𝑉𝑦1 + 𝑉𝑦2 + 𝑉𝑦3 

𝑉𝐹𝑧 = 𝑉𝑧1 + 𝑉𝑧2 + 𝑉𝑧3 

𝑉𝑀𝑥 = 𝑉𝑧2 − 𝑉𝑧3 

𝑉𝑀𝑦 = 𝑉𝑧1 − ሺ𝑉𝑧2 + 𝑉𝑧3ሻ
∆𝑥3
∆𝑥1
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𝑉𝑀𝑧 = ሺ𝑉𝑥3 − 𝑉𝑥2ሻ
∆𝑦3
∆𝑥1

+ 𝑉𝑦1 + ሺ𝑉𝑦2 + 𝑉𝑦3ሻ
∆𝑥3
∆𝑥1

 (29) 

 

When a test is run, the nine voltage outputs are combined, and the calibration 

matrix contains all the calibration factors, which is shown in Equation 31, is then be 

available via Equation 30, i.e., solve the linear algebraic system of six equations for six 

unknowns with the given calibration loads. 

 

(

 
 
 

𝑉𝐹𝑥
𝑉𝐹𝑦
𝑉𝐹𝑧
𝑉𝑀𝑥
𝑉𝑀𝑦
𝑉𝑀𝑧)

 
 
 

= 𝐾

(

 
 
 

𝐹𝑥
𝐹𝑦
𝐹𝑧
𝑀𝑥
𝑀𝑦
𝑀𝑧)

 
 
 

   

 

 

(30) 

 

𝐾−1 =

(

 
 
 

1.0135 −0.0348 −0.0703 0.0025 0.0770 −0.0293
1.0863𝑒−4 1.0004 0.1238 −0.0109 −0.1254 0.0139
0.0012 0.0900 1.0715 −0.1162 −0.0898 0.1545

5.8058𝑒−4 0.0434 0.1012 0.7090 −0.1006 0.0745
−6.1209𝑒−4 −0.0458 −6.3679 0.0619 7.0996 −0.0785
0.0093 0.6978 −0.3009 −0.7390 0.3239 1.1972 )

 
 
 

 

 

 

(31) 

 

In order to determine the calibration force needed, the maximum expected load on 

each axis is estimated. One or two loads between the maximum load and zero load for each 

axis are selected. All the loads are applied in both directions. A summary of calibration 

loads is shown in Appendix E, Table E-1 with the static calibration schematic of each axial 

load. After conducting of the calibration procedure, the following calibration matrix is 

obtained, which will be updated any time the calibration process needs to be repeated, i.e., 

the plate is reinstalled. 
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4.4 The Pre-processed Steady-state Test Data 

Within each test, the raw data of forces and torques are accurately converted from 

the sensor voltages in all sensor channels through the calibration matrix (obtained from the 

previous section) in a least-square error sense, and the pre-processed force data, 𝐹𝑇, and the 

torque data, 𝑀𝑇 are taken from the data of 𝐹𝑥 and 𝑀𝑦 in the right-hand side of Equation 32.  

 

𝐾−1

(

 
 
 

𝑉𝐹𝑥
𝑉𝐹𝑦
𝑉𝐹𝑧
𝑉𝑀𝑥
𝑉𝑀𝑦
𝑉𝑀𝑧)

 
 
 

=

(

 
 
 

𝐹𝑥
𝐹𝑦
𝐹𝑧
𝑀𝑥
𝑀𝑦
𝑀𝑧)

 
 
 

   

 

 

(32) 

 

Furthermore, the pre-processed steady-state test data set (𝐹𝑇, 𝑀𝑇, and �̈�𝑇) per test 

case is taken from the corresponding 𝑡0, i.e., the time of the first steady-state amplitude 

peak on position waveform with a size of 10044 data points within the steady-state region 

to minimize the computational cost. An example of a section of such data is illustrated in 

Appendix G. Table 2, 3, and 4 show the test cases used for pendulum model parameters 

extraction. 

Table 2: Test data of 0.1g excitation level (high frequency data) 

Diaphragm configuration / liquid 

position 

FL Ω, Hz A, m 

 

 

 

Symmetric (natural shape) / bottom 

 

 

 

48 

3.0 0.00276 

4.0 0.00156 

5.0 0.00099 

6.0 0.00069 

7.0 0.00051 

8.0 0.00039 

9.0 0.00031 

10.0 0.00025 
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Table 3: Test data of 0.1g excitation level (low frequency data) 

Diaphragm configuration / liquid 

position 

FL Ω, Hz A, m 

 

 

 

Symmetric (natural shape) / bottom 

 

24 

0.5 0.0994 

2.0 0.0062 

 

39 

0.5 0.0994 

2.0 0.0062 

 

48 

0.5 0.0994 

1.0 0.0248 

2.0 0.0062 

 

 

 

Asymmetric with X-Z plane 

symmetry / bottom 

 

24 

0.5 0.0994 

2.0 0.0062 

 

39 

0.5 0.0994 

2.0 0.0062 

 

48 

0.5 0.0994 

1.0 0.0248 

2.0 0.0062 

 

 

 

Asymmetric with Y-Z plane 

symmetry / bottom 

 

24 

0.5 0.0994 

2.0 0.0062 

 

39 

0.5 0.0994 

2.0 0.0062 

 

48 

0.5 0.0994 

1.0 0.0248 

2.0 0.0062 

 

Table 4: Test data of 0.1g excitation level (nine typical cases) 

Diaphragm configuration / liquid 

position 

FL Ω, Hz A, m 

 

 

 

 

Symmetric (natural shape) / bottom 

 

24 

0.5 0.09940 

4.0 0.00156 

9.0 0.00031 

 

48 

0.5 0.09940 

4.0 0.00156 

9.0 0.00031 

 

76 

  0.5*   0.04970* 

4.0 0.00156 

9.0 0.00031 

* 0.05g excitation level; 0.1g data is not available in the test at this FL and Ω. 
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Chapter 5 

Results and Discussion 
 

5.1 Methodology Validation 

To validate the proposed methodology, the comparison of prediction and 

measurement through several test cases selected from the entire test envelope needs to be 

performed in 1) time domain, 2) peaks of sinusoidal waveforms, and 3) the frequency 

response functions AM and AMM. Furthermore, the prediction is compared with the one 

from the quasi-Newton method in each presented test case. The results of the time domain 

validation (section 5.1.1), average peak amplitude validation (section 5.1.2), and the 

AM/AMM magnitude/phase validation (section 5.1.3) show that the proposed 

methodology is valid in majority of the test cases. Moreover, Appendix B and C show the 

time domain force/torque comparison plots of the cases other than those presented in 

section 5.1.1. 

5.1.1 Time Domain Validation 

The test cases (Table 4) presented in the below figures are arranged from top to 

bottom as low to high fill level; within each figure, top to bottom as high to low excitation 

frequency. The diaphragm configuration used in these cases is symmetric (natural) shape. 

The time domain data comparison is conducted through the presentation of the 

experimental waveform (in black) and the error curves (Adagrad in red and quasi-Newton 

in blue). The experimental waveforms, i.e., 𝐹𝑇,𝑒𝑥𝑝 and 𝑀𝑇,𝑒𝑥𝑝, are used as reference so that 

the deviation of prediction can be viewed as a proportion of the measurement. For better 

visualization, selected time intervals in the steady-state are shown in Figure 8-10. 

In Figure 8 (the 24% fill level data), the median, average, and standard deviation in 

force prediction error (FE) are 7.5 N, 14.4 N and 16.0 N, while the associated statistics in 

torque prediction error (ME) are 4.6 N∙m, 12.1 N∙m, and 15.2 N∙m. 
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Figure 8: Time domain comparisons in 24% fill level 0.1g data: a) force Ω = 9.0Hz, b) 

torque, c) force Ω = 4.0Hz, d) torque, e) force Ω = 0.5Hz, and f) torque 

In Figure 9 (the 48% fill level data), the median, average, and standard deviation in 

FE are 22.2 N, 27.6 N and 23.7 N, while the associated statistics in ME are 7.0 N∙m, 18.8 

N∙m, and 22.3 N∙m. 
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Figure 9: Time domain comparisons in 48% fill level 0.1g data: a) force Ω = 9.0Hz, b) 

torque, c) force Ω = 4.0Hz, d) torque, e) force Ω = 0.5Hz, and f) torque 

In Figure 10 (the 76% fill level data), the median, average, and standard deviation 

in FE are 50.2 N, 60.5 N and 40.7 N, while the associated statistics in ME are 5.1 N∙m, 5.7 

N∙m, and 4.0 N∙m. 
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Figure 10: Time domain comparisons in 76% fill level 0.1g and 0.05g data: a) force Ω 

= 9.0Hz, b) torque, c) force Ω = 4.0Hz, d) torque, e) force Ω = 0.5Hz (0.05g), and f) 

torque 

The results show that: 1) the predictions agree with the measurements within 1-5% 

for some test cases; 2) the agreement deteriorates as the excitation conditions become more 

nonlinear; 3) the methodology validation is indicated in each test case (the prediction error 

curves of the two gradient methods perfectly match each other); 4) the agreement is 

relatively weaker in the 76% fill level force data, especially the case of 0.05 g excitation at 

0.5 Hz. The weak agreement is understandable through Figure 11, where the left column 

illustrates the comparison of objective function 𝐸 value at 𝑁 = 𝑁𝑜𝑝𝑡 (the endpoint of the 

axis of iterations) via typical test cases with different fill levels (high to low as top to 

bottom) and the right column illustrates the comparison via the cases with different 

excitation frequencies (high to low as top to bottom). For those cases with higher fill level 

and lower excitation frequency, their 𝐸 value are relatively higher. Thus, slightly poorer 

agreement can be identified in their time domain comparisons plots, which is considered as 

the limitation of the methodology. 



 

 

39 

 

 

Figure 11: Optimization history of the typical cases under 0.1 g excitation: a) high FL 

with Ω = 4.0Hz, b) high Ω with FL = 48%, c) middle FL, d) middle Ω, e) low FL, and 

f) low Ω 

Notice that the 𝐸 value at 𝑁 = 𝑁𝑜𝑝𝑡 is a case-dependent quantity, i.e., it reflects 

how well the sampling 𝑈0 adapt to the certain fill level and excitation frequency, and it is 

not surprising that the value depends on the size of the data. On the other hand, since the 

pendulum model is valid only within the linear range of liquid propellant slosh, the 𝐸 value 

could not be approaching to zero, and it is reasonable to have a relatively higher value in 

the optimization practices for diaphragm tank slosh in comparison with the one for free 

surface slosh due to the nonlinear behavior of the sloshing phenomena related to the 

present of diaphragm. Nonetheless, the proposed methodology is valid in majority of the 

test envelope. 

5.1.2 Average Peak Amplitude Validation 

The test cases presented in this and the next section are shown in Table 2 and 3. 

For a given pre-processed steady-state test data set, the 𝐹𝑎𝑣𝑔 and 𝑀𝑎𝑣𝑔 are computed from 
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the average of measured amplitude at all the peaks of the force/torque data, while the 

predicted force/torque average amplitude at those peaks is acquirable through the product 

of the AM/AMM magnitude at 𝑁 = 𝑁𝑜𝑝𝑡 and the lateral acceleration corresponding to the 

test case’s excitation level, i.e., the g level times the g. The statistical data are summarized 

in Table 5, and the results further suggest the validity of the methodology. 

Table 5: Average peaks amplitude comparison (0.1 g excitation)  

Average force / 

torque at peaks of 

sinusoidal excitation 

relative difference 

statistical analysis 

Low 𝛀 (≤ 𝟐. 𝟎 Hz) High 𝛀 (> 𝟐. 𝟎 Hz) 

FL = 24%, 39%, and 48%, Sym., 

Asym. XZ., and Asym. YZ. test data 

FL = 48%, Sym. test data 

𝑭∆% 𝑴∆% 𝑭∆% 𝑴∆% 

Mean 5.5 8.6 10.5 11.4 

Median 3.5 8.6 9.9 12.8 

Standard deviation 4.5 4.1 5.4 6.5 

 

5.1.3 AM/AMM Magnitude/Phase Validation 

A close agreement between the predictions (PRED.) and measurements (EXP.) in 

all diaphragm configuration data is demonstrated in Figure 12 throughout the frequency 

range except the major resonance peak of the tank simulator near 2.0 Hz, where our 

methodology underestimates the measurement by 9.8% (AM magnitude, Sym.), 5.3% 

(AMM magnitude, Sym.), and 11.8% (AMM magnitude, Asym.YZ.). 
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Figure 12: Fluid sloshing behavior with water for three diaphragm configurations at 

0.1 g excitation: a) AM magnitude, b) AMM magnitude, c) AM phase, d) AMM phase 

Both AM and AMM magnitudes decrease as frequency increases, as expected. 

5.2 𝑈0 Sampling Performance and Computational Cost 

Table 6: A case study of extracted pendulum slosh model parameters 

FL Diaphragm config. Ω, Hz A, m 

48 Symmetric (natural shape) 4.0 0.00156 

 Adaptive gradient descending  

𝛼 𝐶𝐼 N 

0.01 1.0e-6 34 

 

U 

set 

𝑚0, 
kg 

𝑚𝑝1, 

kg 

𝑚𝑝2, 

kg 

𝜔𝑛1, 
Hz 

𝜔𝑛2, 
Hz 

 

𝜉 

𝐻0, 
m 

𝐻𝑇 , 
m 

𝐻𝑝1, 

m 

𝐻𝑝2, 

m 

𝐿𝑝1, 

m 

𝐿𝑝2, 

m 

𝑈0 135.9 14.5 0.6 3.52 2.39 0.116 -0.501 -0.005 0.271 0.271 0.008 0.350 
𝑈𝑜𝑝𝑡 135.9 14.5 0.6 3.57 2.39 0.115 -0.520 -0.019 0.282 0.281 0.017 0.358 

 Quasi-Newton  
𝑈𝑜𝑝𝑡 135.9 14.5 0.6 3.52 2.39 0.117 -0.517 -0.024 0.274 0.271 0.009 0.350 
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The extracted pendulum model parameters from the two gradient methods are 

compared in Table 6 via a case study with the presentation of the initial set, optimal sets, 

and associated algorithm parameters. A reasonable fit is revealed in the values compared 

between the two optimal sets. In addition, the proposed 𝑈0 sampling algorithm has 

successfully compensated for the inherent shortage of the Adagrad method in this case. For 

one thing, the 𝑈0 set shown in Table 6 is effectually close to the optimal sets in values. For 

another, it only takes 34 iterations to reach the optimal set by using the method. This is a 

promising proof of effectiveness of the proposed 𝑈0 sampling algorithm. Despite an 

extremely small amount of propellant mass gain or lost (far less than 0.5% for both 

methods) due to the gradient methods’ truncation error, both adopted methods are shown to 

have the potential for serving the proposed experimental approach for diaphragm tank 

slosh modeling. 

 

Figure 13: Optimization history of the squared value of local gradient components 

Figure 13 clearly shows the order of descent of the local gradient component 

associated with each parameter. As iteration proceeds, the local gradient components 
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regarding the second mode parameters fall foremost. After that, the parameter 𝑚0, 

followed by the first mode parameters, and lastly by the parameters 𝜉, 𝐻0, and 𝐻t. Notice 

that all the trends descend exponentially in this case. In addition, different orders and types 

of the local gradient components’ descent can be observed in Appendix A where the other 

test cases listed in Table 4 are documented. 

The computational cost of a given test case is defined as the sum of the time 

consumed in the 𝑈0 sampling process and the optimization process, and it depends not only 

on the feature/configuration/specifications of the computer, but also on the preset 

parameters such as the max. 𝑁, 𝛼, 𝐹𝐿, Ω, the size of data, 𝑚𝑇, 𝑚100, and 𝐶𝐼, etc. Although 

the cost dependency is not the focus of this thesis, the computational efficiency of the 

proposed methodology may be critical to some related industrial practices. With the 

workstation configuration specified in Appendix F, the average cost of processing each 

high excitation frequency case listed in Table 2 is 75.0 minutes, while the average cost of 

processing each low excitation frequency case listed in Table 3 is 20.0 minutes. This is 

comprehensible because much more amount of 𝑈0 sets are generated for a test case at a 

higher excitation frequency so that much more computational cost needed for processing 

such case than the one at a lower excitation frequency. Furthermore, the result implies that 

the proposed 𝑈0 sampling method/sampling criterions seems to be in favor of dealing with 

the test cases under high excitation level. 

5.3 Extracted Pendulum Parameters 

Furthermore, the extracted pendulum model parameters for the test cases listed in 

Table 2 and 3 are summarized in Table 7-13. In addition to the characteristics of the slosh 

dynamic behavior with different diaphragm configurations exhibited in the previous 

sections, more can be revealed in the next two sections by using the extracted pendulum 

model parameters for the corresponding test cases. 
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5.4 Normalized Slosh Mass Prediction 

It is interesting to know the relationship between the propellant slosh behavior and 

the tank fill level. The cases are selected from those under the excitation frequency that 

nearby the resonance peak of the tank simulator so that the slosh is much more 

pronouncing, and the effect of fill level on slosh behavior can be displayed more explicitly. 

 

 

Figure 14: Normalized slosh mass vs. fill level (Ω = 2.0 Hz data) 

The decreasing tendency in all trends of the three diaphragm configurations data 

can be observed from Figure 14, which indicates that the propellant liquid within the tank 

will experience less amount of slosh at a higher fill level, i.e., the liquid motion behaves 

much “rigid” at a higher fill level. 



 

 

45 

 

5.5 Diaphragm Torsional Stiffness Prediction 

Moreover, the slosh behavior of the propellant liquid within diaphragm tanks is 

highly associated with the diaphragm torsional stiffness which is defined as the ratio of 

force to deflection, and its value is plotted against the fill level to illustrate the behavior of 

the diaphragm adopted in this thesis. 

 

Figure 15: Diaphragm torsional stiffness vs. fill level (Ω = 2.0 Hz data) 

The peak of the curve associated with each diaphragm configuration reflects that 

the diaphragm with such configuration may experience relatively notable deformation, i.e., 

convolution at surface with that particular tank fill level at 2.0 Hz excitation frequency. 

Also, the correlation of diaphragm stiffness and the tank fill level is highly nonlinear for all 

configurations. 
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Chapter 6 

Conclusion 
 

This thesis proposes a new experimental approach that enables extraction of higher 

order vibration modes of the pendulum model parameters from steady-state slosh data 

collected as the tank underwent sinusoidal excitation over a range of relevant frequencies 

and amplitudes. The novelty of the proposed approach is embodied in the following 

aspects: 1) steady-state sinusoidal excitation provides repeatable and accurate results; 2) 

triaxial force measurements at the support points of the tank can reduce experimental error 

by means of the consideration of other forces and torques acting on the tank, which 

contrasts with the single-axis force sensing and multiple repetitions averaging techniques 

associated with traditional experimental approaches; 3) the proposed approach can be used 

for slosh study in diaphragm tanks but also in free slosh tanks; 4) the proposed approach 

enables the use of machine learning techniques such as gradient descent to find optimal 

model parameters, and the extraction of high order slosh modes also becomes more robust 

and repeatable since higher order terms can be directly included in the objective function to 

be optimized. A state-of-art test platform developed at the Aerospace Systems and 

Propulsion Laboratory in Florida Tech was deployed for data collection, and the platform 

can be used to characterize a wide array of spacecraft and upper-stage propellant tanks, 

including those without and with diaphragms. In this thesis, three different diaphragm 

configurations were examined which are representative of possible shapes that the 

diaphragm could take during its mission lifetime. An adaptive gradient descending method 

with a proposed initial sets sampling algorithm is then used to extract the pendulum model 

parameters for a slosh model. The predictions of the methodology are highly consistent 

with the measurements over the entire test envelope. In addition, the proposed initial set 

sampling method enhances the practicality of the machine learning methods for diaphragm 

tank slosh modeling. 
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Appendix A 
 

A.1 High Fill Level (76%) Case Study 

A.1.1 Excitation Frequency 9.0 Hz 

 

Figure A1- 1: Optimization history of the squared value of local gradient components 

(SYM-7690) 
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A.1.2 Excitation Frequency 4.0 Hz 

 

Figure A1- 2: Optimization history of the squared value of local gradient components 

(SYM-7640) 
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A.1.3 Excitation Frequency 0.5 Hz 

 

Figure A1- 3: Optimization history of the squared value of local gradient components 

(SYM-7605) 
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A.2 Middle Fill Level (48%) Case Study 

A.2.1 Excitation Frequency 9.0 Hz 

 

Figure A2- 1: Optimization history of the squared value of local gradient components 

(SYM-4890) 
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A.2.2 Excitation Frequency 0.5 Hz 

 

Figure A2- 2: Optimization history of the squared value of local gradient components 

(SYM-4805) 
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A.3 Low Fill Level (24%) Case Study 

A.3.1 Excitation Frequency 9.0 Hz 

 

Figure A3- 1: Optimization history of the squared value of local gradient components 

(SYM-2490) 
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A.3.2 Excitation Frequency 4.0 Hz 

 

Figure A3- 2: Optimization history of the squared value of local gradient components 

(SYM-2440) 
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A.3.3 Excitation Frequency 0.5 Hz 

 

Figure A3- 3: Optimization history of the squared value of local gradient components 

(SYM-2405) 
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Appendix B 
 

B. Samples of Time Domain Data Under 0.1g Excitation 

B.1 Diaphragm: Symmetric Shape (natural shape) 

 

Figure B1- 1: Time domain comparisons in force data (SYM-4830) 
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Figure B1- 2: Time domain comparisons in torque data (SYM-4830) 
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Figure B1- 3: Time domain comparisons in force data (SYM-48100) 
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Figure B1- 4: Time domain comparisons in torque data (SYM-48100) 
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Figure B1- 5: Time domain comparisons in force data (SYM-2440) 
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Figure B1- 6: Time domain comparisons in torque data (SYM-2440) 
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B.2 Diaphragm: Asymmetric Shape with X-Z plane symmetry 

 

Figure B2- 1: Time domain comparisons in force data (AXZ-4820) 
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Figure B2- 2: Time domain comparisons in torque data (AXZ-4820) 
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Figure B2- 3: Time domain comparisons in force data (AXZ-2420) 
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Figure B2- 4: Time domain comparisons in torque data (AXZ-2420) 
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B.3 Diaphragm: Asymmetric Shape with Y-Z plane symmetry 

 

Figure B3- 1: Time domain comparisons in force data (AYZ-2420) 
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Figure B3- 2: Time domain comparisons in torque data (AYZ-2420) 
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Figure B3- 3: Time domain comparisons in force data (AYZ-4820) 
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Figure B3- 4: Time domain comparisons in torque data (AYZ-4820) 
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Appendix C 
 

C. Sample of Time Domain Data Under 0.05g Excitation 

C.1 Diaphragm: Symmetric Shape (natural shape) 

 

Figure C1- 1: Time domain comparisons in force data (SYM-5520) 
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Figure C1- 2: Time domain comparisons in torque data (SYM-5520) 
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C.2 Diaphragm: Asymmetric Shape with X-Z plane symmetry 

 

Figure C2- 1: Time domain comparisons in force data (AXZ-5520) 
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Figure C2- 2: Time domain comparisons in torque data (AXZ-5520) 
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C.3 Diaphragm: Asymmetric Shape with Y-Z plane symmetry 

 

Figure C3- 1: Time domain comparisons in force data (AYZ-5520) 
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Figure C3- 2: Time domain comparisons in torque data (AYZ-5520) 
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Appendix D 
 

D.1 MATLAB Code: Objective Function 

%------------------------------------------------------------------ 

% Spacecraft Propellant Tank Slosh Experimental Modeling:  

%     Objective function construction for pendulum model parameters  

%     optimization/extraction from the steady-state slosh test    

%       

% Created by Tengjie Gao  

%------------------------------------------------------------------ 

 

function y = objfunc(x, expf, expm, xtwod, mtank, exifreq, size) 

    y = 0; 

    for i = 1:size 

        % Block 1: Synchronization Regulator (SR) Assignments 

        if expf(i)*xtwod(i)<0 

            SR1 = -1; 

        else 

            SR1 = 1; 

        end 

     

        if expm(i)*xtwod(i)<0 

            SR2 = -1; 

        else 

            SR2 = 1; 

        end 

        % Block 2: Objective Function Force Component Assignments 

        fmodeone = mtank+x(1)+x(2).*((1+(4.0*(x(6).^2)-

1.0)*(exifreq^2/(x(4).^2)))/(1.0+(4.0*(x(6).^2)-

2.0)*(exifreq^2/(x(4).^2))+(exifreq^4/(x(4).^4))))+x(3).*(

(1.0+(4.0*(x(6).^2)-

1.0)*(exifreq^2/(x(5).^2)))/(1.0+(4.0*(x(6).^2)-

2.0)*(exifreq^2/(x(5).^2))+(exifreq^4/(x(5).^4)))); 

        fmodetwo = 

x(2).*((2.0*x(6).*(exifreq^3/(x(4).^3)))/(1.0+(4.0*(x(6).^

2)-

2.0)*(exifreq^2/(x(4).^2))+(exifreq^4/(x(4).^4))))+x(3).*(

(2.0*x(6).*(exifreq^3/(x(5).^3)))/(1.0+(4.0*(x(6).^2)-

2.0)*(exifreq^2/(x(5).^2))+(exifreq^4/(x(5).^4)))); 

        forcepart = expf(i)-

SR1*xtwod(i).*sqrt((fmodeone)^2+(fmodetwo)^2); 

        % Block 3: Objective Function Torque Component Assignments 

        mmodeone = 

mtank*x(8)+x(1).*x(7)+x(2).*((x(9).*((x(4).^2)+4.0*(exifre

q^2)*(x(6).^2)-exifreq^2)-

x(11).*(4.0*(exifreq^2)*(x(6).^2)))/((x(4).^2)+(4.0*(x(6).
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^2)-

2.0)*(exifreq^2)+(exifreq^4/(x(4).^2))))+x(3).*((x(10).*((

x(5).^2)+4.0*(exifreq^2)*(x(6).^2)-exifreq^2)-

x(12).*(4.0*(exifreq^2)*(x(6).^2)))/((x(5).^2)+(4.0*(x(6).

^2)-2.0)*(exifreq^2)+(exifreq^4/(x(5).^2)))); 

        mmodetwo = 

x(2).*((x(9).*(2.0*x(6).*(exifreq^3/(x(4).^1)))+x(11).*(2.

0*exifreq*x(6).*x(4)-

2.0*x(6).*(exifreq^3/(x(4).^1))))/((x(4).^2)+(4.0*(x(6).^2

)-

2.0)*(exifreq^2)+(exifreq^4/(x(4).^2))))+x(3).*((x(10).*(2

.0*x(6).*(exifreq^3/(x(5).^1)))+x(12).*(2.0*exifreq*x(6).*

x(5)-

2.0*x(6).*(exifreq^3/(x(5).^1))))/((x(5).^2)+(4.0*(x(6).^2

)-2.0)*(exifreq^2)+(exifreq^4/(x(5).^2))));         

        torquepart = expm(i)-

SR2*xtwod(i).*sqrt((mmodeone)^2+(mmodetwo)^2); 

        % Block 4: Objective Function Construction 

        y = y + sqrt((forcepart)^2+(torquepart)^2); 

        i = i+1; 

    end 

end 
 

D.2 MATLAB Code: AM/AMM/AM Phase/AMM Phase 

%------------------------------------------------------------------ 

% Spacecraft Propellant Tank Slosh Experimental Modeling:  

%     Objective function construction for pendulum model parameters  

%     optimization/extraction from the steady-state slosh test    

%     Subroutine Functions: AM.m 

%                           The Apparent Mass Function 

% 

% Created by Tengjie Gao  

%------------------------------------------------------------------ 

 

% double mtt, double m00, double mp11, double mp22, double Etaa, 

double ohmm, double omgaKK1, double omgaKK2 

function r = AM(mtt,m00,mp11,mp22,Etaa,ohmm,omgaKK1,omgaKK2) 

   partone = mtt+m00+mp11*((1+(4*(Etaa)^2-

1)*(ohmm/omgaKK1)^2)/(1+(4*(Etaa)^2-

2)*(ohmm/omgaKK1)^2+(ohmm/omgaKK1)^4))+mp22*((1+(4*(Etaa)^2-

1)*(ohmm/omgaKK2)^2)/(1+(4*(Etaa)^2-

2)*(ohmm/omgaKK2)^2+(ohmm/omgaKK2)^4)); 

   parttwo = mp11*((2*Etaa*(ohmm/omgaKK1)^3)/(1+(4*(Etaa)^2-

2)*(ohmm/omgaKK1)^2+(ohmm/omgaKK1)^4))+mp22*((2*Etaa*(ohmm/omgaK

K2)^3)/(1+(4*(Etaa)^2-2)*(ohmm/omgaKK2)^2+(ohmm/omgaKK2)^4)); 

   r = sqrt(partone^2+parttwo^2); 

end 
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%------------------------------------------------------------------ 

% Spacecraft Propellant Tank Slosh Experimental Modeling:  

%     Objective function construction for pendulum model parameters  

%     optimization/extraction from the steady-state slosh test    

%     Subroutine Functions: AMM.m 

%                           The Apparent Mass Moment Function 

% 

% Created by Tengjie Gao  

%------------------------------------------------------------------ 

 

% double mtt, double m00, double mp11, double mp22, double Etaa, 

double ohmm, double omgaKK1, double omgaKK2, double htt, double 

h00, double hpp1, double hpp2, double lpp1, double lpp2 

function r = 

AMM(mtt,m00,mp11,mp22,Etaa,ohmm,omgaKK1,omgaKK2,htt,h00,hpp1,hp

p2,lpp1,lpp2) 

    partone = 

mtt*htt+m00*h00+mp11*((hpp1*((omgaKK1^2)+4.0*(ohmm^2)*(Etaa^2)-

ohmm^2)-

lpp1*(4.0*(ohmm^2)*(Etaa^2)))/((omgaKK1^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK1^2))))+mp22*((hpp2*((omgaKK2^2)+4

.0*(ohmm^2)*(Etaa^2)-ohmm^2)-

lpp2*(4.0*(ohmm^2)*(Etaa^2)))/((omgaKK2^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK2^2)))); 

    parttwo = 

mp11*((hpp1*(2.0*Etaa*(ohmm^3/omgaKK1))+lpp1*(2.0*ohmm*Etaa*omg

aKK1-2.0*Etaa*(ohmm^3/omgaKK1)))/((omgaKK1^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK1^2))))+mp22*((hpp2*(2.0*Etaa*(ohm

m^3/omgaKK2))+lpp2*(2.0*ohmm*Etaa*omgaKK2-

2.0*Etaa*(ohmm^3/omgaKK2)))/((omgaKK2^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK2^2)))); 

    r = sqrt(partone^2+parttwo^2); 

end 

 

%------------------------------------------------------------------ 

% Spacecraft Propellant Tank Slosh Experimental Modeling:  

%     Objective function construction for pendulum model parameters  

%     optimization/extraction from the steady-state slosh test    

%     Subroutine Functions: AMphasor.m 

%                           The Apparent Mass Phase Function 

% 

% Created by Tengjie Gao 

%------------------------------------------------------------------ 

 

% double mtt, double m00, double mp11, double mp22, double Etaa, 

double ohmm, double omgaKK1, double omgaKK2 

function r = AMphasor(mtt,m00,mp11,mp22,Etaa,ohmm,omgaKK1,omgaKK2) 

    realpart = mtt+m00+mp11*((1+(4*(Etaa)^2-

1)*(ohmm/omgaKK1)^2)/(1+(4*(Etaa)^2-
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2)*(ohmm/omgaKK1)^2+(ohmm/omgaKK1)^4))+mp22*((1+(4*(Etaa)^2-

1)*(ohmm/omgaKK2)^2)/(1+(4*(Etaa)^2-

2)*(ohmm/omgaKK2)^2+(ohmm/omgaKK2)^4)); 

    imaginarypart = mp11*((2*Etaa*(ohmm/omgaKK1)^3)/(1+(4*(Etaa)^2-

2)*(ohmm/omgaKK1)^2+(ohmm/omgaKK1)^4))+mp22*((2*Etaa*(ohmm/omga

KK2)^3)/(1+(4*(Etaa)^2-2)*(ohmm/omgaKK2)^2+(ohmm/omgaKK2)^4)); 

    r = (180/pi)*atan(-1.0*imaginarypart/realpart); 

end 
 

%------------------------------------------------------------------ 

% Spacecraft Propellant Tank Slosh Experimental Modeling:  

%     Objective function construction for pendulum model parameters  

%     optimization/extraction from the steady-state slosh test    

%     Subroutine Functions: AMMphasor.m 

%                           The Apparent Mass Moment Phase Function 

% 

% Created by Tengjie Gao 

%------------------------------------------------------------------ 

 

% double mtt, double m00, double mp11, double mp22, double Etaa, 

double ohmm, double omgaKK1, double omgaKK2, double htt, double 

h00, double hpp1, double hpp2, double lpp1, double lpp2 

function r = 

AMMphasor(mtt,m00,mp11,mp22,Etaa,ohmm,omgaKK1,omgaKK2,htt,h00,h

pp1,hpp2,lpp1,lpp2) 

    realpart = 

mtt*htt+m00*h00+mp11*((hpp1*((omgaKK1^2)+4.0*(ohmm^2)*(Etaa^2)-

ohmm^2)-

lpp1*(4.0*(ohmm^2)*(Etaa^2)))/((omgaKK1^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK1^2))))+mp22*((hpp2*((omgaKK2^2)+4

.0*(ohmm^2)*(Etaa^2)-ohmm^2)-

lpp2*(4.0*(ohmm^2)*(Etaa^2)))/((omgaKK2^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK2^2)))); 

    imaginarypart = 

mp11*((hpp1*(2.0*Etaa*(ohmm^3/omgaKK1))+lpp1*(2.0*ohmm*Etaa*omg

aKK1-2.0*Etaa*(ohmm^3/omgaKK1)))/((omgaKK1^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK1^2))))+mp22*((hpp2*(2.0*Etaa*(ohm

m^3/omgaKK2))+lpp2*(2.0*ohmm*Etaa*omgaKK2-

2.0*Etaa*(ohmm^3/omgaKK2)))/((omgaKK2^2)+(4.0*(Etaa^2)-

2.0)*(ohmm^2)+(ohmm^4/(omgaKK2^2)))); 

    r = (180/pi)*atan(-1.0*imaginarypart/realpart); 

end 
 

D.3 MATLAB Code: Optimization Process 

%------------------------------------------------------------------ 

% Spacecraft Propellant Tank Slosh Experimental Modeling:  

%     Objective function construction for pendulum model parameters  
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%     optimization/extraction from the steady-state slosh test. 

%     Methodology Algorithm: Adaptive Gradient Descending Method. 

%     Validation Algorithm: Quasi-newton Gradient Method. 

% 

%     Main Code Body 

%     Subroutine Functions: 1.objfunc.m 

%                           2.AM.m 

%                           3.AMM.m 

%                           4.AMphasor.m 

%                           5.AMMphasor.m 

%                           6.kthetak.m 

% 

% Created by Tengjie Gao 

%------------------------------------------------------------------ 

 

clear all 

close all 

clc 

 

% Need Update for each case processing 

FL = 0.48 %fill level  

Ohm = 4.0 %excitation frequency, Hz 

Amp = 0.001555 %excitation amplitude, Hz 

config = 'symtrc' %diaphragm configuration 

t0 = 23.803 %steady-state starting time, sec 

testname = 'symtrc48400001555processed.txt' % change this for each 

case processing 

peakname = 'symtrc48400001555peaks.txt' % change this for each case 

processing 

filename = 'processedsample_sym4840.xlsx' % change this for each 

case processing 

deno_plot = 2.0 % change this as 2.0 for very low Ohm data plots 

and 5.0 for high Ohm data plots 

 

% General Paras Definition 

mt = 161.123; %tank sys mass, kg 

m100 = 314.6; %100FL propellant mass, kg 

g = 9.81; %earth gravity, m/s2 

height_tank = 1.2; %tank height, m  

data_size = 10044; %the size of sectional processed steady-state 

test data 

peak_size = 11; %the size of peaks data from the sectional 

processed steady-state test data 

delta_t = 0.001; %time interval, sec 

Glevel = Amp*(2*pi*Ohm)^2/g; %G Level of the case 

for i=0:data_size-1 

    t(i+1,1)=t0+i*delta_t; %sectional processed steady-state data 

time range, sec 

end 
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% 2 Files Data Log-in 

testdata = importdata(testname); 

peakdata = importdata(peakname); 

Fexp = testdata.data(1:data_size,1); 

Mexp = testdata.data(1:data_size,2); 

Xdd = testdata.data(1:data_size,3); 

Fp = peakdata.data(1:peak_size,1); 

AcelF = peakdata.data(1:peak_size,3); 

Mp = peakdata.data(1:peak_size,2); 

AcelM = peakdata.data(1:peak_size,4); 

 

Fpp = Fp./AcelF; 

Mpp = Mp./AcelM; 

 

% Uzero Set-up 

ini_m0 = readmatrix(filename,'Sheet',1,'Range','C4:C4'); 

ini_mp1 = readmatrix(filename,'Sheet',1,'Range','D4:D4'); 

ini_mp2 = readmatrix(filename,'Sheet',1,'Range','E4:E4'); 

ini_eta = readmatrix(filename,'Sheet',1,'Range','H4:H4'); 

ini_omgk1 = readmatrix(filename,'Sheet',1,'Range','F4:F4'); 

ini_omgk2 = readmatrix(filename,'Sheet',1,'Range','G4:G4'); 

ini_h0 = readmatrix(filename,'Sheet',1,'Range','I4:I4'); 

ini_ht = readmatrix(filename,'Sheet',1,'Range','J4:J4'); 

ini_hp1 = readmatrix(filename,'Sheet',1,'Range','K4:K4'); 

ini_hp2 = readmatrix(filename,'Sheet',1,'Range','L4:L4'); 

ini_lp1 = readmatrix(filename,'Sheet',1,'Range','M4:M4'); 

ini_lp2 = readmatrix(filename,'Sheet',1,'Range','N4:N4'); 

x0 = 

[ini_m0;ini_mp1;ini_mp2;ini_omgk1;ini_omgk2;ini_eta;ini_h0;ini_ht;i

ni_hp1;ini_hp2;ini_lp1;ini_lp2]; 

 

% Unconstrained Nonlinear Optimization: Gradient Method --- Quasi 

Newton 

err = @(x)objfunc(x, Fexp, Mexp, Xdd, mt, Ohm, data_size); 

options = optimoptions('fminunc','Algorithm','quasi-

newton','MaxIterations',2000,'OptimalityTolerance',1e-

6,'StepTolerance',1e-6,'Display','iter'); 

[x, fval, exitflag, output, grad, hessian] = 

fminunc(err,x0,options) 

 

% Optimization Output 

Uopt = x(1:12); 

error = fval; 

AM_th = AM(mt,Uopt(1),Uopt(2),Uopt(3),Uopt(6),Ohm,Uopt(4),Uopt(5)); 

AMM_th = 

AMM(mt,Uopt(1),Uopt(2),Uopt(3),Uopt(6),Ohm,Uopt(4),Uopt(5),Uopt(8),

Uopt(7),Uopt(9),Uopt(10),Uopt(11),Uopt(12)); 

AM_exp = mean(Fpp); % Favg/(Glevel*g) 

AMM_exp = mean(Mpp); % Mavg/(Glevel*g) 
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Fphasor = 

AMphasor(mt,Uopt(1),Uopt(2),Uopt(3),Uopt(6),Ohm,Uopt(4),Uopt(5)); 

Mphasor = 

AMMphasor(mt,Uopt(1),Uopt(2),Uopt(3),Uopt(6),Ohm,Uopt(4),Uopt(5),Uo

pt(8),Uopt(7),Uopt(9),Uopt(10),Uopt(11),Uopt(12)); 

Ftheo = Glevel*g*AM_th; 

Mtheo = Glevel*g*AMM_th; 

Force_delta = abs((Ftheo-Fp)/(Ftheo))*100; 

Torque_delta = abs((Mtheo-Mp)/(Mtheo))*100; 

K_mode1 = kthetak(Uopt(2),Uopt(4),Uopt(11),g); 

K_mode2 = kthetak(Uopt(3),Uopt(5),Uopt(12),g); 

slosh_mass_n = (Uopt(2)+Uopt(3))/(Uopt(1)+Uopt(2)+Uopt(3)); 

swallow = 100*((Uopt(1)+Uopt(2)+Uopt(3)-ini_m0-ini_mp1-

ini_mp2)/(ini_m0+ini_mp1+ini_mp2)); 

slosh_mass0 = (Uopt(1))/(Uopt(1)+Uopt(2)+Uopt(3)); 

slosh_mass1 = (Uopt(2))/(Uopt(1)+Uopt(2)+Uopt(3)); 

slosh_mass2 = (Uopt(3))/(Uopt(1)+Uopt(2)+Uopt(3)); 

for i = 1:data_size 

    if Fexp(i)*Xdd(i)<0 

        SRF = -1; 

    else 

        SRF = 1; 

    end 

     

    if Mexp(i)*Xdd(i)<0 

        SRM = -1; 

    else 

        SRM = 1; 

    end  

    Fth(i,1) = SRF*Xdd(i).*AM_th; 

    Mth(i,1) = SRM*Xdd(i).*AMM_th; 

end 

 

% Write-in Format Control 

error = round(error,1); 

Force_delta = round(Force_delta,1); 

Torque_delta = round(Torque_delta,1); 

Fphasor = round(Fphasor,1); 

Mphasor = round(Mphasor,1); 

K_mode1 = round(K_mode1,2); 

K_mode2 = round(K_mode2,2); 

AM_th = round(AM_th,3); 

AMM_th = round(AMM_th,3); 

AM_exp = round(AM_exp,3); 

AMM_exp = round(AMM_exp,3); 

slosh_mass_n = round(slosh_mass_n,3); 

swallow = round(swallow,3); 

Fth = round(Fth,3); 

Mth = round(Mth,3); 

Fp = round(Fp,3); 
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Mp = round(Mp,3); 

Ftheo = round(Ftheo,3); 

Mtheo = round(Mtheo,3); 

Uopt = round(Uopt,3); 

slosh_mass0 = round(slosh_mass0,3); 

slosh_mass1 = round(slosh_mass1,3); 

slosh_mass2 = round(slosh_mass2,3); 

 

% Write-in Process 

optimal_set = transpose(Uopt); 

writematrix(error,filename,'Sheet',1,'Range','B6:B6'); 

writematrix(optimal_set,filename,'Sheet',1,'Range','C6:N6'); 

writematrix(AM_th,filename,'Sheet',1,'Range','B9:B9'); 

writematrix(AMM_th,filename,'Sheet',1,'Range','D9:D9'); 

writematrix(AM_exp,filename,'Sheet',1,'Range','F9:F9'); 

writematrix(AMM_exp,filename,'Sheet',1,'Range','H9:H9'); 

writematrix(K_mode1,filename,'Sheet',1,'Range','J9:J9'); 

writematrix(K_mode2,filename,'Sheet',1,'Range','L9:L9'); 

writematrix(swallow,filename,'Sheet',1,'Range','N9:N9'); 

writematrix(slosh_mass_n,filename,'Sheet',1,'Range','P9:P9'); 

writematrix(Fp,filename,'Sheet',1,'Range','B12:B12'); 

writematrix(Mp,filename,'Sheet',1,'Range','C12:C12'); 

writematrix(Ftheo,filename,'Sheet',1,'Range','D12:D12'); 

writematrix(Mtheo,filename,'Sheet',1,'Range','E12:E12'); 

writematrix(Force_delta,filename,'Sheet',1,'Range','F12:F12'); 

writematrix(Torque_delta,filename,'Sheet',1,'Range','H12:H12'); 

writematrix(Fphasor,filename,'Sheet',1,'Range','J12:J12'); 

writematrix(Mphasor,filename,'Sheet',1,'Range','L12:L12'); 

writematrix(slosh_mass0,filename,'Sheet',1,'Range','P12:P12'); 

writematrix(slosh_mass1,filename,'Sheet',1,'Range','S12:S12'); 

writematrix(slosh_mass2,filename,'Sheet',1,'Range','V12:V12'); 

colname1 = 'Fx_mat(N)'; 

colname2 = 'My_mat(Nm)'; 

writematrix(colname1,filename,'Sheet',1,'Range','F15:F15'); 

writematrix(colname2,filename,'Sheet',1,'Range','G15:G15'); 

writematrix(Fth,filename,'Sheet',1,'Range','F16:F10059'); 

writematrix(Mth,filename,'Sheet',1,'Range','G16:G10059'); 

 

% Validation Plot 

% Ada Data Read-in 

Fth2 = readmatrix(filename,'Sheet',1,'Range','D16:D10059'); 

Mth2 = readmatrix(filename,'Sheet',1,'Range','E16:E10059'); 

% Absolute error 

ForceErr_ada = abs(Fexp-Fth2); 

ForceErr_qn = abs(Fexp-Fth); 

TorqueErr_ada = abs(Mexp-Mth2); 

TorqueErr_qn = abs(Mexp-Mth); 

% Data statistics 

AVG_Fada = mean(ForceErr_ada); 

STD_Fada = std(ForceErr_ada); 
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MID_Fada = median(ForceErr_ada); 

 

AVG_FQN = mean(ForceErr_qn); 

STD_FQN = std(ForceErr_qn); 

MID_FQN = median(ForceErr_qn); 

 

AVG_Mada = mean(TorqueErr_ada); 

STD_Mada = std(TorqueErr_ada); 

MID_Mada = median(TorqueErr_ada); 

 

AVG_MQN = mean(TorqueErr_qn); 

STD_MQN = std(TorqueErr_qn); 

MID_MQN = median(TorqueErr_qn); 

 

AVG_Fada = round(AVG_Fada,1); 

STD_Fada = round(STD_Fada,1); 

MID_Fada = round(MID_Fada,1); 

AVG_FQN = round(AVG_FQN,1); 

STD_FQN = round(STD_FQN,1); 

MID_FQN = round(MID_FQN,1); 

AVG_Mada = round(AVG_Mada,1); 

STD_Mada = round(STD_Mada,1); 

MID_Mada = round(MID_Mada,1); 

AVG_MQN = round(AVG_MQN,1); 

STD_MQN = round(STD_MQN,1); 

MID_MQN = round(MID_MQN,1); 

 

row1 = 'ErrAvg'; 

row2 = 'ErrMed'; 

row3 = 'ErrStd'; 

 

writematrix(row1,filename,'Sheet',1,'Range','H10060:H10060'); 

writematrix(row2,filename,'Sheet',1,'Range','H10061:H10061'); 

writematrix(row3,filename,'Sheet',1,'Range','H10062:H10062'); 

writematrix(AVG_Fada,filename,'Sheet',1,'Range','I10060:I10060'); 

writematrix(MID_Fada,filename,'Sheet',1,'Range','I10061:I10061'); 

writematrix(STD_Fada,filename,'Sheet',1,'Range','I10062:I10062'); 

writematrix(AVG_Mada,filename,'Sheet',1,'Range','J10060:J10060'); 

writematrix(MID_Mada,filename,'Sheet',1,'Range','J10061:J10061'); 

writematrix(STD_Mada,filename,'Sheet',1,'Range','J10062:J10062'); 

writematrix(AVG_FQN,filename,'Sheet',1,'Range','K10060:K10060'); 

writematrix(MID_FQN,filename,'Sheet',1,'Range','K10061:K10061'); 

writematrix(STD_FQN,filename,'Sheet',1,'Range','K10062:K10062'); 

writematrix(AVG_MQN,filename,'Sheet',1,'Range','L10060:L10060'); 

writematrix(MID_MQN,filename,'Sheet',1,'Range','L10061:L10061'); 

writematrix(STD_MQN,filename,'Sheet',1,'Range','L10062:L10062'); 

 

% Plot xy limit control 

t0_plot = round(t0); 

t_plot= round(t(data_size,1)); 
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tmean_plot = t0_plot+((t_plot-t0_plot)/deno_plot); 

tmean_plot = round(tmean_plot,1); 

Fp_plot = round(Fp,-2); 

Mp_plot = round(Mp,-2); 

 

%Figure.1: Fxexp vs Fxth(absolute error of Ada/QN prediction) 

figure(1)  

hold on 

h1 = plot(t,ForceErr_ada,'--','LineWidth',0.9,'color','r'); % 

Adagrad Prediction Deviation 

h2 = plot(t,ForceErr_qn,':','LineWidth',0.9,'color','b'); % Quasi-

Newton Prediction Deviation 

h3 = plot(t,Fexp,'-','LineWidth',0.9,'color','k'); % Experiment 

Amplitude 

set(gca,'ticklength',[0.0005 0.0005]); 

set(gca,'tickdir','out'); 

ylabel('Force, N','FontWeight','bold'); 

xlabel('Test Time, s','FontWeight','bold'); 

xlim([t0_plot tmean_plot]); 

%ylim([-Fp_plot-100.0 Fp_plot+200.0]); 

legend([h1,h2,h3],'FE_{Ada}','FE_{QN}','F_{T,exp}'); 

legend('Location','north','Orientation','horizontal','NumColumns',3

,'Fontsize',10); 

grid on 

hold off 

 

%Figure.2: Myexp vs Myth(absolute error of Ada/QN prediction) 

figure(2)  

hold on 

h1 = plot(t,TorqueErr_ada,'--','LineWidth',0.9,'color','r'); % 

Adagrad Prediction Deviation 

h2 = plot(t,TorqueErr_qn,':','LineWidth',0.9,'color','b'); % Quasi-

Newton Prediction Deviation 

h3 = plot(t,Mexp,'-','LineWidth',0.9,'color','k'); % Experiment 

Amplitude 

set(gca,'ticklength',[0.0005 0.0005]); 

set(gca,'tickdir','out'); 

ylabel('Torque, N*m','FontWeight','bold'); 

xlabel('Test Time, s','FontWeight','bold'); 

xlim([t0_plot tmean_plot]); 

%ylim([-Mp_plot-100.0 Mp_plot+200.0]); 

legend([h1,h2,h3],'ME_{Ada}','ME_{QN}','M_{T,exp}'); 

legend('Location','north','Orientation','horizontal','NumColumns',3

,'Fontsize',10); 

grid on 

hold off 
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Appendix E 
 

E.1 Triaxial Force Sensor  

 

Figure E- 1: Kistler Part No. 9017B triaxial force sensor 

E.2 The Designed Calibration Loads 

Table E- 1: Calibration loads applied on each axis 

Force/Torque Load 1, N or N*m Load 2, N or N*m Load 3, N or N*m 

𝐹𝑥 650 400 200 

-𝐹𝑥 -650 -400 -200 

𝐹𝑦 300 200 100 

-𝐹𝑦 -300 -200 -100 

𝐹𝑧 300 200 100 

-𝐹𝑧 -300 -200 -100 

𝑀𝑥 50 25 -- 

-𝑀𝑥 -50 -25 -- 

𝑀𝑦 50 25 -- 

-𝑀𝑦 -50 -25 -- 

𝑀𝑧 27 18 -- 

-𝑀𝑧 -27 -18 -- 
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E.3 The Static Force/Torque Calibration Schematics  

 

Figure E- 2: Positive x force static calibration 
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Figure E- 3: Negative x force static calibration 
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Figure E- 4: Positive y force static calibration  

Negative y force calibration is obtained by symmetry with respect to the XZ plane. 
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Figure E- 5: Positive z force static calibration  
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Figure E- 6: Negative z force static calibration 
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Figure E- 7: Negative y torque static calibration 

Positive y torque calibration is obtained by symmetry with respect to the XZ plane. 

Positive x torque calibration is obtained with a counterclockwise rotation of 90 degrees. 

Negative x torque calibration is obtained with a counterclockwise rotation of -90 degrees. 
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Figure E- 8: Negative z torque static calibration  

Positive z torque calibration is obtained by symmetry with respect to the XZ plane. 
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Appendix F 
 

F. Workstation Configuration 

Processor: Intel® Xeon® Gold 6148 CPU @ 2.40 GHz 2.39 GHz (2 processors) 

Installed Memory (RAM): 64.0 GB 

System Type: 64-bit Operating System, x64-based processor 
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Appendix G 
 

G. Sample of Experimental Pre-processed Steady-state Data 

 

Figure G- 1: An example of the pre-processed steady-state force data 
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Figure G- 2: An example of the pre-processed steady-state torque data 
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Figure G- 3: An example of the pre-processed steady-state lateral acceleration data 

 



 

 

101 

 

Table 7: Pendulum parameters, natural shape, liquid on bottom, 0.1 g excitation, 0.5 Hz 

FL 48 % 39 % 24 % 

𝑚0 , kg 97.9 67.3 41.4 

𝐻0 , m 0.12 0.10 -0.01 

𝜉 0.067 0.075 0.072 

Mode 1 2 1 2 1 2 

𝑚𝑝 , kg 15.9 37.1 16.6 38.8 33.8 0.3 

𝐻𝑝  , m 0.87 0.90 0.92 0.95 0.80 0.74 

𝜔𝑛 , Hz 4.1 0.5 4.1 0.5 0.5 4.2 

𝐿𝑝 , m 0.65 0.28 0.65 0.30 0.38 0.58 

𝐾𝜃  , 
𝑁 ∙ 𝑚 𝑟𝑎𝑑⁄  

11.3 102.8 11.2 114.7 126.0 0.1 

 

Table 8: Pendulum parameters, asymmetric shape, X-Z plane, liquid on bottom, 0.1 g excitation, 0.5 Hz 

FL 48 % 39 % 24 % 

𝑚0 , kg 135.8 85.7 45.2 

𝐻0 , m -0.03 0.10 0.03 

𝜉 0.019 0.075 0.064 

Mode 1 2 1 2 1 2 

𝑚𝑝 , kg 4.5 10.7 36.6 0.5 30.0 0.3 

𝐻𝑝  , m 0.74 0.85 0.96 0.93 0.83 0.80 

𝜔𝑛 , Hz 4.3 0.5 0.5 4.1 0.5 4.2 

𝐿𝑝 , m 0.55 0.35 0.31 0.63 0.37 0.58 

𝐾𝜃  , 
𝑁 ∙ 𝑚 𝑟𝑎𝑑⁄  

1.1 36.0 109.7 0.2 108.2 0.1 
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Table 9: Pendulum parameters, asymmetric shape, Y-Z plane, liquid on bottom, 0.1 g excitation, 0.5 Hz 

FL 48 % 39 % 24 % 

𝑚0 , kg 105.5 85.7 41.3 

𝐻0 , m 0.12 0.10 0.14 

𝜉 0.057 0.071 0.085 

Mode 1 2 1 2 1 2 

𝑚𝑝 , kg 13.7 31.8 36.6 0.5 33.7 0.4 

𝐻𝑝  , m 0.86 0.90 0.91 0.88 0.94 0.91 

𝜔𝑛 , Hz 4.1 0.5 0.5 4.1 0.5 4.1 

𝐿𝑝 , m 0.63 0.29 0.29 0.63 0.20 0.70 

𝐾𝜃  , 
𝑁 ∙ 𝑚 𝑟𝑎𝑑⁄  

7.4 91.0 104.4 0.22 63.4 0.5 

 

Table 10: Pendulum parameters, natural shape, liquid on bottom, 0.1 g excitation, 2.0 Hz 

FL 48 % 39 % 24 % 

𝑚0 , kg 98.1 79.6 41.4 

𝐻0 , m -0.07 0.0 -0.003 

𝜉 0.062 0.061 0.044 

Mode 1 2 1 2 1 2 

𝑚𝑝 , kg 52.3 0.5 42.5 0.3 10.1 23.8 

𝐻𝑝  , m 0.69 0.66 0.82 0.79 0.70 0.72 

𝜔𝑛 , Hz 1.9 3.4 1.9 3.4 6.2 2.0 

𝐿𝑝 , m 0.02 0.04 -0.04 0.09 0.09 -0.03 

𝐾𝜃  , 
𝑁 ∙ 𝑚 𝑟𝑎𝑑⁄  

10.9 0.2 16.3 0.3 5.7 7.1 
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Table 11: Pendulum parameters, asymmetric shape, X-Z plane, liquid on bottom, 0.1 g excitation, 2.0 Hz 

FL 48 % 39 % 24 % 

𝑚0 , kg 90.6 79.7 41.5 

𝐻0 , m -0.07 -0.08 -0.10 

𝜉 0.070 0.062 0.052 

Mode 1 2 1 2 1 2 

𝑚𝑝 , kg 59.8 0.6 42.5 0.4 33.6 0.3 

𝐻𝑝  , m 0.71 0.67 0.78 0.76 0.66 0.71 

𝜔𝑛 , Hz 1.9 3.4 1.9 3.4 1.9 3.4 

𝐿𝑝 , m 0.01 0.05 0.02 0.04 0.03 0.04 

𝐾𝜃  , 
𝑁 ∙ 𝑚 𝑟𝑎𝑑⁄  

6.4 0.3 9.8 0.2 8.6 0.1 

 

Table 12: Pendulum parameters, asymmetric shape, Y-Z plane, liquid on bottom, 0.1 g excitation, 2.0 Hz 

FL 48 % 39 % 24 % 

𝑚0 , kg 105.5 67.3 41.3 

𝐻0 , m 0.08 0.16 0.18 

𝜉 0.076 0.068 0.052 

Mode 1 2 1 2 1 2 

𝑚𝑝 , kg 44.8 0.3 27.4 27.4 17.1 16.8 

𝐻𝑝  , m 0.84 0.80 0.62 0.61 0.79 0.78 

𝜔𝑛 , Hz 1.9 6.2 1.9 3.8 2.0 3.7 

𝐿𝑝 , m -0.13 0.16 0.09 0.25 0.01 0.34 

𝐾𝜃  , 
𝑁 ∙ 𝑚 𝑟𝑎𝑑⁄  

61.5 0.2 24.3 42.3 1.7 29.7 
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Table 13: Pendulum parameters, natural shape, liquid on bottom, 0.1 g excitation, FL=48% 

Ω , Hz 3.0 5.0 8.0 

𝑚0 , kg 113.3 83.1 90.6 

𝐻0 , m -0.57 -0.37 -0.41 

𝜉 0.108 0.146 0.043 

Mode 1 2 1 2 1 2 

𝑚𝑝 , kg 22.3 15.5 61.1 6.8 37.4 23.0 

𝐻𝑝  , m 0.29 0.29 0.33 0.33 0.27 0.27 

𝜔𝑛 , Hz 2.7 5.8 4.1 4.9 6.8 14.2 

𝐿𝑝 , m 0.22 0.01 0.02 -0.01 0.004 0.004 

𝐾𝜃  , 
𝑁 ∙ 𝑚 𝑟𝑎𝑑⁄  

39.7 1.6 13.1 0.8 1.4 0.8 

 


