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Abstract-This paper introduces two real-tin1c clastography 
techniques based on analytic 1ninimization (AM) of regularized 
cost functions. The first method (JD Al\.'1) produces axial strain 
and integer lateral displacement, 'vhile the second method (2D 
AI\1) produces both axial and lateral strains. The cost functions 
incorporate similarity of RF data intensity and displacen1cnt 
continuity, 1naking both A"l\.1 1nethods robust to small clecorrela
tions present throughout the image. We also exploit techniques 
fro1n robust statistics to make the n1ethods resistant to large 
local decorrelations. \Ve further introduce Kal111an filtering for 
calculating the strain field fro1n the displacement field given by 
the Al\.1 methods. Sin1ulation and phanto1n experin1ents sho\V 
that both n1ethocls generate strain hnagcs \Vith high SNR, CNR 
and resolution. Both methods work for strains as high as lOo/o 
and run in real-ti1ne. \Ve also present ilt·vivo patient ti·ials of 
ablation n1onitoring. An implcn1cntation of the 2D AI\1 method 
as 'veil as phanto1n and clinical RF-data can be do,vnloaded fron1 
http ://\VW\V. cs. j h u .cd u/ ~riva7JUJ trasou nd_Elas tograp hy I. 

Index Ter111s-Real-thne ultrasound clastography, 2D strain, 
regulariation, robust cstin1ation, Kalman filter, RF ablation. 

I. INTRODUCTION 

E LASTOGRAPHY involves imaging the mechanical prop
erties of tissue and has nun1erous clinical applications. 

Atnong inany variations of ultrasound elastography [I], our 
\Vork focuses on real-ti1ne static elastography, a \Veil-known 
technique that applies quasi-static co1npression of tissue and 
si1nultaneously i1nages it \Vith ultrasound. Within 1nany tech
niques proposed for static elastography, \Ve focus on free
hand palpation elasticity iinaging which involves defonning 
the tissue by sin1ply pressing the ultrasound probe against 
it. It requires no extra hardware, provides ease of use and 
has attracted increasing interest in recent years (2], (3], (4], 
(5], [6], (7]. Real-time elastography is of key importance in 
many diagnosis applications (8], (3], (9], [5], [10] and in 
guidance/monitoring of surgical operations ( 11 ], ( 12], ( 13]. 

Global and local decmTelation between the pre- and post
co1npression ultrasound i1nages con1pro1nises the quality of the 
elasticity in1ages. The nlain sources of global decorrelation 
in freehand palpation elastography are change of speckle 
appearance due to scatterer 111otion and out-of-plane nlotion 
of the probe (axial, lateral and out-of-plane directions are 
specified in Figure!). Examples of local decorrelation are:(!) 
a decrease in the ultrasonic signal to noise ratio \Vith depth, (2) 
lo\v correlation close to arteries due to co1nplex 1notion and 
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inside blood vessels due to blood motion, (3) extremely low 
correlation in lesions that contain liquid due to the incoherent 
fluid motion (14], (5], and (4) out-of-plane motion of movable 
structures within the image [ 14]. 

Most elastography techniques estimate local displacetnents 
of tissue based on amplitude correlation (15], (16] or phase 
correlation of the radio-frequency (RF) echoes (17], (18]. 
Assutning a stationary signal 1nodel for the RF data, the 
use of large correlation \Vindo\vs helps to reduce jitter errors 
(variance) for all n1otion field estilnation techniques studied 
in (15], (19]. This is intuitive as larger windows contain more 
infonnation. However, in practice RF data is not stationary 
and, for large defonnations, the decorrelation increases with 
windo\v size. Therefore, in addition to reducing the spatial res
olution [20], larger windo\VS result in significant signal decor
relation (21], [20], (15]. Coarse-to-fine hierarchical search 
is used in [20] to cotnbine the accuracy of large \Vindows· 
\Vith the good spatial resolution of s1nall \Vindo\v. Ho\vever, 
the issue of signal decorrelation \Vithin the \VindO\V retnains 
unresolved in this approach and can cause the highest level of 
the hierarchical search to fail. 

All of the aforementioned 1nethods either do not calculate 
the lateral displace1nent or they just calculate an approxiinate 
integer lateral displacement. A 2D displacement field is re
quired to calculate the thennal expansion, lateral and shear 
strain fields [22] (i.e. reconstruct the strain tensor), Poisson's 
ratio and Young's modulus (23], (24]. The axial resolutions of 
ultrasound is detennined by the pulse length, and the lateral 
resolutions is dictated by the center frequency of the excitation 
and the transducer pitch. Therefore, the lateral resolution is of 
order of 1nagnitude lo\ver than axial resolution. As a result, 
few 2D elastography techniques have been proposed to date. 
Initially, 2D motion estimation started in the field of blood flow 
estimation using speckle tracking [25]. Designed for blood 
fto\v estiination, these techniques are not in11nediately suitable 
for elastography \vhich involves tissue defonnation. 

Attaching a coordinate syste111 to the ultrasound probe as 
in Figure I, z, x and y in the ultrasound in1age are generally 
defined as axial, lateral and elevational directions. Assu111e that 
the applied co1npression to the tissue is the Z direction, and 
attach a coordinate system .}(., Y, Z to the applied force. Letting 
dz and dN be the displacetnents in the Z and N directions 
where N 1-Z, axial and transverse strains are Ddz/OZ and 
0d,y/8N. In most experimental setups (including freehand 
palpation elastography), z and Z are parallel and N will 
be either lateral or out-of-plane, and therefore dN cannot be 
esti111ated accurately. To calculate an accurate transverse strain, 
Z and z arc perpendicular in (26] by applying the compression 
force perpendicular to the ultrasound i1naging axis. Therefore, 
transverse strain is in the z direction of the ultrasound probe 
and hence can be tneasured \Vith high accuracy. Ho\vever, 
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such an experi1nental setup is not possible in many 111edical 
applications. Bea1n steering has been used to solve this issue 
(27]. In freehand palpation elastography, beatn steering causes 
z and Z to be unparallel, so that a cotnponent of the dx is 
in the z direction. The steering angle detennines the angle 
bet\veen z and Z. Unfortunately, large steering angles are 
required to obtain accurate estitnates of lateral strain, \Vhich 
is possible in phased arrays and not in linear arrays. 

Lateral strain 1 estiination is obtained in [28] by iteratively 
calculating axial strain, cotnpanding RF data and interpolating 
in the lateral direction. In another work [29], tissue defor
mation is modeled by locally affine transfonnations to obtain 
both lateral and axial strains. Change of speckle appearance is 
taken into account by proposing a Lagrangian speckle model 
[30]. Although they provide high quality lateral strain, these 
techniques are co1nputationally expensive and are not suitable 
for real-time i1nple1ncntation. 

Axial strain is used in [3 l] to enhance the quality of lateral 
displacen1ent estiination. Tissue is assumed to be inco1npress
ible and isotropic and therefore axial, lateral and out-of-plane 
strains should add to zero. Ho\vever, 1uany tissues cannot be 
considered inco1npressible. In fact, so1ne research has even 
focused on in1aging the ratio of the axial and lateral strain 
(i.e. the Poisson's ratio v) [28]. 

While most previously mentioned 1nethods use tissue 1no
tion continuity to confine the search range for the neighboring 
windo\vs, the displace1nent of each \Vindo\v is calculated 
independently and hence is sensitive to signal decorrelation. 
Since data alone can be insufficient due to signal decorrelation, 
Pellot-Barakat et al. [32] proposed minimizing a regularized 
energy function that co1nbines constraints of conservation 
of echo a1nplitude and displace1nent continuity. In another 
work [33], both signal shift and scale are found through 
minitnization of a regularized cost function. The co1nputation 
tin1e of these 1nethods is reported to be fe\v 1ninutes and 
therefore are not inuuediately suitable for real time elastog
raphy. In [34], [35], few phase-based methods are regularized 
and strain and elasticity 1nodulus images are obtained. The 
regularization term is the Laplacian (second derivative) of 
the motion field and is spatially variant based on the peak
value of the correlation coefficient. The regularization makes 
the method significantly more robust to signal decorrelation. 
However, it is still prone to decorrelation \Vithin each \Vindo\v 
especially for large strain rates. 

Dyna1nic progra1n1ning (DP) can be used to speed the 
optitnization procedure [36], but it only gives integer displace-
111ents. Subsa1nple displace1nent estitnation is possible (36], 
but it is co1nputationally expensive, particularly if subsa1nple 
accuracy is needed in both axial and lateral directions. There
fore, only axial subsample displacement is calculated [36]. In 
addition, a fixed regularization \Veight is applied throughout 
the iiuage. To prevent regions \Vith high local decorrelation 
from introducing errors in the displace1nent estitnation one 
should use large \Veights for the regularization tenn, resulting 
in over-smoothing. 

1 \Ve hereafter assume the applied force is in the z direction (i.e. Z and z 
are parallel) and therefore we use the tem1 lateral strain instead of the tenn 
transverse strain. 
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In this paper, \Ve present hvo novel real-tilne elastogra
phy methods based on analytic minimization (AM) of cost 
functions that incorporate si1nilarity of echo amplitudes and 
displacement continuity. Sin1ilar to DP, the first 1nethod gives 
subsa1nple axial and integer lateral displacements. The second 
method gives subsample 2D displacement fields and 2D strain 
fields. The size of both displacement and strain fields is the 
sa1ne size as the RF-data (i.e. the 1nethods are not \Vindo\v 
based and the displacement and strain fields are calculated 
for all individual samples of RF-data). We introduce a novel 
regularization term and detnonstrate that it rniniinizes displace
n1ent underestilnation caused by sn1oothness constraint. We 
also introduce the use of robust statistics hnple1nented via 
iterated reweighted least squares (IRLS) to treat uncorrelated 
ultrasound data as outliers. Finally, for the first time to the best 
of our kno\vledge we introduce the use of Kahnan filtering 
[37] for calculating strain image from the displacement field. 
Sitnulation and experitnental results are provided for quan
titative validation. The paper concludes \Vith a clinical pilot 
study utilizing this system for 1nonitoring thenual ablation in 
patients \Vith liver tu1nors. 

II. METHODS 

Assun1e that the tissue undergoes a defonnation and let' 11 

and 12 be two images acquired fro1n the tissue before and after 
the defonnation. Letting 11 and 12 be of size 1n x n (Figure 
l), our goal is to find two matrices A and L where the (i,j) 1h 

component of A (a;,;) and L (11,;) are the axial and lateral 
motion of the pixel (i,j) of 11 (we are not calculating the 
out-of-plane 1uotion). The axial and lateral strains are easily 
calculated by spatially differentiating A in the axial direction 
(resulting in Aa) and L in the lateral direction (resulting in 
Lr). The shear strains (not calculated in this \Vork) can also 
be easily calculated by spatially differentiating A in the lateral 
direction (resulting in A1) or L in the axial direction (resulting 
in La)· 

In this section, \Ve first give a brief overvie\v of a previous 
work (DP) that calculates integer values for A and L. We then 
propose ID Analytic Minimization (AM) as a method that 
takes the integer displacement field from DP and refines the 
axial displacetnent co1nponent. We then introduce 2D Analytic 
Minimization (AM) that takes the integer displacement of a 
single RF-line frotn DP and gives the subsa1nple axial and 
lateral displacement fields for the entire in1age. \Ve conclude 
this section by presenting a technique for calculating s1nooth 
strain field from the displacement field using Kalman filtering. 

A. Dyn<unic Progra1111ning (DP) 

In order to present the general DP fonnulation, \Ve consider 
a single column j (an RF-line) in Ii (the image before 
defonnation) in Figure 1. Let n1 and n be the length of the 
RF-lines and the nun1ber of RF-lines in the ilnages (Figure 1). 
Let ai and li denote the axial and lateral displace1nents of the 
i 1h san1ple of the RF-line in column j. In DP clastography 
[36], a regularized cost function is generated by adding the 
prior of displace1nent continuity (the regularization tern1) to 
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Fig. I. Left image shows axial, lateral and out·of-plane directions. The coordinate system is attached to the ultrasound probe. The sample (ij) marked by x 
moved by {ai,j,li,j). ai,j and l;,j are respectively axial and lateral displacements and initially arc integer in DP. 

an atnplitude sin1ilarity term. The displace1nent continuity tem1 
for colun1n j is 

R;(a;, l;, a;-i. /;_i) = a 0 (a; - a;_i) 2 + a1(/; - /;_i)2 (I) 

which forces the displace1nents of the sa1nple i (i.e. a1 and ii) 
be similar to the displace1nents of the previous sa1nple i-1 (i.e. 
lli-l and li-1). na and a1 are axial and lateral regularization 
\Veights respectively. We \Vrite Ri(at, li, ai-l, li-l) to indicate 
the dependency of ai and li on j. The regularized cost function 
for coh.nnn j is then generated as following 

C1(a;, l;, i) = [Ii (i, j) - I,(i +a;, j + /;)1 2 + min 
d.,,d1 

{
C1(d0 ,d1,i- I)+ C1-1(d.,d1,i) R·( . I d I)} (Z) 

2 
+ 1 at, z. a, l f 

\Vhere d0 and d1 are te1nporary displace1nents in the axial and 
lateral directions that are varied to n1inilnize the tenn in the 
bracket. After calculating Ci for i = 2 · · · ni, Ci is niinin1ized 
at i = m giving am and l1n. The a.i and li values that have 
minitnized the cost function at i = m are then traced back 
to i = 1, giving integer ai and li for all sa1nples of jth line. 
The process is perfonned for Jhe next line j + I until Jhc 
displacement of the whole image is calculated. The 2D DP 
1nethod gives integer axial and lateral displace1nent maps. In 
[36], we performed hierarchical search to obtain subsample 
axial displacement (the lateral displacement was not refined to 
subsample). DP is an efficient method for global optimizaJion 
and has been used extensively in many applications in com· 
puter vision including solving for optin1al defonnable n1odels 
[38]. In the next section, 've propose an alternative 1nethod for 
calculating subsa1nple axial dispJace1nent which is both faster 
and 1nore robust than hierarchical DP. 

B. ID Analylic Minimization (AM) 

Tissue deforn1ations in ultrasound elastography are usually 
very s1nall and therefore a subsa1nple displace1nent esti111a
tion is required. \Ve no'v develop a 1nethod that analytically 
1ninimizes a regularized cost function and gives the refined 
displacement field following the work presented in [13]. We 

first consider a specialization of Equation 2 in \Vhich \Ve only 
consider refining axial displace1nents to subsan1ple level. 

Having the integer displacen1ents ai and li from DP, it 
is desired to find ~ai values such that ai + .6.ai gives the 
value of the displace1ncnt at the sa1nple i for i = I · · · m 
(Iii a.i and ~ai correspond to line j. Hereafter, \Vherever 
the displacements correspond to the j 01 line, j is omitted to 
prevent notation clutter). Such 6.ai values will 1ninitnize the 
following regularized cost function 

C1(Li.a1, .. .,Li.am) = Ei~1{ 

[/i(i,j)-1,(i +a;+ Li.a;,j + /;)]2 + 
aa(a1 + 6.ai - a1-1 - 6.ai-1)2 + 
a1(a; +Li.a; - a;,j-1 - L.i.a;,j-1)2]} (3) 

where a 0 > O and a 1 > 0 are tunable axial and lateral 
regularization \Veights and subscript j-1 refers to the previous 
RF-line (adjacent RF-line in the lateral dircclion). Substituting 
I 2(i + d; + Li.d;) with its first order Taylor expansion approx
imation around di, we have 

Cj(6.a1, · · ·, 6.ani) = h~~1 { 

[/i(i,j) - I2(i + a;,j +I;) - I~(i + a;,j + l;)L.i.a;)J
2 

+ 

aa(lli + _6.ai - Ui-l - _6.ai-t) 2 + 
a1(a; +Li.a; - a;,j-I - L.i.a;,j-1)21} (4) 

\Vhere I~ is the derivative of the 12 in the axial direction. The 
optimal 6.ai values OCCUr \Vhen the partial derivative of Cj 
\Vith respect to .6.ai is zero. Setting ::/.J; = 0 for i = 1 · · · m 
we have 

I -I 0 0 0 
-I 2 -I 0 0 

D= 0 -I 2 -I 0 (6) 

0 0 0 -I I 
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where 1; = diag(I~(l + d,,j + l;) · · · I~(m + dm,j + l;)), 
tiaj = [6a1,j···tia,,.,jf, e = [e1···emf, e; = fi(i,j)-
1,(i+d;,j+l;), aj = [a1,j ·· ·am,jf, i is the identity matrix 
and aJ- I is the total displace1nent of the previous line (i.e. 
\Vhen the displace1nent of the j-1 th line \Vas being calculated, 
aj-1 was updated \Vith aj-I + 6.aJ_ 1). l;, D and i are 
matrices of size 1n x rn and 6.a, e and a arc vectors of size 
m. 

Comparing ID AM (as fommlated in Equation 5) and 2D 
DP, they both optimize the same cost function. Therefore, they 
give the same displacement fields (up to the refinement level of 
the DP). In the next t\vo subsections, we will further i1nprove 
!DAM. 

1) Biasing the Regularization: The regularization tenn 
aa(ai + ~ai - ai-1 - .6.ai-1)2 penalizes the difference 
between ai + fl.a; and ai-1 + 6.ai_ 1, and therefore can 
result in underestimation of the displacement field. Such 
underesti111ation can be prevented by biasing the regulariza
tion by r to n 0 (ai + .6.ai - Ui-1 - 6.ai-1 ~- c} 2

, where 
<=(a,,, - a1)/(m -1) is the average displacement difference 
(i.e. average strain) bel:\veen samples i and i - 1. An accurate 
enough estin1ate of d,n - d1 is kno\vn from the previous 
line. With the bias te_nn, the R.H.S. of Equation 5 beco1nes 
1;e- (n0 D + n1I)aj + <>1(aj-l + tiaj-1) + b where the bias 
tem1 is b = a0 [-< 0 · · · 0 <f (only the first and the last 
tenns are nonzero) and all other tenns are as before. In the 
other \Vords, except for the first and the last equations in this 
systern, all other 1n - 2 equations are sa1nc as Equation 5. 

Equation 5 can be solved for .6.aj in 4m. operations since 
the coefficient 1natrix l; 2 + aaD + a1i is tridiagonal. Utilizing 
its synunetry, the nun1ber of operations can be reduced to 2ni. 
The nu1nber of operations required for solving a systetn with 
a full coefficient niatrix is more than m 3 /3, significantly more 
than 2nL 

2) ~faking Elaslography Resistant lo Outliers: Even \vith 
pure axial con1pression, so1ne regions of the itnage 1nay niove 
out of the in1aging plane and decrease the decorrelation. In 
such parts the weight of the data tenn in the cost function 
should be reduced. The data from these parts can be regarded 
as outliers and therefore a robust estilnation technique can 
li1nit their effect. Before deriving a robust esti1nator for .6.d, 
\Ve re\vrite Equation 4 as 

C'(L\d) = Ei':o1p(r;) + R(tid) (7) 

where r; = 11 (i) - J,(i + d;) - IHi + d;)L'id; is the residual, 
p( T"i} = r[ and R is the regularization tenn. The M-estimate of 
tid is tid = argmint.d {Ei':o1p(r;) + R(tid)} where p(r;) 
is a robust loss function (39]. The 1ninin1ization is solved by 
setting a°t..r:i. = 0: 

, fir fJR(tid) 
p (r;) fltid; + fltid; = 0 (8) 

A co1111non next step [40] is to introduce a \Veight function 
w, where tv(ri}.ri = p'(ri)· This leads to a process known 
as "iteratively reweighted least squares" (IRLS) [ 41 ], which 
alternates steps of calculating \Veights ·w( ri) for ri = 1 · · · n1 

using the current esti1nate of ~d and solving Equation 8 to 
esti1natc a nc\v .6.d \Vith the \Veights fixed. A1nong n1any 
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proposed shapes for u1( · ), \Ve co1npared the perfonnance of 
Huber [40], [39] 

w(r;) = { 

and Cauchy [ 41] 

1 
T 

FT 
lrd < T 
lr,I >T 

1 
w(r;) = ( / )2 1 + r; T 

(9) 

(IO) 

functions and discovered that the 1nore strict Cauchy function 
(which decreases \Vith inverse of the square of the residual) 
is more suitable in our application. To better discrin1inate 
outliers. \Ve calculate the residuals ri at linear interpolation 
of the integer sample displacements provided by DP. With the 
addition of the \Veight function, Equation 8 beco1nes 

( 
, 2 ') , • wl2 +a0 D+a1I tiaj = wl2e-(aaD+a1I)aj+a1a;-1 +b 

( 11) 
where w = diag(w(ri) · · · w(r,,,)). This equation will con
verge to a unique local minirnu111 after fe\V iterations [41]. 
The convergence speed ho,vever depends on the choice of 
T, which in this work is defined manually. Since the Taylor 
approxi111ation gives a local quadratic approxilnation of the 
original non-quadratic cost function, the effect of higher orders 
tenns increase if ~aJ is large. Asstuning that DP gives the 
correct displacements, lltiai II= S <where 11·11= is the infinity 
nonn and c: ~ 0.5. In practice. however, c: < < 0.5 because the 
linear interpolation of the DP displace1nents (\vhich is very 
close to the correct displace1nent) is used to calculate the 
residuals Ti. Therefore, a s1nall value can be assigned to T 
in ID AM provided that DP results arc tmsted. 

The coefficient 1natrix Q = w l; 2 + aaD + a 1i in Equation 
l l is the Hessian of the cost function C \Vhose ininilnu1n 
is sought. This inatrix is strictly diagonally do1ninant (i.e. 
lq;;I > E#; lq;il for all i where q;; is the i,j'h element of 
Q). sy1nn1etric and all diagonal entries are positive. Therefore, 
it is positive definite, \Vhich means that setting the gradient 
of C to zero results in the global 1ninilnum of C (not in a 
saddle point, a local maxi1nu1n or a local minilnum). All of 
the ID AM results presented in this work are obtained with 
one iteration of the above equation. 

1 D AM takes the integer axial and lateral displace1nent 
fields fron1 DP and gives refined axial displace1nent. It inherits 
the robustness of DP and adds rnore robustness when calculat
ing the fine axial displace1nents via IRLS. Ho\vever, there are 
redundant calculations in this tnethod which are eliminated in 
2D AM as described next. 

C. 2D Analytic Minhnizalion {AM} 

In 2D AM, \Ve 111odify Equation 2 to calculate subsa1nple 
axial and lateral displacement fields siniultaneously. The 
outline of our proposed algorith1n is as follo\vs 

I) Calculate the integer axial and lateral displace1nents of 
one or n1orc seed RF-lines (preferably in the 1niddle of 
the image) using DP (Equation 2). Calculate the linear 
interpolation of the integer displacen1ents as an initial 
subsa1nple estilnate. 
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2) Calculate subsa1nple axial and lateral displace1nents of 
the seed RF-line using 2D AM, as explained below. 
Add the subsa1nple axial and lateral displace1nents to 
the initial estimate to get the displace111ent of the seed 
line. 

3) Propagate the solution to the right and left of the seed 
RF-line using the 2D AM method, taking the displace
ment of the previous line as the initial displace111ent 
estitnate. 

Benefits of 2D AM are two-fold. First it computes subsam
ple displace111ents in both axial and lateral directions. Lateral 
strain contains i1nportant infonnation from tissue structure that 
is not available from axial strain [28], [42], [43]. Second, it 
is only required to calculate the displace1nent of a single line 
using DP (the seed), eliminating the need to have the integer 
displacen1ent 1nap for the entire image. This is significant as in 
the lD AM method, the initial step to calculate the 2D integer 
displace1nents using DP takes about 10 tilnes 1nore than the 
!DAM. 

Assu1nc that initial displace1nent estilnates in the axial 
direction, ai. and in the lateral direction, lh arc kno\vn for 
all i = 1 · · · n1 sa1nples of an RF-line. Note that ai and li are 
not integer; for the seed line they are the linear interpolation 
of the integer DP displace1nents and for the rest of the lines 
are the displacen1ent of the previous line. It is desired to find 
Lia; and Lil; values such that the duple (a;+ Lia;,/;+ Lil;) 
gives the axial and lateral displace1nents at the sa1nple i. Such 
(~di 1 D..ai) values \Viii 1ninin1ize the follo\ving regularized cost 
function 

Cj(.6.ai,···,.6.am , .6.l1 1 ··-,D..lm) = 

E7,'.,i{[li(i,j) - J,(i +a;+ Ll.a;,j +I;+ Ll.l;)j
2 

+ 

a(ai + .6.ai - ai-t - ~ai-1)2 + 
!3a(l; +Lil; - l;-1 - Lil;-1)2 +13;(1; +LI.I; - l;,1-il2} (12) 

where J(i,j) is the ;th sample on the j 1h RF-line. Since we 
perform the calculations for one RF-line at a tin1e, \VC dropped 
the index j to siinplify the notations: ai, li, D..ai and D..li are 
ai,ii li,j, ~ai,j and ~li,J· li,j-l is the lateral displace1nent 
of the previous RF-line (note that li,j-l is the total lateral 
displace1nent of the previous line, i.e. \Vhen the displace1nent 
of the j - 1th line was being calculated, li,J- I was updated 
\vith li,i-I +D..h,J-1). Since in the first iteration ai and li (the 
initial displacement estimates) are in fact the displace1nents of 
the previous RF-line, for the first iteration \Ye have li,j-I = li. 
This simplifies the last term in the R.H.S. to {J/Lifl. The 
regularization terms are <.t, /Ja and fJI: a detennines how 
close the axial displace1nent of each sa1nple should be to 
its neighbor on the top and f3a and µ; dctern1ine how close 
lateral displace1nent of each san1ple should be to its neighbors 
on the top and left (or right if propagating to the left). 
If the displacen1ent of the previous line is not accurate, it 
\viii affect the displace111ent of the next line through the last 
tenn in the R.H.S. of Equation 12. Although its effect will 
decrease exponentially \Vith j, it \Viii propagate for few RF
lines. Therefore we set 

/3 , - /31 
1- 1 + h.1-11 

(13) 

to prevent such propagation \vhere ri,J-I is the residual 
associated \Vith the displacen1ent of the ith ·sa1nple of the 
previous line. A large residual indicates that the displacetnent 
is not accurate and therefore its influence on the next line 
should be s1nall, \Vhich is realized via the s1nall \Veight /3/. This 
is, in principle, sitnilar to guiding the displacen1ent estilnation 
based on a data quality indicator [44]. The effect of the tunable 
para1neters o, fJa and fJ1 is studied in the Results section. 
Writing the 2D Taylor expansion of the data tenn in Equation 
12 around (i + a;,j +I;): 

J,(i +a;+ Lia;,j +I;+ Lil;)"' 

J,(i + a;,j +I;)+ Lia;l~,a + Lil;l~,I (14) 

\Vhere I~,a. and I~,l are the derivatives of the 12 at point 
(i + ai,j + li) in the axial and lateral directions respectively. 
Note that since the point (i + ai, j + li) is not on the 
grid (a; and li are not integer), interpolation is required to 
calculate 12,a and l~,t· We propose a 1nethod in Section II-Cl 
that elitninates the need for interpolation. The optilnal (D..ai, 
D..li) values occur when the partial derivatives of CJ with 
respect to both ~ai and ~l; are zero. Setting :;~; = 0 and 

gg /, = 0 for i = 1 · · · m. and stacking the 2n1 unkno\vns in 

Lid = [Lia1 Lili Lia2 Li/2 ···Liam Lil,~T and the 2m initial 
estiinates in d = [a1 l1 a2 12 ···am l111 J we have 

D1= 

('.I~2 + V1 + V,)Lid = I2'c- Did, 

a 
0 

-a 
0 
0 

0 
0 

0 
fia 
0 

-fl. 
0 

0 
0 

-<> 

0 
2n-
0 

-<> 

0 
0 

0 0 0 0 
-/la 0 0 0 

0 -a 0 0 
2/Ja 0 -/Ja 0 

0 2o: 0 0 

-a 0 o: 0 
0 -/Ja 0 f3a 

( 15) 

\Vhere 'D2 = diag(O, f3/, 0, fJ;, · · ·, 0, /3/) is a diagonal 1natrix 
of size 2m x 2m , I;2 = diag(J'2 (l) .. · J'2 (m)) is a 
sym1netric tridiagonal 1natrix of size 2m x 21n \Vith 

(16) 

blocks on its diagonal entries \Vhere I2 a and l~ t are the 
derivatives of the / 2 at point (i + ai, j +'ti) in the 'axial and 
lateral directions, 

I~ = diag(J~,a(I), 1~,1(1), 1~,a(2),1~,/(2) · · · 1~,a (m), 1~,1(m)) 
(17) 

where If,a(i) and 12.t(i)' are calculated at point (i+a;,j +/;), 
and e = [e1 e1 e2 e2 ···em(, e; = 11(i,j)-I2(i+a;,j+l;). 

\Ve make four 111odifications to Equation 15: First, we take 
into account the attenuation of the ultrasound signal \vith 
depth. As the signal gets weaker with depth, the first term 
in the R.H.S. of Equation 15 (I2 'c) gets smaller. This results 
in increasing the share of the regularization tcnn in the cost 
G'j and therefore over-smoothing the botto1n of the i1nagc. 
The attenuation of the ultrasound signal [45] reflected from the 
depth dis ({d) = e-2 Iog{IO)ai/od/2o \Vhcre at is the frequency 
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dependent attenuation coefficient of tissue and is equal to 0.63 
dB/cm/MHz for fat [ 45], Jo is the center frequency of the wave 
(in MHz) and d is in ctn. Having the exponential attenuation 
equation, the attenuation level at sa1nple i \Viii be 

. I540x 102a1 /o log{IO) 

(t=x-', x=e 20/sx106 , i=l···m (18) 

\Vhere 1540 x 102 is the speed of sound in tissue (in ctn/sec) 
and fs is the san1pling rate of the ultrasound system (in 
MHz). This is assuming that the TGC (time gain control) is 
hirned off. Othenvise, the TGC values should be taken into 
account in this equation. Let the 2m x 21n diagonal 1natrix 
Z be Z = dia9((1,(1o(2o(»··(m,(m). To compensate for 
the attenuation, \Ve multiply the V 1 and V 2 1natrices in 
Equation 15 by Z, and therefore reduce the regularization 
weight with depth. As we will show in Sections III and 
IV, the regularization \Veight can vary substantially \Vith no 
perfonnancc degradation. Therefore approxiinate values of the 
speed of sound and attenuation coefficient will suffice. Second, 
we add a bias term in the regularization sin1ilar to the ID 
case. Here \Ve only bias the axial displacetnent since the 
difference between the lateral displacen1ents of the points on 
a RF-line is very small, usually less than 4 RF-lines. Third, 
\Ve exploit the fact that, because the tissue is in contact with 
the ultrasound probe, the axial displacement of the top of the 
in1age is zero relative to the probe (the lateral displace1nent of 
the top of the iinage is not zero as tissue n1ight slip under the 
probe). Therefore, \Ve enforce the axial displace1nent of the 
first sample to be zero by changing the first row of V 1, T!,2 
and 'I2'. Fourth, \Ve make the displacen1ent esti1nation robust 
via IRLS using the Cauchy function (Equation l 0). Similar 
to lD AM, T is selected manually. For the first (seed) RF
line, a s1nall value can be selected for T if DP results are 
trusted. For the next lines, the value of .6.d detennines the 
accuracy of the Taylor expansion 14: for a small C.d, the 
residuals of the inliers are s1nall and therefore a stnall T can 
be chosen, \vhile for a large .6.d the inliers 1night give large 
residuals and therefore a large value for T is required. Since 
the tissue 1notion is mostly continuous, .6.d 111ostly depends 
on the lateral satnpling of the in1agc (i.e. the nu1nber of A-line 
per ctn). Therefore if 111any A-lines are given per ctn of the 
itnagc \Vidth, a sn1all value ofT will give the optiinutn results. 
Since the a1nplitude of signal is decreasing due to attenuation, 
we decrease the IRLS parameter T with depth by multiplying 
it \Vith (i at each sa1nple i. With these modifications, Equation 
15 becon1es 

(WT~2 + ZV1 + ZV2)6d = WT,'c - ZV1d + s (19) 

where W = diag(O, w(ri), w(r,), w(r2) · · · w(r,,. ), w(rm )) 
(i.e. W2i,2i = W2i-1,2i-1 = w(ri) for i = l · · · ·m except for 
W 1,1 = 0 \vhich guarantees the displacen1ent of the first sam
ple to be zero) is the weight function dctem1ined by the resid
uals r; = I1(i.,j)- [J,(i + d;,j +a;)+ C.d;l~,, + C.a;l~,x]• 
w is as before (Equation I 0), the bias tcnn s is a vector of 
length 21n \Vhose all ele1nents are zero except the 2ni. - 1th 

ele1nent:s2ni-t = C\l, and c = (dm - d1)/(1n - 1) is 
as before. Similar to Equation 11, the coefficient matrix 
Q = WT~2 + ZV1 + ZV2 is strictly diagonally dominant, 

6 

synunetric and all the diagonal entries are positive. Therefore 
Q is positive definite \Vhich n1eans that solving Equation 19 
results in the global n1ini1nu1n of the cost function C. The 
updated displacement field (axial and lateral) will bed+ C.d. 

Equation 19 can be solved for ~d in 9m operations since 
the coefficient n1atrix W'I~2 + Z1J1 + ZV2 is pentadiagonal 
and sym1netric. This number is again significantly less than 
(2m )3 /3, the number of operations required to solve a foll 
systetn. 

1) Inverse Gradient Estifnalion: With the subsa1nple initial 
displacement field, the Taylor expansion should be written 
around off-grid points, \Vhich requires calculation of in1age 
gradient at these points (matrices 'I~2 and 'I~ in Equation 19). 
In Figure 2 (a), this is equivalent to calculating gradient of /2 
on the off-grid marks. There are hvo disadvantages associated 
with this: 1) it requires interpolation of the gradients, and 2) 
the image gradient should be recalculated after each iteration. 
As proposed by [40], (46], image gradient can be instead 
calculated at on-grid locations on image I in the follo\ving 
way. 

Consider two problems: (I) to find the matches for grid 
points on / 1 having the initial off-grid estitnates on / 2, and 
(2) to find the matches for the off-grid points on '2 having the 
initial grid estimates on / 1. For both proble1ns, / 2 values n1ust 
be interpolated on the off-grid values. However, the second 
problen1 does not require interpolation of the iinage gradient 
since the Taylor expansion is written around grid points of 
Ii (Figure 2 (b)). It is shown in (47] that the two techniques 
converge to the sarne results. Therefore, on one hand inverse 
gradient calculation is both fhster and easier to ilnpletnent, 
and on the other hand it causes no performance degradation. 
Exploiting this, Equation 19 beco1nes 

(wr;2 + zv, + ZV,)C.d = WTi' c - zv, d + s (20) 

\Vhere 7~2 and 'I~ are no\v calculated on the grid points of 
image I. 

All the 20 AM results presented in this work are obtained 
using Equation 20. For the seed line where the initial estiinate 
niight be inaccurate, this equation is iterated 111ultiple titnes 
(about IO times). For all other lines, the equation converges 
very fast as a good initial estiinate is provided by the previous 
line, and therefore this equation is iterated only once. 

D. Strain Estin1atio11 Using Kahnan Filter 

Strain estitnation requires spatial derivation of the displace-
1nent field. Since differentiation amplifies the signal noise, 
least squares regression techniques are co1n1nonly used to 
obtain the strain field. Adjacent RF-lines are usually processed 
independently in strain calculation. Ho\vever, the strain value 
of each pixel is not independent fro1n the strain value of its 
neighboring pixels. The only exception is the boundary of t\vo 
tissue types with different 1nechanical properties \Vhere the 
strain field is discontinuous. \Ve use the prior of piece\vise 
strain continuity via a Kalman filter to in1prove the quality 
of strain estimation. Although locations with strain disconti
nuity are li1nited, \Ve \Vill develop a technique to take such 
discontinuities into account. 



7 

1, 

(i+I ,j, 
(i+a"j+I) 
D 

"c 
(i+l .j 

(i+l+a I+/• 'i+fi.,F () 

(i+l +a1, ,j+l1+)~ 

j~ A-line 

(a) Three samples on ! 1 (left) and corresponding matches on J2 (right) (b) Inverse gradient estimation 

Fig. 2. (a) In / 2 the initial estimates (in black) are updated by the arrows (three components of Qd) to new estimates (in red) after an iteration of 20 AM. 
To find D..d using Equation 19, it is required to calculate image gradient at the off-grid initial estimate locations (in black) on /2. (b) Schematic plot of two 
RF-data /1 and /2, each sampled at three locations (black dots), The black dashed-dotted arrow shows D..a of the sample on 11 (ignoring the regularization 
tenn) which requires calculating the gradient on /2 at an off-grid location. The blue dashed arrow shows .D.a of an off-grid srunple on /2 (ignoring the 
regularization term) which requires calculating the gradient on / 1 at an on-grid location. Ignoring second order derivatives, the length of the two arrows is 
equal. 

\Ve first calculate the strain using least squares regression. 
Each RF-line is first differentiated independently: for each 
sa1nple i, a line is fitted to the displacement estimates in a 
windo\v of length 2k + 1 around i, i.e. to the sa1nples i ~ k 
to i + k. The slope of the line, zi,i , is calculated as the 
strain n1easure1nent at i. The center of the windo\v is then 
1noved to i + 1 and the strain value z;+i,j is calculated. We 
reuse overlapping tenns in calculation of Zi,j and Zi+l,j, and 
therefore the n1nning tilne is independent of the \Vindo\v length 
2k+ I. Having Zi,j for i = 1···1n and j = 1 · · · n, \Ve propose 
the following algorithm based on Kalman filter to take into 
account the prior of strain continuity. 

zi,J are the noisy 1neasure1nents of the underlying strain field 
Ei,j· Since the Zi,J values are calculated using axial \Vindo\vs, 
we apply the Kalman filter in the lateral direction. Let r; be the 
Gaussian process noise and SJ be the Gaussian n1easuren1ent 
noise to be removed. We have (48], (37] 

Ei,j = Ei,j-1 + '1'i,j 

Zi,j = Ei,j + Si,j 

(21) 

(22) 

Let i.~1 (note the super tninus) be our a priori strain estilnate 
from the process prior to step j (i.e. from the Equation 21) 
and ii,j be our a posteriori strain esti1natc at step j given 
mcasuren1ent ZJ· Let also the variances of i~1 and ii,J be 
respectively p- and p. The titne update (i.e. prior estitnation) 
equations will be (37] 

i~j = ii,j-1 
- 2 

Pi,J = Pi,J-1 + ur 

(23) 

(24) 

where u?. is the variance of the process noise r. Pi,J-l is 
initialized to zero for the first sa1nple j = 1. The measure1nent 

update equations will be (37] 

(25) 

Pi,J (26) 

\Vhcre a; is the variance of the measuren1ent noise s. Note 
that since both the state Ei,J and 1neasurement Zi,j are scalars, 
all the update equations only require scalar operations. We 
esti1natc a';. and a; as follo\ving. Let the 1nean (calculated 
using a Gaussian kernel of standard deviation of ac = 0.6 
sa1nple) of the strain values in 3 x 3 blocks around sa1nples 
(i,j - !) and (i,j) be l'J-l and µJ respectively. Then a? is 
(48] 

(27) 

This is a reasonable estimate of a; as it tries to capture the 
difference bet\veen pixel values at adjacent RF-lines. If the 
difference between the 1nean strain values is high, less weight 
is given to the a priori esti1nate. This space-variant esti111ation 
of the tnodel noise provides a better 1natch to local variations 
in the underlying tissue leading to a greater noise reduction. 
u; is the variance of Zi,J 1neasurements in the entire in1age 
and is constant throughout the in1age. 

The strain estimation algorithnt can be sununarized as 
following: 

I) Perfonn least squares regression in the a'f;a/ direction for 
each RF-line. Generate a (noisy) strain ilnage Z \Vhose 
pixel i,j is zi,J· This step ensures continuity in the axial 
direction. 

2) Apply the Kalman filter to the noisy strain image Z in 
the lateral direction. Generate a ( denoised) strain ilnage 
\Vhose pixel i,j is ii,J· This step ensures continuity in 
the lateral direction. 
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Fig. 3. Axial strain estimation in the first simulated phantonl. (a) The SNR values corresponding to the unbiased regularization calculated in the entire image. 
(b) Schematic plot showing the underestimation of the displacement (Data+ reg. curve) with unbiased regularization (refer to the text). (c)·(d) The calculated 
displacements at the bottom of a RF·line at 2% strain and 6% strain levels respectively with biased and unbiased regularization tenns. The ground tnllh 
matches the displacement gfren by the biased regularization almost perfect/}\ and therefore is not shown in (c) a11d (d) 1101 to block the biased reg11/arizatio11 
results. The length of the RF·line is 2560 (49.3 mm). (e) The SNR values corresponding to the unbiased regulariz.ation calculated by omitting the bottom 300 
samples of the image. (f} The SNR values corresponding to the biased regularization calculated in the entire image. Note that the scale of the SNR in graph 
(a) is much smaller than that of graphs (e) and (f}. 

Both steps are applied once and are not iterated. We sho\V in 
the experimental results how the Kahnan filter ren1oves the 
noise from the strain in1age \Vith 1nini1nal blurring, O\Ving to 
the model noise update Equation 27. 

Ill. SIMULATION RESULTS 

Field II ( 49] and ABAQUS (Providence, RI) software are 
used for ultrasound sin1ulation and for finite elen1ent silnu
lation. Many scatterers are distributed in a voltune and an 
ultrasound itnagc is created by convolving all scatterers \Vith 
the point spread function of the ultrasound and adding the 
results using superposition. The phanto1n is then tneshed and 
compressed using finite element simulation, giving the 3D 
displace1nent of each node of the n1esh. The displace1nent 
of each scatlerer is then calculated by interpolating the dis
place1nent of its neighboring nodes. Scatterers are then 1noved 
accordingly and the second ultrasound itnagc is generated. The 
displacement and strain fields are then calculated using the AM 
n1ethods and are con1pared with the ground tn1th. The unitless 
metric signal to noise ratio (SNR) and contrast to noise ratio 
(CNR) are also calculated to assess the perfonnance of the 
AM method according to 

2(sb - 81 )2 

al+ a[ , 
s 

SNR= -

" 
(28) 

\vhere St and 81,, are the spatial strain average of the target and 
background, af and al arc the spatial strain variance of the 

target and background, and S and a are the spatial average 
and variance of a window in the strain image respectively. 

The paratnetcrs of the ultrasound probe are set to 1nhnic 
commercial probes. The probe frequency is 7.27 MHz, the 
sampling rate is 40 MHz and the fractional bandwidth is 60%. 
A Hanning \Vindow is used for apodization, the single transn1it 
focus is at 22.5 n1m, equi-distance receive foci arc fron1 5 mtn 
to 45 mm at each 5 nun, the trans1nit is sequential, and the 
nun1ber of active ele1nents is 64. 

Two sitnulated phantoms are generated. The first phanto1n 
is 50 x 10 x 55 mm and the second one is 36 x 10 x 25mm. 
Respectively 5 x 105 and 1.4 x 105 scatterers \vith Gaussian 
scattering strengths (50] are uniformly distributed in the first 
and second phanto1n, ensuring 111ore than 10 scatterers (51] 
exist in a resolution cell. 

The mechanical properties of both phanto1ns, required for 
finite element simulation, is assumed to be isotropic and 
homogeneous. The first phantom is unifonn \Vhile the second 
phantom contains a circular hole filled with blood that can 
1nove out-of-plane, si1nulating a blood vessel in tissue (Figure 
7 (a)). The scatterers are distributed in the vessel, also with the 
sa1ne intensity and distribution as the surrounding tnaterial. A 
unifonn compression in the z direction is applied and the 3D 
displacement field of phantoms is calculated using ABAQUS. 
The Poisson's ratio is set to v = 0.49 in both phanto1ns to 
1ni1nic real tissue [52], [53], \vhich causes the phanto1ns to 
defonn in x & y directions as a result of the con1prcssion in 
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Fig. 4. Lateral strain estimation using the 20 AM method in the first 
simulated phantom. 

the z direction. 
The first phanton1 undergoes co1npressions in the z direction 

to achieve strain levels of I% to I 0%. Figure 3 shows the SNR 
of the axial strain of the ID AM and 2D AM methods (the 
window for SNR calculation covers the entire strain itnage in 
(a) & (f)). The sharp drop of the SNR with strain in graph (a) 
is n1ainly due to the strain underestin1ation in the botton1 part 
of the in1age. It can be explained as following. The unbiased 
regularization tenn tries to force constant displacen1ent (dotted 
red line in (b)). Assu1ning an ideal noiseless case \Vhere the 
data term gives a smooth ramp displacement (dashed black line 
in (b )), 1ninitnizing the cost function (which is the sun1mation 
of the data and the regularization tenns) \Viii underestitnate 
the displacement at the two ends (solid blue line in (b)). 
This underestitnation decays exponentially 1noving towards the 
center of the itnage. This artifact is sho\vn in the sitnulation 
experhnent at 2% and 6% strain levels in ( c) and ( d). Since \Ve 
exploit the fact that the axial displacement of the first sample 
is zero (Section II-C), the underestimation does not happen 
in the top of the in1age. Biasing the regularization prevents 
this artifact, as is shown in (c) and (d). The AM method with 
or without the bias tenn gives the sa1ne result a\vay fro1n the 
bottom of the image: part (e) shows that if we ignore 300 
(5.8 mm) samples at the bottom of the image, the SNR will 
not drop sharply unlike in part (a). Part (f) shows the SNR 
of the AM methods with biased regularization calculated in 
the entire image. The SNR at 1% strain in parts (e) and (f) 
is the sa1ne. At higher strain levels, the strain underestimation 
propagates 1nore into the 1niddle of the in1age, and therefore 
the SNR decreases at higher strain levels in graph (c). Part (e) 
shows 2D AM gives slightly better axial strain compared to 
ID AM. IRLS slightly increases the SNR. However, we will 
see in the si1nulation results of the second phanto111 that in 
the presence of outliers significant improvement in SNR and 
CNR is achieved using IRLS. 

The SNR of the lateral strain field is much lower than that of 
the axial strain field (Figure 4). Unbiased regularization gives 
the lowest SNR, mainly due to artifacts in the bottom of the 
itnage. Silnilar to the axial strain, the SNR itnproves as 300 
sa1nplcs fro111 the botto1n of image are 01nittcd fro111 the SNR 
calculation (results not sho\vn). 

The effect of the regularization \Veights on bias and variance 
of the axial strain i1nage at 2% ground truth axial strain 
is sho\vn in Figure 5. The blue curves show the bias and 
variance of the entire strain image obtained \Vith unbiased 
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Fig. 5. Bias and Variance of the axial strain as a function of the axial 
regularization weight a. The ground truth axial and lateral strain fields are 
respectively unifonn 2% and 2v% fields (v = 0.49 is the Poisson's ratio). The 
solid blue and dashed black curves both correspond to unbiased regularization 
and the solid black curve corresponds to the biased regularization. In the solid 
blue and solid black curves, the entire image is included in the calculation of 
the bias and noise. In the dashed black curve the bottom part of the strain field 
which suffers from high bias (Figure 3 (b)) is excluded frotn the calculation of 
the bias and noise. ID AM and 20 AM have very similar bias and variance. 
The curves with and without IRLS are also very close. Therefore each curve 
corresponds to ID AM or 20 AM with or without IRLS. 

regularization. It shows the tradeoff behvecn the bias and 
variance: increasing the regularization· weight increases the 
bias and decreases the variance. The variance starts to increase 
at o::::::: 12 \Vhich is caused by the underestimation of the strain 
at the bottom of the image (the artifact in Figure 3 (c)). lfwe 
exclude the botto1n 300 samples of the strain i1nagc fro1n the 
bias and variance calculation (the black dashed curve), \Ve see 
a consistent drop of variance as a is increased. The black 
curves show the bias and variance of the entire strain ilnage 
obtained \Vith biased regularization. Biasing the regularization 
causes the bias to decrease as the regularization \veight a is 
increased \Vhich is a nonstandard behavior. It can be explained 
by the simple ground truth strain field which is uniform, 
exactly what the regularization tenn is trying to achieve. Even 
in the unbiased case, only the bias of the botto111 part of the 
strain field increases as o is increased (i.e. in the bias plot, the 
blue curve increases \Vhile the black dotted curve decreases). 
Therefore, one cannot conclude from this experhnent that 
higher a is beneficial to both bias and variance. To prove this, 
\Ve designed a silnulation study \Vherc the underlying axial 
strain field continuously varied with depth and the lateral and 
elevational strains \Vere zero (such strain field is not physically 
realizable). We observed that the absolute value of the bias 
monotonically increases \Vith a \Vith both unbiased and biased 
regularizations. To save space, we do not present the full 
results here. Similar curves for the lateral strain field is shown 
in Figure 6. 

The second simulation experin1ent is designed to sho\v the 
effect of smoothness weight and IRLS threshold CNR when 
the correlation is lo\ver in parts of the image due to fluid 
1notion. The phantom contains a vein oriented perpendicular 
to the image plane (Figure 7). The background window for 
CNR calculation is located close to the target \Vindo\v to sho\v 
how t1st the strain is allowed to vary, a property related to 
the spatial resolution. The maximum CNR with IRLS is 5.3 
generated at T = 0.005 and a 0 = 38, and without IRLS is 
4.8 at aa = 338. Such high Oa value 1nakes the share of the 
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data term in the cost function ve1y stnall and causes over
s1noothing. 

A. Displace1nenl Shnu/alion 

To study the performance of the Kaln1an filter, \Ve simulate 
a displacement field of size I 00 x 100 samples whose strain 
image (calculated using least squares regression) is as sho\vn 
in Figure 8 (a). 100 sa1nples in the axial direction corresponds 
to approximately 1.9 mm (assuming 40 MHz sampling rate), 
and 100 samples in the lateral direction corresponds to IO 
1nn1 to 25 nun depending on the probe. To be consistent \Vith 
the notations of Section II-D, let ti,J denote the strain values 
of the unconta1ninated itnage in (a). We then contatninate 
the displacen1ent field with a Gaussian noise with standard 
deviation of 1.5 sa1nples, and perfonn least squares regression 
to calculate the noisy estimates z;,i (Figure 8 (b)). We then 
apply the Kalman filter as described in Section 11-D to the 
noisy estiinates zi,J in the lateral direction (i.e. ro\v-by-ro\v). 
The posterior esti1nates of the strain values, f.i,j are sho\Vll in 
(c). The strain values of the shown line in (a) - (c) (at i = 50 
samples) is shown in (d) and (e) (The plot in (d) around the 
step in 1nagnified in (e)). The Kaln1an filter fonnulation is 

elin1inating the noise without over-sn1oothing the strain itnage. 
This is due to the model variance update Equation 27. We note 
that although displace1nent is generally continuous in tissue, its 
spati"al derivation (strain) is not: at t~c boundary ofr.vo tissues 
\Vith- different elasticity 1noduli, strain field is discontinuous. 

IV. EXPERIMENTAL RESULTS 

For experin1ental evaluation, RF data is acquired fro1n 
an Antares Sie1nens systetn (Issaquah, WA) at the center 
frequency of 6.67 MHz with a VFI0-5 linear array at a 
sampling rate of 40 MHz. Only the 2D AM method is used 
in the experitnental results. Phanto111 results and patient trials 
are presented in this section. The tunable para111eters of the 
2D AM algorithm are set to a = 5, (J. = 10, fl1 = 0.005 and 
T = 0.2 (Equations 12 & 20), and the tunable parameters of 
the DP (run for the seed RF-line in the 2D AM algorithm) 
are na = <Yf = 0.15 (Equation 1) in all the phanton1 results 
(except if specified otherwise). In the patient results, all the 
paratneters are the sa111e except for f3a \Vhich is increased to 
f3a = 20 because the data is noisier. The strain i1nages in all 
the patient trials are obtained using the least squares regression 
and Kalman filtering as described in Section 11-D. 

A. Phan/0111 Results 

1) ~O'ecl of Regularization on Residuals: The cost function 
of the AM method (Equation 7) is composed of residuals (i.e. 
the data tenn) and the regularization terms. The AM method 
1nini1nizes this stnnmation. Therefore the AM n1ethod \Viii not 
necessarily ininilnize the residuals. We no\v sho\v that the 
data tenn alone is nonMconvex and has 1nany local 1nini1na. 
Adding the regularization tenn \Viii eli1ninatc 111any of the local 
1nini1na and 1nakes optin1ization of the data tenn easier. This 
is in addition to the effect of regularization that 1nakes the 
displace111ent field s111ooth, a generally desired attribute. 

The effect of regularization on the residuals is studied 
using experilnental data. An elastography phanto1n (CIRS 
elastography phantom, Norfolk, VA) is compressed 0.2 in 
axially using a linear stage, resulting in an average strain of 
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Fig. 8. (a) shows the strain field calculated using least squares regression of the uncontaminated displacement field. (b) depicts the strain field calculated 
using least squares regression of the contaminated displacement field. (c) shows the strain field calculated from the noisy measurements of (b) using the 
proposed Kalman filter (KF in (b) and (c) refers to Kalman filter). The pixels of images in (a) to (c) are respectively the ground truth (unavailable) strain 
values ei,j, the noisy 1neasurements z;,j, and posterior strain values €i,j· The brightness scale in (a) to (c) is the same. (d)-(e) are the strain estimation at the 
horizontal line shown in (a) to (c). (d) is magnified in (e) around the step. 1l1e Kalman filter removes the noise \Vhile keeping the image sharp, due to the 
variable model noise of Equation 27. 

6%. T'vo RF fratnes are acquired corresponding to before and 
after the cotnpression. The Young's elasticity modulus of the 
background and the lesion under compression are respectively 
33 kPa and 56 kPa. The displacement map is calculated using 
the 2D AM method and the residuals corresponding to the 
displacement map are obtained. Figure 9 (a)-(c) shows the 
axial and lateral strains at such a high strain rate (1ninitnun1 
of 2% and 111axitnu1n of l l %). The n1ean and 1nedian of 
the residuals p(r;) in the entire image is shown in (d). 
One could expect the graph to 1nonotonically increase as 
the regularization 'veight a: increases, since the difference 
bet\veen the objective function C and the residuals ~i~ 1 p(ri) 
is increased as a: is increased. Ho\vever, the residual values are 
very high at very lo\v a. Therefore, nurnerical 1uinimization 
of E;::,1p(r;) + R(L'id) gives a smaller value for E;::,1p(r;) 
cornpared to trying to directly ntinirnize ~i~ 1 p(ri ). This 
indicates that the nonregularized cost function is not quasi
convex and is very hard to 1ninimize. 

2) Resolution of the Strain linages Generatedlvith Aki· The 
effect of the regularization on spatial resolution is evaluated 
experimentally using the experi1nental setup of the previous 
experiment. The cornpression is set to O. l in in this experirnent. 
Figure IO (a) sho,vs the strain image obtained by con1pression 
the lesion with the Young's modulus of 56 kPa. Spatial reso
lution is evaluated using modulation transfer function (MTF), 
an established 1nethod for estilnating the spatial resolution of 
medical in1aging syste1ns that 'vas relatively recently extended 
to elastography [54]. The spatial resolution of the recon-

structed i1nages is detennined 'vith a three-step approach [55], 
[56]; first, the edge spread function is computed by averaging 
the pixel values across the background-inclusion interface (the 
line in Figure 10 (a)); second, the line spread function (LSF) 
is co1nputed by differentiating the edge spread function; third, 
the MTF is determined by computing the Fourier transfonn of 
the LSF and nonnalizing the resulting function to zero spatial 
frequency: 

MTF(k) = S{k) 
3(0) 

(29) 

Figure I 0 (c) shows the MTF for five different normalization 
coefficients respectively. Strain results are obtained 'vith a 
regression window of length 2k + 1 = 65 (Section 11-D). 
Increasing the regularization 'veight is adversely affecting 
spatial resolution. Spatial resolution is defined as the spatial 
frequency when the value of MTF is 0.1. At a = 1, a = 2 
and a: = 4 this value is respectively 2 cycles/m1n, I cycles/mm 
and 0.5 cycles/mm. In addition to a, this value also depends 
on the length of the regression window 2k + 1. 

3) bnage Quality Versus Axial and Lateral San1pling Rates 
of the RF-Data: Sampling rate of the RF-data usually ranges 
from 20 MHz to 50 MHz depending on the hardware of the 
device. The nun1ber of the A-lines provided in an ilnage also 
varies significantly. In addition, band,vidth li1nitations of the 
data transfer can in1pose li1nits on the size of the in1age for 
real-titne operations. In this sh1dy, \Ve do,vnsan1ple the RF
data by a factor of 2 to 4 in the axial direction and by a 
factor of 2 to 8 in the lateral direction. Figure 11 (a)-(g) 
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sho\vs axial and lateral displacement and strain i1nages of the 
CIRS elastography phanto1n undergoing n1aximum axial strain 
of 5%. Axial sampling rate can be reduced by a factor of 2 
\Vithout significant impact on the strain in1age quality (part 
(h)). Downsampling the images in the lateral direction by a 
factor of 4 results the CNR of the axial and lateral strain 
images to drop respectively 12% (from 16.3 to 14.3) and 56% 
(from 2.55 to 1.13) as shown in (i). While the axial strain is 
robust to the nun1ber of A-line in the ilnage even at a high 
strain level of So/o, the lateral strain is sensitive to it (i). Similar 
study \Vith lo\ver axial strain levels sho\VS that as the axial 
strain decreases, higher downsa1npling rates in both axial and 
lateral directions are possible without a large iinpact on the 
results. 

4) Kalman Filter: The performance of the Kalman filter 
is studied using the RF-data used in Figure 9. The linear 
least squares differentiation technique is applied to the axial 
displacement field calculated with 2D AM, resulting in z;,1 
(Figure 12 (a)). The Kalman filter is then applied to z;,1 
measure1nents of (a), giving the posterior ii,j 1neasure1nents 
of (b ). Con1paring the strain values at a horizontal line of 
(a) and (b), the noisy Zi,j 1neasurements are smoothed in 
the lateral direction using the proposed Kaln1an filter, \Vith 
minimal blurring of the edge. 

B. Clinical Study 

Seven patients undergoing open surgical radiofrequency 
(RF) thennal ablation for prin1ary or secondary liver cancer 
were enrolled between February 06, 2008 and July 28, 2009. 
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Fig. 11. Results of the CIRS clastography phantom at 5% maximum strain at different axial and lateral sampling rates. The hard lesion is spherical and has 
a dia1neter of I cm. Downsampling is perfonned by simply skipping samples in the axial or (and) lateral directions. In (c) & (f), a downsampling ratio of 2 
is applied in both axial and lateral directions. The lateral displacement is shown in number of samples in (d) to (0. (h) and (i) show the CNR between the 
target and background windows in the strain images as the axial or lateral downsampling rates change. The target and background windows are shown in the 
axial strain images (a) to (c) and the lateral strain image (g). In (i), the lateral strain curve is not calculated for downsampling ratios of 6 and higher because 
the background window moves out of the image. The black dotted curve with the highest CNR is the strain obtained with the Kalman filter (KF). 

All patients enrolled in the study had unresectable disease 
and \Vere candidates for RF ablation follo\ving review at 
our institutional multidisciplinary conference. Patients \Vith 
cirrhosis or subopti111al tu1nor location \Vere excluded fro111 
the sn1dy. All patients provided informed consent as part of 
the protocol, \vhich \Vas approved by the institutional review 
board. RF ablation was administered using the RITA Model 
1500 XRF generator (Rita Medical Systems, Fremont, CA). 
Strain iinages are generated offline. Some prelin1inary results 
are published in [ 12]. 

We sho'v the results fron1 only 4 patients due to space 
li1nitations. Figure 13 shows the B-1node scan, the strain 
in1ages and CT scans perfonned after RF ablation. Tissue is 
shnply con1pressed freehand at a frequency of approxi1nately 
I cotnpression per 2 sec \vith the ultrasound probe without 
any attachment The shadow in Figure 13 (a) at 20 mm depth 

is produced by the themrnl lesion. Note that it is not possible 
to ascertain the size and position of the thennal lesions from 
B-1node i1nages. In addition, the then11al lesion has different 
appearances in the three B-scans. However, the thennal lesions 
sho\V very well as hard lesions in the strain itnages. After 
gross correlation of the post ablation CT scan and the thennal 
lesion in the strain images, the size of the lesion seems to 
correspond \Veil. Ho\vever, a 1norc rigorous validation of the 
size and shape of the ablated lesion in the elastography image 
is undenvay using nonrigid registration of CT and ultrasound 
images. To the best of our kno\vledge, this is also the first 
de1nonstration of the success of elastography in imaging the 
thennal lesion in an in-vivo lnunan experiinent. 

We have also acquired patient RF data of liver ablation 
prior and after ablation in one of the patient trials. Figure 
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Fig. 12. (a) shov.-s the axial strain field calculated by least squares regression of the noisy displacement field. (b) depicts the strain field calculated from the 
noisy measurements of (a) using the proposed Kalman filter (KF in (a) and (b) refers to Kalman filter). The pixels of images in (a) and (b) are respectively 
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The Kalman filter removes the noise while keeping the image sharp, due to the variable model noise of Equation 27. 

14 sho,vs the B-n1ode, strain and venous and arterial phase 2 

CT images obtained before ablation, and Figure 15 sho\VS the 
B-1node, strain and lateral displaee1nent in1ages after ablation. 
In Figure 14, the tumor (marked in the CT images (f) and (g)) 
is not visible in the B-1node image (a), but is clearly visible 
in the strain images (b) and (c). While the tissue is getting 
cornpressed \Vith the ultrasound probe, the middle hepatic vein 
(1narked as 5) \Vhich is only 4-8 cm fro1n vena cava inferior 
pulsates at high amplitude. The graph in (c) schematically 
sho\vs the probe 1notion and variations in the dia1neter of the 
vein. Therefore. the vein can look soft as in (c) or hard as in 
(b) depending on \Vhether its diameter variation is in the sa1ne 
(marked by ellipse I in (e)) dr opposite (marked by ellipse 2 
in (e)) direction as the probe motion. The effect of pulsation 
of vessels, a well-known cause of signal decorrelation, is 
ininitnized via IRLS resulting in a lo\v noise strain iinage. 
In addition, since the 2D AM method gives a dense n1otion 
field (same size as RF data), the small artery at the diameter 
of less than 2 mm (marked as 4 in (a)) is discernible in (b) 
fro1n the low pressure portal vein. The ablated lesion is also 
discernible in the strain images of Figure 15 (b) and (c). We 
believe the soft region in the middle of the two hard ablation 
lesions in (b) and (c) (at the depth of25-30 mm and width of 
I0-25mm) is not close to any of the IO tines of the ablation 
probe. Therefore because of its proxin1ity to veins and vessels 
its te1nperature has ren1ained lo\v. 

V. DISCUSSION 

The resolution of the n1ethod is fonnally studied in Section 
IV-A using the phanto1n experilnent. Future \Vork \Viii include 
1nore intuitive 1neasures for resolution in tern1s of the s1nallest 
detectable target as a ft1nction of its elasticity difterence \vith 
the background. 

The cost function is a regularized function of all dis
place1nents on an A-line. This inakes the 1nethods robust to 
noise \Vhich exist throughout the image. Besides, the AM 
1nethods are not \Vindo\v-based and therefore they don't suffer 

2CT scans are perfonned at different phases after intravenous injection of 
a contrast agent. Jn the arterial phase (directly after injection of a contrast 
agent) arteries will enhance, where as in the venous phase (30·60 sec after 
injection) the hepatic parend1yma and veins will enhance. 

fro1n decorrelation within the \vindo,v. As a result, both AM 
1nethods \Vork for strains as high as l 0°/o. In addition, the IRLS 
outlier rejection technique 111akes the AM methods robust to 
local sources of decorrelation such as out-of-plane 1notion of 
111ovable structures or blood flo,v. 

Global stretching asstunes a constant strain across the depth 
and stretches one of the RF-li1nes accordingly. It is sho\Vn 
that it enhances the quality of correlation based elastography 
tnethods. The reason is that the strain of each point can be 
assumed to be the global strain (fixed for each RF-line) plus 
sotne perturbation, i.e. constant strain is a better approximation 
than zero strain. Biasing the regularization is 1notivated by the 
same reason and involves almost no additional con1putational 
cost. 

Improvement in the SNR and CNR achieved with Kalman 
filtering differentiation is due to utilizing the (piecewise) 
continuity of the strain field. One could think of a unified 
framework which includes both the 2D AM and the Kalman 
filtering and directly calculates the strain field. We made an 
effort to fonnulatc Equation 15 in tenns of strain values. 
Unfortunately, the coefficient matrix in the L.H.S. becan1e 
a full 1natrix for our desired regularization. Such large full 
syste1n cannot be solved in real-tilne. 

The least squares differentiation of Section 11-D can be 
incorporated in the Kalman filter. This can be simply done 
by defining the state at each point to be the displacement 
and the strain of that point. The observed variables are the 
noisy displacement measurements fro111 2D AM. Solving for 
the state gives a strain estimate at each point. However, \Ve 
preferred to follow the common approach of first finding the 
strain by solving least squares. In addition. the axial and 
lateral displace1nents can be considered as t\vo channels of 
a measuren1ent and a Kalman filter that takes into account 
both intra-channel (spatial) and inter-channel variations can 
be developed. This is a subject of foture work. 

Lateral displace1nent esti1nation \Vith 2D AM is of order of 
1nagnitude less accurate than the axial displace1nent estimates. 
We tested the following algorithm for calculating the lateral 
displacement field based on ID AM: run ID AM to find 
the axial displacen1ent field A, then transpose both ultrasound 
itnages 11 and / 2 and n1n JD AM again using A calculated in 



IEEE TRANS. MED. IMAG. 

0 10 20 30 0 10 20 30 
width (mm) width (mm) 

(a) B-mode patient l (b) Axial strain 

0 102030 10 20 30 
width(mm) width(mm) 

(e) B-1node patient 2 (t) Axial strain 

40 

0 10 20 30 0 10 20 30 
width{mm) width (mm) 

(i) B-1node patient 3 (j) Axial strain 

03 

03 

025 

02 

0 

0 

10 20 30 
width (mm) 

(c) Lateral displacement 

2S 

2 

1.5 

(g) Lateral displacement 

OS 

--0.5 

10 2-0 30 
width (mm) 

(k) Lateral displacement 

15 

(d) CT patient I 

(h) CT patient 2 

(I) CT patient 3 

Fig. 13. Jn-\•fro images or the them1al lesion produced by RF ablation therapy of liver cancer. All images acquired after ablation. 1-"t, 2nd and 3rd rows 
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thennal lesions is shown. The non-unity aspect ratio in the axes of the B-mode and strain images should be considered when comparing them to the CT scans. 

the previous step. The axial displacement field calculated for 
the transposed iinagcs is in fhct the lateral displacen1ent of the 
original hnages. Although considerably nlore con1putationally 
expensive than 20 AM, this algorithm did not ilnprove the 
lateral displace1nent estitnation. Therefore only itnages of 
lateral displace1nent are provided for the patient trials because 
the lateral strain did not sho\v the ablation lesion. This is 
in accordance \Vith recent \Vork [33] which only shO\VS the 
lateral displacement. A 2D displacement field can be utilized 
to calculate the thennal expansion and to reconstn1ct the strain 
tensor. Incorporation of the synthetic lateral phase (57], (58], 
(59] into 2D AM to further improve the accuracy of the lateral 
displace1nent measure1nent is also a subject of future work. 

In cases \vhere the t\vo ultrasound fratnes correlate very 
poorly throughout the image, ID AM outperfonns 2D AM 
because DP is n1n for the entire in1age in 1 D AM. Ho\vever, 
in those cases the strain ilnages are of very lo\V quality even 
\Vith ID AM. In cases where the images correlate reasonably, 
the 2D AM algorithm slightly outperforms ID AM in terms 
of the SNR of the axial strain as shown in Figure 3 (e) and 
(f). Also, ID AM and 2D AM are very similar in terms of 

bias and variance as mentioned in the caption of the Figure 
5. And finally, 2D AM is more than I 0 times faster than 
ID AM because it elin1inates the redundant calculations in 
the DP step of ID AM. This is important considering that 
there are combinatorial 1nany ways of choosing t\vo fra1nes 
for elastography fro1n a sequence of i1nages. Having a fast 
algorithn1, like 20 AM, 1nakes it plausible to invest titne to 
perfonn real-ti1ne fra1ne selection, an area that \Ve are currently 
\Vorking on. 

Statistical analysis of the residuals is a subject of future 
\vork. The stun of squared differences used as the sitnilarity 
1netric in our cost function is suitable if ultrasound noise can 
be 1nodeled as additive Gaussian noise. flo\vcver, ultrasound 
noise is not siinply additive Gaussian and it has been sho,vn 
that si1nilarity inetrics that inodcl the noise process consid
ering physics of ultrasound give nlore accurate results [60). 
Perfonnance of the 2D AM 111ethod for in1ages that are not 
fully developed speckles (i.e have fe\v scatterers per resolution 
cell) is also a subject of future \VOrk. 

Current ilnple1ncntations of the ID AM and 2D AM take 
respectively 0.4 sec and 0.04 sec to generate strain i1nages 
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Fig. 14. Jn-vivo images of the fourth patient before RF ablation. In (a), the left anterior branch of portal-vein is marked as I and 2 and has low pressure and 
therefore compresses easily. Arteries (1narked as 3 and 4) and the middle hepatic vein (marked as 5) however pulsate with the heart beat and rflay have low 
or high pressure. (b) and (c) both show the axial strain from the same location before ablation. They arc calculated at two different phases of the: heart beat. 
The cancer tumor is discernible in (b) and (c} (regardless of the.systolic or diastolic blood pressure), and its boundary is shown. I and 2 (as marked in (a}} 
correspond to the high strain area in both (b} and (c}. Since 3, 4 and 5 (as marked in (a}} pulsate, they may look hard (as in (b)) or soft (as in (c}}. (d} shows 
the lateral displacement. The tumors is not visible in this image. (e) shows the motion of the probe and the variation in the diameter of the artCries due to 
the heart beat (refer to the text). (f) is the arterial phase and (g) is the venous phase contrast CT images. The numbers 1-5 mark the saine anatomy as (a). 
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Fig. 15. /11-vfro images of the fourth patient after RF ablation. Similar to Figure 14, the hepatic vein (niarked as 5) can have low strain (as in (b)) or high 
strain (as in (c)) values. 

(axial for ID AM and axial and lateral for 2D AM) of size 
1000 x 100 on a 3.8 GHz P4 CPU. DP contributes to more 
than 90% of the running time of the ID AM, and that's why 
it is slo,ver than 2D AM where DP is only nut for a single 
A-line. The n1nning tilne of both 1nethods changes linearly 
\Vith the size of the ilnage. 

VJ. CONCLUSION 

Two regularized elastography methods, ID AM and 2D AM, 
are introduced for calculating the n1otion field between t\vo 
ultrasound ilnages. They both give dense subsatnple 1notion 
fields (ID AM gives subsample axial and integer sample lateral 
and 20 AM gives subsantple axial and lateral) in real-tilne. 
l'he size of the n1otion fields is the same as the size of the 
RF-data (except for few sa1nples fron1 the boundary \Vhose 
displace111ents are not calculated). Such dense 1notion fields 

lead to dense strain fields \vhich are critical in detecting small 
lesions. The prior of tissue 1notion continuity is exploited in 
the AM 1nethods to 1nini1nize the effect of signal decorrelation. 
The regularization tern1 is biased with the average strain in the 
in1age to rninin1ize underestiination of the strain values. Parts 
of the ilnage that have very lo\V correlation are treated as out
liers and their effect is 1nini1nized via IRLS. The strain itnage 
is calculated by differentiating the n1otion fields using least 
squares regression and Kahnan filtering. The perforn1ance of 
the proposed elastography algoritlnns is analyzed using Field 
II and finite elen1ent siinulations, and phanto1n experin1ents. 
Clinical trials of 111onitoring RF ablation therapy for liver 
cancer in four patients are also presented. An hnple1nentatio11 
of the 2D AM ntcthod, the least squares regression and the 
Kalman filter in MATLAB mex functions, as \Vell as so1ne 
of the phanton1 and patient RF data used in this \Vork are 
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available for acade111ic research and can be do\vnloaded front 
http://www.cs.jhu.edu/~rivaz/Ultrasound_Elastography/. 
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