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Abstract

A Computational Investigation of the Biomechanics for Platelets Aggregation

Author:

Ghadah Mohammed Alhawael

Major Advisor:

Jian Du, Ph.D.

The proximal cause of most heart attacks and many strokes is the rapid formation

of a blood clot (thrombus) in response to the rupture or erosion of an arterial

atherosclerotic plaque. The formation of a thrombus in arteries is a very com-

plex process whose workings are subjects of intense research. In this dissertation,

we investigate the biomechanics of platelet aggregation in large arteries using a

two-phase continuum computational model. The model tracks the number den-

sities of various platelet populations, the concentration of one platelet-activating

chemical, as well as the number densities of inter-platelet bonds. Through the for-

mation of elastic bonds, platelets can cohere with one another to form a platelet

thrombus. The movement of the bound platelets is different from the background

blood flow. The interaction between a growing thrombus and the moving blood

is modeled through an interphase drag term. The mechanical properties of the

thrombus are closely related to the platelet packing densities, the stiffness and

number density of interplatelet bonds, as well as the stresses generated by those

bonds under deformation. Under large hydrodynamic forces in large arteries, the

kinematic and mechanical properties of platelet bonds are crucial for the thrombus

growth and stability. The main conclusions from our simulation results are: (1)

With approximately the same porosity values, thrombi formed under arterial shear

rates are likely to have much higher permeabilities than those formed under static

iii



conditions. Otherwise, stable clots fail to form due to the large drag forces from

the background flow. Our simulation data is consistent with recent experimental

measurements. (2) Under large drag forces, a stable clot formation is possible with

a significant increase in the bond formation rate. Correspondingly, the platelet

packing density in the thrombus is much lower than the value for thrombus formed

under low drag. (3) Within fast moving blood flow, platelet activating chemicals

are quickly carried away from the injury along the downstream direction. This

may significantly limit the thrombus growth in the direction normal to the vessel

wall if platelets have to be activated by a soluble agonist before they can form

cohesive bonds and become bound. The growth of a thrombus can be drastically

boosted if shear-dependent platelet binding/activation is introduced in the model

through vWF mediate bond formation.
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Chapter 1

Introduction

The process of thrombosis in stenotic arteries is one of paramount importance

to human health. It is the proximal cause of almost all heart attacks and many

strokes, and as such it is a leading cause of premature mortality and morbidity in

the United States and much of the rest of the world. Platelet aggregation is one

major component of arterial thrombosis, which involves the rapid adhesion and

cohesion of a large number of platelets. When the vessel wall is ruptured, a very

quick and regulated process is started to seal the injury quickly. Blood vessels

are lined with endothelial cells (ECs) and the platelets continuously monitor the

integrity of the subendothelial matrix (EC) [19]. If there is a rupture in the EC,

the moving blood will become exposed to the SE matrix. This acts as a signal to

start the aggregation process to fix the problem.

Clot formation includes three main steps. The first one is a vascular spasm,

in which smooth muscle in the blood vessel contracts drastically. This step is

followed by platelets aggregation where the platelets near the injury site adhere to

the damaged tissue, and the nearby platelets bind to the adherent platelets. The
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platelet plug formation plays the role as barriers against the blood flow. During

the process of coagulation, soluble fibrinogen polymerizes to form a fibrin network

through a series of enzymatic reactions to stabilize the clot.

The aggregation process starts with the adhering of platelets near the injury

site to vWF (Von Willebrand Factor) molecules adsorbed in the collagen layer.

In addition to anchor the platelets to the injury site, the adhesion process also

activates them, causing the release of platelet-activating chemicals such as ADP.

These chemicals may diffuse and advect from the injury site to activate more

platelets not in direct contact with the injured vessel wall and cause them to cohere

to each other. Various receptor-ligand pairs are involved in platelet aggregation

(see figure 1.1).

Figure 1.1: Platelet adhesion receptors [19]

Each platelet surface bears different receptors like GPIb which bind to von

Willebrand factor (vWF), integrin α2bβ3 receptors which bind to fibrinogen and

vWF, GPVI and integrin α2β1 receptors which bind to several types of collagen [19].

The elastic properties of the molecular bonds between platelets, as well as their

formation and breaking rates are of critical importance for a stable clot formation.

In this work, we include two types of bonds. In one, the plasma protein (vWF)

forms a bridge between GPIb receptors on two platelets. We refer to this as a GVG
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bond for GPIbα-vWF-GIPbα. The formation of such a bond does not require

that the platelets be activated, and the binding kinetics are strongly influenced

by the local hydrodynamic conditions. For example, vWF molecules may display

transitions between compact/globular and elongated conformations, depending on

the magnitude of the local shear and elongational stresses. Elongation of vWF

exposes many binding sites on it for the GPIb receptors on platelets. vWF has a

series of protein domains like; A1, A2, A3, and C1 domains [19](see Fig.1.2). In

the second type of bond, the plasma protein fibrinogen forms a bridge between

integrin α2bβ3 receptors on two platelets’ surfaces; in this case, both platelets must

already have been activated prior to bond formation. We refer to this type of bond

as an AFA bond, for α2bβ3-fibrinogen-α2bβ3.

Figure 1.2: Schematic illustration of a von Willebrand factor (vWF) multimer. The A1,

A3, and C1 domains contain binding sites for GPIbα, collagen, and α2bβ3, respectively.

[19]

One major focus of this work is to study the mechanical properties for a growing

thrombus, as well as the flow-thrombus interactions in large arteries. For example,

A forming platelet aggregate is subject to drag forces exerted on it by fluid moving

over it or permeating the aggregate itself. The magnitude of these forces is strongly

influenced by the permeability of the developing aggregate; the permeability is a
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function of the aggregate’s porosity. Recent studies, both theoretical and experi-

mental, spotlight on the importance of thrombus structure, including its porosity,

to study thrombus formation [25], [26], [49]. Studies show the dense clot can stop

blood flow that includes many proteins which help the thrombus to further grow.

For aggregation process in large arteries of size mm, discrete models that track the

movement of each individual platelet are computationally too expensive. Among

existing continuum models for clotting studies, only a few looked at the dynamic

process of the clot development. And most of these models treat the thrombus

either as an impermeable solid, or a porous medium that is stationary under flow.

It has been shown by recent experimental studies that blood clots formed under

flow have quite dynamical structures, which constantly deform, embolize and re-

generate. The local hemodynamic conditions play critical roles in regulating the

size, stability and physical structure of a growing thrombus.

According to the previous discussion, we see that platelets can adhere to the

thrombus even if it is not activated, and it will be activated as soon as it forms

the first primary links. Fogelson & Neeves (2015) discussed the wrong belief that

for many years, it was assumed the platelet must be activated before it forms

bonds. This mechanism is problematic; especially under a fast shear rate where

there is no time to activate the platelets before it is washed away. This means

there is another mechanism. It is the vWF role to initiate the platelet aggregation

process. In order for some platelets to attach to the thrombus, we notice two

different bonds are formed, one involving fibrinogen molecules bridging between

two activated platelets, and the second bond involving vWF bridging between two

platelets. From these facts, we see the need to develop the two-phase model of

platelet aggregation to account for the new binding process. In chapter 3, we
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will discuss our developed model and the new modifications, including the bound

unactivated platelets, and the interactions between all the contents including the

platelets activation sources, bond formation, and the produced stresses.

The dynamic interactions between moving blood and a forming platelet aggre-

gate is largely featured by the formation and breaking of large number of molecular

bonds, and how these processes are regulated by hydrodynamic forces exerted on

the thrombus. This is directly related to whether platelets in a thrombus may stay

bound or get carried away by the bulk flow. With the decrease of the porosity for

a thrombus as it gets denser, it would be more difficult for fluid to penetrate the

aggregate and bring more platelets and pro-thrombus proteins to the site. This

could serve as a regulating factor for thrombus growth.

Our two-phase continuum is well suitable for the investigation of biomechanics

for platelet aggregation. In the model, the bulk blood flow is modeled as a viscous

Newtonian fluid while the platelet aggregate is modeled as a viscoelastic materials.

The model tracks the number densities of four platelet populations as well as

the concentration of a platelet activating chemical. Through the formation of

elastic bonds, activated platelets can cohere with one another to form a platelet

thrombus. Bound platelets in a thrombus move in a velocity field different from

that of the bulk fluid. Stresses produced by the elastic bonds act directly on the

bound platelet.

Stability of the bound platelet/thrombus is directly related to the largest stress

that can be sustained by each platelet bond. The thrombus permeability and poros-

ity are included in the model in the form of the drag coefficient, which measures the

frictional interactions between the thrombus and the bulk flow. Since our model

also explicitly track the number densities of different interplatelet bonds within
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the thrombus, the bond breaking rate can thus be related to the magnitude of the

fluid drag (indirectly through the viscoelastic stress from bond stretching). The

relative motion between bound platelets and the background fluid is of critical

importance. This permits intraclot transport of individual platelets and activating

chemical, allows the bound platelet density to reach levels much higher than the

platelet density in the bulk blood, and allows thrombus formation to occur on a

physiological timescale.

In chapter 2, we briefly introduce some of the platelet aggregation models

and their limitations. We reviewed the two-phase model of platelet aggregation

developed by Du & Fogelson (2017) which forms the basis for this work. In chapter

3, we present extensions of the two-phase aggregation model as well as identification

of the model parameters. In chapter 4, we describe the computational methods

to solve the model equations. In Chapter 5, we start with some experimental

results about clot permeability measurements, followed by simulation results for

platelet aggregation in 2D rectangular channels. Discussion about the results and

conclusive remarks are given in Chapter 6.
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Chapter 2

Mathematical Models of Platelet

Aggregation

2.1 Review on Platelet Aggregation Models

Thrombus formation and platelet aggregation have been studied through different

models. Some models studied the interactions between platelets and coagulation’s

biochemistry [25], [26]. Other models ignored the mechanics of the thrombus itself

[47], [37]. Some focused on the physical parts of a growing thrombus [37]. The

models which introduce the platelet aggregation process include two spatial scales.

The blood vessel’s diameter ranges between 0.1-10 mm. It exceeds 10 mm in large

arteries. The diameter of a mature platelet is 2-3 µm [20]. Hence, two scales are

used; the scale for the blood vessel’s diameter (mm), and the scale for the platelet’s

diameter (µm).

The first models that studied the interaction of platelet aggregation were Fo-

gelson’s discrete aggregation models (Fogelson 1984 [15], Fogelson et al. 2003 [14])

7



and continuum aggregation models (Fogelson 1992[16], Fogelson & Guy 2004 [17];

Wang & Fogelson 1999 [43]). The discrete models track the platelets as individ-

ual particles and the elastic bonds between them. The discrete models are good

for small vessels, but are expensive in large arteries. Different methods are used

to tackle the platelets interactions like: the immersed boundary method [17], the

force-coupling method [32], a variety of particle methods [12], and the cellular

Potts model [54].

Recent reviews of platelet aggregation models say that the platelets interact

and aggregate in the fluid due to some responses, so it is better to study the platelet

aggregation by tracking the platelets as number density, not as discrete elements

[13], [44], [55]. The continuum models track the number density of platelets,

bonds, and the resulted stresses. Hence, this model is good to study the platelet

aggregation in large arteries where a large number of platelets are involved.

Fogelson (1992, 1993) developed a continuum model of platelet aggregation

in coronary arteries. These models were describing platelet aggregation in fluid-

phase where there is no interaction between platelets and the blood vessel’s wall.

These models involved populations of activated and unactivated platelets, activa-

tion chemical, elastic bonds to link the activated platelets together, and viscous

incompressible fluid. Since the platelets first adhere to the wall, it becomes nec-

essary to include the platelet-wall interactions in these models. Fogelson & Guy

(2004) described how platelet–wall interactions can be included in these models

[17]. The results of this model show the deep disturbances to the fluid flow which

resulted from the growth of the clot.

The continuum model achieved great success in introducing the interaction

in thrombuses and some important results, but it has serious limitations. This
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model does not allow the relative motion between the platelets and the fluid. This

comes from the assumption that all species move with the same velocity field. This

assumption has some consequences. First, in order for the clot to form, it must

be quicker than what it is in reality. Second, the density of the platelets in the

clot can only slightly be higher than the platelets in the fluid. This is not realistic

since the experiments show that the number density of aggregated platelets reach

as much as 100-fold greater than it is in plasma. Another limitation of this model

is that it required the platelet activation and bond formation to be very fast in

order for the thrombus to remain attached. This is unrealistic since the clot forms

while the fluid flows.

The efforts made to remove the previous limitations were a starting point to

release the two-phase model. Du & Fogelson has developed the two-phase mixture

of the platelet aggregation model [9]. It is a continuum model including a new

population of platelets for the bound ones. The crucial thing in the modification is

considering two fields of velocities since the bound platelets move with a velocity

different than the bulk fluid velocity. There are some similarities between the

mixture model and the continuum models. More details about the mixture model

and some numerical results will be introduced in the next section.

Although the mixture model records great results, it has some limitations that

need to be changed. We make use of the mixture model and we modify it to fix

the limitations. For example, an evolution equation is derived for the viscoelastic

according to the assumption that the bond between platelets acted as a linear

spring with zero rest length. This assumption is unrealistic, because when the rest

length is zero, then the formed bond will shrink to a point without any limit. For

instance, a platelet has a diameter ≈ 2µm, and the fibrinogen has length ≈ 0.01µm.
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So, forming for example, an AFA bond will result in some non zero rest link (same

argument with GVG bond). From the other side, we need to reconsider some

parameters, including the drag coefficient, to be biologically consistent. We use

biologically relative properties like permeability. We redefine the drag term by

using an analytical formula in the fluid dynamics. We use the Kozeny-Carman

formula to relate the drag force with the clot’s permeability. We will talk in detail

about that later.

2.2 Mixture Model of Platelet Aggregation

The two-phase mixture of platelet aggregation is a continuum model that de-

scribes the platelet aggregation in a blood vessel the size of a coronary artery. In

this model, the bonds form between activated platelets or activated platelets and

bound platelets. The thrombus is treated as a viscoelastic substance and the bulk

fluid is treated as a viscous fluid. The model tracks three populations of platelets;

unactivated, activated, and bound platelets in addition to the concentration chem-

ical, bulk fluid, formed bonds, and stresses resulted from these bonds.

The mixture model is an extension of the continuum models developed by

Fogelson (1992, 1993) and Fogelson & Guy (2004). This model fixed the limitations

which the previous models had. It allows the relative motion between the platelets

and the bulk fluid. Hence, a crucial feature in this model is added. It is the fact

that the bound platelets can move with a velocity different than the fluid velocity

due to the attachment. The expected relative motion property between the bulk

fluid and the bound platelets causes a frictional drag, where it depends on the

number density of aggregated platelets. The model is a macro-scale model that
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can be derived from two scales model, one is a platelet’s diameter scale and the

other is a blood vessel’s diameter.

The model consists of a system of equations; a set of equations describing the

number densities of the platelets and the concentration of the activating chemical,

coupled equations for the two velocity fields, a co-incompressibility equation, and

two equations describing the evolution of bonds number density and the viscoelastic

stress due to the formed bonds, respectively.

Advection-Diffusion-Reaction equations:

Free platelets and the concentration chemical advect and diffuse with the bulk fluid

with some reactions. Platelets can be activated only if there is enough concentra-

tion of activating chemicals close to some prescribed threshold concentration. Once

a platelet is activated, it releases an activating chemical into the bulk fluid. Then,

the activated platelets can form bonds with other activated or bound platelets.

Since the platelets, in general, are tiny, they advect with the bulk fluid’s veloc-

ity and without any effect on the fluid motion. So, their volume is part of the bulk

fluid’s volume, whereas bound platelets move with some velocity different than

the bulk fluid’s velocity and has a volume fraction due to the aggregation process.

Once a platelet binds, it can not diffuse due to the attachment. In this model,

the platelets’ transportation is expressed by the advection-diffusion-reaction equa-

tions. A smooth version of the Heaviside step function is used to describe platelet

transition function from an unactivated state to being active since the transition

depends on the amount of chemical.
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Momentum equations:

Due to the platelet’s attachment, the bound material moves with a velocity differ-

ent than the bulk fluid’s velocity. A coupled set of momentum equations are used

to describe the two velocities. Each momentum equation describes the respective

phase’s movement including all the stresses it faces. The bulk fluid and the bound

material are subject to the drag force due to the relative motion between them.

There are many forces that affect the growth of the thrombus like the pressure

force, the viscous force, and the drag force for each of the bulk fluid and the

bound platelets. The bound platelets suffer from an extra source of stress, which

is resulted from the bond formation between platelets. This is a viscoelastic force

trying to make the platelet attach. It depends on the density of formed bonds.

As time passes, the aggregated platelets will form a notable volume. Hence,

the volume fraction concept is used for each phase to describe the relative mo-

tion between the phases. Platelets are very tiny cells, so their combined volume

fraction is very small. But the bound platelets form some volume fraction due to

the aggregation. The volume fraction for unactivated and activated platelets is

assumed to have a negligible effect on the motion of the bulk fluid, which makes

them advect with the fluid velocity, and that their volume is part of that of the

fluid. The mixture satisfies the co-incompressibility condition. So, whenever the

volume fraction of each of the fluid and the bound platelets is not zero, neither the

two velocities of them need to be incompressible, but the divergence of the average

velocity field is free.
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Stress due to platelet-platelet bonds :

Knowing the number density of platelet-platelet bonds is an important factor in

studying the viscoelastic stress due to the bonds between bound platelets. Du &

Fogelson (2017) derived a partial differential equation to describe how the number

density of bonds evolve. It derived from a model of two scales; the platelet’s scale

(micro), and the blood vessel’s scale (macro), where the ratio of platelet and vessel

scale lengths is a very small parameter. An approximate closure for the bond

breaking rate derived in Fogelson & Guy (2008) is applied after replacing the bond

length scale to the macro scale.

The evolution equation for the viscoelastic bond stress is derived also from a

more fundamental two-scale model, introduced in Fogelson & Guy (2004), in which

each bond between platelets acted as a linear spring with rest length zero. The

bonds form between a pair of activated platelets, activated platelets and bound

platelets, and a pair of bound platelets. Each activated platelet has sites to form

bonds with other platelets. In order for the clot to be able to grow in volume, it

needs more platelets to be aggregated. Activated platelet in some location x must

form bonds with other activated platelets within some distance of x. To begin

this, a technique explained in Leiderman & Fogelson (2011) is used.

Bonds between platelets could be broken. If the broken bond was the last one

linking the platelet with the clot, then the disassociated platelet will be washed

with the fluid stream. This model uses modified Poisson distribution to find the

probability that a bond that breaks is the last one for the platelet. Drag forces

are generated due to the drag between the fluid and the bound platelets. It is

proportional to the clot’s volume. In the mixture model, the drag force’s parameter

is expressed as a function of the volume fraction of the bounded platelets.
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Chapter 3

Two-phase Continuum Model for

Platelet Aggregation

The two-phase continuum model is an extension for the two-phase mixture model

introduced by Du & Fogelson (2017) [9]. So, it is a macro-scale model in which

quantities vary with the spatial variable x on a scale of the blood vessel diameter’s

size. Our new model involves four populations of platelets, activating chemical,

elastic bonds, and the stresses resulted from these bonds, all in a bulk fluid. The

new feature the model involves is an additional population of platelets. These are

unactivated bound platelets which bind to the thrombus through vWF-mediated

bonds. Also, the model tracks two kinds of platelet-platelet bonds. Wide studies

show that platelets binding under high shear stresses are done through a two-step

process. It starts with the formation of bonds between GPIb receptors and vWF,

then it is followed by a formation of Longlife bonds which form between α2bβ3

receptors and the fibrinogen [19].

In our computational model, the bound platelet is treated as a porous viscoelas-
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tic medium, which moves with a velocity different than the background flow’s ve-

locity. We model the interaction between the platelets and the fluid through the

frictional drag force, which is computed from permeability and porosity values of

the thrombus measured in the experiments.

3.1 Platelets and Chemical Agonist Equations

Our two-phase continuum model of platelet aggregation contains four populations

of platelets; mobile unactivated, mobile activated, bound unactivated, and bound

activated with number densities φu, φa, φbu, and φba, respectively. Also, it involves

an activating source, which is ADP, with a concentration c. Platelets can not be

activated unless the amount of activating chemical is above some prescribed thresh-

old. The activation chemical is released to the bulk fluid by each platelet upon

activation. The activating chemical is released at some rate that is proportional

to the rate of platelet activation and its concentration decays by time.

The mobile platelets are individual tiny particles that advect with the fluid at

the velocity uf , while the bound platelets are linked to the clot with some elastic

bonds which makes them move with velocity ub, which is different than the bulk

fluid’s velocity. Some stresses will appear as a result of bonds formation.

We are considering the transition functions of platelets. Mobile unactivated

platelets can bind at rate f buu . If the bonds which link the unactivated platelets

are broken, then this allows the platelets to be mobile unactivated again at rate

fubu. Unactivated platelets can be activated due to some activation chemical if its

concentration is above the threshold. Note that, once a platelet is activated, it can

not be unactivated again. Mobile unactivated platelets are activated at rate fau .
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Bound unactivated platelets can be activated while it is bound at rate f babu . Mobile

activated platelets can bind to the thrombus at rate f baa . The bonds which link

the activated platelets within the clot could be broken due to the high shear rate.

Hence, it will transmit back to become mobile activated at rate faba. More details

about the transition functions will be introduced in section (3.4).

The equations governing the platelets number densities are:

(φu)t +∇ · (uf φu) = ∇ · (D ∇φu) + fubu − f buu − fau (3.1)

(φa)t +∇ · (uf φa) = ∇ · (D ∇φa) + fau + faba − f baa (3.2)

(φbu)t +∇ · (ub φbu) = f buu − fubu − f babu (3.3)

(φba)t +∇ · (ub φba) = f baa + f babu − faba (3.4)

(c)t +∇ · (uf c) = ∇ · (Dc ∇c) + aADP (fau + f babu )− kADP c (3.5)

The activating chemical advects and diffuses with the bulk fluid. Here D and Dc

are the diffusion coefficients of the mobile platelets and the activating chemical,

respectively. It is clear that there is no diffusion term in the equations (3.3) and

(3.4) since the described platelets there are bounded and did not diffuse. aADP is

the amount of activation chemical released by each platelet upon activation, and

kADP c shows the rate of decay of the activating chemical.

3.2 Momentum Equations

The two different velocities uf and ub can be described by the momentum equa-

tions. It is better to use the volume fraction concept to describe the momentum

equations. Suppose θb and θf are the volume fraction for the bound platelets in the
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thrombus and the volume fraction of the fluid, respectively. The volume fraction

of the bound platelets can be expressed as:

θb = νplt (φbu + φba) (3.6)

where νplt is the volume of an individual platelet. According to that, the volume

fraction for the bulk fluid is given by:

θf = 1− θb (3.7)

The volume fraction of the bulk fluid is made up of the volume of the actual fluid,

the mobile platelets, and others. If we assume the volume fraction of the exact

fluid (not including any platelet) is θ̃f , then θ̃f satisfies the equation:

(θ̃f )t +∇ ·
(
uf θ̃f

)
= −∇ · (Du∇θu)−∇ · (Du∇θa) (3.8)

where the right-hand side reflects the displacement of the actual fluid throughout

diffusing the mobile platelets. If we multiply each of equations (3.1)-(3.4) by νplt,

and then combine them with equation (3.8), we end up with:

∇ · (θfuf + θbub) = 0. (3.9)

This is the co-incompressibility equation, which means whenever θf and θb are non

zero, neither the velocities uf and ub need to be incompressible but the divergence

of the average velocity field is free. The model treats the bulk fluid flow as a viscous

Newtonian fluid, and the thrombus, made up of bound platelets, as a viscoelastic
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fluid. Due to the relative motion between the bulk fluid and the bound platelets,

the bulk fluid is subject to drag forces. The drag parameter is determined by an

analytical formula in fluid dynamics which is the Kozeny-Carman formula. We

use the Kozeny-Carman formula to relate the drag to the bound platelets volume

fraction θb [28]. Also, we consider the pressure force and the viscous force for each

of the fluid and bound platelets. From that and according to the Navier-Stokes

equation, which describes the viscosity of the fluid, the momentum equation of the

fluid is given by:

ρf ((θfuf )t +∇ · (θfufuf )) = −θf∇p+∇ ·
(
θfσ

fv
)
+

C1
θ2
b

(1− θb)3
(ub − uf ) (3.10)

Similarly, the bound platelet’s material is subject to drag forces due to the relative

motion between them and the bulk fluid, and we assume it is effected by additional

forces (viscoelastic forces) resulted from the elastic bonds formed between the

bound platelets. So, the momentum equation of the bound platelets is given by:

ρb
(
θbub)t +∇ · (θbubub)

)
= −θb∇p+∇ ·

(
θbσ

bv
)

+∇ ·
(
θbσ

b
)
+

C1
θ2
b

(1− θb)3
(uf − ub) (3.11)

Here, the quantity p is Lagrange multiplier, which we refer to as pressure, whose

role is to enforce the co-incompressibility condition (3.9). σb is the stress tensor due

to bonds between bound platelets. The development of this stress will be discussed

in the next section. The terms C1
θ2b

(1−θb)3
(ub − uf ) and C1

θ2b
(1−θb)3

(uf − ub) are the

drag forces for the bulk fluid and the bound platelets, respectively. If the thrombus
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is porous due to the low volume fraction of the bound platelets, then it is easy

for the bulk fluid to flow through. If there are more platelets that are compacted,

then it is difficult to flow through. It means the drag coefficient is a function of

the volume fraction of the bound platelets. Hence, the Kozeny-Carman formula is

more consistent with the numerical observations. The symbols σfv and σbv are the

viscous stress tensors for the fluid and the bound platelets, respectively, which are

defined as:

σfv = µf (∇uf +∇uTf ) + (λf∇ · uf )I (3.12)

σbv = µb(∇ub +∇uTb ) + (λb∇ · ub)I (3.13)

Here, I is the identity tensor, µf and µb are the shear visccosities for the fluid and

the bound platelets, respectively. The magnitudes λf + 2
µf
d

and λb + 2µb
d

are the

bulk viscosities for the fluid and the bound platelets, respectively.

3.3 Bonds

There are many receptors on each platelet’s surface. Two similar receptors on two

platelets can not bind to each other directly. Each platelet’s surface bears ≈25,000

GPIb receptors that bind to surface-bound von Willebrand factor (vWF), ≈50,000

integrin α2bβ3 receptors that bind to fibrinogen and vWF, ≈4,000 GPVI receptors

and 1,000–4,000 integrin α2β1 receptors that bind to several types of collagen

[19]. This model tracks two types of platelet-platelet bonds: AFA bond involves

a fibrinogen molecule bridging between two α2bβ3 receptors on two platelets and

GVG bond involves a vWF molecule bridging between two GPIb sites on two
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platelets. In this model, we do not consider AVA or GVA bonds in which vWF

bridges between two α2bβ3 receptors or an α2bβ3 receptor and a GPIb receptor,

respectively.

The formation of GVG bonds does not require that the platelets be activated,

and the binding kinetics are highly affected by the local hydrodynamic condi-

tions. For example, vWF molecules transit between compact/globular and elon-

gated/stretched conformations, depending on the magnitude of the local shear and

elongational stresses. Elongation of vWF exposes many of its binding sites for the

GPIb receptors on platelets [35]. Unactivated platelets can attach to a thrombus

only through GVG bonds, while activated platelets can attach by both types of

bonds.

We denote the number densities of the platelet-platelet bonds mediated by vWF

and fibrinogen by zGV G(x, t) and zAFA(x, t), respectively. These bond densities give

the number of bonds per unit volume at time t that connects bound platelets at

location x to bound platelets elsewhere. Du & Fogelson (2017) derived an evolution

equation for the platelet-platelet bonds at time t connecting bound platelets at

location x to bound platelets anywhere [9]. Depending on this, the evolution

equations of AFA and GVG bonds are given by:

(zAFA)t +∇ · (ub zAFA) = αAFA − βAFA zAFA (3.14)

(zGV G)t +∇ · (ub zGV G) = αGV G − βGV G zGV G (3.15)

Here αAFA and αGV G are AFA and GVG bond formation functions, respectively.

βAFA and βGV G are AFA and GVG bond breaking rate functions, respectively. We

will talk about them in section (3.3.2).
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3.3.1 Platelet-Platelet Bonds Formation

Fibrinogen-mediated Bonds:

Since the concentration of fibrinogen in the plasma is abundant, we treat it as a

constant. We assume the formation of AFA bonds depends only on the local avail-

ability of α2bβ3 receptors. Activated platelets bind through some of its available

binding sites which is denoted by AavailA . If there is no available binding site on a

bound platelet close to the activated platelet, then the activated platelet can not

bind, which means the clot does not grow. So, to solve this problem which prevents

the clotting process, we assume the available binding sites diffuse a little bit. To

indicate the availability of these receptors, we use the ηA variable to define the

binding affinity function. Note that, the fibrinogen molecules and α2bβ3 receptors

have lengths, but we did not track them since they are too small, but we deal with

this by diffusion.

Here αAFA is AFA bond formation function, βAFA is AFA bond breaking rate

function, which is a function of σAFA and zAFA. The AFA bond formation de-

pends on the number density of the activated platelets in the fluid and the binding

affinity function. We define the binding affinity function with variable ηA for α2bβ3

receptors, which we assume it satisfies the diffusion-reaction equation, as :

(ηA)t = Dη ∆ηA − kA ηA + kA A
avail
A (3.16)

The binding affinity function emphasizes that the binding affinity at x is produced

with a rate kA by each unoccupied binding site of the available α2bβ3 on bound

platelet, decays with the same rate, and diffuses with coefficient Dη. By choosing

Dη and kA appropriately, ηA will be approximately zero except within a distance
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dAFAp = O(
√

Dη
kA

) of already bound platelets. So, the variable ηA in the binding

affinity function gives a measure of the average number density of unoccupied

binding sites on bound platelets at x. Let the total number of α2bβ3 receptors on

an activated platelet’s surface be nmaxA and each AFA bond bridges two α2bβ3, one

on each of the activated platelets it connect, then the number density of available

α2bβ3 receptors on the bound activated platelets is given by:

AavailA = nmaxA φba − 2 zAFA (3.17)

The rate of formation of AFA bonds is given by:

αAFA(φa, A
avail
A ) = KAFA

aa (nmaxA φa)
2 +KAFA

ab (nmaxA φa) A
avail
A +KAFA

bb (AavailA )2(3.18)

Where KAFA
aa , KAFA

ab , KAFA
bb are second-order AFA bond formation rate constants.

This equation reflects our assumption that the rate of formation of AFA bonds

depends on the concentration of unoccupied α2bβ3 receptors on activated platelets,

but not explicitly on the concentration of fibrinogen in the blood plasma. The right

hand side of this equation describes, respectively, formation of bonds between pairs

of activated but unbound platelets, between activated unbound platelets and bound

platelets in a thrombus, and between pairs of bound platelets in a thrombus. The

term KAFA
ab (nmaxA φa) A

avail
A emphasizes that activated platelets can bind to bound

platelets only if the activated platelets are within some distance of the bound

platelets.
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vWF-GPIb Bonds:

vWF can bind to the wall and the bound platelets. Mobile platelets can bind to

bound platelets via GVG bonds or AFA bonds if it is activated. The formation rate

of GVG bonds is assumed to depend on the density of available GPIb receptors and

the density of vWF A1 sites. More precisely, the GVG bond formation depends

on the number densities of the mobile platelets, the binding affinity function ηG,

and the density of vWF binding sites on bound vWF molecules. In this model, we

do not explicitly track the vWF concentration. We model the availability of vWF

binding sites under high elongation rate conditions by defining bond formation

rates as step functions of the elongation rate. We will discuss these rates in section

(3.5). We define the binding affinity function with variable ηG for GPIb receptors,

which we assume it satisfies the diffusion-reaction equation, as :

(ηG)t = Dη ∆ηG − kG ηG + kG AavailG (3.19)

Similary, the binding affinity at location x is produced with a rate kG by each

unoccupied binding site of the available GPIb receptors on bound platelets, decays

with the same rate, and diffuses with coefficient Dη. By choosing Dη and kG

appropriately, ηG will be approximately zero except within a distance dGV Gp =

O(
√

Dη
kG

) of already bound platelets. So, the variable ηG in the binding affinity

function gives a measure of the average number density of unoccupied binding sites

on bound platelets by GVG bond at x. Let the total number of GPIb receptors

on an activated platelet’s surface be nmaxG and each GVG bond bridges two GPIb,

one on each of the platelets it connects, then the concentration of available GPIb
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receptors on the bound platelets is given by:

AavailG = nmaxG (φbu + φba)− 2zGV G (3.20)

The formation rate of GVG bonds is given by:

αGVG(φu, φa, A
avail
G ) = KGVG

ab (nmaxG (φu + φa))A
avail
G +KGVG

bb (AavailG )2 (3.21)

Where KGVG
ab , KGVG

bb are GVG bond formation rate constants that depend on vWF

binding sites. We will define them later in section (3.5). The number densities of

mobile platelets appear in this equation since GPIb receptors are constitutively

able to bind vWF on all platelets.

The comparison between GVG and AFA bonds is summarized in table (3.1).

Table 3.1: Comparison between GVG bonds and AFA bonds

Property vWF-GPIb Bonds α2bβ3-fibrinogen bonds
Strength Weak Strong

Formation rate Fast Relatively slow
Receptors density 25,000 50,000

3.3.2 Platelet-Platelet Bonds Breaking

The breaking rate of each bond is dependant on the force that bond is sustain-

ing [56][27]. When the broken bond is the last one connecting two platelets and

there are no more bonds with other platelets, then the platelet becomes a mobile

platelet. This model did not track the discrete bonds between pairs of platelets.
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The breaking rate for many bonds is an increasing function of the force exerted

on the bonds. These kinds of bonds that have this behavior are called slip bonds.

Whereas, a catch bond is a bond whose breaking rate decreases as the applied

force on it increases [39].

Figure 3.1: life time of a vWF-GPIb bond under some applied forces [19]

In Fogelson & Neeves (2015), a biological experiment was discussed comparing

the lifetime of a GVG bond and some exerted force on this bond. This spectroscopy

experiment was introduced by Yago et al. (2008) and gave evidence that GVG

bonds have catch and slip behavior at the same time [56]. They took platelets and

made them close to each other with some molecules. So when they are close to each

other, they will have many bonds form. They add a force on the GPIb-vWF bond

to pull the bound platelets apart. They found an interesting result. If the applied

force is below≈20 pN, the bond lifetime increases with the force; for applied force

higher than 20 pN, the bond lifetime decreases with the force (see figure 3.2)

Litvinov et al (2011) performed an interesting experiment which shows that

an AFA bond has a slip behavior [27]. Simply, they took two tiny beads and

covered the surfaces with α2bβ3. They made them closer and put some fibrinogen
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in between them, so a bond formation is happening. They applied a force on the

AFA bond to break the formed bond. Repeating this process with different force

magnitudes gives different bond lives. According to the experimental data, they

conclude that the bond breaking rate is inversely proportional to the bond lifetime

and the curve is exponential. It means by increasing the force, the breaking rate

increases and the breaking rate is constant as long as the bond’s current length is

less than the bond’s rest length.

Figure 3.2: life time of α2bβ3-fibrinogen bond under some applied forces [27]

The important fact we got from these experiments is that the breaking rate

function is not constant. So, the model which treats β as a constant is not realis-

tic. Another clear result that appeared from the experimental observation is that

the breaking rate is not quite linear. A conclusion of that and based on the ex-

perimental data, the breaking rate function is not monotone. It initially increases

then decreases (Figure 3.2). So, we will use an exponential function to define the

26



bond breaking rates for each i bond for i= AFA, GVG as follow:

β(< |yi| >) =


βi0 if < |yi| >≤ Ri

βi0 e
λiSi0(<|yi|>−Ri) if < |yi| >> Ri

(3.22)

where < |yi| > is the mean bond length for bond i. Note that, bond lengths are

not tracked in this model, but an approximation to the local average bond length

for i = GV G,AFA is derived from the underlying two-scale model [9]:

< |yi| > (x, t) =

√
2 Tr(σi

0
(x, t))

Si0 zi(x, t)
(3.23)

Here Tr(σi
0
) is the trace of the viscoelastic stress tensor and Si0 is the bond stiffness

constant.

Last Bond Probabilites:

Let P (k;n) for k = 0, 1, ..., n denote the probability that a platelet has k bonds if

the mean number of bonds a platelet has is n and the bond numbers are Poisson

distributed. Let P̃ (k;n) for k = 1, 2, ..., n denote the probability that a platelet

has k bonds if the mean number of bonds a platelet has is n and the bonds are

distributed according to a modified Poisson distribution as in Du & Fogelson (2017)

[9]. The last bond probabilities depend on the average number of each of GVG

and AFA bonds where the average number of GVG and AFA bonds, respectively,
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are given by:

nAFA =
zAFA
φba

(3.24)

nGV G =
zGV G

φbu + φba
(3.25)

The probability that a bound unactivated platelet has only one GVG bond is :

P1(nGV G) = P̃ (1, nGV G) =
P (1, nGV G)

1− exp(−λGV G)
=

λGV G
exp(λGV G)− 1

(3.26)

To determine λGV G, we require that the expected value of n under the distribution

P̃ is nGV G i.e

nGV G =
λGV G

1− exp(−λGV G)

The probability that an activated bound platelet has one GVG and zero AFA

bonds is:

P10(nGV G, nAFA) = P̃ (1, nGV G)P (0, nAFA)

=
λGV G

exp(λGV G)− 1
exp(−nAFA)

(3.27)

The probability that an activated bound platelet has zero GVG and one AFA

bonds is:

p01(nGV G, nAFA) = P (0, nGV G)P̃ (1, nAFA)

= exp(−nGV G)
λAFA

exp(λAFA)− 1

(3.28)
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Simillarly with GVG, to determine λAFA, we require that the expected value of n

under the distribution P̃ is nAFA i.e

nAFA =
λAFA

1− exp(−λAFA)
(3.29)

3.3.3 Platelet-Platelet Bonds Stresses

Due to bonds formations between bound platelets, some stresses will be generated.

Assume that σGV G(x, t) and σAFA(x, t) are the viscoelastic stress tensors associated

with these two type of bonds. Hence, the total viscoelastic stress tensor that

appears in the bound platelet momentum equation (3.11) is σb = σGV G + σAFA.

In Du & Fogelson (2017), an evolution equation for the development of the

bond stress tensor is used which is derived from a fundamental two-scale model in

which each formed bond between two platelets acted as a linear spring with zero

rest length (a subscript 0 is used to indicate the zero rest length). According to

that, the evolution equations for stress tensors of GVG and AFA bonds are:

(σGV G
0

)t +∇ ·
(
ub σ

GV G

0

)
= σGV G

0
∇ub + (σGV G

0
∇ub)

T + C2 αGV G I

−βGV G σGV G
0

(3.30)

(σAFA
0

)t +∇ ·
(
ub σ

AFA

0

)
= σAFA

0
∇ub + (σAFA

0
∇ub)

T + C3 αAFA I

−βAFA σAFA0

(3.31)

where C2 and C3 are defined constants as [9]:

C2 =
SGV G0

∫
αGV G (|yGV G|) | yGV G |2 dy
6
∫
αGV G(|yGV G|) dy

(3.32)

C3 =
SAFA0

∫
αAFA (|yAFA|) | yAFA |2 dy
6
∫
αAFA(|yAFA|) dy

(3.33)

29



Here SGV G0 and SAFA0 are the bond stiffness constants for GVG and AFA bond,

respectively. |yGV G| and |yAFA| are the GVG and AFA bond length for a single

bond at point (x,t), respectively.

The assumption that the bond between platelets acted as a linear spring with

zero rest length is unrealistic. This is because when the rest length is zero, then the

formed bond will shrink to a point without any limit. For instance, the platelet has

a diameter ≈ 2µm and the fibrinogen has length ≈ 0.01µm. For example, forming

an AFA bond will result in some non zero rest link (similar argument with GVG

bond). The inclusion of platelet bonds with zero rest length in the two-fluid model

is problematic. More precisely, the co-incompressibility condition Eq. (3.9) enables

the thrombus to shrink by squeezing the fluid out. Hence, the zero rest-length of

the bonds would lead to bound platelet motions that could collapse a thrombus

to a point. To prevent this, we assume that the bonds formed between platelets

acted as a linear spring with non zero rest length.

We use the elastic bond distrbution function E to describe the bond’s stresses

due to bonds formation between platelets at a macro scale location x and other

platelets in a small volume dr around x for a micro scale r. More details about

E function can be found in appendix A.1. We are interested in the case that the

bond’s stiffness is a function of the bond’s length S(|y|) = S0

(
1− R

|y|

)
, where S0

is the bond stiffness constant, S0 > 0, R is the bond rest length, R ≥ 0, and |y| is

the bond’s current length (see appendix A.2).

According to the generated force by a single bond, the resulted viscoelas-

tic stress due to bond formation could be expressed as σi = σi
0
− (σ

′
)i for i =
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GV G,AFA with

σi
0

=
1

2

∫
E(x,y, t) S0 y yTdy

(σ
′
)i =

1

2

∫
E(x,y, t) S0

Ri

|y|
y yTdy

where σi
0

is the stress tensor formed based on the assumption that all bonds have

rest length of zero. The evolution equations for each of GVG and AFA, respectively

are given by Eq (3.30) and Eq (3.31). (σ
′
)i is the stress formed if the bonds are

stretched relatively to their rest length R.

Note that, ∇ ·
(
σ
′)i

represents the body force due to the bonds of length R

(with the same link density distribution). The trace of (σ
′
)i is essentially the total

link per unit volume, it is given by:

Tr((σ
′
)i) =

1

2
Si0 R

i

∫
E(x,y, t) |y| dy

The ratio of Tr((σ
′
)i) and the total link density z(x, t) gives the average length

per link:

Tr((σ
′
)i)

zi(x, t)
=

1

2
S0R

i

∫
E(x,y, t)|y|dy∫
E(x,y, t)dy

=
1

2
Si0R

i < |yi| >

It implies that:

Tr((σ
′
)i) =

1

2
Si0R

i < |yi| > zi(x, t)
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We argue that (σ
′
)i is an isotropic tensor, then:

(σ
′
)i =

1

3
Tr((σ

′
)i)I

=
1

6
S0R

i zi

√
2 Tr(σi

0
)

Si0 zi
I

=
1

6
S0R

i zi

√
2 Tr(σi

0
)

Si0 zi
I

(3.34)

To prevent clot volume contraction due to the over estimation of bond stretch-

ing from σi
0
, we remove the volumetric part of (σ

′
)i from σi

0
to get σi as used in

the bound platelet momentum equation:

σi = σi
0
− 1

6
Si0R

i zi

√
2 Tr(σi

0
)

Si0 zi
I (3.35)

For more needed simplification to find the value of σi, we multiply each of the evo-

lution equation of bond density of GVG bonds by C2I and the evolution equation

of AFA bonds by C3I, then subtract each of them from the respective evolution

equation σi
0
. We end up with an equation in term of τ i

0
:

(τGV G
0

)t +∇ ·
(
ub τ

GV G

0

)
− (τGV G

0
+ C2zGV GI)∇ub − (τGV G

0
+ C2zGV GI)∇ub)

T

= −βGV G τGV G
0

(3.36)

(τAFA
0

)t +∇ ·
(
ub τ

AFA

0

)
− (τAFA

0
+ C3zAFAI)∇ub − (τAFA

0
+ C3zAFAI)∇ub)

T

= −βAFA τAFA0

(3.37)
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where

τGV G
0

= σGV G
0
− C2 zGV GI (3.38)

τAFA
0

= σAFA
0
− C3 zAFAI (3.39)

Assuming all bonds are formed at their rest length, hence:

C2 =
SGV G0

6
R2

C3 =
SAFA0

6
R2

Subtituting each of equations (3.38) and (3.39) in equation (3.35) for each respec-

tive i gives :

σGV G = τGV G
0

+ C2zGV G(x, t)(1− <|yGVG|>
R

)I (3.40)

σAFA = τAFA
0

+ C3zAFA(x, t)(1− <|yAFA|>
R

)I (3.41)

3.4 Transition Functions

The formation and breaking of platelet bonds is directly related to the attachment

and detachment of a platelet from aggregation. We need to compute the rate at

which activated platelets become bound and vice versa, and the rates at which

platelets are activated in the two phases.
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Fluid-phase to bound:

Unactivated platelets can bind by forming GVG bonds. An activated platelet can

bind to a bound platelet by formation of AFA bonds and GVG bonds. A bound

activated platelet can form more bonds with another bound activated platelet, but

in this case it does not generate any new bound platelets. In the fluid phase, bonds

can be formed between two activated platelets. Also, mobile platelets can form

bonds with the available binding sites on bound platelets. The mobile unactivated

platelets can form GVG bonds only, but once it is activated, it can form additional

AFA bonds. Taking all the previous cases in consideration and letting mAFA, mGVG

be the average number of AFA bonds and GVG bonds, respectively that must

form to attach a platelet to another platelet. We define the following transition

rate functions for platelet attachment:

f ba−AFAa =
2

mAFA

KAFA
aa (nmaxA φa)

2 +
1

mAFA

KAFA
ab (nmaxA φa) A

avail
A

f ba−GV Ga =
1

mGV G

KGV G
ab (nmaxG φa)A

avail
G

f bu−GV Gu =
1

mGV G

KGV G
ab (nmaxG φu)A

avail
G

Here mAFA and mGV G are the prescribed number of AFA and GVG bonds we

require to form to mediate platelet attachment, respectively. So, the rates of

binding for activated and unactivated platelets are:

f baa = f ba−AFAa + f ba−GV Ga (3.42)

f buu = f bu−GV Gu (3.43)
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Bound to fluid-phase:

Mobile platelets are attached due to bonds formation. These bonds could be

broken. The breaking of a bond results in a platelet detaching from the thrombus

only if the bond broken is the last one connecting that platelet to the thrombus.

The rate of bound unactivated platelets detaching from the thrombus by breaking

a vWF-GPIb bond to be mobile is:

fu−GV Gbu = βGV G P1 φbu nGV G

= βGV G P1 φbu
zGV G

φbu + φba

= βGV G P1zGV G
φbu

φbu + φba

where P1 is the probability that bound unactivated platelets have exactly one

GVG bond and no AFA bonds, it is discussed in section (3.3.2). βGV G is the GVG

bond breaking rate. Bound activated platelets may have both GVG and AFA

bonds connecting them to a thrombus. The detachment rate functions due to the

breaking of GVG or AFA bonds are:

fa−GV Gba = βGV G P10 zGV G
φba

φbu + φba

fa−AFAba = βAFA P01 zAFA

where P10 is the probability that an activated bound platelet has zero AFA bonds

and exactly one GVG bond. So, the rates of detachment for activated and unac-
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tivated platelets are:

fubu = fu−GV Gbu (3.44)

faba = fa−GV Gba + fa−AFAba (3.45)

Unactivated to activated:

Mobile platelets can be activated by a soluble agonist whose concentration is c. We

assume the mobile platelets can be activated only if the activating chemical concen-

tration is above some prescribed threshold value cT . Bound unactivated platelets

can be activated by activating chemical and by signals through GVG bonds. So,

the rate of activation of mobile platelets and bound platelets, respectively, are :

fau = Ract
ADP (c) φu (3.46)

f babu = (Ract
ADP (c) + Ract

GV G) φbu (3.47)

Here Ract
ADP (c) is the rate of platelets activation by a soluble agonist, which can be

described by Heaviside step function as:

Ract
ADP (c) = R0 H(c− cT ) (3.48)

where R0 is a constant. Ract
GV G is the rate of activation by signals through GVG

bonds. This rate is zero or a nonzero constant depending on whether the local

flow elongation rate is a specified level. When this mechanism is not included in a

simulation, we set Ract
GV G = 0.

36



3.5 Rate Coefficients for GVG Bond Formation

The bond formation functions KGV G
ab and KGV G

bb describe the rates of GVG bond

formation between mobile and bound platelets, and between pairs of bound platelets.

Platelets can attach to the thrombus by forming GVG bonds with the platelets

in the thrombus. The vWF molecules change its conformation from globular to

stretched and vice versa according to the fluid flow. The globular conformation of

vWF molecules makes all of its binding sites to be hidden. When the shear exceeds

the threshold shear rate, then the vWF molecules are stretched. This elongation

of vWF exposes a large number of its binding sites, which was hidden, for GPIb

receptors. This action, beside the fact that GVG bonds forms quickly, raises the

chance of the GVG bond formation.

In this model we do not track the vWF molecules, but we have to consider the

effect of vWF shear sensitive dynamics. Therefore, the rates of GVG bond forma-

tion must be a dependent function on the shear rate, where the last is proportional

to the elongation rate of vWF molecules. At lower shear rates (up to 1000s−1),

platelets aggregate using fibrin, fibrinogen, and fibronectin as the primary adhe-

sion proteins [33]. This is because there is enough chemical and time with the low

shear rate which allows to activate platelets and in the same time, most of the

vWF are globular. This means with the shear rate below the prescribed threshold

shear rate, KGV G
ab is related to the rate of binding between GPIb and vWF. Once

the shear rate increases to pathologic levels (above 1000s−1), The vWF becomes

the dominant adhesion molecule [33]. Taking into consideration the previous fact,

we define the rate of GVG binding between mobile platelets and bound platelets
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to be:

KGV G
ab =


B1 K

AFA
ab if ε̇(x, t) ≤ ε̇0

B2 K
AFA
ab if ε̇(x, t) > ε̇0

(3.49)

Here, ε̇(x, t) is the value of the elongation rate at time t and location x which can

be found through the formula:

ε̇ =

√
(
∂uf
∂x
− ∂vf

∂y
)2 + (

∂uf
∂y

+
∂vf
∂x

)2 (3.50)

here ε̇0 is the prescribed threshold elongation rate were beyond this rate, the vWF

molecules elongate. The value of each of the binding rates for GVG and AFA rates

is difficult to determine experimentally. Welling & Ku (2012) modeled a range,

based on selected literature, to determine the rate of binding between GPIb and

vWF. We choose B1 = 10−3 to reflect the fact the vWF amount in the plasma less

than the fibrinogen, and B2 = 100 B1 to reflect the availability of A1 sites once

vWF elongate.

3.6 Nondimensional Model

Nondimensional Variables

Velocity is scaled by u0, length is scaled by the blood channel l, time is scaled by

l
u0

, platelets number densities are scaled by φ0, ADP concentration is scaled by the

threshold concentration cT , GVG bonds density is scaled by nmaxG φ0, pressure and

bond stress both are scaled by ρfu
2
0, and AFA bonds density is scaled by nmaxA φ0.

We choose λf,b = −µf,b, so that the bulk viscosites in both phases are zeros. We
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asume ρb = ρf and µb = Kµf . The nondimensionalization details can be found in

appendix A.3.

Nondimensional Model:

(φu)t +∇ · (ufφu) = C4zGV G
φbu

φbu + φba
exp
{
λGV GSGV G0 RGV Gmax(0,yGV G − 1)

}
+

1

Peu
∆φu − C5φuA

avail
G − C6H(c− 1)φu (3.51)

(φa)t +∇ · (ufφa) =
1

Peu
∆φa + C6H(c− 1)φu

+ C7 exp
{
λAFASAFA0 RAFAmax(0,yAFA − 1)

}
+ C8 exp

{
λGV GSGV G0 RGV Gmax(0,yGV G − 1)

}
zGV G

φba
φbu + φba

− C9φ
2
a − C10φaA

avail
A − C5φaA

avail
G (3.52)

(φbu)t +∇ · (ubφbu) = C5φuA
avail
G − C6H(c− 1)φu − C11φbu

− C4zGV G
φbu

φbu + φba
exp
{
λGV GSGV G0 RGV Gmax(0,yGV G − 1)

}
(3.53)

(φba)t +∇ · (ubφba) = C9φ
2
a + C10φaA

avail
A + C5A

avail
G + C6H(c− 1)φbu

− C11φbu − C7 exp
{
λAFASAFA0 RAFAmax(0,yAFA − 1)

}
+ C8 exp

{
λGV GSGV G0 RGV Gmax(0,yGV G − 1)

}
(3.54)

(c)t +∇ · (ufc) =
1

Pec
∆c+ C12H(c− 1)φu + C12H(c− 1)φbu

+ C13φbu − C14c (3.55)

∇ · (θfuf + θbub) = 0 (3.56)
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(θfuf )t +∇ · (θfufuf ) = −θf∇p+
1

Re
∇ ·

(
θf (∇uf +∇uTf −∇ · ufI)

)
+ C15

θ2
b

(1− θb)3
(ub − uf ) (3.57)

(θbub)t +∇ · (θbubub) = −θb∇p+
K

Re
∇ ·

(
θb(∇ub +∇uTb −∇ · ubI)

)
+∇ ·

(
θbσ

b
)

+ C15
θ2
b

(1− θb)3
(uf − ub) (3.58)

(zGV G)t +∇ · (ub zGV G) = KGV G
ab φaA

avail
G +KGV G

bb (AavailG )2

− C17 zGV G exp
{
λGV GSGV G0 RGV Gmax(0,yGV G − 1)

}
(3.59)

(zAFA)t +∇ · (ubzAFA) = K̃AFA
aa φ2

a + K̃AFA
ab φaA

avail
A + K̃AFA

bb (AavailA )2

− C16zAFA exp
{
λAFASAFA0 RAFAmax(0,yAFA − 1)

}
(3.60)

(τGV G
0

)t +∇ ·
(
ub τ

GV G

0

)
− (τGV G

0
+ C18zGV GI)∇ub − (τGV G

0
+ C18zGV GI)∇ub)T

= −C17βGV G τGV G
0

(3.61)

(τAFA
0

)t +∇ ·
(
ub τ

AFA

0

)
− (τAFA

0
+ C19zAFAI)∇ub − (τAFA

0
+ C19zAFAI)∇ub)

T

= −C16βAFA τ
AFA

0

(3.62)

Model Parameters:

Dimensionless parameters:

Table 3.2: Dimensionless Parameters.

C4 = l
u0
βGV G0 nmaxG P1 C5 = l

u0 mGVG
KGV G
ab (nmaxG )2φ0

C6 = l
u0
Ract,0
ADP C7 = l

u0
βAFA0 nmaxA P01
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C8 = l
u0
βGV G0 nmaxG P10 C9 = 2 l

u0 mAFA
KAFA
aa (nmaxA )2φ0

C10 = l
u0 mAFA

KAFA
ab (nmaxA )2φ0 C11 = l

u0
Ract
GV G

C12 = C6
aADPφ0
cT

= l aADP φ0
u0cT

Ract,0
ADP C13 = aADP φ0

cT
C11 = l aADP φ0

u0 cT
Ract
GV G

C14 = l
u0
KADP C15 = C1

l
ρf u0

K̃AFA
aa =

nmaxA φ0 l

u0
KAFA
aa K̃AFA

ab =
nmaxA φ0 l

u0
KAFA
ab

K̃AFA
bb =

nmaxA φ0 l

u0
KAFA
bb C16 =

βAFA0 l

u0

K̃GV G
ab =

nmaxG φ0 l

u0
KGV G
ab K̃GV G

bb =
nmaxG φ0 l

u0
KGV G
bb

C17 =
βGVG0 l

u0
C18 = C2

nmaxG φ0
ρfu

2
0

C19 = C3
nmaxA φ0
ρfu

2
0

Parameters to specify include:

The following is a list of the parameters we use in our model:

Table 3.3: Model Parameters.

Peclet number for unbound platelet Peu = lu0
D

= 107

Peclet number for chemical Pec = 2× 105

Reynold number Re =
ρf l u0
µf

= 25

aADP = 2× 10−17 mol [1]

kADP = 10−5 s−1

volume of single platelet νplt = 10−11cm3 [19]

mobile platelets diffusion coefficient D = 10−7cm2/s [21]

ADP diffusion coefficient Dc = 5× 10−6cm2/s [23]

number of GPIb receptors per platelet nmaxG = 25, 000 [19]

number of α2bβ3 receptors per platelet nmaxA = 50, 000 [19]

41



scale for velocities u0 = 10 cm/s

scale for platelets number density φ0 = 3× 108/cm3 [19]

φa0 = φbu0 = φba0 = c0=0

scale for chemical concentration cT = 1.0µM [46]

activation rate R0 = 2s−1

mGV G = 5, mAFA = 5

AFA bond breaking rate constant βAFA0 = 0.06s−1 [27]

λGV G = λAFA = 0.064/pN [27]

S0 = 10 dynes/cm(= 10 pN/nm) [5]

RGV G = RAFA = 10−5 cm (100 nm) [45], [3]

fluid density ρf = ρb = 1g/cm3

fluid vescosity µf = 0.04g/(cm.s)[19]

bound platelets vescosity µb = 100µf

chanel height l = 0.1cm

scale for time T = l
u0

= 0.01sec

scale for bond density z0 = nmaxb φ0

KAFA
aa = KAFA

ab = 1.6× 105M−1S−1 [57]

C2 = C3 = 5
3
× 10−10gcm2s−2 [9]

ε̇0 = 1000s−1 [35]
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Chapter 4

Numerical Methods

Solving the coupled system of equations (3.51)-(3.62) are numerically processed as

the following steps:

Step 1: For given values for φa, φbu, φba, zGV G, zAFA, σGV G, and σAFA at time

level tk, solve equations (3.56)-(3.58) to get uf , ub and p at time level tk + 1
2
∆tk .

Step 2: Ignore the reaction terms in the equations (3.51)-(3.55), then solve for

φu, φa, φbu, φba and c at time level tk + ∆tk using the values of uf , ub, and p from

the previous step.

Step 3: Update the values φa, φu, φbu, φba, and c for the reaction terms in equations

(3.51)-(3.55).

Step 4: Solve the discrete analog of equation (3.59) with equation (3.61) together,

and equation (3.60) with equation (3.62) together, depending on the velocity field

ub, and the platelet densities φu, φa, φbu, and φba, which are computed from the

previous two steps.

We will use superscripts to indicate the values of the unknowns at a specific

time.
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4.1 Grid

We use a staggered Marker-and-Cell (MAC) in space and time to represent the

variables φu, φa, φbu, φba, c, uf , ub, p, zGV G, zAFA, σGV G, and σAFA. Let the time

step be ∆t, and 0 ≤ x, y ≤ 1. For simplicity, we choose the mesh spacing in X

and Y directions to be equals and given by h = 1
n
, where n is the number of cells

in each direction. The velocity vectors are located at the centers of the cell edges

and all the other variables are located at the cell centers (see Figure 4.1).

Figure 4.1: Location of the unknowns in the space and time-staggered where . represents

the fluid/ bound platelets horizontal velocity, 4 represents the fluid/ bound platelets

vertical velocity, • represents the pressure, ◦ represents the fluid/ bound platelets volume

fractions, � represents the components of the viscoelastic stress tensor and z [50].

Our unknowns are not all at the same place, so averaging sometimes is needed.

To define such the averaging, let q be some generic grid variable defined at the
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cell centers (i,j) for i, j ≥ 0, then the needed average notations for q are defined as

follows:

q̄i+ 1
2
,j = 1

2
(qi+1,j + qi,j)

q̄i,j+ 1
2

= 1
2
(qi,j + qi,j+1)

q̄i+ 1
2
,j+ 1

2
= 1

4
(qi,j + qi,j+1 + qi+1,j + qi+1,j+1)

Let u and v be generic grid variables defined at east-west and north-south cell

edges, respectively. Then, the needed average notations for u and v are defined as

follows:

ūi,j = 1
2
(ui+ 1

2
,j + ui− 1

2
,j)

v̄i,j = 1
2
(vi,j+ 1

2
+ vi,j− 1

2
)

ūi,j+ 1
2

= 1
4
(ui− 1

2
,j + ui+ 1

2
,j + ui− 1

2
,j+1 + ui+ 1

2
,j+1)

v̄i+ 1
2
,j = 1

4
(vi,j− 1

2
+ vi+1,j− 1

2
+ vi,j+ 1

2
+ vi+1,j+ 1

2
)

4.2 Solving the Momentum Equations and In-

compressibility Constraint

In this part, we are going to solve the momentum equations for each of the bulk fluid

and the bound platelets (Eq.(3.57) and Eq.(3.58)) with the co-incompressibility

condition equation (Eq.(3.56)).

Let uf = [uf , vf ]
T and ub = [ub, vb]

T .
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The momentum equations (3.57) and (3.58) can be expressed as:

∂

∂t

uf

ub

 =

Df 0

0 Db


−1


Lf + C C Gf

C Lb + C Gb




uf

ub

p

+

 0

εb(θb, σ)

−
Nf (uf )
Nb(ub)




(4.1)

where the operators Df,b, C, Gf,b, Lf,b, Nf,b and εb(θb, σ) are defined as

Df,b =

θf,b 0

0 θf,b

 , C =

C15
θ2b

(1−θb)3
0

0 C15
θ2b

(1−θb)3

 ,Gf,b =

θf,b∂x
θf,b∂y

 ,

Lf,b =

 1
Re

(∂x(θf,b∂x) + ∂y(θf,b∂y)) 1
Re

(∂x(θf,b∂y) + ∂y(θf,b∂x))

1
Re

(∂x(θf,b∂y) + ∂y(θf,b∂x)) 1
Re

(∂x(θf,b∂y) + ∂y(θf,b∂x))



Nf,b(uf,b) =

∇ · (θfufuf )
∇ · (θbubub)



εb(θb, σ) =

∂x(θbσ11) + ∂y(θbσ12)

∂x(θbσ21) + ∂y(θbσ22)


and are subject to the incompressibility constraint equation (3.56). Now, to ap-

proximate the solution of (4.1) and (3.56), we discretize first in space using cen-

tered, second order finite-differences. The first and third rows of system (4.1) is

46



discretized at (xi+ 1
2
,j, yi+ 1

2
,j). The approximation of the first row is given by:

d

dt
uf
i+ 1

2
,j

= (θ̄f
i+ 1

2
,j

)−1{ 1

Re
[
θfi+1,j

h2
(uf

i+ 3
2
,j
− uf

i+ 1
2
,j

)−
θfi,j
h2

(uf
i+ 1

2
,j
− uf

i− 1
2
,j

)

+
θ̄f
i+ 1

2
,j+ 1

2

h2
(uf

i+ 1
2
,j+1
− uf

i+ 1
2
,j

)−
θ̄f
i+ 1

2
,j− 1

2

h2
(uf

i+ 1
2
,j
− uf

i+ 1
2
,j−1

)

+
θ̄f
i+ 1

2
,j+ 1

2

h2
(vf
i+1,j+ 1

2

− vf
i,j+ 1

2

)−
θ̄i+ 1

2
,j− 1

2

h2
(vf
i+1,j− 1

2

− vf
i,j− 1

2

)

+
θfi+1,j

h2
(vf
i+1,j+ 1

2

− vf
i+1,j− 1

2

)−
θfij
h2

(vf
i,j+ 1

2

− vf
i,j− 1

2

)]

+ C15

(θb)i+ 1
2
,j

(1− (θb)i+ 1
2
,j)

3
(ub

i+ 1
2
,j
− uf

i+ 1
2

, j) + θi+ 1
2
,j

(pi+1 − pi)
h

− (θf )i+ 1
2
,j(u

f

i+ 1
2
,j

(uf
i+ 3

2
,j
− uf

i− 1
2
,j

) + uf
i+ 1

2
,j

(vf
i+ 1

2
,j+1
− vf

i+ 1
2
,j−1

)) (4.2)

while the second and fourth rows of system (4.1) are discretized at (xi,j+ 1
2
, yi,j+ 1

2
).

The semi-discrete version of the system corresponding to (4.1) can be collected in

(4n2 − 4n) by (4n2 − 4n) system which is given by:

∂

∂t

uf

ub


︸ ︷︷ ︸

W

=

Dhf 0

0 Dhb


−1

︸ ︷︷ ︸
(Dh)−1



Lhf + Ch Ch Ghf

Ch Lhb + Ch Ghb


︸ ︷︷ ︸

Ah


uf

ub

p


︸ ︷︷ ︸

[w:p]

+

 0

εhb (θb, σ)


︸ ︷︷ ︸

εh(θb, σ)

−

N h
f (uf )

N h
b (ub)


︸ ︷︷ ︸
Nh(W)



∂

∂t
(W) = (Dh)−1(Ah[W : p] + εh(θb, σ)−N h(W)) (4.3)

The discretized version of the incompressibility constraint equation, which is dis-
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cretized at (xi,j, yi,j), can be collected in (n2) by (n2) system which is given by:

(Ghf )Tuf + (Ghb )Tub = 0 (4.4)

Now, we need to solve the set of equations (4.3) and (4.4) to get uf , ub and p

at time level tk + 1
2
∆tk. Note that the term Ah[W : p] of the right hand side

of equation (4.3) is linear in W (and p) and it makes the system stiff compared

to the non-linear term N h(W). Therefore, we will use a semi-implicit scheme to

solve (4.3) in which the linear term is treated implicitly and the non-linear term

is treated explicitly. The semi-implicit method we will use is the second order

Backward Differentiation / Extrapolated Backward Differentiation (BD / EBD2)

method (for more explanation about this method see [2]). This method is linear

and multistep method which means it requires the values of the two previous time

levels. Since the variables are staggered in time, then the BD/BDE2 method needs

to be modified [31].

Suppose the time step from tk to tk+1 is denoted by ∆tk and the time step from

tk− 1
2

to tk+ 1
2

is denoted by ∆tk = (∆tk+∆tk−1)

2
. Define the ratios sk = ∆tk−1

∆tk
and

tk = ∆tk−1

∆tk
. With these definitions, we can write the BD/BDE2 schemes for solving

(4.3) as follows:

2 + rk
1 + rk

Wk+ 1
2 =

1 + rk
rk

Wk− 1
2 − 1

(1 + rk)rk
Wk− 3

2 +

∆tk(Dh)−1(Ah[Wk+ 1
2 : p

1
2 ] + [εh(θb, σ]k+ 1

2 − [N h(W)]k+ 1
2 ) (4.5)
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where

[εh(θb, σ)]k+ 1
2 =

1 + 2sk
2sk

εh(θkb , σ
k)− 1

2sk
εh(θk−1

b , σk−1) (4.6)

[N h(W)]k+ 1
2 =

1 + rk
rk
N h(Wk− 1

2 )− 1

rk
(Wk− 3

2 ) (4.7)

The values θf and θb in the entries of Ah and Dh are also extrapolated to

the time level k + 1
2

in a similar manner as (4.6). The value of pressure in (4.5)

is determined from the volume averaged constraint equation (4.4). To get into

the BD/BDE2 method, we use one-step of semi-implicit backward/forward Euler

method to time 1
2
∆t0 and one-step of the BD/BDE2 method using values of velocity

fields at t = 0 and t = 1
2
∆t0. Note that, in order for BD / BDE2 method to get uf ,

ub and p, it needs the solution of one linear system per time step. Substituting the

definitions of Dh, Ah, and N h and imposing the volume averaged incompressibility

constraint equation (4.4), we get the linear system :


(2+rk)

(1+rk)∆tk
Dhf − Lhf − Ch −Ch −Ghf

−Ch (2+rk)

(1+rk)∆tk
Dhb − Lhb − Ch −Ghb

(Ghf )T (Ghb )T 0


︸ ︷︷ ︸

Bh


u
k+ 1

2
f

u
k+ 1

2
b

pk+ 1
2

 =

(1 + rk)

rk∆tk


Dhfu

k− 1
2

f

Dhbu
k− 1

2
b

0

− 1

(1 + rk)rk∆tk


Dhfu

k− 3
2

f

Dhbu
k− 3

2
b

0

+


0

εhb (θb, σ)

o

−

N h
f (uf )

N h
b (ub)

0


(4.8)
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Let A = Bh(1 : 2, 1 : 2) and B = Bh(1 : 2, 3), then we can re-write matrix Bh

in a saddle point form as:

Bh =

 A B

−BT 0


Now, we have the system BhX = b that needs to be solved. The standard relax-

ation schemes like Jacobi, Gauss-Seidel can not be applied due to the zero diagonal

block. Also, we can not solve this system by CG method since Bh is not positive

definite. So, we solve it by the GMRES method. The GMRES method converges

slowly. Therefore, we use Box type smoother and compile it with the multigrid

procedure, then use it as a preconditioner for the GMRES method.

Here matrix A is symmetric and positive definite and matrix B has zero eigen-

value. Hence, the eigenvalues of the matrix Bh have nonnegative real parts (The-

orem 3.6 [4]). This is an advantage to use the preconditioned Krylov subspace

method [50]. The box-type multigrid method is used as a preconditioner for the

GMRES method. The preconditioned Krylov subspace method was first intro-

duced for gel in [51]. This method developed more in [10] and in [8]. Moreover,

many papers talked about box-typed multigrid method as a preconditioner for

GMRES method [42], [41].

We generalized the box smoother from [50] and combined it with multigrid

V-cycle. Then, we use this method as a preconditioner for GMRES method [34].

So, we need to solve the discrete system (4.8) for five unknowns uf , vf , ub, vb, p

for each box in our grid. This technique updates the unknowns box by box in

Gauss-Seidel manner. We proceed the blocks using red-black order. For each box

9 by 9 system of equations that need to be solved where uf and ub are discretized
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at (xi− 1
2
,j, yi− 1

2
,j) and (xi+ 1

2
,j, yi+j+ 1

2
), vf and vb are discretized at (xi,j− 1

2
, yi,j− 1

2
),

and (xi,j+ 1
2
, yi,j+ 1

2
) and p are discretized at (xi,j, yi,j).

It is sometimes necessary to combine the box scheme with under relaxation to

get better smoothing properties [41, p. 321]. The relaxation scheme for solving the

nine unknowns in each box at the k + 1
2

step is given by:


u
k+ 1

2
f

u
k+ 1

2
b

pk+ 1
2

 = ω


(2+rk)

(1+rk)∆tk
Dhf − Lhf − Ch −Ch −Ghf

−Ch (2+rk)

(1+rk)∆tk
Dhb − Lhb − Ch −Ghb

(Ghf )T (Ghb )T 0


−1

(1 + rk)

rk∆tk


Dhfu

k− 1
2

f

Dhbu
k− 1

2
b

0

− 1

(1 + rk)rk∆tk


Dhfu

k− 3
2

f

Dhbu
k− 3

2
b

0

−

N h
f (uf )

N h
b (ub)

0

+


0

εhb (θb, σ)

o




+ (1− ω)


u
k− 1

2
f

u
k− 1

2
b

pk−
1
2

 (4.9)

where the superscript k indicates the scheme iteration and 0 < ω < 1. In practice,

we did not find the inverse of the above matrix, but we put it in ashalan form and

we did backward substitution.

Now, we have to combine the box relaxation with the multigrid. The goal

of the multigrid is to accelerate the rate of convergence of the iteration method.

It generally reduces short-wavelength error by global correction of the fine grid

solution from time to time. We coarsen the grid until there are two cell centers.

At this point we solve the discretized system using ”Matlab’s sparse solver library”

[51]. We use F-cycle for cycling through the grids. The F-cycle is expensive but it
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is more robust. According to numerical experiments, the multigrid box relaxation

we propose may converge slowly or even fails to converge when we use it alone,

especially as phase separation increases [51]. A much simpler idea is to use the

multigrid method above as a preconditioner for a Krylov subspace method. The

idea of combining multigrid with Krylov subspace method has been successfully

used for complex systems of linear and nonlinear equations [41]. Simply, to perform

this technique, we need to set the parameter m, which represents the maximum

dimension the Krylov subspace can reach before the algorithm is started. This

method also requires a matrix-vector product with the matrix Bh.

Let yT = [(uf )
T (ub)

T pT ] and f be the right hand side of system (3.32). The

preconditioned system of equations to solve with GMRES(m) is given by:

BhMh~z = ~f (4.10)

where ~z = (Mh)−1~y and Mh represents an application of the multigrid box re-

laxation scheme. Let y(0) be some initial guess solution for system (3.32). Hence,

r̃(l) = ~f − BhMh~z(l) and the Krylov subspace is:

Kl = span
(
r̃(0),BhMhr̃(0), (BhMh)2r̃(0), ........, (BhMh)l−1r̃(0)

)
where l ≤ m. Our goal is to find z(l) ∈ z(0 +Kl s.t ‖r̃(l)‖2 is minimal [51].
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4.3 Solving the Advection-Diffusion-Reaction Equa-

tions for the Species

We will solve the advection-diffusion-reaction equations for the platelets number

densities and activating chemical (3.51)-(3.55) one by one to update φu, φa, φbu,

φba, and c. First, we ignore the reactions terms and solve the discretized versions

of the advection-diffusion parts of the equations. Then, we update φu, φa, φbu, φba,

and c to account for the reactions terms in the equations (3.51)-(3.55). A second

order Runge-Kutta solver is used to solve the ordinary differential equations that

account for the reactions terms.

We discretize the advection terms explicitly by the corner transport upwinding

(CTU) method as presented in Collela [6], and we discretize the diffusion terms

implicitly by Crank Nicolson scheme. We will do the discretization for one equation

and the remains will be the same. For the following explanation, we drop the

subscript from the equation we are working with for simple notations purposes.

We discretize the advection terms by CTU scheme at the cell center (i,j) in

time from t to t+ ∆tk. The CTU scheme for the advection terms is given by:

φk+1
i,j − φki,j

∆t
+

F k+ 1
2

i+ 1
2
,j
− F k+ 1

2

i− 1
2
,j

∆x
+
F
k+ 1

2

i,j+ 1
2

− F k+ 1
2

i,j− 1
2

∆y


where F = (u φ) implies ∇ · (ufφu) = Fx + Fy.

The fluxes defined on the cell edges at level time k + 1
2

are given by:

F
k+ 1

2

i± 1
2
,j

= (u)
k+ 1

2

i± 1
2
,j

(φ)
k+ 1

2

i± 1
2
,j

F
k+ 1

2

i,j± 1
2

= (v)
k+ 1

2

i,j± 1
2

(φ)
k+ 1

2

i,j± 1
2
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here the two velocities components at time level k + 1
2

are obtained from solving

the momentum equations and the co-incompressibility constraint in the previous

step. The values of φk+ 1
2 at east, west, north, and south of the cell-centered at (i,j)

are obtained by Taylor series expansion in which temporal derivative are expressed

in term of the respective spatial derivative using the equations (3.51)-(3.55). The

approximation at the east and west edges for the (i,j) cell is given by:

(φ
k+ 1

2

i± 1
2
,j

)E,W = φki,j +
1

2
∆tk ∂tφ

k
i,j ±

1

2
h ∂xφ

k
i,j

= φki,j + [±h
2
− ∆tk

2
ūki,j] ∂xφ

k
i,j −

∆tk
2
φki,j∂xu

k
i,j −

∆tk
2
∂y(v

k
i,jφ

k
i,j)

where E and W are corresponding to the plus and minus case, respectively.

The approximation at the north and south edges for the (i,j) cell is given by:

(φ
k+ 1

2

i,j± 1
2

)N,S = φki,j +
1

2
∆tk ∂tφ

k
i,j ±

1

2
h ∂yφ

k
i,j

= φki,j + [±h
2
− ∆tk

2
v̄ki,j] ∂yφ

k
i,j −

∆tk
2
φki,j∂yv

k
i,j −

∆tk
2
∂x(u

k
i,jφ

k
i,j)

where N and S are corresponding to the plus and minus case, respectively.

To approximate ∂xφ
k
i,j and ∂yφ

k
i,j, we use monotonized central differences [50]:

∂xφ
k
i,j = minmod (

φi+1,j − φi−1,j

2h
,minmod (2

φi+1,j − φi,j
h

, 2
φi,j − φi−1,j

h
) (4.11)

∂yφ
k
i,j = minmod (

φi,j+1 − φi,j−1

2h
,minmod (2

φi,j+1 − φi,j
h

, 2
φi,j − φi,j−1

h
)) (4.12)
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where

minmod(a, b) =


a , if |a| < |b| and ab > 0

b , if |a| > |b| and ab > 0

0 , otherwise.

To approximate ∂xu
k
i,j and ∂yv

k
i,j, we use center differencing:

∂xu
k
i,j =

uk
i+ 1

2
,j
− uk

i− 1
2
,j

h
(4.13)

∂yv
k
i,j =

vk
i,j+ 1

2

− vk
i,j− 1

2

h
(4.14)

We discretize the diffusion term by Crank Nicolson scheme as follows:

∇ · ( 1

2Pe
∇φ) =

1

2Pe
((φ)xx + (φ)yy)

=
1

2Pe
[
(φ)k+1

i+1,j + (φ)k+1
i−1,j − 2(φ)k+1

i,j

∆x2
+

(φ)k+1
i,j+1 + (φ)k+1

i,j−1 − 2(φ)k+1
i,j

∆y2︸ ︷︷ ︸
discretization of ((φ)xx + (φ)yy) at level k + 1

+
(φ)ki+1,j + (φ)ki−1,j − 2(φ)ki,j

∆x2
+

(φ)ki,j+1 + (φ)ki,j−1 − 2(φ)ki,j
∆y2︸ ︷︷ ︸

discretization of ((φ)xx + (φ)yy) at level k

]

4.4 Solving the Viscoelastic Stress and the Bonds

Density Equations

In this part, we will solve the equation which describes the evolution of the vis-

coelastic stress with the equation which describes the evolution of platelet-platelet

bonds density. Since we have two different kinds of bonds, we have to solve two
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sets of equations; one for AFA bonds and the other for GVG bonds.

The solution is proceeded first by combining the bond density equation for

each bond type with its viscoelastic stress evolution equation to get rid of the term

involving the bond formation rate. In GVG bonds case, we multiply equation

(3.15)) by C2I, and then subtract it from equation (3.30). In AFA bonds case, we

multiply equation (3.14) by C3I, and then subtract it from equation (3.31). We

get:

(τ i
0
)t +∇ ·

(
ub τ

i

0

)
− (τ i

0
+ CkziI)∇ub − ((τ i

0
+ CkziI)∇ub)

T

= −Clβi τ i0

(4.15)

for i = GV G,AFA, where τ b
0

= σb
0
− CmzbI and

Ck =


C18 if i = GV G

C19 if i = AFA

Cl =


C17 if i = GV G

C16 if i = AFA

Cm =


C2 if i = GV G

C3 if i = AFA

Now for each kind of bonds, we solve the viscoelastic stress equation with

the bonds density equation. For notation simplicity purposes, we dropped the
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superscript i which indicate the bond type. The system to be solved has form:

d

dt



τ11

τ12

τ22

z


︸ ︷︷ ︸

q

=



∇ · (ubτ11)

∇ · (ubτ12)

∇ · (ubτ22)

∇ · (ub z)


︸ ︷︷ ︸
∇ · (F(q))

+



0

0

0

α(φa, φb)


︸ ︷︷ ︸

α(φa, φb)

+



2ux 2uy 0 2 Ck ux

vx ux + uy uy Ck(vx + uy)

0 2vx 2vy 2 Ck vy

0 0 0 0


︸ ︷︷ ︸

B



τ11

τ12

τ22

z


︸ ︷︷ ︸

q

−Clβ



τ11

τ12

τ22

z


︸ ︷︷ ︸

q

(4.16)

∂

∂t
q = −∇ · (F(q)) + α(φu, φa) + Bq− βq (4.17)

Here q is located at cell centers and B is located at cell edges, which already

calculated from step 1 at level k + 1
2
. We approximate the advection terms by

corner transport upwind scheme (CTU), and we approximate the reaction terms

by Crank-Nicolson scheme (Trapezoidal Rule) as follows:

qk+1
i,j − qki,j

∆t
=

F
k+ 1

2

i+ 1
2
,j
− F

k+ 1
2

i− 1
2
,j

∆x
+

F
k+ 1

2

i,j+ 1
2

− F
k+ 1

2

i,j− 1
2

∆y

+
(αk+1

ij −αk
ij)

2

+B
k+ 1

2
,h

ij

qk+1
ij + qkij

2
− β

qk+1
ij + qkij

2
(4.18)

The superscript h on matrix B indicates that we did an approximation for the
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velocity derevitives in B, while the first superscript means the times where the

velocities are computed.

The fluxes defined on the cell edges at level time k + 1
2

are given by:

F
k+ 1

2

i± 1
2
,j

= (u)
k+ 1

2

i± 1
2
,j

(q)
k+ 1

2

i± 1
2
,j

F
k+ 1

2

i,j± 1
2

= (v)
k+ 1

2

i,j± 1
2

(q)
k+ 1

2

i,j± 1
2

As we did in solving the advection-diffusion of platelets and chemical, we find the

values of q at time level k+ 1
2

in the east, west, north, and south of the cell centered

at (i,j) by using Taylor series expansion. The temporal derivatives are substituted

by its expression in (4.16). The approximation of each component of q at the east

and west edges for (i,j) cell are given by:

(q
k+ 1

2

i± 1
2
,j

)E,W = qki,j +
1

2
∆tk ∂tq

k
i,j ±

1

2
h ∂xq

k
i,j

= qki,j + [±h
2
− ∆tk

2
ūki,j] ∂xq

k
i,j −

∆tk
2

qki,j∂xu
k
i,j −

∆tk
2
∂y(v

k
i,jq

k
i,j)

The approximation of each component of q at the north and south edges for (i,j)

cell are given by:

(q
k+ 1

2

i,j± 1
2

)N,S = qki,j +
1

2
∆tk ∂tq

k
i,j ±

1

2
h ∂yq

k
i,j

= qki,j + [±h
2
− ∆tk

2
v̄ki,j] ∂yq

k
i,j −

∆tk
2

qki,j∂yv
k
i,j −

∆tk
2
∂x(u

k
i,jq

k
i,j)

where the velocities at the time level k are obtained by constant extrapolation of

the velocity at time level k + 1
2
. To approximate ∂xq

k
i,j and ∂yq

k
i,j, we use mono-

tonized central differences (4.11) and (4.12), respectively. To approximate ∂xu
k
i,j

and ∂yv
k
i,j, we use center differencing (4.13) and (4.14), respectively. The discrete
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approximation to the entries of matrix Bij are discretized by center differencing,

where

∂yui,j =
ūi+1,j − ūi−1,j

2h
(4.19)

∂xvi,j =
v̄i,j+1 − v̄i,j−1

h
(4.20)

The system for determining q in each cell center is decoupled. Each qk+1
i,j can

be determined by solving a 4-by-4 system. According to the discussion in section

(3.3), the breaking rate is constant (β = β0) as long the mean bond length is

less than the rest length. But when the mean bond length is larger than the rest

length, then the breaking rate function is not constant (β = β(τ, z)). So, based on

that, we solve our resulted system. This means if the bond breaking rate function

is constant, then we have a 4 by 4 linear system which can be solved by Gauss

elimination to get q
k+ 1

2
i,j . Otherwise, if the breaking rate is not constant, it leads

to a 4 by 4 nonlinear system which can be solved by Newton’s method.
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Chapter 5

Experimental and Computational

Results

5.1 Experimental Clot Formation

Our collaborates Kim Dongjune and David Ku from Georgia Institute of Technol-

ogy conducted some experiments to study clot formation under flow. They perfuse

lightly heparinized porcine whole blood (3.5 IU/ml) by a vitro flow system through

two different stenotic chambers such that for each, two different driving protocols,

constant pressure or constant flow (see Figure 5.1).

Figure 5.1: Geometry of high shear of the two different stenotic chambers
(a) microfluidic chamber (b) capillary glass tube.
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Figure (5.1) shows the geometry of the high shear PDMS microfluidic cham-

ber and the high shear glass capillary tube with stenosis. Before the perfusion

experiments, each high shear chamber is coated with type 1 fibrillar collagen and

incubated in a container for 24 hours to generate an adhesive surface. For the con-

stant pressure experiments, blood flow is driven by a constant pressure head [24]

of 4.8 mmHg for the microfluidic chamber and 66 mmHg for the capillary tube. In

these experiments, the mass outflow is measured by a precision balance. For the

constant flow experiments, the flow rate is controlled using a syringe pump [30]

set to generate an initial wall shear rate of 3500s−1 in the stenosis. The pressure

proximal to the stenosis is monitored. The formation of a white clot in the steno-

sis is recorded throughout the experiment using a high-resolution CCD microscope

camera.

Red Clot Formation under Stasis:

A non-stenotic capillary tube is coated with type 1 fibrillar collagen and incubated

in a container for 24 hours to generate an adhesive surface. Porcine blood is treated

with 3.2% sodium citrate (10% in volume) during transportation and is re-calcified

with CaCl2 to a final concentration of 10 mM just before placing the blood in the

capillary tube. 20µl re-calcified porcine blood is placed in the capillary tube and

left still for 30 minutes to form a stable red clot before the perfusion studies used

to determine clot’s permeability.

Clot’s Permeability:

In the high shear flow experiments, platelet-rich white clots grew and eventually

occluded the channel. Darcy’s law is used to quantify the permeability of these
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white clots:

κ = − µQL
A∆P

where κ is the clot permeability, µ is the fluid viscosity, Q is the flow rate, ∆P

is the pressure difference across the clot, L is the clot length, and A is the clot

cross-section area.

In this calculation, the clot is modeled as a cuboid or cylindrical porous block

in the microfluidics chamber or capillary tube, respectively (Fig. 5.2). The fluid

viscosity is chosen to be µ = 3.5cP and the values of L and A are extracted

from image data. For the constant pressure head driven experiments, the flow

rate is calculated from the time-averaged mass outflow for 10 minutes (microfluidic

chamber) and 1 hour (capillary tube) after the occlusion. For the constant flow rate

experiment, the maximum pressure proximal to the clot is measured by a pressure

transducer to calculate the permeability. To measure red clot permeability, air

is used as a fluid and perfused by a syringe pump with a constant flow rate of

0.002 ml/min. Pressure proximal to the clot is used to calculate permeability. A

one-way ANOVA was used to test for statistical differences between groups with

significance set at p < 0.05 (MATLAB). All data are presented as the mean ±

standard deviation unless otherwise noted.

Experiment Conclusions

Fig. (5.3) shows permeability measurements for white clots formed under high

shear in both the microfluidic chamber and capillary tube and for a red clot formed

under static conditions. The white clots are all significantly more permeable than

the red clot and the permeabilities for white clots formed in the constant pressure

experiments were lower than for those formed in the constant flow ones. For the
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Figure 5.2: Parameters for the permeability calculation using Darcy’s law (a)
Cuboid porous medium modeling clot in the microfluidic chamber (b) Cylindrical
porous medium modeling clot in the stenotic capillary tube.

microfluidic chamber, κ = 0.5 ± 0.46µm2 for constant pressure vs. 2.6 ± 1.2µm2

for constant flow, and for the capillary tube, κ = 9.4 × 10−2 ± 5.9 × 10−2µm2 vs.

17.5± 4.3µm2 for constant pressure and flow, respectively.

In the constant flow experiments, extremely high shear rates were generated as

the thrombi grew over time and the high shears eventually limited the thrombus

growth. In these conditions, a large hole developed in the center of the thrombus,

which increased its average permeability.

To compare with the literature values, they used the Red Blood Cell (RBC)

velocity traveling through the white clot that was measured by Kobayashi et al.

[22]. There was no statistical difference between permeability based on Kobayashi

et al.’s measurement and our current microfluidic chamber with a constant pressure

head experiment.

Wufsus et al. [52] measured the permeability of platelet-rich clots (PRC)

formed under static conditions with different platelet volume fractions ranging

from 0.31 to 0.61. The red clot permeability measured in our study was 5 ×

10−4 ± 5 × 10−4µm2, which fits in the permeability range reported by Wufsus

(1.5× 10−5 ± 3.3× 10−6 - 6.1× 10−3 ± 1.1× 10−3µm2).
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In summary, using the white clot permeability values from the microfluidic and

capillary tube constant pressure data, white clot is 3 orders of magnitude more

permeable (0.3 ± 0.4µm2) than the red clot (5 × 10−4 ± 5 × 10−4µm2). Histology

analysis using Carstairs stained white clots, formed, showed that the clot had a

porosity of approximately 0.3.

Figure 5.3: Permeability comparison (P: constant pressure, F: constant flow).

5.2 Numerical Simulations

Simulation Setup:

Our simulation is presented in a two dimensional flow channel. This channel with

0.1 cm height and 0.4 length, where the injury zone center is represented at the

point (0,0). In the injury zone, unactivated platelets can be activated at the

specific rate function Riz, where Riz(x) decays as we move away from the injury

zone center. The platelet activation rate function will redefine to be fau (x, t) =(
Riz(x) + R0H(c(x, t) − cT )

)
φu(x, t). Figure 5.4 shows the fluid velocity uf and
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the injury zone function Riz(x).

Figure 5.4: Initial fluid velocity field uf together with the injury zone function Riz(x).

Note that, in the simulation of our model, we do not model the complicated

biochemical and mechanical interactions between the platelets and the vessel walls

directly, but we include the injury zone effect. The two velocities in our model

satisfy no-slip conditions at the top and the bottom of the blood vessel wall, also it

satisfies homogeneous Neumman boundaries conditions at the inlet and the outlet.

At the inlet, we apply a constant force in the x-direction to generate a fluid flow

with the highest velocity of 20cm/s, and the wall shear rate is 800s−1. We set

the values for our unknowns; φu, φa, φbu, φba, c, zAFA, zGV G, σAFA, and σGV G at

the inlet boundary such that all is zero except the number density of unactivated

platelets is setted to be as the bulk number density of platelets (φu = φ0).

Drag Coefficient Identification:

The frictional drag forces are the main impact of the blood flow on a growing

thrombus. The drag forces can not be measured directly from experiments. The

deterministic factor for the drag force is the clot’s permeability. If the clot is

permeable (porous), then the fluid can pass through without much difficulty and
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vice versa. According to what they did in the experiments discussed previously,

they did not measure the permeability as a function of the volume fraction. But,

they pass blood through a capillary tube, and when the capillary tube is occluded,

they measure the clot’s permeability and its volume fraction.

For some formed thrombus with volume fraction θ∗b , if we know the permeability

value κ∗, then by comparing the Kozeny-Carman drag term, which is defined in

equations (3.10) and (3.11), with the Brinkman equation:

0 = −∇p+ µf∆uf −
µf
κ∗
uf

then we can express the drag coefficient C1 in our model as a function of the fluid

viscosity µf and the clot permeability κ∗ as:

C1 =
µf (1− θ∗b )3

κ∗(θ∗b )
2

According to that, with other conditions the same, a thrombus with low per-

meability will undergo larger hydrodynamic drag forces. Moreover, the mechanical

integrity of a thrombus and it’s ability to resist fluid drag forces are closely related

to the rate of forming and breaking of the inter-platelet bonds. In the results of

our simulations, we will show the role of these parameters in the thrombus growth.

5.2.1 Numerical Simulation of Viscoelastic Stress

In our model, we defined the viscoelastic stress tensors that resulted from the bond

formation of each i bond for i = GV G,AFA by the equation (3.35). Comparing

this formula with the viscoelastic stress tensor in the old model, we realize that the
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viscoelastic stress tensor is more stable in our model. For example, mathematically,

when the mean bond length is very small, then the viscoelastic stress tensor in the

old model will blow up. This problem did not occur within the viscoelastic stress

tensor in our model.

Moreover, whenever the mean bond length is close to the rest length, then,

computationally, it leads to zero value for the viscoelastic stress tensor in the old

model (σb = 0). This is interpreted as there is no viscoelastic force at this point,

while the numerical simulation shows that there is some small viscoelastic force

which is reduced by time until it becomes zero due to the bonds breaking and then

the clot being washed away. The reason behind this is the underestimating of σb
0
.

In the new model, we do not have this problem even though the mean bond length

is close to the rest length.

The total force in the clot formation model, as we discussed in chapter (3), is

consisting of the sum of different forces; the pressure force, the viscous force, the

viscoelastic force, and the drag force. The pressure force and the viscous force

are relatively small compared to the other forces. So, their contributions are very

small. Hence, the viscoelastic force and the drag force play a major role in the

total force. The thrombus formation essentially is like a competition between the

drag force and the viscoelastic force. Where the drag force is trying to pull off

the clot with the fluid’s flow, and the viscoelastic force is trying to make the clot

stationary. If the drag force is higher than the viscoelastic force, then the clot will

be washed away with the fluid. But, if the viscoelastic force is higher than the

drag force, the clot will stay. The drag force direction is the same as the blood

flow direction. Physically, the viscoelastic force direction should be opposite of the

drag force direction to keep the clot stationary.
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(a) Viscoelastic force in the old model (b) Drag force in the old model

(c) Viscoelastic force in our model (d) Drag force in the our model

Figure 5.5: Comparison the drag force and the viscoelastic force

The numerical simulation for both the drag force and the viscoelastic force at

the same time provides evidence that the viscoelastic stress tensor of our model is

more realistic. According to our numerical simulations, the viscoelastic stress in

the old model showed a strange behavior compared with the expected behavior for

the viscoelastic stress. It was trying to pull the clot down, which is not physical

(see figure 5.5). The behavior of the viscoelastic stress tensor and the drag force

in our model is physically more consistent.

As we discussed above, the deterministic factor for the drag is the clot’s perme-

68



ability, also the deterministic factor for the viscoelastic force is the bond formation

rate. If the bond formation’s rate is high, then the clot will become more sta-

tionary, which means the viscoelastic force is high. The bond formation rate is

proportional to the viscoelastic force.

5.2.2 Computational Simulations Results

5.2.2.1 Clot Formation with α2bβ3-Mediated Bonds Alone

In a simulation processed with α2bβ3 alone, we proceed with the simulation under

the case that only the activated platelets are allowed to form bonds with other

activated platelets or even with available binding sites on bound platelets within

the thrombus. This case was the situation with the old model [9]. Thus, it means

we have to revoke all terms related to φbu, zGV G, σGV G in our model equations.

In the simulations of the clot formation with α2bβ3-mediated bonds alone, the

breaking rate function for AFA bond is defined by eq.(3.22) for i = AFA, where

βAFA0 = 0.06s−1 and λAFA = 0.064/pN (see Table 3.3). The AFA bond breaking

rate function for some applied forces is shown in Fig.(5.6).

The AFA bond formation rates and the thrombus permeability values are much

less clear. So, we treat these quantities as control parameters and see how the

model behaves as they are varied. As a base, we set the AFA bond formation

rates to be KAFA
aa = KAFA

ab = 1.6 × 105(Ms)−1 and KAFA
bb = 2KAFA

ab as estimated

from [57]. Here, KAFA
bb is chosen to be double the value of the bond formation

KAFA
ab because the bond formation, in this case, is between two platelets which

have already linked and are close together. For the simulation corresponding to

the Fig (5.9), we set KAFA
bb to be 20 times the above value.

69



Figure 5.6: AFA bond breaking rate function.

We consider two permeability values, κ = 1.2 µm2 and κ = 0.06 µm2 near

the low and high ends of the values measured in our collaborates experiments for

a thrombus with platelet volume fraction θb = 0.6 (porosity 40%). According

to these permeabilities of a clot with volume fraction θb = 0.6, we calculate the

corresponding drag coefficients to be C1 ≈ 6 × 105 g
cm3·s and C1 ≈ 1.2 × 107 g

cm3·s ,

respectively. Now, we do a simulation for two models. The first one is with clot’s

permeability κ = 0.06 µm2 and it’s corresponding drag force C1 ≈ 1.2× 107 g
cm3·s ,

and the second one is with clot’s permeability κ = 1.2 µm2 and it’s corresponding

drag force C1 ≈ 6 × 105 g
cm3·s . In the two simulations, we kept all the remaining

parameters to be the same in both. Fig (5.7) shows the number density of packed

platelets through some chosen simulation times.

In Fig.(5.7), the snapshots show the bound platelets φba and uf at three differ-

ent times through the simulation period. On the left where the drag force is low, a

stable clot is formed through the time with the corresponding drag force coefficient
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(a) κ = 1.2µm2, t=42 s, ||uf ||max = 20.8cm/s (b) κ = 0.06µm2, t=42 s, ||uf ||max = 20cm/s

(c) κ = 1.2µm2, t=70 s, ||uf ||max = 21.7cm/s (d) κ = 0.06µm2, t=70 s, ||uf ||max = 20cm/s

(e) κ = 1.2µm2, t=100 s, ||uf ||max = 22.3cm/s (f) κ = 0.06µm2, t=100 s, ||uf ||max = 20cm/s

Figure 5.7: snapshot of bound platelet number density φba and fluid velocity
uf . (Left) The drag coefficient C1 ≈ 6 × 105 g

cm3·s , and the clot’s permebility is
κ = 1.2 µm2. (Right) The drag coefficient C1 ≈ 1.2× 107 g

cm3·s , and the clot’s per-
meability is κ = 0.06 µm2. The platelet number density is scaled by the platelet
number density in the bulk blood φ0. The color bar at the top indicates the
platelets packing number density
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value of the clot’s permeability κ = 1.2 µm2. At time=100 second, the volume

fraction of the packing platelets reaches 110, which means 33 % of platelets num-

ber density was occupied by bound platelets. In general, this simulation shows an

increase in φba by time. The fluid velocity uf decrease within the thrombus, but

the maximum fluid velocity in the flow channel increased. Through the throm-

bus, there is little fluid moving where the platelets are densely packed, but the

outer layer of the thrombus is much porous, which allows the fluid to penetrate it.

The thrombus grows downstream along the wall, protected by the dense platelet

aggregation in the reaction zone.

On the right of Fig (5.7) where the drag is high, segments of thrombus are

frequently dislodged from the injury zone and carried downstream in the flow.

In general, with this high drag a stable clot fails to form. The maximum bound

platelet number density is 5, which means only 1.5 % of platelet number density

was occupied by bound platelets. This is about 20 times smaller than the case

with the lower drag coefficient. Due to its high porosity, the thrombus never has

a significant impact on the fluid velocity uf .

Fig.(5.8) is a closer look on a Fig (5.7). Fig (5.8)(a,b) is a zoom on Fig (5.7)(e,f).

It shows the packed platelets and the fluid velocity. Fig (5.8)(c,d) shows the bond

breaking rate function βAFA and the bond density zAFA presented by the contour

lines. The bond density number is higher in the stable clot on the left compared

with that unstable one on the right. The black contour lines in Fig.(5.8)(c) are for

zAFA=3, 20, 35 from outside to inside, while the black contour lines Fig.(5.8)(d)are

for zAFA = 0.003, which is 1000-fold smaller than for the lowest contour in (c).

Furthermore, in Fig.(5.8)(c), the bond breaking rate is close to that for an un-

stretched bond (βAFA0 = 0.06s−1), which means these bonds are stretched only a
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little. The highest values of βAFA appear at the upstream and downstream edge of

the clot. While in Fig.(5.8)(d), the bond breaking rate is much higher due to the

large force the bond sustained. The force per AFA bond exceeds 120 pN at some

points. It is well above the rupture force (which is 70-90 pN) to break the AFA

bond. This is because, with a lower bond formation rate, the drag forces exerted

on the formed thrombus, even with a relatively low bound platelet volume fraction

of 5%-10%, was too big on the existing bonds to oppose. Hence, the bonds were

broken and parts of the thrombus were torn and washed downstream. If we had

used permeability functions based on the much lower permeability values reported

by Wufsus et al [52] or Muthard and Diamond [29] (in Table.5.3), much higher

bond formation rates would have been required for a stable thrombus to form in

our simulations.

(a) C1 = 6× 105 g
cm3·s , t=100 s (b) C1 = 1.2× 107 g

cm3·s , t=100 s

(c) C1 = 6× 105 g
cm3·s , t=100 s (d) C1 = 1.2× 107 g

cm3·s , t=100 s.

Figure 5.8: Bond breaking rate βAFA (1/s) (heatmap) and bond number density
zAFA (contour lines) at t = 100s. Left: Black contour lines are for zAFA =3, 20,
35, from outside to inside. Right: Black contour line is for zAFA = 0.003
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Effect of Bond Formation Rates

We assume that sufficiently rapid platelet bond formation can stabilize thrombus

growth, even with the larger fluid drag. To test this, we did a simulation with

the large drag coefficient C1 = 1.2 × 107 g
cm3·s , and with the bond formation rate

increased 20-fold to be KAFA
bb = 3.2 × 106(Ms)−1. Note that, all the remain-

ing parameter values in this simulation are the same as those in the simulation

corresponding to Fig. (5.7 b,d,f). From this simulation, we found that a stable

thrombus is formed although we have a large drag forces (see Fig 5.9).

Unlike the results in the right panels of Fig. (5.7), which show repeated em-

bolization, a stable thrombus forms despite the large drag. Stability is achieved

even though the bound platelet number density within the thrombus is much lower

than that in Fig. (5.7)(e). With a large drag coefficient, the thrombus can gener-

ate large resistance to fluid permeation at a relatively low bound platelet volume

fraction. This, in turn, reduces the transport of additional mobile platelets into the

thrombus where they can bind and increase φba. As shown in Fig.(5.9)(b), the bond

density zAFA is much higher than that in Fig.(5.8)(b); actuality, it reaches values

close to those in Fig.(5.8)(c). Also, the viscoelastic forces from platelet bonds and

the fluid drag forces (the third and fourth terms on the right-hand side of Eq.(3.10)

and Eq.(3.11), respectively) are pointwise approximately equal in magnitude, but

opposite in direction. It is the balance of forces that enables the thrombus to

remain intact and approximately stationary relative to the background flow.

Effect of Agonist Transport

Now, a closer look into Fig. (5.7)(c, e), we see that the vertical growth of the

thrombus has stopped at time t=70 s, and after this time, although the density
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(a) φba and uf . ||uf ||max = 22.6cm/s (b) zAFA, fluid drag force (black vectors) and
viscoelastic force (purple vectors).

Figure 5.9: Fast bond formation stabilizes thrombus growth: At t = 100s, (Left)
φba and uf . ||uf ||max = 22.6cm/s, and (Right) bond density zAFA, fluid drag force
(black vectors) and viscoelastic force (purple vectors).

of the main part of the thrombus continues to increase, and the thrombus extends

downstream along the wall between times 70 s and 100 s. The reason behind the

complete stopping of vertical growth and the growth downstream is agonist ADP

chemical. The fast flow did not leave any of the ADP agonist on the top of the

thrombus.

Fig.(5.10)(left) shows parts of the simulation in Fig.(5.7)(a,e). It shows φba

and uf , in addition to the contour line of the ADP concentration c,. Here the

ADP concentration c exceeds the threshold concentration for platelet activation.

At t = 42s, ADP can activate platelets only in a thin boundary layer downstream

of the thrombus. This means the platelets are activated by the injury itself (the

black contour in the figure (5.10)). That is the main source for most of the platelet

activation. By t = 100s, the ADP concentration within most of the injury zone is

above the threshold, but only downstream of the injury is ADP able to activate

platelets. This is because the high concentrations of ADP do not extend above the

top of the injury and this prevents thrombus growth in that direction.

The thrombus can grow inside of the ADP boundary layer that extends down-

stream of the thrombus. This is an expected result. At an initial wall shear rate of
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800s−1, ADP is rapidly washed downstream except near walls or where sheltered

from flow by sufficiently dense parts of the thrombus. The real thrombus growth

at this and higher shear rates becomes increasingly dependant on vWF-mediated

bond formation of unactivated platelets. So, now it is time to search and discuss

the effects of including vWF in the thrombus growth, which is next.

(a) Without vWF bond,t=42 seconds,
||uf ||max = 20.8cm/s

(b) With vWF bond, t=42 seconds,
||uf ||max = 20.9cm/s

(c) Without vWF bond, t=100 seconds,
||uf ||max = 22.3cm/s

(d) With vWF bond, t=100 seconds,
||uf ||max = 23.6cm/s

Figure 5.10: Bound platelet number density φba for (a, c) and φba + φbu for (b,d),
and fluid velocity uf . The black contour indicates the approximate boundary of
the injury zone. The dashed violet line shows c ≥ cT . Inside the pink contour line
in (d), ε̇ > ε̇0.

5.2.2.2 Clot Formation Including vWF-Mediated Bonds

Now, we will examine the effect of including vWF-mediated bond formation (GVG)

in the model as discussed in section(3.3). We consider the GVG bonds forma-

tion and the consequences of including vWF-mediated bonds. Unactivated mobile

platelets can bind to the thrombus by forming GVG bonds with the bound platelets

in the thrombus.

In the numerical simulation for the model including vWF-mediated bond for-

mation, the bond formation rate functions are taken to be a threshold functions
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of the local flow elongation as we mention in the discussion of the rate of GVG

bond formation in section (3.5), where KGV G
ab is defined by Eq.(3.49). We defined

the breaking rate of a GVG bond by Eq.(3.22), and we chose the breaking rate

constant to be βGV G0 = 15βAFA0 to reflect the fact that GVG bonds are weaker and

shorter-lived than AFA bonds [19]. Also, to reflect the activation signals trans-

mitted by GVG bonds under high shear conditions, we set the rate constant R1 in

the activation rate function f babu (defined in Eq.(3.47)) in section (3.4) to be 2
5
R0,

where R0 is the maximum rate of ADP-induced activation.

Fig (5.10) shows comparison of the simulation results without vWF (we did

in Fig.(5.7 a,e) and with the simulation results with vWF (we talked about it

above). Note that, all other model parameters and conditions are the same in the

two simulations. At the early stage of aggregation (Fig.5.10a, b), the elongation

rate ε̇ throughout the domain is below the critical threshold elongation rate value

ε̇0. Therefore, the rate of vWF-mediated binding is low. Hence, the binding

process of unactivated platelets is low, such that it makes a small contribution to

the thrombus growth. In general, at this early stage (Fig.5.10 a,b), the number

density of packed platelets at this time in the two simulations is the same. At

a later time, the number density of packed platelets increased. The fluid flow is

diverted around the thrombus due to the growth of the thrombus. This leads to

a large gradient of the fluid velocity along the edge of the thrombus. There is a

significant increase in the elongation rate of vWF.

More precisely, in Fig.(5.10)(c), where there is no vWF, the thrombus growth

is limited mostly to the injury zone. Under the fast flow, we see that the activating

chemical agonist ADP at the top edges of the thrombus is washed away very quickly

and carried downstream. So, the concentration of the chemical in these regions
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(indicated by the dashed lines in the figures) is below the activating chemical

threshold. So, the mobile unactivated platelets can not be activated, which means

it can not attach to the thrombus. This greatly limits the thrombus growth in the

vertical direction.

From the other side, in Fig.(5.10)(d) where there is vWF, the situation is

quite different. Unactivated platelets are allowed to bind through vWF-mediated

bonds. This leads to an accumulation of more platelets as seen in Fig. (5.10)(d).

The thrombus grows well beyond the top edge of the injury zone. This growth is

approximately twice as that without vWF at the same time (Fig (5.10)(c)).

The effect of the vertical growth, in this case, is seen in the following important

observations; (i) In the top edge of the thrombus (the region indicated by the purple

contour line), the shear is high. The high elongation rate of vWF is a consequence

resulting from the high shear rate. The elongation rate reaches values above the

threshold value ε̇0, beyond which φu can become φbu without the platelets first

having to be activated. The unactivated platelets which bind to the top of the

thrombus become activated, in part by GVG-mediated activation included in the

rate function f babu defined in (3.47), and this allows the platelets to form durable

and stronger AFA bonds. (ii) The vertical growth of the thrombus makes the fluid

flow divert around the thrombus to a greater range. (iii) The ADP released within

the thrombus as platelets are activated, and it is protected from the fast-moving

fluid. This allows the ADP to accumulate beyond the injury zone and reach levels

that induce greater activation of both mobile and bound unactivated platelets and

thus leads to additional growth of the thrombus. However, GVG bond formation

leads to larger numbers of platelets being incorporated in the thrombus. Without

GVG bond formation there are 1.91(10)6 platelets (per mm in the out of plane
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direction) at 100 s, whereas it reaches 2.98(10)6 with GVG bond formation

Figure 5.11: Fraction of bound unactivated platelets ( φbu
φbu+φba

if φbu + φba >

1,0 otherwise) and bound platelet velocity ub. The black contour shows φbu+φba =
5. Inside the pink contour line, ε̇ > ε̇0. ||ub||max = 0.05cm/s.

Fig.(5.11) is a zoomed look at the thrombus in Fig.(5.10 d). It shows the spatial

distribution of the volume fraction of bound unactivated platelets. Along the

upstream top part of the thrombus, the volume fraction of the bound unactivated

platelets form 30% to 60% of the total volume fraction of bound platelets, while in

the core of the thrombus, it forms a negligible volume fraction. The highest volume

fraction of unactivated bound platelets are found in places where the elongation

rate is above the vital elongation rate (this area is indicated by the pink contour

line). This is because the elongation rate that is above the critical elongation rate

causes many platelets to bind even if it is not activated. Furthermore, the volume

fraction of unactivated bound platelets is also high in the region just downstream

of this. Many of the bound unactivated platelets here have been carried from

further upstream by the flow. We can see that the bound-platelet velocity field

ub is largest in that region, this is most likely a consequence of two facts: (i)

the bound platelet volume fraction here is relatively low compared to that in the

center of the thrombus, and (ii) due to the generous amount of bound unactivated
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platelets in this region, they are bound only by GVG bonds which have a high

rate of turnover. While, even here, the bound platelet velocity is much smaller

than the maximum fluid velocity above the thrombus, it is best to move the bound

platelets as described.
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Chapter 6

Discussion and Conclusion

We investigate the process of platelet aggregation under arterial flow conditions.

Our computational study is based on the two-phase mixture model of platelet

aggregation proposed by Du & Fogelson [9]. In the model the bulk blood flow

is treated as a viscous Newtonian fluid, and the thrombus, made up of bound

platelets, is treated as a viscoelastic material. The main feature of the model is

that it allows bound platelets to move with a velocity field that is different from

that of the bulk flow. Our simulation results indicate that the relative motion

between bound platelets and the remaining blood is essential to the model’s ability

to capture thrombus development on physiological timescales (a few minutes) and

to produce thrombi in which the platelet number density is 100-200 times that in

the bulk blood, as observed in experiments. The model track number densities of

various platelet populations, as well as the densities of two different interplatelet

bonds. The formation of the GVG bond is regulated by the local elongation rate,

which does not require platelet activation. The formation of the longer lasting AFA

bond can only happen between activated platelets, either within the injury zone,

81



or where the concentration of platelet agonist is beyond the threshold. Since the

breaking rate of an AFA or GVG bond is known to depend on the force that bond

is sustaining, an appropriate closure approximation from the two-scale model is

used to express the breaking rate as a function of the viscoelastic stress and bond

density. Experimental data is used to estimate the breaking rate parameters.

The thrombus is modeled as a porous medium in our study. The Cozeny-Karman

relation is adopted to define for our mathematical model a frictional drag term, the

coefficient of which can be estimated from permeability (or resistance, itsreciprocal)

value of a thrombus with given platelet volume.

First, we investigate platelet aggregation mediated by the formation of AFA

bonds only. The drag coefficients are estimated from the range of permeability

measurements introduced in section (5.1). We found that for the drag function fit

using a permeability at the high end of those measured, a stable thrombus formed

in our simulations in a flow whose initial shear rate was 800 s−1, using numbers of

receptors per platelet, bond formation and breaking rates, and bond mechanical

parameters estimated from the literature. For a permeability at the low end of

those measured (about 20-fold lower), a stable thrombus formed only if the bond

formation rate was 20-fold higher. Furthermore, at the initial wall shear rate of 800

s−1 set in our simulations, vertical growth of the thrombus was strongly limited

because most of the released ADP remained close to the wall within or downstream

of the thrombus. The fast flow prevented ADP accumulation near the top edge

of the thrombus, and so curtailed activation of platelets there and consequently

prevented continued vertical growth into the vessel lumen. In summary:

1. Thrombus formed under arterial flow conditions tends to have much higher

permeability values than that of the thrombus formed under static blood.
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2. With permeability value of about 1 micron square for thrombus with 40%

porosity, a stable thrombus growth is observed within the flow. The platelet

packing density can reach values about 100 times higher than platelet concen-

tration in blood plasma. The growing thrombus exhibits a typical core-shell

structure.

3. The vertical growth of the thrombus is mainly within the injury zone. This

is due to the fact that platelet agonists (ADP) are carried downstream by

the fast moving flow near the top edge of the thrombus. Thus platelets are

unable to form cohesive AFA bonds and get attached.

In the second set of simulations, the GVG bond mediated platelet cohesion is

included in the model. Furthermore, in addition to be activated by the injury zone

and the chemical agonist, platelets may also be activated by the formation of GVG

bonds when the local flow elongation rate is sufficiently high. This version of the

model is intended as a first attempt to capture some of the effects on thrombus

growth of the flow-sensitive plasma protein vWF (von Willebrand factor). vWF

molecules stretch abruptly when the flow elongation rate surpasses a threshold

level. Because the stretched vWF molecules display many more binding sites

for the platelets’ constitutively-active GPIb receptors, and because vWF-GPIb

bonds form rapidly, attachment of unactivated platelets to the thrombus can be

substantial. Our simulation results indicate that the thrombus growth can be

greatly boosted both vertically and horizontally, if transient binding of unactivated

platelets is allowed through the formation of GVG bonds. The formation of such

bonds slows down the platelet movement. It also triggers platelet activation and

thus enables the formation of stronger, longer-lasting AFA bonds to get platelets
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firmly attached. Our simulations also suggest that an interesting synergy is at play.

The binding of unactivated platelets and their stress-mediated activation allows

greater vertical growth of a thrombus. This can divert the main flow while reducing

flow through the thrombus thereby allowing ADP to reach concentrations sufficient

to activate platelets throughout the thrombus and even above it. Thus, the reach of

ADP-mediated activation may be significantly increased by the transient binding

of platelets to a thrombus mediated by vWF-GPIb bonds.
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Appendix A

Appendix

A.1 Bonds Distribution Function and VE-Stress

The two-phase model is a macroscale model that is derived from the two spatial

scales model; one is platelet diameter scale (µm) and the other is the blood vessel’s

diameter (mm) in which the thrombus is forming. We are interested in a small

parameter ε which represents the ratio between platelet’s scale diameter (µm) and

blood vessel’s diameter (mm).

We define the elastic bond distribution function Ẽ to describe the bonds be-

tween platelet at a macro scale location x and other platelet in a small volume dr

around x for a micro scale r. So, Ẽ(x, r, t)dr gives the number density of bonds

formed between platelets at location x and the other platelets at location x + r.

By doing change of variables r = εy, then:

Ẽ(x, r, t) = ε−3E(x,y, t)

Ẽ(x, r, t)dr = ε−3E(x,y, t)ε3dy
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Depending on the bond distribution function E, the total number of bonds that

are formed between platelets at location x and other platelets in a small volume

dr around x+r is given by:

z(x, t) =

∫
r

Ẽ(x, r, t)dr =

∫
y

Ẽ(x,y, t)dy (A.1)

Due to bond formation, a viscoelastic force will be produced by each bond

which is expressed by:

σ =
1

2

∫
E(x,y, t)S(|y|)yyTdy (A.2)

where S(|y|) is the stiffness of the bond as a function of the length of the bond.

A.2 VE-Stress by Hook’s Law

. If the bonds between platelets acted as a linear spring with zero rest length,

then the viscoelastic force on a bond can be derived by Hook’s law as:

F = S0 (y−R e) = S0 y where R = 0.

. If the bonds between platelets acted as a linear spring with non zero rest length,

then the viscoelastic force on a bond can be derived by Hook’s law as:

F = S0 (y−R e)

= S0

(
y−R y

|y|

)
=

(
S0 − S0

R

|y|

)
y

= S(|y|) y
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A.3 nondimensionalization

Nondimensional Variables

u = u0 ũ

t =
l

u0
t̃

φi = φ0 φ̃i

c = cT c̃

zGV G = (nmaxG φ0) z̃GV G

zAFA = (nmaxA φ0) z̃AFA

yGV G = RGV G ỹGV G

yAFA = RAFA ỹAFA

θp = υplt (φbu + φba) = υpltφ0 (φ̃bu + φ̃ba)

AavailG = (φ0 n
max
G )(φ̃bu + φ̃ba − 2z̃GV G) = (φ0 n

max
G ) ÃavailG

AavailA = (φ0 n
max
A )(φ̃ba − 2z̃AFA) = (φ0 n

max
A ) ÃavailA

where ÃavailG = (φ̃ba + φ̃bu − 2z̃GV G) and ÃavailA = (φ̃ba − 2z̃AFA)

Calculation Using Nondimensional Variables

Nondimensional Transition Functions

f buu =
KGV G
ab

mGV G

(nmaxG φ0)2 φ̃uÃ
avail
G (A.3)

fubu = (βGV G0 nmaxG φ0) P1z̃GV G
φ̃bu

φ̃bu + φ̃ba
eλ

GVGSGVG0 RGVGmax(0,ỹGVG−1) (A.4)

fau = (φ0R0)H(c̃− 1)φ̃u (A.5)
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f baa =
(nmaxA φ0)2

mAFA

(2KAFA
aa φ̃2

a +KAFA
ab φ̃aÃ

avail
A ) +

(nmaxG φ0)2

mGV G

KGV G
ab φ̃aÃ

avail
G (A.6)

faba = (βAFA0 nmaxA φ0)P01 exp
{
λAFASAFA0 RAFAmax(0, ỹAFA − 1)

}
z̃AFA

+ (βGV G0 nmaxG φ0)P10 exp
{
λGV G SGV G0 RGV Gmax(0, ỹGV G − 1)

} φ̃ba

φ̃bu + φ̃ba
z̃GV G

(A.7)

f babu = (R0H(c̃− 1) + Ract
GV G)φ0φ̃bu (A.8)

where P1 = P1(nGV G), P01 = p01(nGV G, nAFA), and P10 = P10(nGV G, nAFA)

Nondimensional Bond Formation and Breaking

αAFA = (nmaxA φ0)2
(
KAFA
aa (φ̃a)

2 +KAFA
ab φ̃aÃ

avail
A +KAFA

bb (ÃavailA )2
)

(A.9)

αGV G = (nmaxG φ0)2
(
KGV G
ab (φ̃u + φ̃a)Ã

avail
G +KGV G

bb (ÃavailG )2
)

(A.10)

βi = βi0 exp
{
λiSi0R

i max(0, ỹi − 1)
}
, for i = AFA,GV G. (A.11)

Nondimensional Viscous Stresses

σfv =
µfu0

l
(∇̃ũf + ∇̃ũTf − ∇̃·ũfI) (A.12)

σbv =
µbu0

l
(∇̃ũb + ∇̃ũTb − ∇̃·ũbI) (A.13)
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