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1. Narrative   

1.1 Introduction and background  

The value of a dynamic motion platform to the flight simulator is a controversial issue within the 

flight training community. The motion of the flight simulator platform has been shown to affect 

pilot performance and behavior. Moreover, its ability to provide the operator with the appropriate 

motion cues is essential for pilot training or research. Unwanted cues can cause the operator to 

develop inappropriate control behavior strategies that are not useful or might be dangerous in real 

flight. Performance studies show that the operator’s performance is enhanced when introducing 

motion which might indicate that the operator experiences a sensation closer to real flight which 

should reflect positively on the pilot’s training. However, most transfer of training studies show 

no major benefit after being trained in a flight simulator with or without a motion system. 

Resolving these discrepancies and testing for flight simulator training effectiveness requires very 

time consuming and expensive testing of human performance, both in the aircraft and the 

simulator. 

  
My research aims to tackle this problem by developing a control theoretic approach with novel 

ideas that include;  

1) developing a novel structural model of a human-in-the-loop control system,  

2) developing an algorithm which accounts for the fusion of the information from the 

various sensory channels based on frequency domain prominence,  

3) developing an algorithm which incorporates the effects of learning and adaptation of a 

human operator,  

4) investigating and implementing new vestibular, neuromuscular and sommatosensory 

system models using frequency and time domain analyses.  

This structural model approach permits the development of metrics for determining the training 

effectiveness of the simulator motion system, or any other simulator stimuli by measuring pilot 

control behaviour. An additional aim is to develop a perceptually based motion cuing algorthim 

(AKA washout filters), which eliminates the false cues caused by the major reduction in workspase 

of the simulator motion system relative to the actual vehicle. It also optimizes the avalaibale 

bandwidth of the motion platform.  

1.2 Discussion of approach  

The proposed control theoretic approach is in the form of a structural model of the human pilot 

which contains blocks that mathematically represent different parts of the human perceptual and 

control action processes as well as the controlled vehicle. Each block is studied and developed 

independently then merged in a way that simulates the overall human/vehicle operation. The 

output of some blocks may be analyzed and the data used to better understand the pilot behavior. 

Figure 1 below shows a simplified version of the structural model where the pilot receives a 

reference signal based on the required task then applies the appropriate control action to the 

aircraft. The aircraft response to these control actions is then sensed by the pilot’s different sensory 

systems which provide feedback that helps the pilot to control the aircraft in the desired task. 
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Figure 1: Simplified model of the man-machine system 

The early concept of a mathematical model of the human pilot was introduced by McRuer (1) in 

the form of crossover model, the main idea behind it is the combined open loop human-vehicle 

input-output behavior will act as “1/jω-like” (as an integration) with a processing delay in the 

crossover frequency region.  

The structural isomorphic operator model is an expansion of the crossover model (figure 2) which 

aims to unite various isolated elements of the human motor coordination, physiological 

understanding, and neuromuscular actuation systems, and treat these subsystems as compatible 

ones that work together to produce an output that can be validated by the experimental data of the 

whole human operator.  
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Figure 2: Structural isomorphic model of the man-machine system (2) 

Figure 3 shows a structural model, initially developed by Hess (3) which has been commonly used 

by previous researchers to get a general idea about the performance of the used motion system. 

This model contains blocks that represent the human visual system, neuromuscular system, 

processing delay, neuromuscular system, and aircraft dynamics. Blocks that represent the 

vestibular system were added later by George and Cardullo (4). The parameters of these systems 
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are selected, so the overall input-output relationship complies with the so-called crossover model. 

However, this structure is limited to single axis motion and assumes a fully trained pilot which 

makes it unfeasible for testing training effectiveness. Therefore, a new architecture was developed 

building upon the structure of the McRuer structural and Hess models. 
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Figure 3: Simplified - Modified Hess Model (Adapted from George/Cardullo) (4) 

1.3 Results during the fellowship 

New structural model; 

My architecture is a structural model of the pilot and simulator system evolved from the works of 

McRuer, Hess and George. To accomplish the goals of this research, it was incumbent to 

incorporate the latest research on the dynamics of the vestibular system. In addition, the new 

architecture includes the development of a sensory fusion algorithm which mimics the processing 

of information by humans. Another adjustment calls for introducing an adaptive algorithm that 

modifies the parameters of the pilot model based on his/her behavior and represents the learning 

and training process using the pilot’s internal model of the aircraft dynamic response to effect 

control. 

In my structural model (figure 4), the sensed state is compared to the desired task, and the signal 

is used to activate the neuromuscular system. The neuromuscular system operates the feel system 

(e.g., aircraft inceptor and pedals) that control the aircraft, and used by the pilot’s internal model 

of the aircraft, which is part of the pilot model and by which the pilot develops control strategy, to 

predict the aircraft state based on previous experience. The aircraft response stimulates the human 

sensory systems (vision system and vestibular system, etc.) and generates a feedback to the feel 

system that stimulates the muscle spindles and Golgi tendons of the operator. All the sensory 

systems and internal model responses will be aggregated together by a sensory fusion algorithm 

to generate the sensed state, which is processed to determine if the operator trust his own sensed 

state. 
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Another update of the pilot model includes modifying the model of the neuromuscular system. 

Previous models treat the neuromuscular system as a second-order model with parameters selected  

Figure 4: Detailed view of the man-machine system  

to make the overall model comply with the McRuer crossover model, but this approach is not 

compatible with our objectives since it assumes a fully trained pilot and its output may include a 

contribution from other systems, where the parameters of the neuromuscular system and others 

can be altered and still comply with the crossover rule, however the output of the neuromuscular 

system will change, making data collected from it unusable. The suitable neuromuscular model 

should be based on the physiology of the human muscles and isolate its parameters selection from 

the overall human model. Hill-based muscle models are currently considered to be included in our 

structure. (5, 6, 7). 

Vestibular system models; 

Current research of vestibular system mathematical models was investigated, and the best of these 

were incorporated, since it is the main source for high-frequency aircraft motion information inside 

a flight simulator and in everyday life. These models play a significant role in understanding which 

cues are important in the manual control of the dynamic system. Currently, some cueing algorithms 

employ these models in a model reference, control theoretic context, to fine tune the motion cues. 

These models, based on experimental and theoretical methods, were reviewed and analyzed based 

on their time and frequency responses.  

The vestibular system (Figure 5) contains two parts, the semicircular canals and the otoliths and 

both housed inside the inner ear. The semicircular canals measure the angular motion, and consist 

of three almost perpendicular canals: horizontal, superior, and posterior canals. The sensory part 

of the canals is located inside a bulge at the end of each duct called ampulla which is a gelatinous 

material that contains the sensory hair cells and forms a seal within the ampulla. When the head 

encounters an angular motion, the fluid inside the canal tends to lag due to inertia causing the 

cupula to deform. This deformation represents the angular motion and transformed to nerve signals 



Page 7 of 15 
 

by the hair cells. The otolithic membranes are a flat sheet structure reside in the utricle and saccule 

of the inner ear, surrounded by endolymph fluid and consists of calcium carbonate crystals set over 

a gelatinous material, under it lies the sensory hair cells that extend to the gel layer. When 

encountering a linear motion the thicker otoconia layer movement lag behind the head movement 

causing a shear force that bends the gel layer and the hair cells embedded there. In addition when 

the head is tilted, the weight of the otoconia will deform the gel layer causing a similar effect of 

linear motion. The otolith actually senses the orientation of the head with respect to the 

gravitoinertial force (GIF) that represent the sum of gravity and inertial forces acting on the head. 

Table 1 (Appendix A) adapted from Momani and Cardullo (8) shows a summarized list of the 

semicircular canals (SCCs) models investigated. We can notice that all models do not have similar 

inputs and outputs, and represent different dynamics based on the methods used to generate them, 

so some modification is required when comparing time and frequency response of each model. 

Since the first model was developed by Steinhausen (9) for SCCs, a number of simple and complex 

models that describe its function as measuring the integrated value of the head angular acceleration 

over time. A model with close similarity to the actual system is necessary for implementation 

within the sensory feedback of the pilot model and motion cueing algorithms. Steinhausen used a 

2nd order differential equation to describe the cupula dynamics as an overdamped torsion 

pendulum. Van Egmond used subjective data to determine the time constants of the Steinhausen 

transfer function. Subsequent models modify this model by adding adaptation1 and lead2 terms in 

an effort to fit the experimental data. 

 

Figure 5: The human vestibular apparatus (10) 

Later models focus on theoretical approaches to describe the semicircular canal dynamics, but 

have a common characteristic of being one degree of freedom model for each canal acting as low 

pass filter, the only model that treats the system in its entirety is the one developed by Rabbitt and 

Damiano. Another theoretical model that treats the whole system as one block is the Vega model, 

                                                           
1 Neural adaptation: a change over time in the responsiveness of the sensory system to a constant stimulus. 
2 Neural Lead: represent the dynamics of the neural system that predict future outputs. 
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however that model’s parameters rely on using experimental data of an axolotl and the value of 

these parameters for humans are not available yet. 

Comparing the response of the different models is difficult due to the difference in included 

systems and the assumed inputs and outputs of the system, one way to deal with that is to add 

neural processing term to some models to allow for similar output. Figure 6 shows the step inputs 

of the SCC models normalized with respect to their maximum response to make comparison easier. 

VanEgmond, Grant, and Rabbit and Damiano models step response shows no decay for angular 

acceleration input. So as Young and Oman added an adaptation term to Van Egmond model, we 

added the same term to Grant model and Damiano and Rabbitt model which allow them to conform 

with the experimental data. Telban and Grant models were modified to allow for angular 

acceleration input by adding an integrator term. Most of the models of the SCC models have 

similar step response as shown in Figure 6, with the Telban and Cardullo model coinciding 

completely with the Fernandez and Goldberg model, both seem to have a faster initial response 

and slower decay time when compared to other models.  

Figure 7 shows the frequency response of the SCCs models for an angular acceleration input except 

for Vega model that lacks the values of the mutual coefficient between SCCs (𝜆𝑖𝑗). The phase 

plots show that SCC models act as low pass filter with the experimental models have a higher 

magnitude than theoretical models. It seems that the mechanical mechanism (cupula, hair cells) 

and neural system act to amplify the signal before being transferred to the central nervous system 

for processing. For all the models, phase values seem to be similar between 0.1-1 Hz. Phase values 

at high frequencies range between -90 degrees and -180 degrees, with Grant and Rabbitt et al. 

similar to Fernandez and Goldberg. Phase lead around 90 degrees for experimental models at low 

frequencies. Adding the adaptive term for Grant and Rabbitt et al. models will allow them to have 

the same phase lead which indicates that it might have a neural origin. 

  

         Figure 6: Normalized step response                          Figure 7: Frequency response  

                       of SCC models                                                            of SCC models  

Table 2 (Appendix A) adapted from Momani and Cardullo (8) shows a summarized list of the 

otolith models investigated. Unlike the SCCs models no adaptation term was added. However, the 

Meiry model was modified to allow for an acceleration input by adding an integration term to the 

model. It can be seen from table 2 that most models of the otolith system use the specific force and 

acceleration as an input, for experimental models the output used is either the afferent firing 



Page 9 of 15 
 

response or the sensed specific force, for theoretical models the output used, is the otolithic or gel 

layer displacement. Early models are based on experimental data, Meiry used the perceived sensed 

velocity of longitudinal sinusoidal motion. Fernandez and Goldberg's data are based on the neural 

afferent firing response of squirrel monkeys’ vestibular nerve when subjected to sinusoidal specific 

force input. 

Telban combined time constants determined by previous researchers to generate a model that is 

optimized for use within motion cueing algorithms. Theoretical methods use continuum mechanics 

and elasticity equation to develop models that describe the motion of the otolithic membrane layers 

under different assumptions. 

Similar to the SCC models step response, the otolith models step responses were normalized with 

respect to their own maximum response as shown in Figure 8. Most models show a decay after it 

initial response except Grant and Best model and Kondrachuk model. This problem was handled 

in Grant, Huang, and Cotton model where the response can be shaped to be similar to any of the 

experimental models by manipulating its nondimensionalized parameters. 

 

   Figure 8: Normalized step response                      Figure 9: Frequency response of otolith 

                  of otolith models                                                   of otolith models 

 

Figure 9 shows the frequency response of the otolith models listed in table 2. It can be noticed that 

there are many differences among the models with no distinct pattern that group all the models. 

However, all of them seems to act as low pass filter with higher magnitude for Fernandez and 

Goldberg model and the models that approximate it (Hosman and Telban). There no apparent 

common pattern for the phase of the models, but most models seems to have a -90 degrees phase 

shift around 100 Hz. Jaeger and Haslwanter show a higher reduction in magnitude than the rest of 

the models with a phase shift that contradicts the rest of the models which may arise from including 

mesh layer between the otoconial and gel layers in their equations. The variation in step and 

frequency response among models can be attributed to using different parameters of the materials 

properties based on various assumptions. Until the true values of these properties are found, this 

differences cannot be resolved. 
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The noticeable variation among models show limitations of the methods used to model the 

vestibular system, the experimental data are restricted to one dimension at a time while the 

theoretical models rely on assumptions regarding the used methods, and the materials properties 

are not completely known. Experimental data that shows the response of the vestibular system in 

combined planes movements will be useful for motion cueing algorithms implementation but yet 

to be achieved.  

Early models of the vestibular system relied on subjective experimental data to describe its 

function wile later models rely on theoretical approaches. Most models suggest that semicircular 

canals measure the head angular velocity, while the otoliths measure the specific force acting on 

the head. For use within my structural model, the Rabbitt and Damiano model has an advantage 

for its treatment of the semicircular canals as one system under 3D movements. As for otolith, all 

models show the behavior of a low pass filter, for the otoliths. The Grant, Huang, and Cotton 

model is preferred because it shows flexibility when dealing with the parameters of the system that 

still have a largely unknown specification to this day. 

In summary, these vestibular models uphold one of our aims to develop a new structural model 

suitable for evaluating training effectiveness that includes state-of-the-art vestibular models.  

1.4 Predicted results of final research 

Once the additional blocks in the structural model are completed, the entire model will be executed. 

Test cases will be run which use simple reference inputs and the outputs will be analyzed.to 

determine if the operator behavior is consistent with predicted behavior (see figure 10 for context). 

Upon validation of the structural model the evaluation of a motion cueing algorithm will be 

accomplished.  Evaluation of the cueing algorithm performance will be conducted in the context 

of our new structural model which allows us to optimize the motion system that is located in the 

model feedback path, based on the human control behavior. Evaluating the cueing algorithm and 

discriminating its effect will be done at the behavioral level of the pilot (see figure 10) because it 

can be objectively measured in the simulator and compared to the behavior elicited in actual flight. 

The operator control behavior will be recorded then be analyzed using various time domain and 

frequency domain signal processing techniques, and ultimately compared to the pilot expected 

behavior in real flight, to determine the behavioral fidelity of the pilot in the simulator. The 

simulation can be conducted with and without a motion system to demonstrate the effect of having 

a motion system on the pilot’s performance and training effectiveness. The model will be executed 

with realistic flight dynamics and therefore realistic motion information provided to the operator 

as well as with the motion platform with typical dynamics and the various cueing algorithms 

thereby illustrating the effectiveness of the cueing environment. 

The effectiveness of motion cueing will be evaluated in two ways based on imitating training 

studies and performance studies. In the first method the pilot model will initially be trained with 

the motion cueing algorithm and motion system in the feedback loop until it reached its training 

asymptote, then the resulted pilot model will be trained with the aircraft model until the training 

asymptote is reached again as seen in figure 11. The values of ΔP, Δt represent the difference 

between training asymptotes and the time needed to be fully trained after transferring from training 

in a flight simulator to training in aircraft. These values represent how well, and how fast the pilot 
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can train in the flight simulator, and these values can be minimized by modifying the parameters 

of the motion cueing algorithm and motion system. 

 

Figure 10: Virtual Environment Fidelity 

 

                             Figure 11: training evaluation        Figure 12: Performance evaluation 

The second evaluation method mimics the performance studies. The initial pilot model will be 

trained in parallel within the aircraft and flight simulator environment until they both reach their 

training asymptote. The area between the two curves (Figure 12) represents the performance of the 

motion cueing algorithm and motion system of the flight simulator which increases as the area 

value decrease. 

1.5 Significance and impact 

Completing our objective metric architecture will allow for fast designing and modifying of motion 

systems and motion cueing algorithms objectively, which will result in a better motion cueing and 

better-trained pilots, and enhance the production process of flight simulators greatly, cutting costs 

and save the time of various engineers and pilots who try to determine its fidelity in a subjective 

and vague process. 
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1.6 Where might this lead? 

Integrating all the components of the objective metric together and execute an evaluation of a few 

motion cueing algorithms. A major point of my metric that it can be extended to other man-

machine applications besides flight simulator where the output of the human operator can be 

analyzed in various methods which allow mimicking the human operator and enhance the 

performance of different systems that are controlled by a human (e.g., vehicle design, autonomous 

vehicles, flight controls, surgical robots). 

2. How did the fellowship make a difference?  

The stipend offered by this fellowship made me able to focus on the project and spend all of my 

time working on my research. This helped me a lot to have more progress on my research and 

Ph.D.  

3. Future plans 

I plan to conduct a prospectus this semester and start to write my dissertation. After graduation, I 

would like to work in the academia or the industry in the area of my current research. 

4. Publications, Presentations, and Other Outputs.  

Presented / Published with acknowledgment to Link Foundation 

Momani, A. Q., Cardullo, F., Mathematical modeling of the vestibular system. Presented at 

graduate students research symposium, Binghamton University.  

Ahmad Q. Momani and Frank M. Cardullo. "A Review of the Recent Literature on the 

Mathematical Modeling of the Vestibular System", 2018 AIAA Modeling and Simulation 

Technologies Conference, AIAA SciTech Forum, (AIAA 2018-0114) 

Preparing a paper to IEEE Transactions on Cybernetics regarding the objective evaluation metric 

with acknowledgment to the Link Foundation. 

Plan to submit papers from dissertation to AIAA and IEEE journals also with acknowledgment to 

the Link Foundation. 
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Appendix A. Summary Vestibular Models 

Table 1 Summary of semicircular canal models 

 
 

  

Author 
input Output Mathematical model Notes 

Van 

Egmond (9) 

Angular 

acceleration of the 

head (deg/sec2) 

Angular deflection of 

the cupula (degree) 

𝜉

𝛼
=

𝑡1 × 𝑡2
(1 + 𝑡1𝑠)(1 + 𝑡2𝑠)

 
t1 = 10  seconds 

t2 = 0.1 seconds 

Young and 

Oman (12) 

Angular 

acceleration of the 

head (deg/sec2) 

 

Sensed angular 

acceleration of the 

head (deg/sec2) 

 

 

∝̂ (𝑠)

∝ (𝑠)
=

10.5 𝑠

(𝑠 + 0.033)(𝑠 + 25)(𝑠 + 0.0625)
 

 

Adaptation and 

lead terms 

added 

https://www.britannica.com/%20science/bony-labyrinth
https://www.britannica.com/%20science/bony-labyrinth
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Goldberg 

and 

Fernandez 

(12) 

Angular 

acceleration of the 

head (deg/sec2) 

Afferent firing rate 

(impulse/sec) 

𝐴𝐹𝑅(𝑠)

𝛼(𝑠)
= 3.44

80𝑠

1 + 80𝑠

1 + 0.049𝑠

(1 + 5.7𝑠)(1 + 0.003𝑠)
  

Telban and 

Cardullo 

(12) 

Angular 

acceleration of the 

head (deg/sec2) 

Sensed angular 

velocity of the head 

(deg/sec2) 

 

�̂�(𝑠)

𝛼(𝑠)
= 5.73 [

80𝑠

1 + 80𝑠
] [

1 + 0.06𝑠

(1 + 5.73𝑠)(1 + 0.005𝑠)
]  

Telban and 

Cardullo 

(12) 

Angular velocity of 

the head (deg/sec) 

Sensed angular 

velocity of the head 

(deg/sec) 

 

�̂�(𝑠)

𝜔(𝑠)
= 5.73

80𝑠2

(1 + 80𝑠)(1 + 5.73𝑠)
 

Optimized for 

the use within 

motion cueing 

algorithms 

Grant (12) Angular velocity of 

the head (deg/sec) 

Mean angular 

displacement of the 

endolymph (degree) 

 

𝜃(𝑠)

𝜔(𝑠)
= (𝑠

2𝜋
𝛽
 𝜆1
2

8
)(

1

(𝑠 +
1
𝜏𝐿
) (𝑠 +

1
𝜏𝑆
)
) 

 

 

Rabbitt and 

Damiano 

(13) 

Angular 

acceleration of the 

head (deg/sec2) 

Volumetric 

displacement of the 

cupula (m3) 

𝑴
𝑑2�⃗⃗� 

𝑑𝑡2
+ 𝑪

𝑑�⃗⃗� 

𝑑𝑡
+ 𝑲�⃗⃗� = �⃗⃗�  

M: mass matrix, C: damping Matrix, 

K:stiffness matrix, �⃗⃗� : cupula Volumetric 

displacement, �⃗⃗� : force vector 

 

 

Vega (14) 

Angular 

acceleration in the 

canal planes 

(deg/sec2) 

Cupula displacement 

(m) 

�̈�𝑖 +
8𝜈

𝑎1𝑖
2 �̇�𝑖 +

𝛾𝑖

𝑚𝑖𝑘𝑖
4 𝑥𝑖 +∑𝜆𝑖𝑗�̇�𝑗 

3

𝑗=1

= −
𝑅𝑖 �̇�𝑖

𝑘𝑖
2  (1 +

𝑙𝑖
𝐿𝑖
) 

a, R, a0, δ, L, l:  Semicircular canal  

morphological and anatomical 

constants. 

m: the endolymphatic mass. 

γ: the elastic force coefficient 

ν: the fluid cinematic viscosity 

λ: the mutual effect coefficient 

between SCs 

ω: angular velocity. 

χ: cupula deflection 
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Table 2 Summary of otolith models 

Author  
  

Input Output Mathematical model 

Meiry (12) Velocity 

(m/sec) 

Sensed 

velocity 

(m/sec) 

�̂�(𝑠)

𝑣(𝑠)
=

𝐾𝑂𝑇𝑂𝜏1𝑠

(𝜏1𝑠 + 1)(𝜏2𝑠 + 1)
 

Young and 

Meiry (12) 

Specific force 

(m/sec2) 
Sensed specific 

force (m/sec2) 

 

𝑓(𝑠)

𝑓(𝑠)
=

0.4 (13.2𝑠 + 1)

(5.33𝑠 + 1)(0.66𝑠 + 1)
 

 

Fernandez and 

Goldberg (12) 

Specific force 

(m/sec2) 

Afferent 

firing rate 

(impulse/sec) 

 

𝐴𝐹𝑅(𝑠)

𝑓(𝑠)
=
1 + 𝑘𝐴𝜏𝐴𝑠

1 + 𝜏𝐴𝑠
 
1 + 𝑘𝑣(𝜏𝑣𝑠)

𝑘𝑣

1 + 𝜏𝑀𝑠
 

 

Hosman (12) 
Specific force 

(m/sec2) 

Afferent 

firing rate 

(impulse/sec) 

 

𝐴𝐹𝑅(𝑠)

𝑓(𝑠)
= 33.3

(𝑠 + 1)

(0.5𝑠 + 1)(0.016𝑠 + 1)
 

 

Telban and 

Cardullo (12) 

Specific force 

(m/sec2) 

Sensed 

specific force 

(m/sec2) 

 

𝑓(𝑠)

𝑓(𝑠)
= 0.4 

(10𝑠 + 1)

(5𝑠 + 1)(0.016𝑠 + 1)
 

 

Grant, Huang, 

Cotton (15) 

Acceleration 

(m/sec2) 

Otoconial 

layer 

deflection 

(m) 

𝛿𝑜(𝑠)

𝐴(𝑠)
=

(1 − 𝑅)

𝑠 [𝑠 + √𝑅𝑠 + (
∈
𝑠
+𝑀)√

𝑅𝑠
∈
𝑠
+𝑀

𝑐𝑜𝑡ℎ(√
𝑅𝑠

∈
𝑠
+𝑀

)]

 

Kondrachuk 

(16) 

Acceleration 

(m/sec2) 

Otolithic 

membrane 

displacement 

(m) 

 

𝑈(𝑠, 𝑍) = 𝐴0𝑇2
2𝑠−2

{
 
 

 
 

1 −

𝑐𝑜𝑠ℎ [√
휀𝑠2

1 + 𝑠
 (1 −

𝑍
ℎ
)]

cosh(√
휀𝑠2

1 + 𝑠) }
 
 

 
 

 

 

Jaeger and 

Haslwanter (17) 

Acceleration 

(m/sec2) 

Otoconial 

layer 

deflection 

(m) 

𝛿

𝐴𝑐𝑐
=

𝑙𝑜𝑡𝑜𝜌𝑜𝑡𝑜
𝑒𝑓𝑓

(𝜌𝑜𝑡𝑜𝑏𝑠 + 𝜇𝑣𝑖𝑠𝑐
𝑓𝑙𝑢𝑖𝑑

𝑐)𝑠𝜎 + (𝜇𝑒𝑙
𝑚𝑒𝑠ℎ + 𝜇𝑣𝑖𝑠𝑐

𝑚𝑒𝑠ℎ𝑠)𝛾
 

 


