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Abstract 
 

Title: A Modified Peng-Robinson Cubic Equation of State Based on Bayesian 

Framework 

Author: Wei Chen 

Advisor: Xingjian Wang, Ph.D. 

Peng-Robinson cubic equations of state (PR-EoSs) as one of the most popular two-

parameter cubic equations of state (2P-EoSs) are widely used to calculate 

thermodynamic properties of pure substances and their mixtures. However, the 

prediction accuracy of 2P-EoSs varies significantly among different substances due 

to its intrinsic limitation. To this end, many modifications have focused on 

changing the dependence structure of 𝛼 function with temperature for PR-EoS to 

enhance prediction accuracy. In this paper, we propose a Bayesian framework to 

calibrate a new 𝛼 function, which is a bias-corrected parametrized model form for 

the PR-EoS. The developed PR-EoS with the calibrated 𝛼 function is applied to 

evaluate the thermodynamic properties of representative substances, including 

oxygen, carbon dioxide, and n-decane. Results show that the new developed PR 

EoS significantly improves the prediction accuracy of densities for the 

representative substances when compared to the original PR EoS. 
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Chapter 1  
Introduction 

 

1.1 Background and Problem Statement 

Since van der Waals [1] proposed the first two-parameter cubic equation of state 

(2P-EoS) in 1873, numerous 2P-EoSs have been proposed to enhance the 

thermodynamic properties prediction accuracy of different fluids and their 

mixtures. The Soave-Redlich-Kwong equation of state (SRK-EoS) [2] and the 

Peng-Robinson equation of state (PR-EoS) [3] are the two 2P-EoSs that have 

gained prevalent acceptance due to their balance between simplicity and the 

accuracy in thermodynamic properties’ predictions. However, both the SRK and 

PR- EoS assume a constant value for the critical compressibility factor, which 

results in the thermodynamic prediction accuracy varying significantly for different 

substances. In addition, the SRK-EoS and PR-EoS usually have poor prediction 

performances in the compressed liquid, superheated vapor, and supercritical fluid 

regions since their most commonly used 𝛼 function,the Soave 𝛼 function [2], was 

developed base on liquid-vapor saturation properties.  

Usually, EoSs can be classified by their parameter numbers. The first group is 

formed by 2P-EoSs, like SRK-EoS and PR-EoS mentioned in the last paragraph. In 

the early 1980’s, reasearchers modified the 2P-EoS to fix the constant critical 

compressibility factor issue by introducing another parameter. For instance, Patel–
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Teja Cubic EoS(PT-EoS) [4] and Redlish-Kwong-Peng-Robinson Cubic 

EoS(RKPR-EoS) [5] are the representatives for the second group, three-parameter 

EoSs(3P-EoS). The EoSs containing four or more than four parameters are formed 

as the last group of EoSs. However, when an EoS with four or more parameters are 

used to represent thermodynamic properties of pure substances, there is no 

significant improvement in the performance of the cubic equations of state [6]. 3P-

EoSs are not friendly to use compared to 2P-EoS. The addition of one more 

parameter will increase the calculation difficulty and speed of computation. 

Therefore, in order to describe the thermodynamic properties of real fluids, most of 

the numerical studies[7][8][9][10] have so far relied on 2P-EoSs. 

In the past few decades, huge amounts of EoSs have been proposed to raise the 

prediction accuracy for specific applications. As one of the most popular 2P-EoSs, 

PR-EoS has more than 200 modifications [11]. Many modifications are focused on 

changing the dependence structure of the α function with temperature since the 

prediction is primarily controlled by the functional form of the α function, not the 

EoS itself.[12] . 

The Bayesian framework imposes an iterative process of updating uncertainty 

distributions on the computer model parameters in a way consistent with the 

reference data and handling computer model bias. Statistically, all cubic EoSs and 

associated 𝛼 functions are imperfect or inexact models, which intend to approach 
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the true 𝑃-𝑣-𝑇 relation. Calibration is a process of using observations from physical 

experiments to learn and adjust the parameters of the computer model. 

The critical problem is that 2P-EoSs are simple to use for thermodynamic 

properties, but they are not able to represent different thermodynamic properties 

from low to high temperatures and subcritical and critical pressures.  3P-EoSs and 

other EoSs with more than three parameters have more accurate predictions 

compared to 2P-EoS. However, they are too complex and time-consuming for 

calculations. 

1.2 Thesis Objective 

The primary objective of this thesis aims to modify the PR-EoS to enhance the 

thermodynamic properties prediction accuracy in a broad range of thermodynamic 

states by imposing a Bayesian framework to calibrate a new 𝛼 function for PR-EoS. 

The developed PR-EoS with the calibrated α function is applied to evaluate the 

thermodynamic properties of representative substances, including oxygen, carbon 

dioxide, and n-decane. Detailed comparisons in prediction accuracy are made 

between the new EoS and the widely used PR-EoS with the Soave α function, 

especially in the regions of compressed liquid and near-critical point. The new EoS 

can also be implemented to evaluate other thermodynamic properties, such as 

specific heat, specific enthalpy, and speed of sound. The ultimate goal is to 
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incorporate the newly developed EoS into a computational framework for efficient, 

high-fidelity calculations of complex fluid dynamics problems.   

1.3 Thesis Outline 

There are four different chapters in this work.  Chapter 1 addresses the background 

of the thesis, along with the problem statement and the thesis outline. Chapter 2 

describes the generalized cubic EoS as well as thermodynamic properties equations 

based on the generalized cubic EoS. Then three different representative substances, 

oxygen, n-decane, and carbon dioxide, are employed to predict performance of 

thermodynamic properties for three different EoS(PR- EoS, SRK-EoS, and RKPR-

EoS). Finally, the 𝛼 functions of EoSs are introduced. Chapter 3 investigates how 

to use the Bayesian framework to calibrate a new 𝛼 function of PR-EoS for oxygen, 

n-decane, and carbon dioxide. Chapter 4 presents the prediction results of the PR-

EoS with the new 𝛼 function proposed in this thesis and provides the conclusion 

and future work of this thesis. 
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Chapter 2  
Cubic Equation of State 

 

2.1 Generalized Cubic Equation of State 

The generalized form of the cubic real gas equation of state can be expressed as the 

following equation with two constants u and w. 

Equation 1 

𝑃 =  
𝑅𝑇

𝑉 − 𝑏
−

𝑎𝛼(𝑇)

(𝑉 + 𝛿1𝑏)(𝑉 + 𝛿2𝑏)
 

Cubic equations of state were proposed to account for both the attraction and 

repulsion molecular interactions. It is called cubic because it can be written as a 

cubic function in terms of volume. 

Table 1 Parameters of EoSs 

Parameter SRK EoS[2] PR EoS[3] RK-RK EoS[5] 

𝛿1 1 1 + √2 𝑑1 + 𝑑2(𝑑3 − 1.168𝑍𝑐)𝑑4  

+𝑑5(𝑑3 − 1.168𝑍𝑐)𝑑6  

𝛿2 0 1 − √2 1 − 𝛿1

1 + 𝛿1
 

a 0.42747𝑅2𝑇𝑐
2

𝑃𝑐

 
0.45724𝑅2𝑇𝑐

2

𝑃𝑐

 
3𝑦2 + 3𝑦𝑑 + 𝑑2 + 𝑑 − 1

(3𝑦 + 𝑑 − 1)
(
𝑅2𝑇𝑐

2

𝑃𝑐

) 

b 0.08664𝑅𝑇𝑐

𝑃𝑐

 
0.07780𝑅𝑇𝑐

𝑃𝑐

 
1

3𝑦 + 𝑑 − 1
(
𝑅𝑇𝑐

𝑃𝑐

) 

Where 𝑑 =
1+𝛿1

2

1+𝛿1
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 𝑦 = 1 + [2(1 + 𝛿1)]
1
3

+ (
4

1 + 𝛿1

)

1
3
 

𝛼 

[1 + 𝑆 (1 − √
𝑇

𝑇𝑐

)]

2

 

Where 𝑆 = 0.48508 

                +1.55171𝜔 

                  −0.15613𝜔2 

[1 + 𝑆 (1 − √
𝑇

𝑇𝑐

)]

2

 

Where 𝑆 = 0.37646 

                 +1.54226𝜔 

                   −0.26992𝜔2 

(
3

2 +
𝑇
𝑇𝑐

)

𝑘

 

Where 𝑘 = (1.168𝑍𝑐𝐴1 +
𝐴0)𝜔2   + (1.168𝑍𝑐𝐵1 +
𝐵0)𝜔 + (1.168𝑍𝑐𝐶1 + 𝐶0) 

When 𝛿1 = 1 and 𝛿2 = 0, the equation becomes the SRK-EoS and when 𝛿1= 1 + √2 

and 𝛿2 = 1 − √2, it leads to the PR-EoS. For two-parameter EoSs, the two 

parameters refer to a and b, which affects the attractive and repulsive forces among 

molecules. They are determined by critical temperature and critical pressure. In 

order to account for the polarity of the species, a is multiplied by a correction factor 

𝛼, which is a function of reduced temperature and an acentric factor. The detailed 

definitions are listed in Table 1 and Table 2. The three-parameter EoS, the PR-RK 

EoS, introduces another parameter 𝛿1.  The third parameter 𝛿1 is determined by the 

critical compressibility factor 𝑍𝑐 for different fluids, and the parameters a𝛼 and 𝑏 

are subsequently modified by 𝛿1. 

Table 2. Coefficients of δ1 and k for RK-PR EoSs 

𝛿1  k  

𝑑1 0.428363 𝐴1 -2.44 

𝑑2 18.496215 𝐴0 0.0017 

𝑑3 0.338426 𝐵1 7.4513 

𝑑4 0.660000 𝐵2 1.9681 

𝑑5 789.723105 𝐶1 12.504 

𝑑6 2.512392 𝐶0 -2.7238 
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By substituting the critical temperature and critical pressure into the 2P-EoS, The 

2P-EoS always holds a constant critical compressibility factor value for different 

substances. For instance, 𝑍𝑐 = 0.3074 for PR-EoS and 𝑍𝑐 = 0.333 for SRK-

EoS[13]. Therefore, this also confirms why the SRK-EoS is more accurate for 

inorganics, which usually have higher 𝑍𝑐 values. Comparatively, the PR-EoS is 

suitable for hydrocarbons, which always have lower 𝑍𝑐 values. This characteristic 

of the PR-EoS and SRK-EoS is verified in section 2.3. 

2.2 Thermodynamic Properties based on EoSs 

The detailed procedures are very close to the work done by Meng and Yang[9], in 

which the thermodynamic properties are derived based on the SRK-EoS from 

fundamental thermodynamic theories and the concepts of partial-temperature and 

partial-density properties. On this basis, we derived thermodynamic properties 

based on the PR-EoS, SRK-EoS and the RKPR-EoS. By differentiating Equation 1 

with respect to the temperature and density, we can obtain the differential 

expressions for the general cubic EoS in Table 3. By substituting the 𝑎, 𝑏, 𝛼, 𝛿1, 𝛿2 

values listed in Table 1 for different EoSs. Thermodynamic properties can be 

derived for different EoSs using the Equations showing below. 
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Table 3. Differential expressions of EoSs 

 SRK EoS[2] PR EoS[3] RK-RK EoS[5] 

𝛼 

[1 + 𝑆 (1 − √
𝑇

𝑇𝑐
)]

2

 [
3

2 +
𝑇
𝑇𝑐

]

𝑘

 

𝜕𝛼

𝜕𝑇
 

(−𝑆
1

√𝑇𝑐𝑇
) [1 + 𝑆 (1 − √

𝑇

𝑇𝑐
)] 

−
3𝑘𝐾

𝑇𝑐 (2 +
𝑇
𝑇𝑐 

)
𝐾+1 

𝜕2𝛼

𝜕𝑇2
 

1

2

𝑆 + 𝑆2

√𝑇3√𝑇𝑐

 
3𝑘𝐾(𝐾 + 1)

𝑇𝑐
2 (2 +

𝑇
𝑇𝑐 

)
𝐾+2 

𝑆/𝑘 0.48508
+ 1.55171𝜔
− 0.15613𝜔2 

0.37464
+ 1.54266𝜔
− 0.26992𝜔2 

(1.168𝑍𝑐𝐴1 + 𝐴0)𝜔2

+ (1.168𝑍𝑐𝐵1 + 𝐵0)𝜔
+ (1.168𝑍𝑐𝐶1 + 𝐶0) 

(
𝜕𝑃

𝜕𝑇
)

𝑃
 

𝑀𝑅𝑇

(𝑀 − 𝑏𝜌)2
−

𝑎𝛼𝜌𝑀[2𝑀 + (𝛿1 + 𝛿2)𝑏𝜌]

(𝑀 + 𝛿1𝑏𝜌)2(𝑀 + 𝛿2𝑏𝜌)2
 

(
𝜕𝑃

𝜕𝜌
)

𝑇

 
𝜌𝑅

(𝑀 − 𝑏𝜌)
− [

𝜕

𝜕𝑇
(𝛼𝑎)]𝑃

𝜌2

(𝑀 + 𝛿1𝑏𝜌)(𝑀 + 𝛿2𝑏𝜌)
 

The specific heat capacity at constant volume is shown in the following equation. 

The subscript 0 represents the ideal gas state near atmospheric pressure. In this 

thesis, the thermodynamic properties at the ideal gas state are determined by the 

book, Properties of Gases and Liquids [14].  

Equation 2 

𝐶𝑣 = (
𝜕𝑒

 𝜕𝑇
)

𝜌
= 𝐶𝑣,0 +

𝑇

(𝛿1 − 𝛿2)𝑏𝑀
(

𝜕2𝑎𝛼

𝜕𝑇2
) 𝐼𝑛 (

𝑀 + 𝛿1𝑏𝜌

𝑀 + 𝛿2𝑏𝜌
) 

The constant-pressure heat capacity can be determined using the fundamental 

thermodynamic relationship. 
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Equation 3 

𝐶𝑝 =  𝐶𝑣 +
𝑇

𝜌2

(
𝜕𝑝
𝜕𝑇

)
𝜌

2

(
𝜕𝑝
𝜕𝜌

)
𝑇

2  

The expression for the speed of sound is shown as follows. 

Equation 4 

𝑐2 = (
𝜕𝑃

𝜕𝜌 
)

𝑠

=
𝐶𝑝

𝐶𝑣
(

𝜕𝑃

𝜕𝜌 
)

𝑇

 

The following expression of internal energy is derived in terms of the reference 

low-pressure properties and a dense fluid correction.[15] 

Equation 5 

𝑒(𝑇, 𝜌) = 𝑒0(𝑇) +
1

(𝛿1 − 𝛿2)𝑏𝑀
(𝑇 (

𝜕𝑎𝛼

𝜕𝑇
) − 𝑎𝛼) 𝐼𝑛 (

𝑀 + 𝛿1𝑏𝜌

𝑀 + 𝛿2𝑏𝜌
) 

Where    𝑒0(𝑇) = 𝐶𝑣𝑇 

The following relationship exists in thermodynamics: 

Equation 6 

𝜌ℎ = 𝜌𝑒 + 𝑝 

Take the partial derivative of density on both sides of Equation 6, and keep the 

temperature and all the other partial density terms remaining constant. By 

rearranging the equation, we get the expression for specific enthalpy below. 
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Equation 7 

ℎ = 𝑒(𝑡, 𝜌) +
𝑃

𝜌
 

The thermodynamic properties’ prediction performance of different EoSs for 

different substances can be evaluated by the thermodynamic properties’ equations, 

which we derived through the fundamental thermodynamic relations with the 

generalized cubic equation. We refer to more details about the derivatives of 

thermodynamic properties in this paper.[9]  

2.3 Thermodynamic Properties Evaluation for EoSs 

In order to evaluate the prediction accuracy of different EoSs. Two popular 2P-

EoSs, SRK and PR-EoS, and one 3P-EoS, RKPR EoS, are selected as the 

representative cubic EoSs. Various thermodynamic properties have been calculated 

for oxygen, n-decane, and carbon dioxide, such as density, constant-pressure 

specific heat, specific enthalpy, and speed of sound. The physical properties and 

critical properties of oxygen, n-decane, and carbon dioxide are taken from the 

book, Properties of Gases and Liquids [14]. The data from the NIST webbook is 

used as the reference data to validate the EoSs’ prediction performance. Six 

pressure values are used in the range from 0.1MPa to 10MPa.  Table 4 shows the 

critical properties of the substances which selected for this thesis. At least one 

pressure value that close to the critical pressure is selected since the thermodynamic 

properties are very sensitive to the temperature variation in the critical region.  
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Table 4. Critical properties for selected substances 

Substances Critical temperature (k) Critical pressure (MPa) 

Oxygen 154.6 5.04 

n-Decane 617.7 2.12 

Carbon dioxide 304.1 7.38 
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2.3.1 Density Prediction Evaluation 
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Figure 1. Oxygen density versus temperature under six pressures for three 

EoSs 

Figure 1 shows that the PR-EoS overestimates the densities in the temperature 

range lower than the pseudo-boiling point compared to the NIST data, whereas the 

SRK and the RK-PR EoS correctly predict the density over all of the temperature 

ranges, especially in the low-temperature region. The critical compressibility factor 

of oxygen is 0.2864, which is a relatively high value for the critical compressibility 

factor. This result explains the excellent prediction performance of the SRK-EoS 

and the RKPR-EoS for oxygen in comparison to the PR-EoS. The fluid is heated to 

a sufficiently high temperature where the effect of the real fluid becomes 

negligible[15], which indicates all three EoSs have accurate density predictions in 

the high-temperature region.   
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Figure 2. n-Decane density versus temperature under six pressures for three 

EoSs 
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Figure 2 shows the PR-EoS and the SRK-EoS underestimate the density values in 

the temperature range lower than the pseudo-boiling point, while the RKPR-EoS 

overestimates the density values in the temperature range lower than the pseudo-

boiling point compared to the NIST data. In comparison with the SRK-EoS, the 

PR-EoS has a smaller deviation from the NIST data. This result proves the 

conclusion in the section 2.1. Both 2P-EoSs, the PR-EoS, and the SRK-EoS are not 

able to successfully capture the density prediction at 2Mpa, which is close to the 

critical pressure of n-decane(2.12MPa). 



 

 

16 

 

 

Figure 3. Carbon dioxide density versus temperature under six pressures for 

three EoSs 
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For the density prediction of carbon dioxide, the Figure 3 shows that the PR-EoS 

and the RKPR-EOS have a better prediction accuracy by compared to the SRK-

EoS, particularly in the low-temperature region. The SRK-EoS has a relatively 

large underestimation compared to the NIST data.   
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2.3.2 Other Thermodynamic Properties Prediction Evaluation 

In this section, we will make the comparison between the NIST webbook data and 

the thermodynamic properties of oxygen, n-decane, and carbon dioxide predicted 

by the different EoSs (PR-EoS, SRK-EoS, and RK-PR EoS).  
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Figure 4. Oxygen constant pressure specific heat versus temperature under six 

pressures for three EoSs 
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Figure 4-Figure 6 exhibit comparisons between the NIST webbook data and the 

thermodynamic properties of oxygen, such as constant pressure specific heat, 

specific enthalpy, and speed of sound predicted by the SRK, PR, and RK-PR EoSs. 

As shown in these figures, the SRK-EoS model yields data more similar to the 

NIST data in comparison to the other two EoSs for constant pressure specific heat 

in the low-temperature region and the region near the critical point. At 5Mpa, 

which is very close to the critical the critical pressure of oxygen, the 

thermodynamic properties are very sensitive when the temperatures are close to the 

critical temperature.The oxygen holds the critical temperature at 154.6k. In the 

temperature range from 130 K to 170 K, the oxygen density drastically decreases, 

and the constant pressure specific heat rapidly increases, then decreases.  
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Figure 5. Oxygen specific enthalpy versus temperature under six pressures for 

three EoSs 
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Especially at the critical temperature of 154 k, where the constant-pressure specific 

heat reaches a peak value, a large amount of heat can be stored without a noticeable 

increase in temperature, and volume expansion occurs. This phenomenon is a well- 

known pseudo-boiling behavior[15]. The enthalpy and speed of sound are 

sensitively verified with the temperatures which are close to the critical temperature 

as well.  

As it is showing in Figure 5, all three EoSs reach good agreements with the NIST 

data for oxygen specific enthalpy prediction. The SRK-EoS and RKPR-EoS is 

more accurate in the low-temperature region than the PR-EoS for oxygen specific 

enthalpy prediction. 
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Figure 6. Oxygen speed of sound versus temperature under six pressures for 

three EoSs 
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As the results showing in the Figure 6, all three EoSs can predict the speed of 

sound very accuate when the temperatures are higher than 200k. But all three EoSs 

are not capable to accurately capture the speed of sound values at the low-

temperature region for oxygen. 
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Figure 7. n-Decane constant pressure specific heat versus temperature under 

six pressures for three EoSs 



 

 

26 

 

Figure 7-Figure 9 represent the comparison between the NIST webbook data and 

the thermodynamic properties of n-decane (𝑇𝑐 = 617.7𝐾, 𝑃𝑐 = 2.12𝑀𝑃𝑎) predicted 

by the SRK, PR and RK-PR EoS. The thermodynamic properties involved in the 

computations are constant pressure specific heat, specific enthalpy, and speed of 

sound. For the constant pressure specific heat, the SRK-EoS is more accurate than 

the other two EoSs in the compressed liquid region and the region close to the 

critical point.  

Figure 8 shows all the three EoSs have similar accurate prediction performances for 

n-decane in the whole temperature range and under different pressure values.   
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Figure 8. n-Decane specific enthalpy versus temperature under six pressures 

for three EoSs 
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Figure 9. n-Decane speed of sound versus temperature under six pressures for 

three EoSs 
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Figure 9 exhibits the essential charactertistics of n-decane for lower and high 

temperture and pressure regions. All three different EoSs aren’t able to capture the 

speed of sound of n-decane, especially in the temperture values less than 800K, 

which includes the subcritical region and the region near the crtical point of n-

decane.  
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Figure 10. Carbon dioxide constant pressure specific heat versus temperature 

under six pressures for three EoSs 
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Similarly, Figure 10-Figure 12 present comparisons between the reference data of 

NIST and the thermodynamic properties of carbon dioxide (𝑃𝑐 = 7.38𝑀𝑃𝑎, 𝑇𝑐 =

304.1𝐾) predicted by the three different cubic EoSs.  

For the carbon dioxide constant pressure specific heat prediction, the 3P-EoS, 

RKPR-EoS has a more accurate prediction result than the other two 2P-EoSs. 

PR-EoS is slightly better than SRK-EoS for carbon dioxide constant pressure 

specific heat prediction in the low-temperature region. 

Figure 11 shows all three specific enthalpy values of carbon dioxide calculated by 

the three different EoSs yield close results to the NIST data.  
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Figure 11. Carbon dioxide specific enthalpy versus temperature under six 

pressures for three EoSs 
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Figure 12. Carbon dioxide speed of sound versus temperature under six 

pressures for three EoSs 
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Figure 12 presents the prediction of carbon dioxide for the speed of sound using 

three different EoS. The SRK-EoS shows slightly better performance than the PR-

EoS and the RKPR-EoS in the speed of sound prediction, especially in the low-

temperature region, while the PR-EoS and RKPR-EoS yield closer conformity with 

the NIST reference data in the low temperature and region near the critical point. 

In summary, the differences in prediction performance of the three different EOSs 

for thermodynamic properties, including density, constant pressure specific heat, 

specific enthalpy, and speed of sound, mainly focus on the region of compressed 

liquid near-critical point and supercritical fluid. None of the three EoSs can provide 

good prediction performance for all three substances over the whole temperature 

and pressure ranges. 3P-EoSs, like the PKPR-EoS, don’t have an absolute 

advantage over 2P-EoSs in thermodynamic predictions, while 3P-EoS add a lot of 

difficulties to the calculation compared to 2P-EoS. Therefore, we want to develop a 

new EoS based on one of the 2P-EoSs by correcting some terms in the EoS. In this 

thesis, the modification is based on the PR-EoS since there are more than 200 

modifications of the PR-EoS in the past few decades[11]. Most modifications 

focused on modifying the 𝛼 function[11]. Moreover, Twu[12] figured out that the 𝛼 

function is the main factor that controls the prediction performance rather than EoS 

itself. More attention is paid to enhance the prediction of 2P-EoSs by optimizing 

the 𝛼 function. 
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2.4 Alpha function 

Generalized cubic EoSs can express pressure as the sum of two terms, a repulsion 

pressure term 𝑃𝑅 and an attraction pressure term 𝑃𝐴 as follows: 

Equation 8 

𝑃 = 𝑃𝑅 + 𝑃𝐴 

All three of the different Cubic EoSs we discussed in section 2.3 can be expressed 

as the sum of a repulsion and attraction pressure term. [16] For example, the 

repulsion pressure term of the generalized cubic EOS, Equation 1, can be expressed 

as  

 

Equation 9 

𝑃𝑅  =  
𝑅𝑇

𝑉 − 𝑏
 

 

The attraction pressure term can be expressed as  

Equation 10 

𝑃𝐴 =  −
𝑎𝛼(𝑇)

(𝑉 + 𝛿1𝑏)(𝑉 + 𝛿2𝑏)
 

Where the 𝛼 function 𝛼(𝑇)  is a function that corrects the attraction term of cubic 

EoSs. There are two types of 𝛼 functions that are most frequently used. The first 

type of 𝛼 function is called exponential type 𝛼 function, first raised by Soave[2] for 

the Redlich-Kwong EoS in 1972. The original PR-EoS[3] used the same structure 
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of the Soave 𝛼 function with different coefficients. It was developed depend on 

𝛼0.5 varies linearly with 1 − 𝑇𝑟0.5 in subcritical region, which is showing in Figure 

13.  

 
Figure 13. Exponential type temperature dependence for n-paraffin α function 

 (Quote from Fluid Phase Equilib[17]) 

 

The Soave 𝛼 function[2] can be expressed as 

Equation 11 

𝛼 = [1 + 𝑚 × (1 − 𝑇𝑟
0.5)]2        

Where 𝑚 = (0.37464 + 1.54226𝜔 − 0.26992𝜔2) for the SRK-EoS, the 𝜔 is the 

acentric factor, which is a thermodynamic property for particular substances to 

measure their molecular complexity. 𝑇𝑟 is the reduced temperature, which is 

defined as 𝑇𝑟 =
𝑇

𝑇𝑐
. 𝑇𝑐 stands for the critical temperature. Stryjek and Vera[18]  
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re-correlated the expression of m in 1986. 

𝑚 = 0.378893 + 1.4897153𝜔 − 0.17131848𝜔2 + 0.0196554𝜔3 

The second type of 𝛼 function is called the logarithmic type 𝛼 function. Figure 14 

shows that ln(a) varies linearly with 𝑇𝑟in the subcritical region.   

 

Figure 14. Logarithmic type temperature dependence for n-paraffin 𝜶 

function (Quote from Fluid Phase Equilib[17]) 

A popular logarithmic type 𝛼 function was proposed by Twu[12] in 1995. The 

expression is shown as follows. 

Equation 12 

𝛼 = 𝑇𝑟
𝑁(𝑀−1)

𝑒𝑥𝑝 [𝐿(1 − 𝑇𝑟
𝑁𝑀)] 

Where M, L, N are unique to each component. 

In 2001, Gasem[19] modified the Twu 𝛼 function with the expression 
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Equation 13 

𝛼 = 𝑒𝑥𝑝 {(𝐴 + 𝐵𝑇𝑟)[1 − 𝑇𝑟
(𝐺)

]} 

Where G = 𝐶 + 𝐷𝜔 + 𝐸𝜔2 and A, B, G are unique to each component.  

It is a well-known problem that most 𝛼 functions are not able to produce accurate 

representations of supercritical behavior. A lot of 𝛼 functions have an inferior 

prediction ability in the compressed liquid region like the Soave 𝛼 function since 

they were developed based on the liquid-vapor saturation properties.[20] So, the 

two-phase equilibrium condition in Equation 14 is used together with the 

expression for the fugacity of a pure component Equation 16 to get the reference 𝛼 

values. The Z, A,B values in Equation 16 are available by solving Equation 15.  

Equation 14 

𝑓𝐿 = 𝑓𝑉 

Equation 15 

𝑍3 − (1 − 𝐵)𝑍2 + (𝐴 − 3𝐵2 − 2𝐵)𝑍 − (𝐴𝐵 − 𝐵2 − 𝐵3) = 0 

 

Where 𝐴 =  𝑎𝑃/(𝑅2𝑇2)  𝐵 = 𝑏𝑃/𝑅𝑇  

Equation 15 yields one or three roots depending upon the number of phases in the 

system. In the two-phase region, the largest root is for the compressibility factor of 

the vapor while the smallest positive root corresponds to that of the liquid. 

Equation 16 

𝑙𝑛
𝑓

𝑝
= 𝑍 − 1 − ln(𝑍 − 𝐵) −

𝐴

2√2𝐵
ln [

𝑍 + (1 + √2)𝐵

𝑍 + (1 − √2)𝐵
]   
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However, we want to develop a new EoS based on the PR EoS, capable of 

capturing the thermodynamic properties from a low to high pressures range at both 

subcritical and supercritical temperatures. The 𝛼 function should be proposed based 

on both subcritical and supercritical temperatures. Therefore, it is not necessary to 

use the two-phase equilibrium condition to get the reference 𝛼 data. The 𝛼 is not a 

physical quantity, which means we cannot measure the 𝛼 values experimentally. 

We can get the density values in a broad range of thermodynamic states from low 

to high pressures at both subcritical and supercritical temperatures from the NIST 

webbook; then the density values can be substituted into Equation 17, which is an 𝛼 

expression with respect to the density 𝜌, which is the arrangement of the PR-EoS.  

Equation 17 

𝛼 = (
𝑅𝑇

1
𝜌 − 𝑏

− 𝑃) (
(

1
𝜌)

2

+ 2𝑏
1
𝜌 − 𝑏2

𝑎
) 

Where 𝑎 = 0.45724𝑅2𝑇𝑐
2/𝑃𝑐 ,  𝑏 = 0.07780𝑅𝑇𝑐/𝑃𝑐 

Therefore, the reference 𝛼 values with respect to a broad range of temperatures and 

pressures are available according to the NIST database.  

In the next chapter, a Bayesian framework is introduced to calibrate a new 𝛼 

function. A bias-corrected parametrized model is then formed for the PR-EoS with 

the reference 𝛼 values treated as the training dataset.   
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Chapter 3  
Bayesian Framework 

 

3.1 Introduction 

Computer models are widely used to simulate large physics and engineering 

systems since they are cheaper and faster than experiments. [21]A computer model 

always contains some unknown parameters that carry inherent characteristics of the 

physical systems; these parameters are called calibration parameters. For many 

cases, these parameters in the physical systems are challenging to measure or 

examine directly [22] .Therefore, the purpose of computer model calibration is to 

identify the best calibration parameters to make the computer model as close as 

possible to the reference data or reality. Even when the best calibration parameters 

are found, the computer model still can be inexact because they are built under 

assumptions or simplifications[23] .Therefore, the computer model rarely fits the 

reality even with the true parameter.  
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Figure 15. Schematical representation of the statistic model framework 

3.2 A Statistical Model for Model Calibration 

Suppose there are n field observations 𝑌𝑛 = (𝑦1, 𝑦2, … , 𝑦𝑛)T corresponding to the 

inputs 𝑋 = (𝑥1, 𝑥2, … , 𝑥𝑛)𝑇, where 𝑥𝑖  is a 𝑑 × 1 vector. The computer model is 

represented as 𝑓(𝑥, 𝜃), which is a function of input 𝑥 and calibration parameter 𝜃. 

Figure 15 shows a schematical representation of the statistical model framework. 

The relationship of the field observation 𝑦𝐹(𝑥𝑖) can be expressed as follows, 

Equation 18 

𝑦𝐹(𝑥𝑖) = 𝑦𝑅(𝑥𝑖) + 𝜖𝑖           𝑖 = 1,2, … , 𝑛 
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Where 𝜖𝑖 is the measurement error or some random error for the 𝑖𝑡ℎ field 

observation and 

Equation 19 

𝑦𝑅(𝑥𝑖) = 𝑓(𝑥𝑖, 𝜃) + 𝑏𝜃(𝑥𝑖). 

Where 𝑓(𝑥𝑖 , 𝜃) is the output of the computer model at input 𝑥𝑖. The measurement 

error 𝜖𝑖 follows a normal distribution with zero mean and variance 𝑉[𝜖𝑖]  = 𝜎2, that 

is, 𝜖𝑖~𝑁(0, 𝜎2). The 𝑦𝑅(𝑥𝑖) indicates the reality of the real-world system. As 

mentioned before, the computer model is inexact and imperfect. A bias function 

𝑏𝜃(𝑥𝑖) is introduced to eliminate the difference between computer models and 

reality. Kennedy & O’Hagan [24] first raised the inexact computer model's idea and 

proposed a Bayesian method to model the bias function using a Gaussian process 

model with a zero mean and a positive-definite covariance function, which 

typically can be expressed by 𝜈𝑘(𝑥𝑖, 𝑥𝑗), where 𝜈 > 0 is the process variance and 𝑘 

is a kernel function with 𝑘(𝑥, 𝑥) = 1 for any 𝑥 in the input space. A typical choice 

of the kernel is a Gaussian kernel with the form 𝑘(𝑥𝑖 , 𝑥𝑗) = exp(−𝛾‖𝑥𝑖 − 𝑥𝑗‖
2

), 

where 𝛾 > 0 is an unknown parameter. This method has been widely used in many 

applications[20][24][25]. However, due to the unidentifiability issue of the 

calibration parameter [27][28][23][29], this paper uses an orthogonal kernel 

function introduced by Plumlee [29] to avoid this issue. Following the idea, we 

assume that the bias function is a Gaussian process model with zero mean and the 

orthogonal kernel function 
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Equation 20 

𝑘(𝑥𝑖 , 𝑥𝑗) = 𝑘0(𝑥𝑖, 𝑥𝑗) − ℎ𝜃(𝑥𝑖)
𝑇𝐻𝜃

−1ℎ𝜃(𝑥𝑗), 

where 𝑘0 is a Gaussian kernel, and ℎ𝜃(𝑥𝑖) and 𝐻θ are expressed as, 

Equation 21 

ℎ 𝜃(𝑥) = ∫
𝜕

𝜕𝜃
𝑓(𝜉, 𝜃)

𝑥𝑢𝑝𝑝𝑒𝑟

𝑥𝑙𝑜𝑤𝑒𝑟

𝑘0(𝑥, 𝜉)𝑑𝜉 

and  

Equation 22 

𝐻𝜃 = ∫ ∫
𝜕

𝜕𝜃
𝑓(𝜉1, 𝜃) (

𝜕

𝜕𝜃
𝑓(𝜉2, 𝜃))

𝑥𝑢𝑝𝑝𝑒𝑟

𝑥𝑙𝑜𝑤𝑒𝑟

𝑇

𝑘0(𝜉1, 𝜉2)𝑑𝜉1𝑑𝜉2

𝑥𝑢𝑝𝑝𝑒𝑟

𝑥𝑙𝑜𝑤𝑒𝑟

, 

Respectively, where [𝑥𝑙𝑜𝑤𝑒𝑟 , 𝑥𝑢𝑝𝑝𝑒𝑟] is the range of the inputs. 

Therefore, the observations follow a multivariate normal distribution,  

Equation 23 

𝑌𝑛~𝑁(𝒇𝑛(𝜃), 𝜈𝑲𝑛 + 𝜎2𝑰𝑛) 

Where 𝐟𝑛(𝜃) = (𝑓(𝑥1, 𝜃), 𝑓(𝑥2, 𝜃), … , 𝑓(𝑥𝑛, 𝜃))
𝑇
, 𝐊𝑛 is an 𝑛 × 𝑛 matrix and each 

element with index 𝑖, 𝑗 is 𝑘(𝑥𝑖, 𝑥𝑗), and 𝐈𝑛 is an 𝑛 × 𝑛 identity matrix. Given the 

parameters 𝜃, 𝜈, 𝛾, and 𝜎2, the predictive distribution of 𝑦(𝑥) at new inputs 𝑥, that 

is, 𝑦(𝑥)|𝑌𝑛, will follow a normal distribution 𝑁(𝜇(𝑥), 𝜎2(𝑥)), where 
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Equation 24 

𝜇(𝑥) = 𝑓(𝑥, 𝜃) + 𝒌𝑛(𝑥)𝑇 (𝑲𝑛 +
𝜎2

𝜈
𝑰𝑛)

−1

(𝑌𝑛 − 𝒇𝑛(𝜃)) 

 

Equation 25 

𝜎2(𝑥) = 𝜈 + 𝜎2 − 𝜈𝒌𝑛(𝑥)𝑇 (𝑲𝑛 +
𝜎2

𝜈
𝑰𝑛)

−1

𝒌𝑛(𝑥) 

where 𝐤𝑛(𝑥) = (𝑘(𝑥, 𝑥1), … , 𝑘(𝑥, 𝑥𝑛))
𝑇

. The unknown parameters can be plugged 

in by their estimates, which can be obtained by maximum likelihood estimation, 

introduced in the next subsection. 

3.3 Parameter estimation 

The parameter model estimation for 𝜃, 𝜈, 𝛾, and 𝜎2 uses the maximum likelihood 

estimation method. The log-likelihood is  

Equation 26 

𝑙𝑜𝑔𝐿 = −
𝑛

2
𝑙𝑜𝑔2𝜋 −

1

2
𝑙𝑜𝑔|𝜈𝑲𝑛 + 𝜎2𝑰𝑛|

−
1

2
(𝑌𝑛 − 𝒇𝑛(𝜃))

𝑇
(𝜈𝑲𝑛 + 𝜎2𝑰𝑛)−1(𝑌𝑛 − 𝒇𝑛(𝜃)). 

The R package, hetCalibrate, can be applied for maximizing the log-likelihood with 

respect to the parameters, which leads to the maximum likelihood estimates. 

3.4 Statistic model application on new alpha function 

For this study, the alpha function association with the two-parameter PR EoS was 

chosen. The NIST webbook's density data were used to calculate the reference 𝛼 

value through values experimentally. We can get the density values in a broad 
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range of thermodynamic states from low to high pressures at both subcritical and 

supercritical temperatures from the NIST webbook; then the density values can be 

substituted into Equation 17, which is an α expression with respect to the density ρ, 

which is the arrangement of the PR-EoS. 

The reference 𝛼 values are used as the training dataset 𝑌𝑛, which was discussed in 

the last section. Taking oxygen as an example, the temperature range is set from 

60k to 400k, which crosses both the subcritical and supercritical temperature 

regions. Three pressure values (1MPa ,5MPa, and 10MPa) were chosen to cover all 

the phases in the temperature range, including subcooled liquid, saturation liquid, 

saturation vapor, superheated vapor, and supercritical fluid. For each temperature 

value in the given temperature range, the calculation was done using the equation 

above under the aforementioned pressure values. There are three different 𝛼 values 

at the same temperature. Therefore, the three different 𝛼 values, at the same 

temperature, represent some uncertainties like the framework's measurement error. 

All the 𝛼 values with different temperatures are regarded as the training set for the 

statistic model. 

3.5 An example of oxygen 

In this section, four different 𝛼 function models were compared and discussed, 

including three one-parameter models and one two-parameter model. Fifteen input 

locations were selected with the same interval between two neighboring points. 



 

 

46 

 

Figure 16 and Figure 17 demonstrates the simulation results and the model 

performances. The model a in the Figure 16 (top left) is a linear function 

𝑦𝑀(𝑇𝑟 , 𝜃) =  𝜃1𝑇𝑟 + 1 with one parameter 𝜃1. The intercept of the linear function, 

in this case 1, is determined by observation of the reference 𝛼 data. Using the 

calibration method, which was discussed in section 3.3, the optimal calibration 

parameter is 𝜃1 = −0.1858448.  

Similarly, the model b of Figure 16 is a two-parameter linear function 𝑦𝑀(𝑇𝑟, 𝜃) =

 𝜃1𝑇𝑟 + 𝜃2 with parameters 𝜃1 and 𝜃2. The two-calibration parameters 𝜃1 and 𝜃2 

stand for the intercept and slope of a linear function. The calibration parameters 𝜃1 

and 𝜃2 reach their optimal values at 𝜃1 = 1.072316 and 𝜃2 = −0.2264997. The 

two traditional types of 𝛼 function models, exponential type 𝛼 function and 

logarithmic type 𝛼 function, are used for comparison. The Soave-type model and 

the Gasem-type model are used as representatives of the two traditional types of 𝛼 

function models. The Soave-type 𝛼 function, in the bottom left of Figure 16, is 

expressed as 𝑦𝑀 = [1 + 𝜃1 × (1 − 𝑇𝑟
0.5)]2 with a calibration parameter 𝜃1. The 

logarithmic type, Gasem 𝛼 function, in the bottom right of Figure 16, is expressed 

as 𝑦𝑀 = exp ((1.943 + 0.926𝑇𝑟)(1 − 𝑇𝑟
𝜃1)). The values 1.943 and 0.926 are 

determined from the original Gasem 𝛼 function. The Gasem 𝛼 function used in this 

research is only considered as a one-parameter model since the expression of the 

original 𝛼 function is very complicated. The optimal calibration parameter for the 
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Soave model 𝛼 function is 𝜃1 = 0.3856237. Similarly, the optimal calibration 

parameter for the Gasem model 𝛼 function is 𝜃1 = 0.1273314.  

 

 

Figure 16. Comparison between different bias-corrected 𝜶 functions of 

oxygen: (top left) one-parameter linear model 𝒚𝑴(𝑻𝒓, 𝜽) = 𝜽𝟏𝑻𝒓 + 𝟏; (top 

right) two-parameter linear model 𝒚𝑴(𝑻𝒓, 𝜽) = 𝜽𝟏𝑻𝒓 + 𝜽𝟐; (bottom left) The 

Soave-type one-parameter 𝜶 function model 𝒚𝑴(𝑻𝒓, 𝜽) = [𝟏 + 𝜽𝟏 × (𝟏 −

𝑻𝒓
𝟎.𝟓)]

𝟐
; (bottom right) Gasem-type one-parameter 𝜶 function model 
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𝒚𝑴(𝑻𝒓, 𝜽) = 𝐞𝐱𝐩 ((𝟏. 𝟗𝟒𝟑 + 𝟎. 𝟗𝟐𝟔𝑻𝒓)(𝟏 − 𝑻𝒓
𝜽𝟏)). The dashed lines are the 

95% tolerance bounds. The reference 𝜶 values at different temperatures are 

the dots. The blue lines correspond to the four different kinds of models. The 

red lines represent the bias-corrected model 𝒚𝑭(𝑻𝒓, 𝜽)= 𝒚𝑴(𝑻𝒓, 𝜽) + 𝒃(𝑻𝒓). 

More details for each figure in Figure 16 is in the appendix.  

 

Figure 17. The discrepancy between different bias-corrected 𝜶 functions and 

the pure 𝜶 function models for oxygen  
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As Figure 17 shows, the linear models have smaller discrepancies than the Soave-

type and Gasem-type models.  While the discrepancy of the two-parameter linear 

model is smaller than the discrepancy of the two-parameter linear model. 

Comparing the different models, all of the bias-corrected models (red lines) have 

excellent simulation performance based on the reference data. The two-parameter 

linear model is closest to the reference data than other models, which means the 

bias function is closer to the model. The Soave and Gasem type one-parameter 𝛼 

functions have a more considerable discrepancy between the model and reference 𝛼 

data. Due to the simplicity of the model and the smaller bias, the two-parameter 

linear function has more advantages over the other models. Moreover, since 𝛼 is a 

correction term for the attraction pressure rather than a physical quantity, the form 

of the model does not need to follow empirical functions like the Soave type 𝛼 

function or the logarithmic type 𝛼 function. Therefore, the models use in the 

following content are the two-parameter linear models.  

𝑦𝑀(𝑇𝑟, 𝜃) = 𝜃2𝑇𝑟 + 𝜃1 

Where  𝜃1 and 𝜃2 are the two calibration parameters. The bias function is used to 

correct the computer model to make it closer to reality. Once the bias function is 

determined, the new 𝛼 function model can be expressed as 𝛼(𝑇𝑟 , 𝜃)= 𝜃2𝑇𝑟 + 𝜃1 +

𝑏(𝑇𝑟).  
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3.6 Linear two-parameter models example for n-decane 

and carbon dioxide 

 

Figure 18. Bias-corrected two-parameter linear 𝜶 function of n-decane; the 

dashed lines are the 95% tolerance bounds. The reference 𝜶 values at different 

temperatures are the dots. The optimal calibration parameters 𝜽𝟏 =

𝟑. 𝟓𝟔𝟒𝟗𝟏𝟐 and 𝜽𝟐 = -2.162618 for the two-parameter linear model 

𝒚𝑴(𝑻𝒓, 𝜽) = 𝜽𝟐𝑻𝒓 + 𝜽𝟏. The blue line corresponds to the computer model 

𝒚𝑴(𝑻𝒓, 𝜽) = −𝟐. 𝟏𝟔𝟐𝟔𝟏𝟖𝑻𝒓 + 𝟑. 𝟓𝟔𝟒𝟗𝟏𝟐. The red line represents the bias-

corrected model 𝜶(𝑻𝒓, 𝜽)=−𝟐. 𝟏𝟔𝟐𝟔𝟏𝟖𝑻𝒓 + 𝟑. 𝟓𝟔𝟒𝟗𝟏𝟐 + 𝒃(𝑻𝒓) 
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Figure 19. The discrepancy (bias function 𝒃(𝑻𝒓) ) between the two-parameter 

linear computer model 𝒚𝑴(𝑻𝒓, 𝜽) = −𝟐. 𝟏𝟔𝟐𝟔𝟏𝟖𝑻𝒓 + 𝟑. 𝟓𝟔𝟒𝟗𝟏𝟐 and 

reference 𝜶 data for n-decane  
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Figure 20. Bias-corrected two-parameter linear 𝜶 value of carbon dioxide; the 

dashed lines are the 95% tolerance bounds. The reference 𝜶 values at different 

temperatures are the dots. The optimal calibration parameters 𝜽𝟏 = 𝟏. 𝟑𝟒𝟖𝟐𝟖 

and 𝜽𝟐 = -0.4082251 for the two-parameter linear model 𝒚𝑴(𝑻𝒓, 𝜽) = 𝜽𝟐𝑻𝒓 +

𝜽𝟏. The blue line corresponds to the computer model 𝒚𝑴(𝑻𝒓, 𝜽) =

−𝟎. 𝟒𝟎𝟖𝟐𝟐𝟓𝟏𝑻𝒓 + 𝟏. 𝟑𝟒𝟖𝟐𝟖. The red line represents the bias-corrected model 

𝜶(𝑻𝒓, 𝜽)=−𝟎. 𝟒𝟎𝟖𝟐𝟐𝟓𝟏𝑻𝒓 + 𝟏. 𝟑𝟒𝟖𝟐𝟖 + 𝒃(𝑻𝒓) 
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Figure 21. The discrepancy (bias function 𝒃(𝑻𝒓) ) between the two-parameter 

linear computer model 𝒚𝑴(𝑻𝒓, 𝜽) = −𝟎. 𝟒𝟎𝟖𝟐𝟐𝟓𝟏𝑻𝒓 + 𝟏. 𝟑𝟒𝟖𝟐𝟖 and the 

reference 𝜶 data for carbon dioxide.  

As the results above show, the linear two-parameters computer models with bias 

correction for n-decane and carbon dioxide have very good predictions compared to 

the reference 𝛼 data values. Since we got the new bias corrected parametrized 𝛼 

function, the comparisons of the thermodynamic properties prediction accuracy 

between the original PR-EoS with Soave 𝛼 function and the PR-EoS with new 

proposed 𝛼 function are presented in the next chapter.  

 



 

 

54 

 

Chapter 4  
Results and Conclusion 

4.1 Results 

 

Figure 22. Oxygen density prediction compared between PR-EoS with Soave 𝜶 

function and PR-EoS with the 𝜶 function proposed in this thesis.  

As the temperature increases and the pressure decreases, the density value 

continually decreases. When fluids temperature is close to the critical temperature, 

a slight increase in temperature will cause a substantial decrease in density. 

Like the density, other thermodynamic properties vary dramatically when the 

temperature is close to the critical temperature. The constant pressure specific heat 

is a function of temperature at various pressures. It first increases and then 

decreases with the increasing temperature for all three substances show in Figure 4, 

Figure 7, and 10. When the pressure is close to the critical pressure, the constant 

pressure specific heat value fluctuates wildly than under other pressures.  
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For specific enthalpy as a function of temperature, it continuously increases with 

the increase of temperature under different pressure. As shown in Figure 5, Figure 

8, and Figure 11, specific enthalpy jump happens with the increase of temperature 

only when pressure is low than the critical pressure of the substances. This 

phenomenon occurs because the phase changes from the compressed liquid to 

superheated vapor.  

The Figure 6, Figure 9, and Figure 12 show the speed of sound as a function of 

temperature at various pressures for three different substances. It decreases in the 

subcritical temperature region and it increases in the supercritical temperature 

region with the increasing temperature. Similar to the specific enthalpy, the speed 

of sound value fall rapidly near the critical temperature region only happens when 

the pressure is low than the critical pressure of the substance due to the same phase 

change reason.  

As the fluids are heated to a sufficiently high temperature, the distances between 

molecules become so large that the attraction force between molecules, which is the 

real fluids' effects, becomes negligible. From the EoSs point of view, when the 

temperature increases to a very high value, In the meanwhile, the molar volume 

increases, the repulsion term(Equation 10) in the generalized cubic EoS (Equation 

1) can be neglected since the repulsion term has a higher-ordered polynomial in 

molar volumn in the denominator than the attraction term (Equation 9). That 

indicates why all three real-fluid EoSs have very high agreements of 
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thermodynamic properties’ prediction with the NIST data in the supercritical 

region.  

 

Figure 23. n-Decane density prediction compared between PR-EoS with Soave 

𝜶 function and PR-EoS with the 𝜶 function proposed in this thesis.  

 

 

Figure 24. Carbon dioxide density prediction compared between PR-EoS with 

Soave 𝜶 function and PR-EoS with the 𝜶 function proposed in this thesis.  

Figure 22- Figure 24 show that the PR EoS with the 𝜶 function developed by the 

Bayesian framework has a significant improvement in the accuracy of density 
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predictions for oxygen, n-decane, and carbon dioxide compared to the original PR-

EoS with the Soave 𝜶 function.  

In section 2.3.1, we found the PR-EoS with the Soave 𝛼 function is relatively 

accurate for n-decane and carbon dioxide density prediction among three EoSs and 

relatively poor capability in oxygen density prediction compared to the other two 

EoSs. But PR-EoS is still not enough accreate for density prediction of oxygen, n-

decane, and carbon dioxide compared to the NIST data, especially in the low-

temperature region and the region close to the critical point. It is obvious that the 

PR-EoS with the Soave 𝛼 function overestimate the oxygen density in the low-

temperature region shown in Figure 22 and overestimate the decane density is 

shown in Figure 23.However, the new proposed PR-EoS with a bias corrected, two-

parameter linear alpha function solve the shortages of the original PR-EoS. 

Contrary to the original PR-EoS, the new proposed PR-EoS yields closer 

conformity with the NIST data for oxygen, n-decane, and carbon dioxide in a board 

range of temperatures and pressures.   

 

4.2 Conclusion and future work 

In this thesis, we introduced a new method to enhance the prediction performance 

of the PR-EoS by using the Bayesian framework to calibrate and develop a new 𝛼 

function. The new 𝛼 function has a very simple linear function structure with a bias 
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correction term. The results in section 4.1 show that the PR-EoS with the new 𝛼 

function yields closer conformity with the NIST refence data compared to the 

original PR-EoS with the Soave 𝛼 function from low to high temperatures at both 

subcritical and supercritical pressures. The PR-EoS with the new proposed 𝛼 

function greatly enhance the prediction in the subcritical region and the region near 

the critical point for different substances compared to the PR-EoS with the Soave 𝛼 

function. 

The method in this thesis can be applied to the other popular 2P-EOS, the SRK-

EoS, to enhance the prediction performance of SRK-EoS. The PR-EoS with the 

new proposed 𝛼 function can be used to predict other different substances and 

mixtures. The new EoS can also be implemented to evaluate other thermodynamic 

properties, such as specific heat, specific enthalpy, and speed of sound. The 

ultimate goal is to incorporate the newly developed EoS into a computational 

framework for efficient, high-fidelity calculations of complex fluid dynamics 

problems. These will be the future work of this research. 
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Appendix 
 

1.1.1 Detailed figures for different oxygen 

models in Figure 16

 

Figure 25. Bias-corrected one-parameter linear 𝜶 function of oxygen; the 

dashed lines are the 95% tolerance bounds. The reference 𝜶 values at different 

temperatures are the dots. The optimal calibration parameter 𝜽𝟏 =

−𝟎. 𝟏𝟖𝟓𝟖𝟒𝟒𝟖 for the one-parameter linear model 𝒚𝑴(𝑻𝒓, 𝜽) = 𝜽𝟏𝑻𝒓 + 𝟏. The 

blue line corresponds to the computer model 𝒚𝑴(𝑻𝒓, 𝜽) = −𝟎. 𝟏𝟖𝟓𝟖𝟒𝟒𝟖𝑻𝒓 +

𝟏. The red line represents the bias-corrected model 

𝜶(𝑻𝒓, 𝜽)=−𝟎. 𝟏𝟖𝟓𝟖𝟒𝟒𝟖𝑻𝒓 + 𝟏 + 𝒃(𝑻𝒓) 
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Figure 26. The discrepancy (bias function 𝒃(𝑻𝒓) ) between the one-parameter 

linear computer model 𝒚𝑴 (𝑻𝒓, 𝜽) = −𝟎. 𝟏𝟖𝟓𝟖𝟒𝟒𝟖𝑻𝒓 + 𝟏 and the reference 𝜶 

data for oxygen. 
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Figure 27. Bias-corrected two-parameter linear 𝜶 function of oxygen; the 

dashed lines are the 95% tolerance bounds. The reference 𝜶 values at different 

temperatures are the dots. The optimal calibration parameters 𝜽𝟏 =

𝟏. 𝟎𝟕𝟐𝟑𝟏𝟔𝟎 and 𝜽𝟐 = −𝟎. 𝟐𝟐𝟔𝟒𝟗𝟗𝟕 for the two-parameter linear model 

𝒚𝑴(𝑻𝒓, 𝜽) = 𝜽𝟐𝑻𝒓 + 𝜽𝟏. The blue line corresponds to the computer model 

𝒚𝑴(𝑻𝒓, 𝜽) = −𝟎. 𝟐𝟐𝟔𝟒𝟗𝟗𝟕𝑻𝒓 + 𝟏. 𝟎𝟕𝟐𝟑𝟏𝟔𝟎. The red line represents the bias-

corrected model 𝜶(𝑻𝒓, 𝜽)=−𝟎. 𝟐𝟐𝟔𝟒𝟗𝟗𝟕𝑻𝒓 + 𝟏. 𝟎𝟕𝟐𝟑𝟏𝟔𝟎 + 𝒃(𝑻𝒓) 
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Figure 28. The discrepancy (bias function 𝒃(𝑻𝒓) ) between the two-parameter 

linear computer model 𝒚𝑴(𝑻𝒓, 𝜽) = −𝟎. 𝟐𝟐𝟔𝟒𝟗𝟗𝟕𝑻𝒓 + 𝟏. 𝟎𝟕𝟐𝟑𝟏𝟔𝟎 and the 

reference 𝜶 data for oxygen  
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Figure 29. Bias-corrected Soave 𝜶 function of oxygen; the dashed lines are the 

95% tolerance bounds. The reference 𝜶 values at different temperatures are 

the dots. The optimal calibration parameter 𝜽𝟏 = 𝟎. 𝟑𝟖𝟓𝟔𝟐𝟑𝟕 for a one-

parameter Soave type model 𝒚𝑴 (𝑻𝒓, 𝜽) = [𝟏 + 𝜽𝟏 × (𝟏 − 𝑻𝒓
𝟎.𝟓 )]

𝟐
. The blue 

line corresponds to the computer model 𝒚𝑴 (𝑻𝒓, 𝜽) = [𝟏 + 𝟎. 𝟑𝟖𝟓𝟔𝟐𝟑𝟕 × (𝟏 −

𝑻𝒓
𝟎.𝟓 )]

𝟐
 The red line represents the bias-corrected model 𝜶(𝑻𝒓, 𝜽)=[𝟏 +

𝟎. 𝟑𝟖𝟓𝟔𝟐𝟑𝟕 × (𝟏 − 𝑻𝒓
𝟎.𝟓 )]

𝟐
+ 𝒃(𝑻𝒓) 
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Figure 30. The discrepancy (bias function 𝒃(𝑻𝒓) ) between the Soave type 

alpha function computer model 𝒚𝑴 (𝑻𝒓, 𝜽) = [𝟏 + 𝟎. 𝟑𝟖𝟓𝟔𝟐𝟑𝟕 × (𝟏 − 𝑻𝒓
𝟎.𝟓 )]

𝟐
 

and the reference 𝜶 data for oxygen  
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Figure 31. Bias-corrected Gasem 𝜶 function of oxygen; the dashed lines are 

the 95% tolerance bounds. The reference 𝜶 values at different temperatures 

are the dots.  

The optimal calibration parameter 𝜽𝟏 = 𝟎. 𝟏𝟐𝟕𝟑𝟑𝟏𝟒 for a one-parameter 

Gasem type model 𝒚𝑴(𝑻𝒓, 𝜽) = 𝐞𝐱𝐩 ((𝟏. 𝟗𝟒𝟑 + 𝟎. 𝟗𝟐𝟔𝑻𝒓)(𝟏 − 𝑻𝒓
𝜽𝟏)). The blue 

line corresponds to the computer model 𝒚𝑴(𝑻𝒓, 𝜽) = 𝐞𝐱𝐩 ((𝟏. 𝟗𝟒𝟑 +

𝟎. 𝟗𝟐𝟔𝑻𝒓)(𝟏 − 𝑻𝒓
𝟎.𝟏𝟐𝟕𝟑𝟑𝟏𝟒)) The red line represents the bias-corrected model 

𝜶(𝑻𝒓, 𝜽)=𝐞𝐱𝐩 ((𝟏. 𝟗𝟒𝟑 + 𝟎. 𝟗𝟐𝟔𝑻𝒓)(𝟏 − 𝑻𝒓
𝟎.𝟏𝟐𝟕𝟑𝟑𝟏𝟒)) + 𝒃(𝑻𝒓) 
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Figure 32. The discrepancy (bias function 𝒃(𝑻𝒓) ) between the Gasem type 𝜶 

function computer model 𝒚𝑴(𝑻𝒓, 𝜽) = 𝐞𝐱𝐩 ((𝟏. 𝟗𝟒𝟑 + 𝟎. 𝟗𝟐𝟔𝑻𝒓)(𝟏 −

𝑻𝒓
𝟎.𝟏𝟐𝟕𝟑𝟑𝟏𝟒)) and the reference 𝜶 data for oxygen. 

 


