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1 Introduction 

TI1e term virtual reality (VR) has been used in the popular press to describe systems 
that completely replace the user's view with computer graphics, a view of a synthetic 
world. Such systems allow building designers to visualize the "completed" building 
and potential problems in the design before construction. A VR system might allow 
scientists to view environments as large as galaxies or as small as atoms as if they were 
human-sized. The primary benefit in these cases would be to interact in more natural 
ways with objects that, due to their sizes, are usually beyond our reach. 

In academic literature, these systems are known as virtual environment (VE) sys
tems. 11lree hardware components comprise such systems. 

I. a display subsystem through which the user will look into the synthetic world, 
often a head-mounted display (HMO) 

2. an image generation subsystem that can paint the proper image onto this display 

3. a tracking subsystem that can determine the user's viewpoint and view direction 
in order to paint the correct picture 

The goals are to present a new world that is "real" to the user's senses and to give the 
user a sense of presence in that environment. "Real" in this sense implies in that the 
environment exhibits a consistent, believable appearance and behavior. 

A variant on this idea is to not completely replace the user's view of the surrounding 
environment, but merely to add to it. The term augmented reality (AR) has been given to 
applications that merge computer graphics with images of the real world [Caudell92]. 
Since the user sees real objects in the environment, the sense of immersion changes. 
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However, the merging of synthetic objects with real imagery still requires a consistent, 
believable depiction of the appearance and behavior of the synthetic objects. 

Synthetic objects must behave as their real counterparts would. They must be sit
uated in-and stay in-the proper place as the user moves through the environment. In 
other words, they must be properly aligned with the real objects. They must disap
pear when another object (real or synthetic) obstructs the user's view. These are two 
of the most difficult tasks in merging real and synthetic imagery. For most AR systems, 
achieving alignment reduces to acquiring accurate tracking data of the user's viewpoint 
and view direction and properly displaying occlusion between real and synthetic objects 
reduces to knowing the relative distances of the real and synthetic objects from the user. 

Achieving alignment and depicting occlusion have been difficult problems to solve. 
Most proposed solutions have either limited success or a limited domain of application. 
The major motivation behind this research was to create a system that could achieve 
alignment without restricting the user in the ways that previous approaches had. We 
were able to do this in a framework that provides a good basis from which to solve the 
problem of correctly depicting occlusion relationships as well. 

1.1 Augmented Reality 

We noted above the ability of a VE system to present a different environment to the user. 
AR, on the other hand, has the ability to give the user further information about the sur
rounding environment. For example, AR could give a doctor "X-ray vision" with \Vhich 
to examine the patient before or during surgery. AR could also guide a manufacturing 
worker through a process with a series of visual demonstrations of the next step in the 
manufacturing process. 

Both of these applications have been demonstrated with AR [Caudell92, Bajura92]. 
To this time, however, the AR systems have not been used in place of the traditional 
methods of performing these tasks. The difficulties that hinder current AR systems are 
primarily with the display and tracking subsystems. 

The display device for AR is necessarily different than for VE, and the design of 
such devices is a difficult task. 111e method we currently use (and plan to use for the 
foreseeable future) for displaying an AR view is known as video see-through (VST). 
The merging is performed by having the user "see through" (in a metaphorical sense) 
video cameras that acquire an image of the real world [Bajura92]. The display itself is 
generally an opaque HMO, but by positioning the video cameras at or near the eyes and 
placing the images they acquire in the display, the VST AR system allows the user to 
view the surrounding environment. The computer graphics are rendered directly onto 
the video image after it is acquired from the cameras and before it is displayed to the 
user. 

The demands on the tracking subsystems are somewhat different for AR than for 
VE, and most tracking subsystems are not designed to meet these demands. Tracking 
is the focus of the research described here. We begin the discussion of tracking by sum
marizing the problem, current hardware, and current algorithms. 
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1.2 The Tracking Problem 

The tracking problem can be stated as follows: Determine the position and orientation 
angles of a given object lvith respect to a reference pose in the envi1vnn1e11t. The posi
tion and orientation together describe the six degree-of-freedom (DOF) offset between 
two discrete 3D objects. This six-DOF quantity is referred to as pose in this discussion. 

The tracking system in an AR or VE application determines the viewpoint and view 
direction for rendering the synthetic imagery. For monitor-based computer graphics ap
plications, the tracking system is often a joystick or mouse controller, or perhaps a set 
of keys on the standard keyboard. In this case, the viewpoint is fixed until the user takes 
action. This action, ho\vever, is not an intuitive viewpoint control method. 

Part of the novelty of AR and VE as a user interface is to provide a natural and in
tuitive method of interaction. The most intuitive method of controlling the view for the 
user is to physically move into the desired viewing pose relative to the environment. In 
order to allow the user this natural interface, a tracking system must measure the user's 
pose in the environment in real time. This enables the application to use an HMD. 

Tracking for AR has proven to be a very difficult problem to solve. In a naive imple
mentation of AR, the synthetic imagery is rendered with the measured pose and simply 
overlaid on the real imagery with the assumption that the tracking system will provide 
enough accuracy in its measurement of the pose to accurately align real and synthetic 
imagery. However, correct alignment has rarely been achieved to sufficient accuracy in 
the demanding medical applications. This is partially due to the stringent requirements 
which various applications carry, and partially due to inadequate technologies that have 
been applied to the problem. One of the most promising technologies for tracking is op
tical sensors. 

1.3 Optical Tracking Technology 

Perhaps the oldest form of optical tracking is "navigation by the stars." The basic notion 
is that if a sailor sees known constellations whose positions and orientations in the sky 
are known, then he can compute his position and orientation on the globe. A variety of 
modern technologies have been applied, but in all systems, the mathematical principle 
that places constraints on the pose of the user is triangulation. 

I shall categorize the technology of optical tracking systems in two ways, and then 
place the current work in this context. The first delineation between optical systems is 
the sensor technology. It can be ID or 2D, and may or may not form an image. If the 
imaging technology is 2D and image-forming, then the system is frequently referred to 
as vision-based, especially if the same images that are used for tracking are also used to 
provide the useran image of the real world, as for VST AR or mobile robots. The second 
difference is the type of landmarks that are employed. Landmarks can be broken into 
categories of active and passive. The former category generally implies light-emitting 
diodes (LEDs), while the latter includes a variety of features, such as colored shapes, 
reflective markers, or even natural features like edges and corners. 

These two technologies can be combined in many ways. Some commercial systems 
use 2D image-forming sensors with active beacons. Several research systems (includ
ing one in our lab) and at least one commercial system use 2D image-forming sensors 
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with passive beacons [State96a]. A related research effort in our lab [Ward92] and sim
ilar efforts elsewhere use 2D non-image-fanning sensors with active beacons. A com
mercial system we purchased for our work uses ID image-forming sensors with active 
beacons. 

We are unaware of systems that use ID non-image-forming devices. However, one 
can think of our work as using 2D imaging technology and projective geometry to create 
a ID non-image fanning sensor. The landmarks in this work are qualitatively different 
from the systems cited here. The systems discussed here use physical landmarks that 
must be placed in the scene. The chief result of this research is that using projected 
patterns of light to create landmarks with unknown 3D positions can be used to track a 
moving sensor. Thus the physical manifestations of landmarks in the proposed system 
are passive in the sense that they merely reflect light. On the other hand, the landmarks 
are projections of light and could also be considered active in the sense that they move 
and flash under control of the tracking system's host. 

One problem with conventional optical approaches is that the landmarks impose 
constraints on the user's interaction with the world. The user must keep the landmarks 
in view in order to benefit from the vision-based tracking, but must avoid them while 
performing the task at hand. It is not always practical to assume the environment to 
be static. This can lead to occlusion of the landmarks from the user's view. Also, the 
user cannot be expected to keep the landmarks in view as his viewpoint changes. The 
problem can be reduced by using numerous landmarks, but this is not always a practical 
solution. A primary goal of this research is to overcome the limitations imposed by the 
use of physical landmarks and develop a real-time tracking algorithm using projected 
light. 

There are other issues surrounding optical tracking systems that are yet to be an
swered for our new algorithm. Optical systems frequently place restrictions on the light
ing of the scene. There have frequently been questions raised about the stability and 
repeatability of measurements, especially in 2D image-forming devices. Systems that 
distribute fixed landmarks around the environment and track sensors that move within 
the volume suffer from pooraccuracy of position measurements. Systems that distribute 
fixed sensors around the environment and track moving landmarks suffer from poor ac
curacy of orientation measurements of the assembly carrying the landmarks. 

1.4 Optical Triangulation 

The basic principle of optical triangulation is that if you have two views of a scene and 
can establish correspondence between points that are visible in both images, then you 
can determine a variety of parameters of the two images, including the offset in position 
and orientation between the two cameras, the parameters of the projection operations 
performed by the cameras, and the precise locations of the points in space. There are 
two ways constraints can be placed on the pose of the imaging device, which are dual 
to each other. 

I. The correspondence of two images ofa single static feature defines a triangle with 
the feature and the two centers of projection of the imaging device as the vertices. 
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In this case, the length of the side of the triangle between the two centers of pro
jection is known. 

2. Imaging multiple landmarks at known 3D locations in one view forms a triangle 
with a vertex at the center of projection and a known length of the opposite side 
(the relative location of the sighted landmarks). 

Eitherof these basic facts can be used in numerous ways to create a system of constraints 
involving the parameters of the pose of the camera or system of cameras. 

The optical ceiling tracker demonstrated in our lab [Ward92] relies on knowing the 
3D locations of LEDs mounted on the ceiling and imaging those LEDs with a set of 
photodiodes fixed on the user's head. The collinearity algorithm [Azuma9 I] used in the 
initial version of the UNC optical ceiling tracker, is, according to its authors, "nothing 
more than similar triangles." The algorithm expresses the observation that the vector 
in the camera coordinate system from the front principal point of the photodiode to the 
LED must be collinear with the vector from therear principal point to the image location 
of the LED. For a set of LED sightings, this places a system of constraints on the pose 
of the camera, which can then be solved for the parameters of camera pose. 

The formulation of the constraints in collinearity images a single landmark at a time 
and assumes that the photodiode assembly does not move during the time it takes to im
age sufficient landmarks to fully constrain the pose. However, this restriction cannot be 
guaranteed in practice. To overcome this requires a filtering mechanism that can inte
grate a set of measurements made over time. Research in our lab led to the development 
of the single-constraint-at-a-time (SCAAT) tracking algorithm [Welch96], which uses 
an extended Kalman filter (EKF) to integrate a set of measurements made over time into 
a sequence of estimates of the set of parameters on which the measurements depend. 
More about how this process applies to the current research is described in Section 2.5. 

The EKF [Brown92] provides an estimate of minimum mean squared error to the 
set of parameters, if certain assumptions about the noise in the measurements and in the 
dynamic behavior of the parameters are satisfied. The filter maintains a current estimate 
("the state") of the values being determined, their error covariances, and a model of 
the behavior and noise of the system over time. "Behavior" in this sense includes a 
function that determines the measurement from the state and a method of mapping the 
measurement onto the state. 

The EKF operates in a predictor-corrector fashion. The prediction step consists of 
pushing the state and error covariance matrix forward in time according to the system 
behavior model. From this predicted state, the filter predicts a measurement, then takes 
a measurement, and computes the error. This error is mapped back onto the state to de
termine a corrective update to the state and the error covariance matrix. The basic filter 
works only for discrete, linear processes. However, an EKF applies to a continuous, 
non-linear process with discrete measurements. In this case, the mapping of the error 
onto the state is determined by the Jacobian-the matrix of partial derivatives-of the 
measurement function. 
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Figure I: The offset between two cameras is given by the epipolar geometry. Using 
uppercase to denote 3D points and lowercase to denote 2D points, we can express the 
epipolar constraint. The 3D line C1 M intersects the image plane P1 at m1. The pro
jection ofline C1M onto image plane P2 is the line e2m,. Similarly, the 3D line C2M 
projects to the line e 1 m1 in plane P1. Note that e1 and e2 need not be in the visible 
portion of the image plane. 

1.5 Geometric Constraints 

The SCAAT implementation of the algorithm we propose requires knowledge of what 
the pattern from the projector looks like in the image plane of the camera. This in turn 
requires projective geometry operations that describe the six-DOF offset of two cam
eras looking at the same scene. Thus concepts and terms from computational projective 
geometry are introduced here. 

The epipo/e is defined as the image-plane location of the center of projection asso
ciated with the other image plane-that is, where the other center of projection projects 
to in our image plane. An epipolar line is the projection of the ray emanating through 
a given pixel in one image plane onto a second image plane (Figure I). 

Let M be a 3D point imaged at pixel m1 on the first image plane. The epipolar 
constraint says that every 3D point M imaged at pixel m1 on the first image plane will 
lie on the 2D line e2m 2 in the second image plane, where e2 is the epipole and m 2 is 
the imaged location of M in the second image plane. The basic observation is that if 
two image-plane points are detennined to correspond to the same point in 3D, then each 
image point will lie on the epipolar line determined by the point in the other image plane 
(Figure I). 

Researchers in computer vision have shown how to compute the epipolar line that 
corresponds to a given image point as a function of the pose of the camera with respect 
to the projector, the intrinsic camera parameters such as the field of view, aspect ratio, 
and focal length, and the intrinsic projector parameters [Faugeras93, Faugeras92]. 

The implication of this research for our tracking system is the following observation. 
If we illuminate a point-like landmark in the projector image plane, then we can predict a 
line on which the detected landmark in the camera image plane will lie. This prediction 
relies on the pose of the camera, as well as all the intrinsic parameters of the camera 
and projector. We assume the intrinsic parameters are known, while the camera pose is 
the quantity we are trying to estimate. Thus if the detected landmark does not lie on the 
computed epipolar line, then there must be error in our estimate of the camera pose. 

TheEKFmechanism uses the Jacobian of the point-to-linedistance function in order 
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to provide a corrective update to the current estimate. In this way, we can update our 
current estimate whenever a detected landmark does not lie on the computed epipolar 
line. Whether this separation is due to an incorrect previous estimate or due to rnotion of 
the camera is not known or important. -The corrective mechanism is the same in either 
case. 

2 New Tracking Algorithm 

The data that the structured light patterns generate when viewed from a camera is fun
damentally different than the data used in current real-time tracking systems for VE. 
One set of data crucial to most optical and vision-based tracking systems is the 3D lo
cations of the set of landmarks or the set of sensors. Some systems need this data to a 
high degree of accuracy [State96a]; some need only a good initial approximation of this 
data [Welch96]. We do not want to rely on having knowledge of the 3D locations of the 
landmarks when designing a tracking system for VST AR. In a dynamic environment, 
it would be difficult to maintain the 3D model of the environment necessary to know the 
3D locations. If we are using projected light, viewed from a second (unknown) pose, 
as the basis of the tracking system, then we are placing a qualitatively different type 
of constraint on the user's pose than in previous optical or vision-based tracking 
systems. 

Whereas previous systems view a set of points in space, the proposed system will see 
a set of points on a set of rays in space. The big difference is thatin the proposed system, 
the locations of the points along the respective rays is unknown; it is only known that the 
points lie on the rays. This is a fundamentally different geometry than that experienced 
by systems that see a set of known 3D points. We need to develop some intuition about 
this geometry, from which we can go on to express geometric relationships regarding 
the projectors and the camera. 

2.1 Expressing the Geometry of Rays in Space 

So the question we must ask is, ''What do the landmark correspondences tell us about 
the camera pose?" To answer this, let us begin by listing what we know about the land
marks. In this sense of "know," I mean that these are quantities for which we could write 
geometric coordinates. 

• the 2D location of the projected landmark on the image plane of the projector 

• the ray in world space defined by the projected landmark and the center of pro
jection of the projector 

• the 2D location of the detected landmark on the image plane of the camera 

• the ray in camera space defined by the detected landmark and the center of pro
jection of the camera 

You might visualize the ray emanating from the projector by thinking about the illumi
nated cone of light from a car's headlight on a foggy night, although the rays here will 
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Figure 2: TI1e geometry of sighting landmarks projected onto the scene and viewed by 
the camera. This geometry generates information about the pose of the camera through 
the correspondence between landmarks projected on the environment by the projectors 
and landmarks detected by the camera. 

have a narrower beam and a sharper fall-off at the edges of the beam. The camera sees 
the landmark in a 30 location in the environment, although the 3D location is unknown. 
We do have the 20 location on the camera's image plane. This allows us to define the 
ray emanating from the camera (Figure 2). Note that this ray is only known relative to 
the camera, as opposed to the ray emanating from the projector, which is known relative 
to the world. 

We can now answer the question of what we know by expressing the relationship 
of the landmarks. This relationship is the fundamental observation that makes the 
algorithm work. 

We know that the two optical rays defined by the two 2D locations must meet at the 
30 landmark (the surface patch) onto which the light falls. This landmark will project 
to a small shape on the image plane of the camera, the central point of which will be the 
point where the ray from the camera intersects its image plane. The ray emanating from 
the projector will project to a line in the camera image plane. Since the 30 landmark 
lies on both of these rays, the 30 landmark's projection must lie on the ray's projection 
in the camera image plane. This expresses again the epipolar constraint discussed in 
Section 1.5. 

There are three remaining questions regarding the rays and detected landmarks. The 
first is "How many such corresponding pairs oflandmarks do we need to have for this to 
completely constrain the camera pose?" This question will be examined in Sections 2.2 
and 2.3. The second is "What can we do to decrease the sensitivity of the algorithm 
to errors in our estimate of the known geoinetry parameters?" This \Vill be discussed 
in Section 2.4. The third question is "What constraints must the 30 configuration of 
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Figure 3: We predict lines in the camera image plane on which the landmarks will be 
detected. If we know the camera pose perfectly, then the landmarks will lie precisely 
on the respective lines. Ho\vever, ca1nera motion \Vill introduce error into our estimate, 
and the landmarks will be separated from the lines by a (hopefully small) distance. 

the landmarks satisfy to allow the algorithm to compute a solution?" This question re
quires deeper insights into mathematical constraints and is addressed in my disserta
tion [Livingston98]. 

2.2 From Rays in Space to Determination of Camera Pose 

Section 2.1 specifies a method by which we can generate a single correspondence be
tween the camera and projector. The immediate question is, of course, how many of 
these corresponding pairs of projected and detected landmarks are necessary in order to 
completely determine camera pose. To answer this, we should consider what informa
tion we get from each corresponding pair. We are expressing the epipolar constraint: 
if we know the camera pose perfectly, then we can identify a line in the camera image 
plane on which the detected landmark will lie. TI1is is the case in Figure 2. Since there 
will be error introduced in our estimate when the camera moves, the detected landmark 
will be slightly off the line we compute (Figure 3). The information we get, then, is the 
distance of the detected landmark from the line. 

In 30 there are six DOF for pose, and we have five constraints. These constraints 
are scalar; we do not get the distance along both coordinate axes within the image plane, 
only the distance along the normal to the line. This is because we do not know where 
along the line the detected landmark should lie. Several algorithms in computer vision 
literature use the epipolar constraint to determine camera pose. Since we use the same 
constraint, the minimum number oflandmarks necessary for our algorithm to determine 
the pose of the camera is five, the same as the number necessary in the general cases of 
those algorithms. 

With five scalar constraints, we are clearly not able to fully compute the six-DOF 
camera pose. There is still something missing. The remaining problem is the concept 
of scale, well-known in the field of computer vision. How is one to determine whether 
a picture of a house is of a doll house or a human house? 

2.3 Resolving the Ambiguity of Scale 

There are a variety of methods that we could use to determine the scale, or the absolute 
size, of objects in the image. We could place an object of known size, for example a 
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Figure 4: Triangulation of the distances from the camera to two projectors from known 
angles and a known length between the projectors. 111e known length between the two 
projectors is used to determine the unknown lengths from the camera to each of the two 
projectors. The angles are known since the directions in the world are known. 

12" ruler or an 8.5" x 1111 sheet of paper, in the scene and detect its boundaries in the 
camera image. Alternatively, with the tracking equipment we have in our lab at UNC, 
we could measure the distance between any two 3D points in the scene that are detected 
in the camera image. Since this would be a one-time measurement upon starting the 
system, we need not be quite as concerned about the difficulty of keeping an object in 
view as we are during real-time operation of the system. (Recall that the difficulty of 
keeping specific objects in view during real-time operation prompted this research on 
tracking with structured light patterns.) 

In a system with two cameras mounted rigidly on the user's head, such as our VST 
AR system, we could use the distance between the two cameras to measure the scale fac
tor. This would require seeing a single point in both cameras' images. This technique 
is known as stereo vision and is very common in computer vision. One of the inost 
difficult problems in stereo vision is automatically determining which landmarks cor
respond. We choose to solve the correspondence problem by projecting and detecting 
only a single landmark at a time. This would appear to be a good option for computing 
the scale. However, we believe that using two projectors is a better choice. 

We place at least two projectors at known poses in the environment. In particular, 
we know the distance between the projectors. This gives us the information necessary 
to compute the scale factor, which reduces to determining the size of the sides of a tri
angle with known angles (Figure 4). The disadvantage of this approach is that multiple 
projectors complicates the system hardware. The projectors must be synchronized, and 
we must measure the relative pose of each additional projector with respect to the first 
projector. We choose multiple projectors, however, largely because this solution has 
the potential to improve the stability of the algorithm. This is discussed further in Sec
tion 2.4. 

To conclude our discussion of resolving scale, we need to consider how requiring 
two projectors affects the number of corresponding pairs of landmarks we need. We 
know that we need at least five from one projector to compute the pose with respect 
to that projector. We could use another five from the other projector to compute the 
pose, and complete the triangle. Another option is to directly generate correspondences 
between the two projectors and thereby compute 3D locations oflandmarks also visible 
to the camera. This would require two 3D locations for landmarks, which could also 
be used for corresponding projected and detected landmark pairs; however, it would be 
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Figure 5: In the left image, the camera sees landmarks from only one projector. If the 
camera and surface move in the indicated direction with respect to the image plane of 
the camera, then the image of the points will not change much. In the right image, the 
camera sees landmarks from two projectors. Now the same motion will produce a large 
change in the image of the points from the second projector, allowing us to determine 
the camera pose reliably. It would be difficult, though not impossible, to find a direction 
of motion that would not yield much change in the image of either set of points. 

very expensive to generate such three-way correspondences. Thus it appears preferable 
to use multiple landmarks over time, with at least five from each projector, to measure 
the six-DOF pose of the camera. 

2.4 Advantages of Using 1\vo Projectors 

As noted in the previous section, using two projectors allows us to determine the missing 
scale factor. However, there are strongerreasons for choosing a system design involving 
multiple projectors. 

The strongest argument for using two projectors involves the lines that we compute 
in the camera image plane. If there is only one source (projector) of the rays in space, 
then for a given pose of the camera, the lines in the camera image plane that correspond 
to these rays will all look very similar (Figure 5). If the camera and the surface both 
move, for example, in the direction towards the projector within the image plane (left 
image of Figure 5), then the image of the detected landmarks will not change much. 
This creates an unstable situation for measuring the camera pose. There are other mo
tion paths for which the image does not change. We can improve this situation signif
icantly by using a second projector and getting a very different direction for the Jines 
mapped to the camera image plane. By a "different direction" we mean to imply that 
the camera (i.e. the user) is in some sense "between" the two projectors. In that case, 
motion in the direction towards the first projector will create a large change in the image 
of the detected landmarks that correspond to the second projector (right image of Fig
ure 5). There are still 3D point sets and motions for which the image will not change 
even for two projectors, but we believe these 3D configurations of landmarks are un
likely to occur once the system is implemented [Livingston98]. 

Another nice property of using two projectors to detennine the scale factor is that 
this measurement is most amenable to a11tocalibration by the system. Autocalibration is 
estimating a internal system parameter in real-time. The problem is that there is an un
known interaction between errors in the one-time measurements, not only for the scale 
factor, but also for the internal camera geometry and internal projector geometry. This 
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relationship is unknown, and autocalibration has the potential to refine the estimate of 
all the parameters simultaneously. In order to autocalibrate the scale factor with an ob
ject of known size, it would have to always be in the field of view, which reduces us 
to the primary problem that this research tries to avoid-regularly detecting a physical 
object in the camera's view of a small, dynamic environment. To autocalibrate the rel
ative pose bet,veen two cameras would be possible, but sensitive to errors since the two 
head-mounted cameras will see very similar images of the corresponding points and 
lines. 

One question regarding the use of two projectors for resolving the scale is what ef
fect, if any, this has on the sensitivity of the algorithm to errors in the one-time measure
ment (assuming that the autocalibration scheme mentioned above is not enabled). The 
one-time measurement when using two projectors to resolve scale would be the relative 
pose of the projectors. The one-time measurement when using two cameras would be 
the relative pose of the cameras, and the one-time measurement when using an object of 
known size would be the localization within the image plane and the size of the object. 
It is not obvious which, if any, of these measurements may have less relative error or 
less adverse effect on the error in the estimated pose. 

2.5 Integrating Time-Sequential Measurements 

For reasons of simplicity, we plan in the first implementation to project a single land
mark at a time in order to easily establish the correspondence between projected and 
detected landmarks. We have said that we need to detect multiple landmarks to com
pute the camera pose. (We use two projectors to detennine the scale of the world, and 
it takes five landmarks from each projector.) At standard video rates, however, detect
ing even the minimum number of landmarks (ten) one at a time would require a long 
time. For example, at the standard video rate of 30 Hz, acquiring ten frames requires 
one-third of a second. It is unreasonable to expect the user to be still for this long. Even 
with higher-speed cameras, we could never really eliminate this problem except by solv
ing the correspondence of ten projected and ten detected landmarks. One could also 
imagine strategies in which a variable number of landmarks, based on confidence in the 
current estimate, are projected. Correspondence could then be solved with the assump
tion that the error in the current estimate is bounded. We've already noted that solving 
correspondence in any form can be a very difficult problem, and thus we choose to im
plement the simplest possible situation of a single projected landmark and "automatic" 
correspondence. 

Any motion of the user while these measurements are taken will introduce error into 
the computed pose if we compute the pose with an algorithm that assumes the camera 
does not move while the measurements are taken. (Many algorithms do make this as
sumption.) Also, a high update rate is among the features that we desire from a tracker. 
In VST AR applications, we clearly want the most up-to-date estimate of the pose when
ever we begin rendering synthetic imagery onto a new frame of video. We need a way to 
combine multiple previous measurements with new measurements that allows motion 
of the camera bet\veen measurements and computes an estimate for the current time. 

A common strategy to performing incremental computations of all kinds is to main
tain a current estimate of the solution, then at each step compute an update to the cur-
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rent estimate. A specific class of algorithms that use this strategy is known as predictor
corrector algorithms. This strategy appears to be applicable to the problem as described 
above. Refer back to Figure 2. The right side of that figure showed the camera's view 
of the structured light patterns. This is a view that would occur only if the parameters of 
the camera pose are correct; only in this case would the detected landmarks lie exactly 
on the corresponding lines. We can make this our prediction, however, and compute a 
correction based on the distance of the point from the line. This cycle repeats in order to 
either further refine the estimate or simply keep the estimate updated while the camera 
is moving. 

We are trying to estimate a set of parameters that could be changing over time. The 
extended Kalmanfi/ter(EKF) is a good tool for this type of estimation, in part because it 
is a predictor-corrector algorithm. As noted in Section 1.4, we have had success using 
an EKF in the SCAAT method [Welch96]. This framework allows us to project and 
detect a single landmark each frame and compute an updated estimate for the camera 
pose. 

We need a basis for predicting the parameters value after a time interval has passed 
and a basis for combining the previous estimate with new data at each cycle of the iter
ation. 1l1e bases for these operations in the EKF require maintaining the following data 
from one time step to the next. 

• the current estimate of the pose of the object 

• estimates of parameters necessary to predict its pose over time: the velocity and 
optionally the acceleration 

• a measure of confidence in the estimates of pose, of velocity, and, if present, of 
acceleration 

• a measure of confidence in the measurements ofpoint-to-linedistance in the cam-
era image plane 

1l1e measures of confidence are new items; their roles are discussed below. In addition 
to these quantities, we need to know some other fixed quantities and some relationships 
between the various quantities. 

• a "forward" mapping from the camera pose, location of the projected landmark, 
and the detected location of the landmark to the measurement of the point-to-line 
distance 
The mapping we need for projected landmarks is to compute the epipolar line 
equation with the geometry of rays in space, as described in Section 2.1. 

• calibration of the intrinsic parameters of the projectors and the camera 
These parameters enable computation of the epipolar line and the distance be
tween the detected landmark and the epipolar line. Calibration methods are dis
cussed in computer vision literature [Faugeras93]. 

• a mapping from distance between the detected landmark and the predicted line to 
error in the pose and velocity 
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Figure 6: In the camera image, we see the projected line (solid line near right) based 
on the correct camera pose, which is drawn in 2D but aligns with the 3D drawing of 
the projector ray (dashed line near right). The camera detects the landmark (circle) and 
predicts the equation of the line based on the current estimated pose (left). The distance 
dis computed as the shortest distance between the detected landmark and the predicted 
line. If the estimate of the camera pose were correct, then d would be equal to zero. 
Contrast this with the camera view depicted in Figure 2. 

111is "inverse" mapping is derived from the forward mapping of the pose and ve
locity to the distance in the camera image plane, in a way that is defined by the 
EKF. 

We now begin the discussion of how these quantities and relationships combine to 
yield a tracking algorithm. The predictor-corrector framework successfully estimates 
pose for the UNC optical ceiling tracker. Let us now examine the "predictor" phase 
of one cycle. Simple prediction of the future location of moving objects is something 
that people do quite naturally, since the mechanics of motion are everyday occurrences. 
Even when performing an action as simple as crossing the street, we estimate (without 
consciously thinking) the current location and velocity of an approaching car. We judge 
very quickly and perhaps to a reasonable degree of accuracy whether we can safely cross 
the road before the car passes, or whether we are not quite certain that we will make it 
across, and thus should wait. 

In introductory physics courses, this simple model is known as rigid-body kinemat
ics. It says in general that from the last estimate of pose and velocity we can estimate 
the current pose. Returning to the problem of tracking the camera, this implies that if 
we maintain an estimate of the most recently observed pose and velocity, or perhaps the 
pose, velocity, and acceleration, we can compute a good estimate of the current pose. 
Currently we use the position-velocity model, which says that the new position equals 
the previous position plus the displacement given by the previous velocity times the 
length of time over which the prediction is made. We can combine this prediction with 
our understanding of the geometry of the rays in space emanating from the projector to 
determine the line on which the currently projected landmark should lie, as described 
in Section 2.2. We compute the distanced of the detected landmark from the computed 
line, as shown in Figure 6. 

The following gives an intuitive description of the way the EKF works at each time 
step. The mathematical formulation is given in the Appendix. 

1. Predict the camera pose based on the previous pose and velocity and on the "for
ward" mapping of the pose and the projected landmark locations. 
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2. Measure the distance of the detected landmark from the predicted line. This is 
the error in the prediction. 

3. Correct the previous estimate by mapping the error (distance) onto the parame
ters of pose with the "inverse" mapping to get potential error in the current esti
mate. Then combine the previous estimate with the potential error. 

Note that the computation produces potellfial error in the estimate. "Potential" im
plies that we are not yet ready to attribute the error we saw between the predicted and 
actual measurement to error in the parameters we are estimating. We are only stating 
what might be the case. In the "corrector" phase of the cycle, we introduce the measures 
of confidence in our estimate into the merging of the potential error with our previous 
estimate. The potential error indicates the parameters to which the distance measure
ment is currently sensitive. This sensitivity is measured by the partial derivatives of 
the distance measurement function. At each step, we know that if we are sensitive to 
a parameter, then a small change in that parameter will make a large difference in the 
measurement. If we are unsure about a parameter's value, then \Ve kno\v that \Ve \Vant 

to update that value with new information. If we are confident that our current estimate 
of a given parameter is accurate, then we can dismiss the computed potential error as 
due to either noise in the detected landmark location or to error in another parameter. 
We can thus provide a weighting (based on the relative confidence) between the old data 
and the new data, in which the new data consists of potential changes to the parameters 
(based on the sensitivity data) and the old data consists of our current estimate updated 
for time according to the model of dynamic behavior. 

One final note about this algorithm is that given the above description, one could 
imagine complementing the data acquired via detected landmarks with other sources 
of data, such as accelerometers. Incorporating accelerometers would provide a direct 
measurement of a quantity that our vision-based system can only estimate. An EKF 
framework provides an excellent method for integrating measurements from such qual
itatively different sensors [Welch96, Foxlin98]. 

2.6 Summary 

The algorithm can thus be summarized as follows. We begin with an estimate of the 
pose and our confidence in that. At each step, we project a landmark and compute the 
corresponding epipolar line. We correct the estimated pose by a distance that is pro
portional to the distance of the detected landmark from that epipolar line. The direc
tion for correction is computed through the EKF mechanism using the Jacobian and the 
confidences of the prediction model for dynamic behavior and the detection algorithm. 
Figure 7 presents the algorithm in pseudocode. 

3 Experimental Results 

Now that we have specified the algorithm, we want to assess its performance. We im
plement a simulator and test the algorithm with user head motion data recorded from 

15 



Create initial estimate of pose, velocity, and covariance. 
while( TRUE) 

Choose projector and pixel and project a landmark. 
Acquire camera image and measure elapsed time. 
Predict pose of camera at this time. 
Update covariance matrix for time step. 
Search camera image for the landmark. 
if( landmark successfully detected ) 

Compute epipolar line corresponding to projected landmark. 
Measure the distance between the detected landmark and the epipolar line. 
Compute correction factor with extended Kalman filter. 
Update estimated pose and velocity. 
Update covariance matrix to reflect ne\v measurement. 

end if 
end while 

Figure 7: Pseudocode for the algorithm. 

our primary intended application, the ultrasound augmented reality system being de
veloped in our lab [State96b]. The simulations reveal that the algorithm works well for 
the intended application with fast cameras, while it performs below our requirements 
with normal-speed cameras. 

3.1 Implementation of Simulator 

The simulator consists of two pieces of code: code to run the algorithm as specified in 
Section 2, and code to simulate the actions of the projectors and cameras in the system. 
The former is a direct implementation of the pseudocode in Figure 7. The latterrequires 
some simple geometric processing which we now describe. 

The data we need consists of poses for the projectors in the world, intrinsic parame
ters for the camera and projectors, image-plane coordinates of the projected landmarks 
and detected landmarks, and the estimated pose of the camera. In order to compute the 
data necessary for the algorithm and to measure the performance of the algorithm, the 
simulator must keep track of the true pose of the camera. Fundamentally, we define 
system performance by how well the estimated camera pose matches the true camera 
pose. 

We select poses for the projectors based on the geometry of our current system for 
ultrasound-guided needle biopsy. We select the intrinsic parameters from the cameras 
we currently use for VST AR and from the projectors we currently use for projecting 
structured light patterns. At each frame, we select the projector pixel at random (over 
an area of the image plane that projects onto the presumed field of view for the user) 
and alternate between projectors. 

To simulate the detection of landmarks in the camera image plane, we must project 
the pixel from the projector into the environment, then project the intersection point into 
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the camera image plane. The former operation is a simple ray casting operation, similar 
to that implemented in ray tracing software. 1l1is assumes a model of the geometry of 
the environment. 1l1is is exactly the information we do not want to know in the real 
system, but the simulator must know it in order to accurately depict the interaction of 
light with the scene. The second step requires a transformation of the coordinates of the 
intersection point from the world coordinate system to the camera coordinate system. 
Note that this operation uses the true camera pose, not the estimated pose. This point is 
projected into the camera image plane. Finally, the simulator computes the estimated 
pose of the camera with the algorithm in Section 2. 

In any real implementation of such a system as we propose, there will be noise in 
the detection of the landmark. We simulate this by adding Gaussian white noise to the 
coordinates computed for the detected landmark. 

We generate an initial estimate for the camera pose by adding some amount of error 
(sometimes zero) to the true pose. We select initial uncertainties based on the amount 
of error, but never tell the filter to be absolutely certain of the estimate, lest it ignore the 
information given by measuren1ents. 

3.2 Test Environment 

To measure the performance, we need test input data that gives the "true" pose of the 
camera. We conducted a user study of performing a needle biopsy. The user viewed a 
model of a human torso in a head-tracked VE. With a separate tracking device attached 
to a needle, the user guided a line aligned with the needle into a spherical target aligned 
with a lesion in a medical training phantom (Figures 8 and 9). 

We measure the performance \Vi th three values: position error, orientation error, and 
registration erroron the camera image plane. Another interesting measure is the latency, 
although it is hard to separate this from the three types of errors. 

We next "tune" theEKF-that is, we determine the best weighting between the con
fidence in measurements and confidence in the dynamic behavior model. We select a 
confidence in the measurements and then minimize the registration error with respect 
to the confidence parameters in the dynamic model. (The former comes from the accu
racy of image processing algorithms. The ratio between the two confidence measures is 
what matters, not the absolute values.) The simulator runs with a motion path selected 
from the user study and finds the best parameters. 

3.3 Performance 

First we test whether the algorithm converges to the correct answer from an initial error. 
To test this, we set the initial estimate to a pose with moderate initial error and run the 
simulator. In this experiment, the true camera pose remains fixed. Figure 10 shows the 
results. We observe the algorithm reduces the error in position, orientation, and regis
tration to zero. Note that these values do not decrease monotonically. An EKF cannot 
guarantee that at each step it will reduce the error in the estimate. However, the graphs 
show that the general trend of the algorithm is to reduce the error. The algorithm os
cillates around the correct pose briefly because the estimated velocity built up in the 
state causes the algorithm to overshoot the correct pose. This could be alleviated (but 
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Figure 8: (left) The scene of the user experiment. 111e user wears an HMD that lacks 
see-through capability. The user inserts a tracked needle into a target within the medical 
phantom in the mannequin torso. The location of the target and the needle were both 
depicted in the virtual world presented to the user (Figure 9). 

Figure 9: (below) The view presented to 
the user during the user study of head mo
tion while simulating a needle biopsy. The 
line was aligned with the tracked needle and 
the sphere with a lesion in the medical phan
tom. This gives correct tactile feedback, 
helping overcome the lack of visual feed
back from the real world. 

not eliminated) by adjusting the process noise parameters to place less confidence in the 
dynamic process model during the time when the algorithm is converging from a poor 
initial estimate to a fixed camera pose. This could also be alleviated by changing the 
model of dynamic behavior using semantic knowledge supplied by a system operator 
or using statistics about the error in prediction [Brown92]. 

Figure 11 shows simulated VST views as the algorithm converges from a poor initial 
estimate (1.8 meters of position error and 28° of orientation error) to the correct solu
tion, although again the algorithm overshoots the correct answer and then converges. 
The real camera then moves through the scene, and the algorithm maintains good reg
istration on the image plane. When the camera comes to a sudden stop, the algorithm 
again shoots past the correct answer, but only to a registration error of 6.2 pixels, then 
quickly converges again. 

The next test is to run the simulator on the motion paths collected in the user study. 
We did this for several camera speeds. Table l lists all three types of errors. 

The results shown in Table l reveal two things. The first thing shown is that with 
200 Hz cameras, we get excellent performance from the algorithm-under 1.0 pixels 
root-mean-square (RMS) registration error for all users. 
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Figure I 0: The algorithm converges from an initial pose with moderate error. Although 
the algorithm does not (and cannot guarantee) to reduce the erroron each step, the gen
eral trend is clearly to reduce the error. Note that after initially approaching the correct 
answer, the algorithm oscillates briefly before converging to the correct answer. This is 
because the estimated velocity that the EKF implementation computes is noise-prone 
when the true camera pose is fixed, but we did not adjust the process noise parameters. 
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Figure 11: The camera view of a simulated VST system while the algorithm runs. The 
camera image plane is 640 x 480 pixels. The black lines simulate the synthetic imagery; 
they are rendered from the estimated pose. TI1e gray semi-transparent shapes simulate 
the real imagery; they are rendered from the true pose. The initial estimate (upper row, 
left) is poor, but the algorithm quickly begins to converge (upper row, right), and al
though it overshoots the true answer (second row, right), it does converge to the correct 
solution (second row, right). This required 1.5 seconds of simulated time (about 300 
measurements). Then the camera begins to move through the scene (third row, left) 
and the algorithm maintains good registration (third row, right). When the camera stops 
suddenly, the algorithm again overshoots the correct pose, but only to 6.2 pixels of reg
istration error (bottom row, left) and then quickly reconverges (bottom row, right). 
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User Camera Speed Registration Error Position Error Orientation Error 
Hz pixels mm (avg) mrad (avg) 

1 200 0.84 1.18 1.41 
120 l.96 2.52 2.95 
60 5.56 6.94 8.15 
30 15.66 17.55 24.23 

2 200 0.69 1.46 1.72 
120 1.39 2.98 3.60 
60 4.60 8.64 10.63 
30 10.83 22.66 28.38 

3 200 0.84 1.38 1.72 
120 l.98 2.95 3.72 
60 5.43 8.02 10.22 
30 14.23 18.20 23.15 

4 200 0.54 0.92 1.11 
120 1.15 1.85 2.34 
60 3.12 4.94 6.42 
30 7.78 12.24 16.60 

5 200 0.92 1.40 1.58 
120 1.87 2.85 3.24 
60 6.02 8.58 9.78 
30 12.18 16.69 20.62 

6 200 0.64 0.90 1.15 
120 l.37 1.93 2.50 
60 3.61 5.30 6.87 
30 8.05 11.73 15.78 

7 200 0.48 0.89 l.03 
120 1.00 l.86 2.21 
60 2.63 4.95 5.78 
30 6.76 12.39 14.95 

Table I: Performance metrics for the user study. Each metric was measured at four 
different camera speeds, using the optimal noise parameters determined for that speed. 
The registration error is the RMS error over all frames, which is higher than the per
frame average. The position error is given in millimeters and is the per-frame average 
of the position error. Similarly, the orientation error listed is the per-frame average of 
the orientation error, in milliradians. 
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Table l also reveals that for each user, the perfonnance degrades by more than an 
order of magnitude when the speed of the cameras equals the standard rate for NTSC 
video, 30 Hz. We know from experience that the registration error listed for the algo
rithm running with 30 Hz cameras will be too much for use with the ultrasound visual
ization AR system we have been developing at UNC [State96b]. Since this is also the 
system from which the user motion data comes, we need to look for explanations for 
the error. 

3.4 Insight into the Performance 

We illustrate the perfonnance of the algorithm by graphing the error over time as the 
algorithm performs its real-time estimation. We select User I running at 30 Hz. Fig
ure 12 shows the registration error, position error, as well as the translational velocity 
and translational acceleration. Figure 13 shows the registration error, orientation error, 
as well as the angular velocity and angular acceleration. Both graphs show the variables 
as a function of time, and the individual graphs are aligned vertically so that the ordinate 
axes are synchronized. 

With the synchronization of the time axis in these graphs, we see that the registration 
error grows just after the velocity and acceleration in either position or orientation be
come large. This is due to the simple dynamic behavior model we choose that assumes 
the user moves with constant velocity. Large acceleration invalidates that model, and 
thus the "predictor" phase of the predictor-corrector algorithm incurs large error, which 
then takes several frames to overcome. This implies that the addition of translational or 
angular accelerometers or angular rate gyroscopes to directly measure the acceleration 
or angular velocity would be helpful to the system. With these additional instruments, 
the error in the predictor phase should decrease, and the overall perfonnance of the al
gorithm should improve. 

4 Summary 

AR has yet to receive acceptance for many applications, principally because of the prob
lems achieving registration and designing a suitableHMD. The goal of this research is to 
achieve reliable registration without restricting the user in the ways that current meth
ods do. For our system, that means finding a better way of tracking. 1\vo significant 
drawbacks of our current vision-based tracking system are that it restricts movement in 
the environment and that there are many restrictions on where we place the landmarks 
in the environment. 

While no optical system can eliminate these restrictions, we significantly reduce 
them with an approach that does not require the landmarks to be at known 3D locations. 
By requiring knowledge of only the 2D positions of the landmarks on the image plane of 
the projector, we reduce restrictions on motion within the environment. Since the land
marks are no longer physical objects but projected objects, we can move them around 
the environment dynamically. Our algorithm removes the landmarks from the set of 
physical obstacles that might impede the user's progress in the application. For exam
ple, certain placements of the colored landmarks for our vision-based system require 
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Figure 12: Position statistics from User 1 in the user study. All four graphs have the 
time of the motion path as the abscissa. 111e top graph shows registration error in pixels 
on a 640 x 480 image plane. The second graph shows position error in millimeters. The 
third graph shows the translational velocity in meters per second, and the fourth graph 
shows the translational acceleration in meters per second squared. 
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Figure 13: Orientation statistics from User I in the user study. All four graphs have 
the time of the motion path as the abscissa. The top graph shows registration error with 
the same graph as in Figure 12. The second graph shows orientation error in degrees. 
The third graph shows the angular velocity in degrees per second, and the fourth graph 
shows the angular acceleration in degrees per second squared. 

24 



the physician to reach around a target in order to perform a biopsy. Other placements 
are susceptible to having the landmarks occluded during the course of the procedure, 
degrading the quality of the registration achieved. These are clearly problems we need 
to overco1ne. 

We do not sacrifice accuracy with the new system. We still rely only on our ability 
to accurately detect landmarks on the image plane of the camera, which is exactly the 
measurement on which we currently rely. The algorithm uses the current estimated pose 
to predict a line on which the detected landmark should lie, and makes a correction to 
that estimate depending on the distance of the detected landmark from the line. If the 
distance is zero-i.e. the point is indeed on the line-then we learn no new informa
tion about the camera pose from that measurement. This predictor-corrector framework 
comes from our choice to use the EKF. The correction mechanism of the EKF uses the 
Jacobian of the point-to-line distance function along with estimates of the covariance 
of the parameters to determine the direction in which to move the estimate in the multi
dimensional parameter space. 

One direction for further research is the addition of inertial sensors to the system. 
Another extension comes from noting that the proposed system already possesses ex
actly the information required to determine scene structure dynamically: relative pose 
and correspondence between image plane points. This enables the system to compute 
depth relationships for the AR system to properly determine occlusion between real and 
synthetic objects at every camera pixel which has (recently) seen a projected landmark. 
TI1is would be a powerful tool for AR systems. Also, the proposed algorithm could be 
extended to allow real-time estimation of the intrinsic camera and projector parameters, 
as well as the poses of the second and successive projectors with respect to the first pro
jector. These last two extensions would reduce the AR system calibration requirements. 

We believe this work builds a solid foundation on which we will be able to extend 
our work with tracking systems, given the impressive potential of the algorithm that 
we have seen in simulation. We believe that the system will open many doors to future 
research, not only the ideas given above, but also new applications of augmented reality. 

Appendix 
Implementation of Extended Kalman Filter Algorithm 

TI1is appendix gives the equations necessary to implement the algorithm described in 
Section 2. Complete details are given in my dissertation [Livingston98]. 

In EKF literature, the set of parameters to be estimated is known as the state. With 
any estimate, there is some amount of uncertainty about the estimate. The EKF main
tains an estimate of the uncertainty of each element of the state. The EKF requires the 
following for operation: 

• an n x 1 state vector s of the parameters to be estimated 

• an n x n state transition matrix A that describes the dynamic behavior of the state 
s (linear for a KF, Jacobian of a non-linear function in an EKF) 

• a measure of uncertainty in the state, i.e. an n x n process covariance matrix P 
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• a model of the noise in the dynamic process model, an n x n process noise matrix 
Q 

• an initial estimate s0 of the state vector and Po of the process covariance matrix 

• a function h (linear for KF, can be non-linear for EKF) that maps the state vector 
to the m x 1 output vector of the measuring device 

• a map fro1n the 1neasurement space to state space; in the EKF, the Jacobian H of 
h, i.e. them x n matrix of partial derivatives of h with respect to the elements 
of s 

• an 1n x 1n measurement noise covariance matrix R 

The assumption is that the noise in both the measurements and the dynamic process 
model is Gaussian and zero-mean, and thus our model consists of the variances of these 
respective Gaussians. 

We maintain the position, orientation, translational velocity, and angular velocity of 
the camera as the state vector. We denote the state as 

S = [ X y Z 0 </J p Vx Vy v, V9 V¢ Vp ]
1 

We maintain the complete orientation externally and maintain the incremental orienta
tion as small rotations 0, q,, and p. This allows us to ignore the equivalence of 360° to 
0° and linearize the incremental orientation for the EKF without introducing significant 
error. The model of dynamic behavior is a simple, first-order model of rigid-body kine
matics. That is, the camera is predicted to rotate and translate with constant velocity in 
all six dimensions of motion. 

At each time step, the EKF predicts the upcoming measurement. To do this requires 
predicting the value of the parameters in the state. With our model for the dynamic 
behaviorof these parameters, this becomes straightforward. We need the following 12 x 
12 matrix (given in 6 x 6 blocks) that describes the rigid-body kinematics equations, 
given the state vector above. 

where h is the 6 x 6 identity matrix and 06 is the 6 x 6 zero matrix. Thus our prediction 
for the new state after time t!.t passes is s- = As, where the superscript - denotes a 
predicted value. With this recursive formulation, we need an initial estimate s0 of the 
state vector to initialize the computation. 

We use the process noise covariance matrix Q in the EKF to represent the uncer
tainty in the behavior model. Using the equations used for the uncertainty of user mo
tion in the UNC opto-electronic ceiling tracker [Welch96], we assume that the process 
noise is a time stationary random process, and thus a function only of the inter-sample 
time. We further simplify the matrix by assuming that the translation offsets have the 
same variance and that the rotation offsets have the same variance. This reduces the 
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number of free parameters in the matrix to two variances and the sample time. 

Q,. = Qyy = Q,, 

QllrlJr = QIJylly = QIJ 1 11 1 

QV91J9 = QIJ4>t1¢ = Qllpllp 

All other elements of Q are 0. 

= 

We also need to express the uncertainty each time we update the state according to 
our model of dynamic behavior. 111is projection of the error covariance forward in time 
is done with the following formula. 

p- =APA'+Q 

111e symbols for the equations that follow are given in Figure 14. The rotation ma
trices are 3 x 3 orthonormal matrices. For a simple three-parameter camera model that 
consists of the width w and height g of the image plane and the horizontal field of view 
e. the matrix Uc that describes the projection operation that maps a world point to the 
camera image plane is written as follows. 

Uc = 0 I -~ where f = arctan I 
[ 

I 0 _!!e ] w 

0 0 -! 2 

A similar matrix applies to the projectors. 
The EKF requires a meas11reme111 function h(s) that predicts the upcoming mea

surement given the current state. We define a function that determines the distance of 
the detected landmark from the epipolar line. It uses the projector's pose in the world, 
the camera's estimated pose in the world, and the image-plane coordinates of the pro
jected landmark to determine the epipolar line. Simple 2D analytic geometry gives the 
distance from the detected landmark to the line as shown in Figure 6. The predicted 
measurement is never really computed in this function; h(s) is identically 0. 1lrnt is, 
we expect the detected landmark to lie on the epipolar line. The distance then consti
tutes the error (residual, in EKF literature). The following set of equations computes 
the distance from the detected landmark to the epipolar line. Included in this list are the 
formulas we need for the epipolar geometry, specifically, for computing the epipole e 
and the fundamental matrix F. The /h measurement z; taken using the ;th projector is 

z; = h(s;) = mT Fm' 
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RwP,i 

TwP,i 

Uc 

UP,i 

(µj, Vj) 

(Uj,Vj) 

Twc 
(O,,P,p) 

Rwc 

= 
= 
= 
= 
= 
= 
= 
= 

3 x 3 rotation matrix from the world to Pi 

translation vector fro1n the world to Pi 1 measured in meters 

3 x 3 matrix description of camera 

3 x 3 matrix description of Pi 

the (selected) projector coordinates of the jth landmark, measured in pixels 

the (detected) camera coordinates of the jth landmark, measured in pixels 

translation offset from Po to camera, measured in meters 

incremental orientation offset of camera this time step, measured in radians 

3 x 3 rotation matrix from the \Vorld to the camera 

Figure 14: Symbols used in expressing the epipolar geometry between the camera and 
the set of projectors. 

\Vhere 

m = [ Uj Vj 1 J' 
F = E U(j 1 RlvcRwp,; Up,; 

m' = [ µ; v; 1 J t 

e = u,- 1(Twc + RwcTwp,;) 

E (elx = matrix E such that Ex= e /\ x 

Note that the symbol /\ denotes the vector or cross product of two vectors. The only 
units in the above equations are pixels, associated with m, m1

, and e. However, the 
units are obscured by the fact that E and therefore Fare defined only to within a scale 
factor. Thus the distance computed by the above equations must be normalized such 
that the units in which the distance is expressed are pixels. The normalizing factor for 
the epipolar line 

Fm'= [ ~] 
isJA2+B2. 

The correction to the state is based on the residual and a factor J(, known as the 
Kalman gain. The gain factor is computed as a weighted average of the old and new 
data, using the relative uncertainties for weights, and is computed with the following 
equation. 

J( = p-n'(HP-H' + R)- 1 

R reflects the noise of the measurements. In this case, it is simply the variance of the 
landmark localization on the camera image plane. Hp- H' can be thought of as map
ping the uncertainty in the current estimate into the measurement space. Thus the de
nominator gives a total confidence measure, and the numerator shears the potential cor
rection according to the uncertainty in the current estimate and in the measurement. 
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H maps the error between the predicted distance h(s) = O and the actual distance 
Zj to the elements of the state vector. For the EKF, it is the Jacobian of h(s), or the 
matrix of partial derivatives of h(s) with respect to each of the elements of s. 

It is a daunting task to write an analytical expression for the Jacobian of h(s). We 
thus compute the value of the partial derivatives only al the current stale vector .. These 
derivatives are computed numerically. The code initializes the derivative of each vari
able with respect to itself to 1.0, then maintains the partial derivative through each prim
itive operation Iha! occurs in building the rotation matrices from Euler angles and in the 
matrix and vector algebra. The analytical formula for each primitive operation is eas
ily implemented using rules from calculus such as the constant rule, sum rule, product 
rule, quotient rule, chain rule, and rules for derivatives of trigonometric functions and 
the square root function. 

We can now add a correction term to the stale. The Kalman gain [{ gives the di
rection in state space that we are going to move. 111e distance to move in state space is 
determined by the error in the predicted measurement, which since our predicted mea
surement is zero distance between the detected landmark and the epipolar line, is equal 
to the measurement. 

§ = .- + J(zi 

where - den oles an updated value. This provides an update to the translation components 
and velocity components in the estimate, and computes an incremental rotation that we 
must apply to our current estimated orientation. We update this portion of the estimate 
by computing the rotation matrix determined by the incremental rotation parameters in 
the stale. 

Rive =Rive Rot(B, ¢, p) 

where Rot(B, ¢, p) is the 3 x 3 rotation matrix determined by the Euler angles. Nole 
that the computation of the Jacobian must account for the current total orientation, and 
thus must reconstruct Rwe with the correct inverse for the chosen definition of Euler 
angles. After this update, the incremental Euler angles 0, ¢,and pare reset to 0.0. 

Since \ve've updated our estimate, we must again update the error covariance asso
ciated with the estimate. This update is given by the following equation. 

P =(I - J(H)P-

where I is the identity matrix. The updated values are used to continue the iteration at 
the next time step. 

In simulations, we obtain an initial estimate for the stale by computing the true state 
and then optionally adding error lo ii. We obtain an initial error covariance matrix by 
simply assuming 1.0 millimeters and 1.0 milliradians of standard deviation, implying 
that Po = 10-6 ii» 11iat is, we assume no correlation between initial errors in any two 
parameters, and the diagonal contains the variances, which are the squares of the stan
dard deviations we chose. In an implementation, the initial estimate would come from 
a pose recovery algorithm [Faugeras93]. The initial covariance would be determined 
by the error in the algorithm chosen. 
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