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Abstract 

Dynamics Considerations Dedicated to Study Bodies in High-Altitude Free Fall 

Author: Michelle Carolina Rodriguez 

Advisor: Daniel Kirk, Ph.D. 

The objective of this thesis is to develop a simulation model to study the dynamics of a rigid 

body in free fall. A set of 6 degrees of freedom (DOF) equations is developed to reflect the 

dynamic and trajectory characteristics over time. The simulation models a body dropped at 

different altitudes ranging from 30,480 – 39,624 m (100,000 – 130,000 ft). The trajectory of 

the body is analyzed using a mathematical nonlinear dynamics model. The mathematical 

model was developed in MATLAB and Simulink which can be modified for different 

geometries and conditions. The model was validated by testing that the simulated results 

were consistent with the expected outcome from literature on rigid body motion. The 

simulated results agree with the data from literature and the validation was done for every 

block where it was possible to do so. 

The simulation will study different length-to-diameter ratios, geometries, initial 

disturbances, applied forces and fill fractions so the optimal parameters are selected for an 

instrumented scaled model. The results will provide a dataset to verify and validate 

simulations, improve confidence of models and reduce uncertainty. 
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Chapter 1 

Introduction 

1.1 Background 

The current tools and simulation models for assessing system performance and trajectories 

used by developers and operators of launch vehicles, upper stages and reentry vehicles have 

limited fidelity. The data simulation models provide is of importance as future launch 

vehicles, especially Reusable Launch Vehicles, will use automated flight systems while 

operating from inland launch locations. The ability to rapidly vent propellants from a rocket 

during emergency flight termination is a key component to enabling safe operations of 

commercial launch vehicles. Regulations and procedures for propellant venting to safely 

disable the launch vehicle must be developed and refined for new commercial launch 

applications. To inform the development of these procedures and policies, a model is needed 

to predict how to safely accomplish propellant venting within the high atmosphere and in 

micro-gravity. 

A balloon-drop experiment will be developed to study the spinning and tumbling motion of 

bodies falling from high altitudes. This experiment will be divided in three phases: 

development of a simulation model for the dynamics of the experimental body, verification 

and validation of the model in a number of ground test and low-altitude drop test and design 

and development of a test article. The scaled model will be enclosed within a protective 

aerodynamic shell that will be dropped from a stratospheric balloon at an altitude of 30,480 

– 39,624 m (100,000 – 130,000 ft). Spinning and tumbling motion due to drag will be studied 

once the model enters altitudes of denser atmosphere. 
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1.2 Motivation 

The computer simulation developed in this thesis will be used to build a model that studies 

and understands the behavior of high-altitude falling bodies. Experimental data is needed to 

reduce the uncertainty and to improve the confidence of these models, which in turn 

improves the confidence and effectiveness of public safety regulations and procedures for 

commercial launch operations. 

The data collected in this thesis will serve to develop and validate new models and to increase 

the confidence level of performance and trajectory analysis, assisting the developers of future 

launch vehicles and in-orbit support facilities. Additionally, it will facilitate the FAA to 

refine the regulations for launch and reentry certifications which reduces the regulatory 

overhead for commercial applicants. 

1.3 Objectives 

The objectives for this thesis are: 

1. Develop an analytical model that can be used to study the freefall of a rigid body 

under different conditions. 

2. Develop a simulation model and validate the simulation’s results. 

3. Assess different geometric parameters and find optimal design. 

4. Develop a model to study the motion due to venting forces within the high 

atmosphere and in micro-gravity. 

1.4 Approach 

A complete mathematical model is developed to describe the aerodynamics of the body and 

to analyze the dynamic behavior of a body falling through the atmosphere. The mathematical 

model will describe a full 6 degrees-of-freedom falling rigid body in three-dimensional space 
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and time. The model is developed in MATLAB and Simulink to create an accurate 

simulation of the trajectory of the falling body. This model can be changed easily to study 

different geometries. 

A MATLAB code was used as a starting point to determine the general motion of a body in 

free fall. A GUI was later designed in Simulink in conjunction with the Aerospace Blockset, 

which includes a comprehensive list of pre-defined blocks. To accurately predict the 

trajectory in a free fall, the model is developed to incorporate environmental characteristics 

and aerodynamic forces and moments. The results were compared with values from literature 

to verify the model. The model is successfully validated and utilized to analyze different 

geometric characteristics of rigid bodies over a set of different initial conditions. 

1.5 Thesis Overview 

This thesis outlines the design and analysis of a Simulink model that studies the motion of a 

free-falling object, including all the required subsystems for a precise trajectory. Chapter 2 

gives a detailed mathematical description of the model equations for motion under gravity 

and vacuum; it includes the governing equations and reference frames utilized to describe 

the motion of the object and the gravitational force equations. Chapter 3 validates the 6 

degree of freedom (DOF) model with simple cases that were compared to literature. Chapter 

4 expands the mathematical model by adding external forces such as atmospheric drag and 

venting. Chapter 5 validates the results from the extended model and provides the data of the 

trajectory for the falling rigid body. Chapter 6 provides the results of the complete model by 

running additional test cases. Chapter 7 describes the design experiment and discusses the 

results. Finally, Chapter 8 concludes the thesis by summarizing the results and recommends 

areas for future research. 
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Chapter 2 

Derivation of Model Equations for Motion Under 

Gravity and Vacuum 

This section defines the coordinate systems and derives the governing equations utilized to 

describe the motion of the object. The following assumptions are implemented to simplify 

the equations: the bodies are rigid, the mass and aerodynamic coefficients are constant, the 

forces due to the Earth’s motion are negligible and gravitational force does not change with 

position.  

2.1 Reference Frames 

Different reference frames will be used to describe the position and orientation of the body. 

The coordinate system consists of three independent orthonormal axes that describe the 

position and three that describe the orientation. The equations utilized in the following 

sections are derived from Newton’s Law and Euler’s Law. 

The use of different reference frames leads to the use of coordinate transformations. 

Appropriate rotational matrices are described in the following sections and are included in 

the model. 

2.1.1 Earth Reference Frame 

The Earth reference frame is considered inertial and the frame is defined by 𝑋𝑒, 𝑌𝑒 and 𝑍𝑒. 

The reference frame is a standard, right hand coordinate system that represents the ground, 

where the 𝑍𝑒 axis is positive down. The North-East-Down (NED) convention is used and the 

origin of this reference frame is a point on the surface of the geoid below the body’s center 

of gravity. 



 

5 
 

 

Figure 1 — Earth and body-fixed reference frame. Adapted from Stevens [1] 

Figure 1 shows the relationship between the Earth reference frame and the body-fixed 

reference frame. The Earth reference frame is convenient to express the translational and 

rotational kinematics of the body related to the Earth. The Earth frame is a fixed coordinate 

system that does not translate or rotate [2]. 

2.1.2 Body-Fixed Reference Frame 

The body-fixed frame is used to describe the position of the object relative to an inertial 

reference frame. The origin of the frame is coincident with the center of gravity (𝑐𝑔) of the 

body and the axes remain fixed relative to the body.  

 

Modify picture to hats 
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Figure 2 — Body-fixed reference frame 

The relative orientation of the body-fixed and the Earth reference frame describe the body 

attitude. Euler angles (𝛷, 𝜃, 𝜓) or roll, pitch and yaw, respectively, are used to describe the 

rotation about the main body axis. These angles are also used to relate the Earth fixed frame 

with the body fixed frame as shown in Figure 3. The attitude of the body is described by a 

sequence of three rotations from the fixed frame to the body frame. Figure 2 shows the body 

coordinate system where the 𝑥𝑏 axis is aligned with the minor principal axis of inertia, the 

𝑧𝑏 axis is aligned with the major principal axis and the 𝑦𝑏 axis is normal to the first two axes. 

In cases where the body is symmetric, the 𝑦𝑏 and 𝑧𝑏 axes are interchangeable. 

 

Figure 3 — Relationship of Earth and body-fixed reference frames. Adapted from Josselson[2] 
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A sequence of rotations by the Euler angles is used to transform from the body-fixed 

coordinate system to the Earth coordinate system. The rotation is performed in the 3-2-1 

sequence with the Euler angles order 𝜓, 𝜃, 𝛷. The following rotation matrix [3] is the result 

of this rotation: 

𝑅𝑧𝑦𝑥(𝜓, 𝜃,Ф) = 𝑅𝑧(𝜓)𝑅𝑦(𝜃)𝑅𝑥(Ф)

= [
cos𝜓 − sin𝜓 0
sin𝜓 cos𝜓 0
0 0 1

] [
cos 𝜃 0 sin𝜃
0 1 0

− sin 𝜃 0 cos 𝜃
] [
1 0 0
0 cos𝛷 − sin𝛷
0 sin𝛷 cos𝛷

] 

= [
cos𝜃 cos𝜓 sin𝛷 sin 𝜃 cos𝜓 − cos𝛷 sin𝜓 sin𝛷 sin𝜓 + cos𝛷 sin𝜃 cos𝜓
cos𝜃 sin𝜓 cos𝛷 cos𝜓 + sin𝛷 sin𝜃 sin𝜓 cos𝛷 sin 𝜃 sin𝜓 − sin𝛷 cos𝜓
− sin𝜃 sin𝛷 cos 𝜃 cos𝛷 cos 𝜃

]  ( 1 ) 

A vector is transformed by multiplying the transformation matrix and the vector. Equation 

(1) can be used to transform vectors in the body frame such as acceleration, velocity or 

angular velocity to vectors in the inertial system.  

2.1.3 Wind Reference Frame 

The wind reference frame is convenient to express the aerodynamic forces and moments 

acting on the body. The frame is attached to the body with the origin at the center of gravity 

and the 𝑥𝑤 axis is positive into the wind. The drag force acts opposite to the direction of the 

oncoming flow velocity, thus along the negative 𝑥𝑤 axis. 
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Figure 4 — Relationship of wind and body-fixed reference frames 

To represent the relative motion between the body and the fluid through which the body is 

moving, the angle of attack 𝛼 and the side slip angle 𝛽 are used. The angle of attack for this 

thesis is the angle between the relative wind and the axis of minor moment of inertia. If the 

body is symmetrical, the angle of attach is the angle between the relative wind and the 

symmetry line. Similarly, the side slip angle is the angle between the axis of minor moment 

of inertia and the relative wind in the 𝑥𝑏 − 𝑦𝑏 plane [4]. Using the body-fixed reference 

frame, the aerodynamic angles are calculated with the following equations, 

𝛼 = tan−1
𝑤𝑏

𝑢𝑏
     ( 2 ) 

𝛽 = tan−1
𝑣𝑏

𝑉𝑤
     ( 3 ) 

𝜙 = tan−1
𝑣𝑏

𝑤𝑏
     ( 4 ) 

Where 𝑢𝑏 , 𝑣𝑏 , 𝑤𝑏 are the components of the velocity in the body-fixed reference frame. The 

body-fixed and wind reference frames coincide when the angle of attack equals zero (𝛼 =

0). 

 

𝑥𝑏

𝑧𝑏

𝑦𝑏

𝑥𝑤

 

 

𝑉𝑟𝑒𝑙
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The speed of the body relative to the air, or airspeed, is given by: 

𝑽𝒘 = √𝑢𝑏
2 + 𝑣𝑏

2 +𝑤𝑏
2               ( 5 ) 

The airspeed can also be represented as, 𝑽𝒘 = |𝑽𝒓𝒆𝒍|.  

A sequence of rotations by the angle of attack and the sideslip angle is used to transform any 

vector from the body-fixed reference frame to the wind reference frame.  

𝑅𝑏
𝑤 = [

cos𝛼 cos𝛽 sin𝛽 sin𝛼 cos𝛽
− cos𝛼 sin𝛽 cos𝛽 −sin𝛼 sin𝛽

− sin𝛼 0 cos𝛼

]   ( 6 ) 

Figure 4 shows the reference frames of the falling body and the transition angles between 

them. 

2.2 Rigid-Body Equations of Motion 

This section covers the translational and rotational equations of motion (EoM) of a rigid 

body. All external forces and moments are represented in the body-fixed system so the 

general EoM are described in the same system.  

The equations for translational motions are governed by Newton’s second law: the vector 

sum of the forces 𝐹 on an object is equal to the mass 𝑚 of that object multiplied by the 

acceleration 𝑎 of the object [5]. In the inertial reference frame, the translational equation of 

motion can be written as 𝑭 = 𝑚𝒂 and consequently, this equation can be rewritten in the 

body frame as 

𝑭𝒃 = [

𝐹𝑥
𝐹𝑦
𝐹𝑧

]

𝑏

= 𝑚(�̇�𝒃 +𝝎× 𝑽𝒃)              ( 7 ) 
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Where the mass is assumed constant, 𝑽𝒃 and 𝝎 are the velocity and angular rotation in the 

body frame axis, respectively. The total force acting on the object is the sum of the 

aerodynamic and gravitational forces, which will be described in section 2.3 and chapter 4. 

The linear acceleration measured in the body-fixed reference frame is: 

𝒂𝒃 = [

�̇�𝑏
�̇�𝑏
�̇�𝑏

] =
1

𝑚
𝑭𝒃 −𝝎× 𝑽𝒃    ( 8 ) 

The velocity of the body is represented as followed, 

𝑽𝒃 = [

𝑢𝑏
𝑣𝑏
𝑤𝑏

],     ( 9 ) 

where 𝑢𝑏, 𝑣𝑏 and 𝑤𝑏 are the velocities in the body-fixed reference frame. The angular 

velocity is described as, 

𝝎 = [

𝜔𝑥

𝜔𝑦

𝜔𝑧

],     ( 10 ) 

where 𝜔𝑥, 𝜔𝑦 and 𝜔𝑧 are the angular velocity about the 𝑥𝑏, 𝑦𝑏, 𝑧𝑏 axes respectively. 

By using equation (6), the velocity of the body’s center of mass can be obtained from the 

wind reference frame as shown, 

[

𝑢𝑏
𝑣𝑏
𝑤𝑏

] = [

𝑉𝑤 cos 𝛼 cos𝛽
𝑉𝑤 sin𝛽

𝑉𝑤 sin𝛼 cos𝛽
]    ( 11 ) 

The rotational motion of a rigid body about the center of mass can be given by 𝑴 = 𝑰�̇�  or 

by the equation given below, 
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𝑴𝒃 = [

𝑀𝑥

𝑀𝑦

𝑀𝑧

] = 𝑰�̇� +𝝎 × (𝑰𝝎),    ( 12 ) 

Where 𝑴𝒃 is the moment acting on the body, �̇� is the angular acceleration, and 𝑰 is the 

inertia tensor of the body around the 𝑥𝑏, 𝑦𝑏, and 𝑧𝑏 axes as shown below. 

𝑰 = [

𝐼𝑥𝑥 −𝐼𝑥𝑦 −𝐼𝑥𝑧
−𝐼𝑦𝑥 𝐼𝑦𝑦 −𝐼𝑦𝑧
−𝐼𝑧𝑥 −𝐼𝑧𝑦 𝐼𝑧𝑧

]    ( 13 ) 

For simplicity, the density is assumed to be uniform so the center of mass is coincident with 

the center of volume. For an axially symmetric object, the mass products of inertia are: 𝐼𝑥𝑦 =

𝐼𝑦𝑥; 𝐼𝑥𝑧 = 𝐼𝑧𝑥; and 𝐼𝑦𝑧 = 𝐼𝑧𝑦 and all of them are equal to zero forming the following diagonal 

matrix:  

𝑰 = [

𝐼𝑥𝑥 0 0
0 𝐼𝑦𝑦 0

0 0 𝐼𝑧𝑧

] 

𝐼𝑥𝑥, 𝐼𝑦𝑦 and 𝐼𝑧𝑧 are the mass moment of inertia of the body around the principal axes, 𝑥𝑏, 𝑦𝑏 

and 𝑧𝑏. 

With these definitions, the forces can be written as 

[

𝐹𝑥
𝐹𝑦
𝐹𝑧

] = 𝑚 [

�̇�𝑏
�̇�𝑏
�̇�𝑏

] + 𝑚 [

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0
] [

𝑢𝑏
𝑣𝑏
𝑤𝑏

] 

[

𝐹𝑥
𝐹𝑦
𝐹𝑧

] = 𝑚 [

�̇�𝑏 +𝜔𝑦𝑤𝑏 −𝜔𝑧𝑣𝑏
�̇�𝑏 +𝜔𝑧𝑢𝑏 −𝜔𝑥𝑤𝑏

�̇�𝑏 +𝜔𝑥𝑣𝑏 −𝜔𝑦𝑢𝑏

]    ( 14 ) 

The moments acting on the body can be represented with the following equation: 
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[

𝑀𝑥

𝑀𝑦

𝑀𝑧

] = [

𝐼𝑥𝑥 0 0
0 𝐼𝑦𝑦 0

0 0 𝐼𝑧𝑧

] [

�̇�𝑥

�̇�𝑦

�̇�𝑧

] + [

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0
] [

𝐼𝑥𝑥 0 0
0 𝐼𝑦𝑦 0

0 0 𝐼𝑧𝑧

] [

𝜔𝑥

𝜔𝑦

𝜔𝑧

] 

[

𝑀𝑥

𝑀𝑦

𝑀𝑧

] = [

𝐼𝑥�̇�𝑥 +𝜔𝑦𝜔𝑧(𝐼𝑧 − 𝐼𝑦)

𝐼𝑦�̇�𝑦 +𝜔𝑥𝜔𝑧(𝐼𝑥 − 𝐼𝑧)

𝐼𝑧�̇�𝑧 +𝜔𝑥𝜔𝑦(𝐼𝑦 − 𝐼𝑥)
]   ( 15 ) 

The set of equations (14) and (15) represent the complete 6 DOF rigid body equations of 

motion [6]. These equations are used in the simulation system that will be established in 

Simulink. 

2.3 Gravitational Force 

Gravitational forces act on the body, but they do not generate any moments because the 

forces act at the center of gravity. For this thesis’ purpose, gravity always acts in the positive 

𝑍𝑒 axis of the local coordinate system. The forces are represented by the following equation, 

𝑭𝒈 = [
0
0
𝑚𝑔

],     ( 16 ) 

Where 𝑔 is the magnitude of acceleration due to Earth’s gravity and 𝑚 is the mass of the 

body. A 3-2-1 Euler angle rotation matrix is used to transform from the local reference frame 

to the body reference frame, contributing to the translational acceleration in the body-fixed 

system. The resulting vector is presented in terms of the Euler angles as shown below: 

𝑭𝒈𝒃 = [

−𝑚𝑔 sin𝜃
𝑚𝑔 sin𝛷 cos𝜃
𝑚𝑔 cos𝛷 cos 𝜃

]            ( 17 ) 

The gravitational acceleration changes with the distance from the center of the earth, 

following an inverse square law, 𝑔 ∝
1

𝑟2
. Since the distance of the drop (30,480 m) is a short 
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distance relative to the radius of the Earth (6,371 km), the acceleration due to gravity does 

not vary significantly over the range of the fall. 

The magnitude of the gravitational acceleration varies due to the shape of the earth and its 

rotation. Consequently, there are slight deviations in the magnitude across the surface of the 

Earth. Five test cases were performed to compare the values between gravity models. All the 

parameters and initial conditions were the same for all cases except for the gravitational 

acceleration. Test cases 1, 2, and 3 used constant gravitational acceleration values and test 

cases 4 and 5 used variable gravitational acceleration values. The WGS84 model from 

Simulink implements the mathematical representation of the geocentric equipotential 

ellipsoid of the World Geodetic System (WGS84) [7]. The inputs are the position in geodetic 

latitude, longitude, altitude and the Julian centuries and the output is the Earth’s gravity at a 

specific location. 

The gravitational acceleration between Florida and New Mexico were compared, along with 

three cases with constant gravity. In all cases, a 70 kg object was dropped from an initial 

height of 20,000 m. The results from the simulations are shown below, 

Table 1 — Gravity Model Comparison 

Gravity Model Time (𝒔) Final velocity (𝒎/𝒔) 𝒈 (𝒎/𝒔𝟐) at 20,000 m 𝒈 (𝒎/𝒔𝟐) at 0 m 

Constant gravity 63.80 627.154 9.8300 9.8300 

Constant gravity 63.83 626.811 9.8200 9.8200 

Constant gravity 63.86 626.467 9.8100 9.8100 

WGS84 - New 

Mexico 
64.00 625.751 9.7570 9.8183 

WGS84 - Florida 64.00 625.827 9.7581 9.8195 

 

Figure 5 shows how 𝑔 decreases with increasing altitude in the variable gravity models, as 

expected from the theory. The conventional standard value of gravity, 9.81 𝑚/𝑠2, is used as 

the baseline for the model. The time, maximum velocity and initial gravitational acceleration 

change by 0.2%, 0.1%, 0.5%, respectively.  
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Figure 5 — Comparison of g between WGS84 Gravity Model and constant gravity 

For the purpose of this thesis, this is an acceptable error and a varying gravitational model is 

not needed so a constant gravitational acceleration will be used throughout the thesis. If 

higher fidelity is needed, the varying gravitational model should be used. 
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Chapter 3 

Validation of Model Equations for Motion Under 

Gravity and Vacuum 

3.1 Force-Free Test Cases 

Different cases were tested to validate the model. Case 1 studies the rotational and 

translational motion caused by applying an impulse torque [8]. The body translates with a 

uniform speed and rotates about the center of mass. Case 2, 3 and 4 describe the motion of a 

rigid body with a constant spin about its principal axis after the body has been perturbed [9]. 

For the motion to be stable, the body has to be spun about its axis of maximum inertia or 

minimum inertia, otherwise, the moment free motion is unstable. Case 5 shows precession 

after a torque has been applied [10]. Case 6 examines the nutation of a disturbed rigid body 

spinning about its longitudinal axis. This motion happens because spinning an axisymmetric 

body provides a gyroscopic stiffness to external disturbances. Finally, Case 7 describes the 

translational and rotational motion after applying a force at a specific point of the rigid body 

that does not coincide with the center of gravity. The different cases are listed in Table 2.  

Let  λ = 𝜔𝑧
𝐼𝑥−𝐼𝑧

𝐼𝑥
, 

Table 2 — Force-Free Test Cases 

Case 

No. 

Object Input Expected Result Equations used for validation 

1 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

Torque impulse., 

𝑀𝑧(𝑡) = 𝑀(0)𝛿(𝑡) 
Linear velocity, �̅�𝑏 

𝜔𝑥 = 𝜔𝑦 = 𝜔𝑧 = 0 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 
 

(𝛿(𝑡) is an unit 

impulse function) 

Translation at 

uniform speed and 

rotation about 

c.m. 

 

No coupling 

between linear 

and rotational 

equations 

𝐼𝑥�̇�𝑥 + 𝜔𝑦𝜔𝑧(𝐼𝑧 − 𝐼𝑦) = 0 

𝐼𝑦�̇�𝑦 + 𝜔𝑥𝜔𝑧(𝐼𝑥 − 𝐼𝑧) = 0 

𝐼𝑧�̇�𝑧 +𝜔𝑥𝜔𝑦(𝐼𝑦 − 𝐼𝑥) = 0 

𝐹𝑥 = 𝑚[�̇�𝑏 + 𝜔𝑦𝑤𝑏 − 𝜔𝑧𝑣𝑏] 

𝐹𝑦 = 𝑚[�̇�𝑏 + 𝜔𝑧𝑢𝑏 − 𝜔𝑥𝑤𝑏] 

𝐹𝑧 = 𝑚[�̇�𝑏 + 𝜔𝑥𝑣𝑏 − 𝜔𝑦𝑢𝑏] 
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2 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

Disturbance, 𝜔𝑥 =
0.1 𝑟𝑎𝑑/𝑠 for 0.01 s 

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 1 𝑟𝑎𝑑/𝑠 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Stable rotation 

about major axis 

Roots are purely imaginary and 

Lyapunov stable.  

 

About major axis 

𝜔𝑥 = 𝐴cos(𝜔𝑧𝑡 + 𝛼) 
𝜔𝑦 = 𝐴 sin(𝜔𝑧𝑡 + 𝛼) 

 

About minor axis 

𝜔𝑦 = 𝐴 cos(𝜔𝑥𝑡 + 𝛼) 

𝜔𝑧 = 𝐴 sin(𝜔𝑥𝑡 + 𝛼) 

3 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

Disturbance, 𝜔𝑧 =
0.01 𝑟𝑎𝑑/𝑠 for 0.01 

s 

𝜔𝑥 = 1 

𝜔𝑦 = 𝜔𝑧 = 0 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Stable rotation 

about minor axis 

4 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

𝜔𝑥 = 0.001 𝑟𝑎𝑑/𝑠 

𝜔𝑦

= 2.1252
× 10−5 𝑟𝑎𝑑/𝑠 

𝜔𝑧 = 0.001 𝑟𝑎𝑑/𝑠 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Unstable rotation 

about intermediate 

axis.  

 

Disturbance will 

grow with time. 

For intermediate axis, one of the 

roots is a positive real number 

so motion is unstable. 

𝜔𝑥 =
1

2
(𝐴𝑒−𝜔𝑦𝑡 + 𝐵𝑒𝜔𝑦𝑡) 

𝜔𝑧 =
1

2
(𝐴𝑒−𝜔𝑦𝑡 − 𝐵𝑒𝜔𝑦𝑡) 

5 𝐼𝑥
= 𝐼𝑦
≠ 𝐼𝑧 

Torque, M  

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 
 

Precession around 

symmetry axis 

 

𝜔𝑥

= 𝜔𝑥(0) cos 𝜆𝑡
+ 𝜔𝑦(0) sin 𝜆𝑡

+ (
𝑀𝑥

𝐼𝑥𝜆
) sin 𝜆𝑡 

𝜔𝑦

= 𝜔𝑦(0) cos 𝜆𝑡

− 𝜔𝑥(0) sin 𝜆𝑡

− (
𝑀𝑥

𝐼𝑥𝜆
) (1 − cos 𝜆𝑡) 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
Precessional frequency 

𝜔𝑝 =
𝐼𝑧𝜔𝑧

𝐼𝑥
 

Precessional amplitude 

𝐴𝑝 =
(𝑀𝑥/𝐼𝑥)𝐼𝑥
𝜆𝜔𝑧𝐼𝑧
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6 𝐼𝑥
= 𝐼𝑦
≠ 𝐼𝑧 

Disturbing torque 𝑀𝑑  

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 
 

Nutation of the 

longitudinal axis 

𝑀𝑑 = 𝐹𝑑𝑐𝑚 sin 𝛽 

λ = 𝜔𝑧(0)
𝐼𝑧 − 𝐼𝑥
𝐼𝑥

 

Nutation angle 

𝜃 ≈
4

𝜋

𝑀𝑑

𝜔𝑧
2𝐼𝑧 (

𝐼𝑧
𝐼𝑥
− 1)

|sin
𝜆𝑡

2
| 

𝜃𝑎𝑣 =
4

𝜋

𝑀𝑑

𝜔𝑧
2𝐼𝑧 (

𝐼𝑧
𝐼𝑥
− 1)

 

7 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

𝐹𝑦 = 100 𝑁 

𝑟 = 0.5 𝑚 

𝜔𝑥 = 𝜔𝑦 = 𝜔𝑧 = 0 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 
 

 

Translation at 

constant speed 

and rotation about 

center 

𝐹𝑥 = 𝑚[�̇�𝑏 + 𝜔𝑦𝑤𝑏 − 𝜔𝑧𝑣𝑏] 

𝐹𝑦 = 𝑚[�̇�𝑏 + 𝜔𝑧𝑢𝑏 − 𝜔𝑥𝑤𝑏] 

𝐹𝑧 = 𝑚[�̇�𝑏 + 𝜔𝑥𝑣𝑏 − 𝜔𝑦𝑢𝑏] 

𝐼𝑥�̇�𝑥 + 𝜔𝑦𝜔𝑧(𝐼𝑧 − 𝐼𝑦) = 𝑀𝑥 

𝐼𝑦�̇�𝑦 + 𝜔𝑥𝜔𝑧(𝐼𝑥 − 𝐼𝑧) = 𝑀𝑦 

𝐼𝑧�̇�𝑧 +𝜔𝑥𝜔𝑦(𝐼𝑦 − 𝐼𝑥) = 𝑀𝑧 

 

Case 1 was used to ensure there were no couplings between equations and to demonstrate 

the motion is a translation superposed by a rotation. The toque impulse causes the 

displacement to increase linearly and an instantaneous change in the angular momentum, 

equal to the value of the torque at the instant impulse application, 𝑡 = 0 [8]. The results 

showed independence between the linear and rotational equations. 

In this simplified model, the rotational stability of a rigid body is analyzed in absence of 

external torques. The angular momentum is conserved since the external torque is zero and 

the rotational kinetic energy is conserved since there is no energy dissipation. In cases 2, 3 

and 4, the rigid body is initially in a state of pure spin rotating about one of its axes (Figure 

6). Depending on the test case, a disturbance 𝜔𝑥(0), 𝜔𝑦(0) or 𝜔𝑧(0) is applied at time 𝑡 =

0. 
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Figure 6 — Body rotating about its (A) major axis, (B) minor axis, and (C) intermediate axis 

For stability, the relationship between the principal moments of inertia must be 

(𝐼𝑧 − 𝐼𝑦)(𝐼𝑧 − 𝐼𝑥) > 0 as shown in Cases 2 and 3. If a spinning body is disturbed while it is 

rotating about its major or minor axis, the body will oscillate sinusoidally about the rotating 

axis and the rotation for this perturbation will stay small [3]. However, when energy 

dissipation is present, the body tends to move toward the state of equilibrium with the lowest 

kinetic energy. The amplitude A is defined by the initial conditions and the equations for 

Cases 2 and 3 (Table 2) demonstrate that the angular velocity remains small. The graph 

resulting from the simulation in Figure 7 agrees within 2% of the theory. 

 

Figure 7 — Rotation about major axis in a vacuum 
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Figure 7 shows the system response in terms of the angular rates around the minor and 

intermediate axes. The initial disturbance causes oscillations around the two previously 

mentioned axes. Figure 8 shows the stable oscillation of a body rotating about its minor axis. 

 

Figure 8 — Rotation about minor axis in a vacuum 

If the body is rotated about its intermediate axis, the motion will be unstable; the amplitude 

of the perturbation grows exponentially with time and the object will tumble as described in 

Case 4 [3]. Even the smallest disturbance will cause the rotational motion of the intermediate 

axis to be unstable, but periodic [11] as shown in Figure 9. The movement of the three 

principal axes is often called the “tennis racquet theorem”. 

The instability case was compared to Murakami’s paper [12]. The inputs for the model were 

taken from the paper for comparison, but some parameters had to be assumed because they 

were not explicitly stated. Even with this discrepancy, the motion of the body behaved as 

expected and the graph from our model is similar to the graph obtained from the literature.  
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Figure 9 — Rotation about intermediate axis in a vacuum: thesis simulation (top) and 

literature simulation (bottom) [12] 

The stability analysis in cases 2, 3 and 4 demonstrate that rotation is only stable around the 

major and minor axis. Any small perturbation about the intermediate axis will excite rotation 

about the other two axes. 

Precession and nutation are terms that are used interchangeably in textbooks and research 

articles, as a result there is an inconsistent vocabulary. Different sources define precession 

as a comparatively slow gyration on the rotation axis of a spinning body about another line 

intersecting it so as to describe a cone. Nutation is defined as nodding or the oscillatory 

movement of the axis of a rotating body.  
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Per Tewari, precession of a torque-free rotating spacecraft is the coning motion of a disturbed 

body about the spinning axis and nutation is the nodding motion of the spin axis. Barger and 

Olsson define precession as the movement caused by a torque applied in an axis 

perpendicular to the spinning axis and nutation as the oscillation in the xy plane. De Ruiter 

describes the precession as the rotation of the body z axis about the inertial z axis and the 

nutation angle as the angle that the angular momentum vector makes with the body z-axis 

[13].  

This thesis will adapt the convention of referring to precession as the coning motion caused 

by an external torque and nutation as the nodding motion in the axis of rotation since they 

are more widely accepted. 

 

Figure 10 — Precession and nutation of an axisymmetric rigid body [8] 

The next two cases study the motion when a torque is applied. In cases 5 and 6, the rigid 

body is assumed axisymmetric and is initially in a state of pure spin rotating about its 

longitudinal axis. An external torque is applied at time 𝑡 = 0. Disturbances on a spinning 

axisymmetric body cause a motion characterized by the precession and nutation of the 

longitudinal axis [10] as shown in Figure 10. 
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Case 5 describes the precessional motion, which is a constant amplitude oscillation caused 

by an external torque. The precession angle is the angle α between the axis of symmetry and 

the angular velocity, ω. Precession has a sinusoidal motion related with the nutation and is 

superimposed on the steady precession. When the initial precession 𝜔0 equals 𝜔𝑝, the body 

has a steady precessional motion with no nutation [3]. The simulation studies an 

axisymmetric, spin-stabilized rigid body. The spin rate was 𝜔𝑧 = 𝜔𝑧(0) = 1 𝑟𝑎𝑑/𝑠 and an 

impulse torque of 𝑀𝑦 = 86,602 𝑁𝑚 was applied [8]. 

 

Figure 11 — Angular velocity response of a spin-stabilized body undergoing an impulsive 

torque 

Case 6 describes the nodding motion that occurs in the axis of rotation after a torque is 

applied [14]. This motion is called nutation and it is the change of the angle β shown in 

Figure 10. This angle represents the inclination between the angular momentum and the axis 

of symmetry. If the motion were damped, the nodding motion would decrease until the 

motion becomes a steady precession.  

The body in Case 6 has a constant angular velocity about the longitudinal axis 𝜔𝑧. Figure 12 

shows the angular velocities 𝜔𝑥 and 𝜔𝑦 after a disturbance torque is applied. When 
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comparing with the theoretical outcome, the angular velocities of the model are found to 

oscillate with the same amplitude and frequency. 

 

 

Figure 12 — Nutation of the longitudinal axis: thesis simulation (top) and literature simulation 

(bottom) [14] 

The validation of the simplified model is concluded with case 7, where a force is applied to 

the body off center at a distance r. When the applied force does not pass through the center 

of mass, this force will create a torque about the center of mass resulting in rotational and 

translational motion. This causes the center of mass to move in a straight line at constant 

linear velocity in the direction of the applied force. 
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Figure 13 — Rotational and translational motion of case 7 

3.2 Test Cases with Gravitational Acceleration 

The force-free equations of motion apply to any rigid body in vacuum without any external 

forces and moments as shown in Chapter 2 and Section 3.1. This section will expand on 

those chapters by including gravitational forces. The model with the external force can be 

validated by comparing the results with the equations given in Chapter 2.  

The test cases in Table 3 study a body solely under the influence of gravitational force. This 

motion is determined by the initial velocity of the body, initial Euler orientation and gravity. 

For all the cases, velocity in the z direction increases in the direction of gravity. 

Table 3 — Test Cases with Gravitational Acceleration 

Case 

No. 

Object Input Expected Result Equations 

1 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

𝑉𝑏 = 0 𝑚/𝑠 

𝐹𝑔𝑏 

𝜔𝑥 = 𝜔𝑦 = 𝜔𝑧 = 0 

𝜓 = 𝛳 = Ф = 0 
 

 

Body to fall at a 

constant 

acceleration and 

with increasing 

speed 

𝐹𝑥 = 𝑚[�̇�𝑏 + 𝜔𝑦𝑤𝑏 − 𝜔𝑧𝑣𝑏] 

𝐹𝑦 = 𝑚[�̇�𝑏 + 𝜔𝑧𝑢𝑏 − 𝜔𝑥𝑤𝑏] 

𝐹𝑧 = 𝑚[�̇�𝑏 + 𝜔𝑥𝑣𝑏 − 𝜔𝑦𝑢𝑏] 
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2 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

Disturbance, 𝜔𝑥 =
0.1 𝑟𝑎𝑑/𝑠 for 0.01 s 

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 1 𝑟𝑎𝑑/𝑠 

𝐹𝑔𝑏 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Stable rotation 

about major axis 

Roots are purely imaginary and 

Lyapunov stable.  

 

About major axis 

𝜔𝑥 = 𝐴cos(𝜔𝑧𝑡 + 𝛼) 
𝜔𝑦 = 𝐴 sin(𝜔𝑧𝑡 + 𝛼) 

 

About minor axis 

𝜔𝑦 = 𝐴 cos(𝜔𝑥𝑡 + 𝛼) 

𝜔𝑧 = 𝐴 sin(𝜔𝑥𝑡 + 𝛼) 3 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

Disturbance, 𝜔𝑧 =
0.01 𝑟𝑎𝑑/𝑠 for 0.01 s  

𝜔𝑥 = 1 𝑟𝑎𝑑/𝑠 

𝜔𝑦 = 𝜔𝑧 = 0 

𝐹𝑔𝑏 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Stable rotation 

about minor axis 

4 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

𝜔𝑥 = 0.001 𝑟𝑎𝑑/𝑠 

𝜔𝑦 = 5 𝑟𝑎𝑑/𝑠 

𝜔𝑧 = 0.001 𝑟𝑎𝑑/𝑠 

𝐹𝑔𝑏 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Unstable rotation 

about intermediate 

axis.  

 

Disturbance will 

grow with time. 

For intermediate axis, one of the 

roots is a positive real number 

so motion is unstable. 

𝜔𝑥 =
1

2
(𝐴𝑒−𝜔𝑦𝑡 + 𝐵𝑒𝜔𝑦𝑡) 

𝜔𝑧 =
1

2
(𝐴𝑒−𝜔𝑦𝑡 − 𝐵𝑒𝜔𝑦𝑡) 

5 𝐼𝑥
= 𝐼𝑦
≠ 𝐼𝑧 

Torque, M  

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝐹𝑔𝑏 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Precession around 

symmetry axis 

 

𝜔𝑥

= 𝜔𝑥(0) cos 𝜆𝑡
+ 𝜔𝑦(0) sin 𝜆𝑡

+ (
𝑀𝑥

𝐼𝑥𝜆
) sin 𝜆𝑡 

𝜔𝑦

= 𝜔𝑦(0) cos 𝜆𝑡

− 𝜔𝑥(0) sin 𝜆𝑡

− (
𝑀𝑥

𝐼𝑥𝜆
) (1 − cos 𝜆𝑡) 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
Precessional frequency 

𝜔𝑝 =
𝐼𝑧𝜔𝑧

𝐼𝑥
 

Precessional amplitude 

𝐴𝑝 =
(𝑀𝑥/𝐼𝑥)𝐼𝑥
𝜆𝜔𝑧𝐼𝑧
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6 𝐼𝑥
= 𝐼𝑦
≠ 𝐼𝑧 

Disturbing torque 𝑀𝑑  

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝐹𝑔𝑏 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Nutation of the 

longitudinal axis 

𝑀𝑑 = 𝐹𝑑𝑐𝑚 sin 𝛽 

λ = 𝜔𝑧(0)
𝐼𝑧 − 𝐼𝑥
𝐼𝑥

 

Nutation angle 

𝜃 ≈
4

𝜋

𝑀𝑑

𝜔𝑧
2𝐼𝑧 (

𝐼𝑧
𝐼𝑥
− 1)

|sin
𝜆𝑡

2
| 

𝜃𝑎𝑣 =
4

𝜋

𝑀𝑑

𝜔𝑧
2𝐼𝑧 (

𝐼𝑧
𝐼𝑥
− 1)

 

7 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

𝐹𝑦 = 100 𝑁 

𝑟 = 0.5 𝑚 

𝐹𝑔𝑏 

𝜔𝑥 = 𝜔𝑦 = 𝜔𝑧 = 0 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 
 

Translation at 

constant speed 

and rotation about 

center 

𝐹𝑥 = 𝑚[�̇�𝑏 + 𝜔𝑦𝑤𝑏 − 𝜔𝑧𝑣𝑏] 

𝐹𝑦 = 𝑚[�̇�𝑏 + 𝜔𝑧𝑢𝑏 − 𝜔𝑥𝑤𝑏] 

𝐹𝑧 = 𝑚[�̇�𝑏 + 𝜔𝑥𝑣𝑏 − 𝜔𝑦𝑢𝑏] 

𝐼𝑥�̇�𝑥 + 𝜔𝑦𝜔𝑧(𝐼𝑧 − 𝐼𝑦) = 𝑀𝑥 

𝐼𝑦�̇�𝑦 + 𝜔𝑥𝜔𝑧(𝐼𝑥 − 𝐼𝑧) = 𝑀𝑦 

𝐼𝑧�̇�𝑧 +𝜔𝑥𝜔𝑦(𝐼𝑦 − 𝐼𝑥) = 𝑀𝑧 

 

The mass and shape of the body do not affect the motion so all bodies fall at the same rate 

in a vacuum. In this section, gravity is the only force acting on the body (no air resistance) 

and the motion is described by Newton’s second law of motion. In one dimension, the 

velocity and height can be calculated by the following equations. 

𝑣(𝑡) = 𝑣0 − 𝑎𝑡     ( 18 ) 

𝑧(𝑡) = 𝑧0 + 𝑣0𝑡 −
1

2
𝑎2         ( 19 ) 

Where 𝑎 is the acceleration, in this case is gravity, 𝑣0 is the initial velocity and 𝑧0 is the 

initial altitude. Equations (18) and (19) give us a general idea of how the three-dimensional 

object will move. 

In Case 1, the object experiences a pure acceleration due to gravity. A curved line on a 

position vs time graph means that there is an accelerated motion, which is expected when 

dropping an object from any height. Furthermore, this graph shows how the velocity 

increases linearly with time. 
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Figure 14 — Dropped rigid body in free fall 

The velocity versus time graph shows the object starting with zero velocity and finishing 

with a large velocity, as expected from the theory. The constant slope of the graph indicates 

a constant acceleration, this is shown in Figure 14.  

As mentioned in Chapter 2, gravity will not generate a moment since the gravitational 

force acts on the center of gravity of the body and the following cases will demonstrate this 

characteristic. Case 2 shows the rotation about the major axis 𝐼𝑧 when the body experiences 

a disturbance of 𝜔𝑥 = 0.1 𝑟𝑎𝑑/𝑠 for 0.01 s. Figure 15 illustrates the oscillation of the 

major, minor and intermediate axes of the falling body. 

 

Figure 15 — Rotation about major axis under the influence of gravity 
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Figure 16 shows the velocity of the object is the same when comparing to Figure 14 where 

the body was falling with no rotation.  

 

Figure 16 — Rotation about major axis under the influence of gravity: inertial motion 

Case 3 demonstrates the rotation about the minor axis 𝐼𝑥 when the body experiences a 

disturbance 𝜔𝑧 = 0.01 𝑟𝑎𝑑/𝑠 for 0.01 s. The rotation was stable as shown in Figure 17. 

 

Figure 17 — Rotation about the minor axis under the influence of gravity 

Case 4 demonstrates the instability of a body rotating about its intermediate axis and this 

case was compared to Murakami’s paper [12]. Most of the inputs for the model were taken 

from Murakami’s paper [12] for comparison, but some parameters had to be assumed since 

they were not explicitly stated. Even with this discrepancy, the motion of the body behaved 

as expected and the graph from our model is similar to the graph obtained from the literature. 
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The initial conditions were 𝜔𝑦 = 5 𝑟𝑎𝑑/𝑠 and 𝜔𝑥 = 𝜔𝑧 = 0.001 𝑟𝑎𝑑/𝑠. The body was 

under the influence of gravity, undergoing a torque-free rotation as well as vertical motion. 

 

Figure 18 — Rotation about intermediate axis under the influence of gravity: thesis simulation 

(top) and literature simulation (bottom) [12] 

The perturbation is amplified, resulting in spin around all three axes as shown in Figure 18. 

One thing to notice in a vacuum is that the falling speed does not change with the mass of 

the object. The following cases have rigid bodies with a different mass, but they fall at the 

same rate as the previous cases.  

In Case 5, an axisymmetric, spin-stabilized rigid body was studied. The spin rate was 𝜔𝑧 =

𝜔𝑧(0) = 1 𝑟𝑎𝑑/𝑠 and an impulse torque of 𝑀𝑦 = 86,602 𝑁𝑚 was applied. The inputs for 
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the model were taken from the Atmospheric and Space Flight Dynamics [8] book for 

comparison, but some parameters had to be assumed since they were not explicitly stated. 

The motion of the body behaved as expected and the graph from our model is similar to the 

graph obtained from the literature. 

 

Figure 19 — Angular velocity response of a spin-stabilized body undergoing an impulsive 

torque 

Precession about the spinning axis is evident in the oscillation of 𝜔𝑥 and 𝜔𝑦 in Figure 19. 

The torque produces a change in the direction of the angular momentum, but not in the 

magnitude. Since there is no energy dissipation, the sinusoidal motion should be constant. 

The change in orientation caused by the applied torque is shown in Figure 20 where the Euler 

angles from the thesis simulation are compared to the angles from literature. 
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Figure 20 — Euler angles of a spin stabilized body undergoing a torque impulse: thesis 

simulation (left) and literature simulation (right) [8] 

The graphs below are used to verify that the falling speed and the position is changing 

according to the theory and they were compared to the graphs in Case 1 as well as Equations 

(18) and (19). 

 

Figure 21 — Velocity and position of the falling body for case 5 

Case 6 describes the nutation on an axisymmetric body that has a disturbance torque about 

the 𝑥𝑏 axis. The body has an initial spin rate of 𝜔𝑧 = 𝜔𝑧(0) = 10 𝑟𝑎𝑑/𝑠 and the torque is 

𝑀𝑥 = 10 𝑁𝑚. The nutation caused by the torque forces the spin axis to deviate from the 

nominal direction. 
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Figure 22 — Nutation of the longitudinal axis under the influence of gravity 

In Case 7, a force was applied at the end of the body as it was dropped; this force creates a 

translation at a constant speed in the direction of the force and a rotation about the center of 

mass. Since the acceleration of gravity is acting on the rigid body, the body falls at a constant 

acceleration. The simulation results match with the theory.  

 

Figure 23 — Position, velocity and acceleration of the falling body in case 7 

Figure 24 shows the translation in the Y direction at a constant speed caused by the applied 

force, 𝐹𝑦.  
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Figure 24 — Translation caused by applied force (left), constant velocity in 𝒀𝒆 (right) 

The force was not applied at the center of gravity, causing a moment about it. Figure 25 

shows the constant rate of the rotation and the change in the Euler angle ψ. 

 

Figure 25 — Angular rate (left) and Euler angles (right) in case 7 

Comparisons between the equations listed in Table 3 and the simulation results were made. 

The test cases executed showed that the model results agree with the theory. 
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Chapter 4 

Model for Rigid Body Dynamics Under the Influence 

of Aerodynamic Forces 

4.1 Aerodynamic Forces and Moments 

The main external forces acting on the vehicle are the Earth’s gravitational force and the 

atmosphere’s aerodynamic forces. Even though the gravitational acceleration varies 

depending on the altitude and latitude of the object, the magnitude of gravity will be assumed 

to be a constant since this experiment does not require the accuracy of a varying gravity 

model. This assumption was discussed in Section 2.3 and Figure 5. 

The aerodynamic forces are defined in the body frame. The three external forces and three 

external moments depend on the non-dimensional coefficients; these coefficients are 

normally based on numerical predictions and wind tunnel testing [15].  

The atmosphere exerts forces in every direction, but the total summation of the vector forces 

𝐹𝐴𝑏 can be equivalently represented by 𝐹𝐴𝑥𝑏, 𝐹𝐴𝑦𝑏 and 𝐹𝐴𝑧𝑏 acting on the body axes. The 

axial force 𝐹𝐴𝑥𝑏 points along the 𝑥𝑏 axis, the normal force 𝐹𝐴𝑧𝑏 acts normal to the 𝑥𝑏 axis 

and the side force 𝐹𝐴𝑦𝑏 is perpendicular to both the axial and normal forces. The forces are 

produced by the relative motion of the body with respect to the airspeed. The aerodynamic 

forces acting on the center of pressure of the vehicle can be expressed as shown below 

𝐹𝐴𝑥𝑏 =
1

2
𝜌𝐶𝑥𝐴𝑟𝑒𝑓𝑥𝑉𝑟𝑒𝑙

2     ( 20 ) 

𝐹𝐴𝑦𝑏 =
1

2
𝜌𝐶𝑦𝐴𝑟𝑒𝑓𝑦𝑉𝑟𝑒𝑙

2     ( 21 ) 

𝐹𝐴𝑧𝑏 =
1

2
𝜌𝐶𝑧𝐴𝑟𝑒𝑓𝑧𝑉𝑟𝑒𝑙

2     ( 22 ) 
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The dynamic pressure �̅� =
1

2
𝜌𝑉𝑟𝑒𝑙

2  is altitude dependent. 𝐶𝑥 is the axial force coefficient, 𝐶𝑦 

is the side force coefficient, 𝐶𝑧 is the normal force coefficient, 𝜌 is the density at the current 

altitude, 𝐴𝑟𝑒𝑓 is the reference area and 𝑉𝑟𝑒𝑙 is the relative velocity. The axial and normal 

force coefficients are positive in the direction opposite to that of the 𝑥𝑏 and 𝑧𝑏 axes, 

respectively. Equations (20), (21) and (22) show the importance of air density when 

describing the forces acting on the body. 

 

Figure 26 — Falling body FBD and relation between lift/drag and normal/axial forces acting 

on a body [16] 

Aerodynamic forces can be calculated with respect to the wind coordinate system. The force 

𝐹𝑃 acts normal to the direction of the flight and the drag force 𝐹𝐷 acts in the direction opposite 

to the velocity. A third force, side force 𝐹𝑆, is perpendicular to the previous forces and has 

the same value as 𝐹𝐴𝑦𝑏. These forces are related by the angle of attack 𝛼 and they can be 

transformed back and forth by using the following equations [16], 

𝐹𝐴𝑥𝑏 = −𝐹𝑃 sin𝛼 + 𝐹𝐷 cos𝛼             ( 23 ) 

𝐹𝐴𝑦𝑏 = FS            ( 24 ) 

𝑔

𝐹𝐴𝑧𝑏

𝐹𝐴𝑥𝑏

𝑥𝑏

𝑉𝑟𝑒𝑙

𝐹𝑃

 

𝐹𝐷

𝑚𝑔

𝑐𝑝 𝑐𝑔

−𝑉𝑏

𝑉𝑤
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𝐹𝐴𝑧𝑏 = 𝐹𝑃 cos 𝛼 + 𝐹𝐷 sin 𝛼           ( 25 ) 

The drag force depends on the square of the velocity, the projected surface area of the body, 

the drag coefficient and the density of the medium. The rotation of the object affects the 

projected area used to calculate the drag force. 

𝐹𝐴𝑖 =
1

2
𝜌𝐶𝐷𝐴𝑝(𝑉𝑏 +𝜔 × 𝑟𝑖)

2    ( 26 ) 

In Equation (26), the projected area is in the direction of the velocity. The angular velocity 

is the same for any point, but the linear velocity depends on the distance to the axis of rotation 

and the flow velocity is the relative velocity between the body and the fluid. The distance 𝑟𝑖 

is the distance from the surface element to the center of gravity. The entire rigid body has 

the same 𝑉𝑏 directed vertically downwards. 

 

Figure 27 — Falling body FBD with incremental forces 

The estimated projected area for a tumbling cylinder with an angle of attack α is, 

𝐴𝑝 = 𝐴𝑋 cos 𝛼 + 𝐴𝑦 sinФ cos𝛼 + 𝐴𝑍 sin𝛼       ( 27 ) 

𝐿

𝑀,ω 

𝑐.𝑚.
𝑟𝑖

𝑉𝑤

�̅�𝑧𝑖

 

�̅�𝐷𝑖

�̅�𝑃𝑖 �̅�𝑥𝑖
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Where the side area, 𝐴𝑧 = 2𝑟𝐿, and the area of an end, 𝐴𝑥 = 𝜋𝑟2. 

Given that the angular velocity is constant and the local linear velocity changes depending 

on the radius, the relative velocity is calculated with the following equation, 

𝑽𝒊 = 𝑽𝒃 +𝝎 × 𝒓𝒊    ( 28 ) 

Multiple atmospheric models were considered, but the altitude input value was limited to a 

geopotential altitude of 20,000 m (65,617 ft). This thesis required a model with values up to 

39,624 m (130,000 ft), consequently the COESA Atmosphere Model was selected due to its 

capability of obtaining temperature, speed of sound, pressure and density at higher altitudes. 

The U.S. Standard Atmosphere 1976 is the most recent version published by the U.S. 

Committee on Extension to the Standard Atmosphere (COESA). 

The COESA Atmosphere Model implements the mathematical representation of the 1976 

U.S. COESA standard lower atmospheric values for the input geopotential altitude. The 

model consists of a tabulation of values at different altitudes and equations taken from U.S. 

Standard Atmosphere, 1976 [17]. Air density 𝜌 is computed at the current height (𝑍𝑒 axis) 

to take into account the dependence on temperature and pressure. The velocity varies with 

time and the model outputs the density by using a perfect gas relationship. The temperature 

is interpolated linearly and the pressure is computed from the hydrostatic equations. 
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Figure 28 — 1976 U.S. Standard Atmosphere Model 

The standard atmosphere model is based on average conditions at mid latitudes. The 

temperature is a linear function of the altitude, with the lapse rate varying for different 

altitude bands, and the pressure and density are decaying exponential functions of the 

altitude. Figure 28 was computed with the tables from U.S. Standard Atmosphere 1976 [17]. 

The moment exerted by atmospheric forces is expressed as follows,  

𝑴𝒂𝒕𝒎 = 𝑟𝑐.𝑝. × 𝐹𝑎𝑡𝑚 = [
𝐿
𝑀
𝑁
]    ( 29 ) 

The aerodynamic moments act on the center of mass and they depend on the aerodynamic 

moment coefficients, 

𝐿 =
1

2
𝐶𝑙𝑞𝐴𝑟𝑒𝑓𝑙     ( 30 ) 
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𝑀 =
1

2
𝐶𝑚𝑞𝐴𝑟𝑒𝑓𝑙    ( 31 ) 

𝑁 =
1

2
𝐶𝑛𝑞𝐴𝑟𝑒𝑓𝑙     ( 32 ) 

The rolling moment 𝐿, pitching moment 𝑀 and yawing moment 𝑁 are the moments about 

the 𝑥𝑏, 𝑦𝑏 and 𝑧𝑏 axes, respectively, and 𝑙 is the body length. Corresponding moment 

coefficients 𝐶𝑙, 𝐶𝑚, 𝐶𝑛 are dependent on angle of attack, sideslip angle and Mach number. 

The rolling moment is negligible (𝐿 = 0) because of the symmetry around the roll axis (𝑥𝑏 

axis). 

The aerodynamic coefficients depend on the body’s angular velocity, angle of attack and 

side slip angle as described below: 

𝐶𝑙 =
𝑑

2𝑉𝑟𝑒𝑙
𝐶𝑙𝑝𝜔𝑥           ( 33 ) 

𝐶𝑚 = 𝐶𝑚𝛼𝛼 +
𝑑

2𝑉𝑟𝑒𝑙
𝐶𝑚𝑞𝜔𝑦     ( 34 ) 

𝐶𝑛 = 𝐶𝑛𝛽𝛽 +
𝑑

2𝑉𝑟𝑒𝑙
𝐶𝑛𝑟𝜔𝑧   ( 35 ) 

Where 𝐶𝑚𝛼 and 𝐶𝑛𝛽 are the static contribution to the moment coefficient and 𝐶𝑙𝑝, 𝐶𝑚𝑞, 𝐶𝑛𝑟 

are the damping coefficients. The stability derivatives due to pitch and yaw are 

indistinguishable from each other if there is axis symmetry (𝐼𝑦𝑦 = 𝐼𝑧𝑧). 

4.2 External Forces and Moments due to Ventilation 

To simulate venting of a rocket, a set of equations for 𝐹𝑣𝑒𝑛𝑡 is described. The force affects 

the attitude of the body and two angles are used to describe the direction. The angle 𝛿𝛳 

represents the rotation about the 𝑦𝑏 axis and 𝛿𝜓 represents the rotation about the 𝑧𝑏 axis. 
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𝑭𝒗𝒆𝒏𝒕 = [

𝐹𝑣𝑒𝑛𝑡,𝑥
𝐹𝑣𝑒𝑛𝑡,𝑦
𝐹𝑣𝑒𝑛𝑡,𝑧

] = [

𝑇 cos𝛿𝜓 cos 𝛿𝛳
𝑇 sin𝛿𝜓
𝑇 sin 𝛿𝛳

]   ( 36 ) 

The venting force 𝑇 is assumed to be at the end of the cylinder as shown in Figure 29. 

 

Figure 29 — FBD of Ventilation Vector 

The total moment exerted on the body is zero when there is no venting. The moment can be 

represented as follows, 

𝑴𝒗𝒆𝒏𝒕 = 𝒓𝒗𝒆𝒏𝒕 × 𝑭𝒗𝒆𝒏𝒕 = [

𝑀𝑣𝑒𝑛𝑡,𝑥

𝑀𝑣𝑒𝑛𝑡,𝑦

𝑀𝑣𝑒𝑛𝑡,𝑧

]       ( 37 ) 

The vector that expresses the location of the venting force is 𝑟𝑣𝑒𝑛𝑡. 

The total force acting on the body during the drop is the sum of the Earth’s gravitational 

force, the venting force and the aerodynamic forces.  

[

𝐹𝑥,𝑡𝑜𝑡
𝐹𝑦,𝑡𝑜𝑡
𝐹𝑧,𝑡𝑜𝑡

] = [

𝐹𝐴𝑥𝑏
𝐹𝐴𝑦𝑏
𝐹𝐴𝑧𝑏

] + [

𝐹𝑔,𝑥
𝐹𝑔,𝑦
𝐹𝑔,𝑧

] + [

𝐹𝑣𝑒𝑛𝑡,𝑥
𝐹𝑣𝑒𝑛𝑡,𝑦
𝐹𝑣𝑒𝑛𝑡,𝑧

]          ( 38 ) 

The equations above are important because the resulting force drives the motion of the body. 

The behavior of the body is described over time in terms of dynamic variables. The equations 

of motion derived in Chapter 2 and 4 are implemented in the Simulink model and the 

validation is in Chapter 3 and 5. 

𝑥𝑏

𝑧𝑏

𝑐𝑔
𝐹𝑣𝑒𝑛𝑡,𝑥

𝐹𝑣𝑒𝑛𝑡,𝑦

𝐹𝑣𝑒𝑛𝑡,𝑧 𝛿𝜓
𝛿𝛳

𝑦𝑏

𝑇

𝑟𝑣𝑒𝑛𝑡



 

41 
 

Chapter 5 

Validation of Model Under the Influence of 

Aerodynamic Forces 

5.1 Test Cases with Gravity and Atmospheric Drag 

To make the model more realistic, the atmospheric drag was included. In Case 1, the body 

was dropped from an altitude of 39,000 m subject to the gravitational field. The inputs were 

taken from the paper on the high-altitude fall of a skydiver for comparison [18]. The graph 

from the thesis model in Figure 30 matches the graph obtained from literature. 

Figure 30 shows that the velocity increases linearly at first, the maximum velocity is reached 

during the first minute and terminal velocity is approached at the end. Similarly, the 

acceleration is largest at the beginning of the fall due to the air density being extremely low. 

 

Figure 30 — Altitude and velocity graph from case 1: thesis simulation (right) and literature 

simulation (left) [18] 



 

42 
 

The initial acceleration is 9.81
𝑚

𝑠2
. This magnitude decreases significantly as the body 

approaches the maximum velocity while the air density is extremely low, making drag 

negligible. The density of air increases the lower the body descends, causing the velocity to 

decrease. In Figure 30, the body starts approaching terminal velocity at 50 seconds. The 

maximum deceleration occurs between 60 to 80 seconds when the body experiences a denser 

air at high speeds; in this particular case, the body is symmetric so air density does not 

influence the orientation, but if the body was asymmetric, this would cause a torque about 

the center of gravity. 

As the drag becomes equal to the weight (𝐹𝐷 = 𝑚𝑔), there is no net sum of external force 

so the acceleration goes to zero. Because there is no acceleration, the body falls at a constant 

velocity. The instantaneous terminal velocity can be calculated with the equation below,  

𝑣𝑡 = √
2𝑚𝑔

𝜌𝐶𝐷𝐴
     ( 39 ) 

This thesis includes variable atmospheric density so the terminal velocity will not be constant 

and will keep varying with altitude.  

 



 

43 
 

 

 

Figure 31 — Velocity and acceleration of the falling body in body reference frame 

Figure 31 demonstrates the change in velocity and acceleration over altitude. The graphs 

over altitude are beneficial to determine the altitude at which different experiments can be 

performed. The body starts with an initial velocity of zero and increases until maximum 

velocity is achieved at approximately 27,000 m. Simultaneously, the body decelerates until 

the minimum acceleration is achieved at approximately 21,000 m.   

Free fall velocity profiles were initially studied by Mohazzabi and Shea; they described a 

linear relation between the initial altitude and the maximum speed achieved by the object. 

Mohazzabi and Shea predicted that the impact velocity is normally larger than the terminal 
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velocity [19]. This approximation is not reliable for extensive free fall segments or varying 

aerodynamic friction terms [20]. Benacka revised Mohazzabi’s analysis by taking into 

account a linear temperature gradient and solved the equation for the altitude dependent 

velocity [21].  

The maximum velocity reached by a high-altitude falling object is a function of its initial 

altitude [19]. Figure 32 shows the local Mach number variation for different heights and 

demonstrates the relationship between the maximum Mach number and the initial height. 

The simulation results from Figure 32 were compared to literature to validate the obtained 

values. 

As mentioned by Guester [20], the drag 𝐹𝐷 ∝  𝜌𝑉2 affects the measured speed with 

decreasing altitude and increasing speeds so the error is larger for increasing velocity data 

than for decreasing data.  

 

Figure 32 — Velocity change depending on height: thesis simulation 

An object falling from a higher altitude achieves higher maximum velocity and the body 

reaches this velocity at a higher altitude as shown in Figure 32. The objects falling from 

higher altitudes meet denser atmospheric layers under higher velocities causing the drag 

forces to be higher. 
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5.1 Full Test Cases with Gravity and Atmospheric Drag 

The test cases in Table 4 study a falling body experiencing gravitational acceleration and 

aerodynamic forces. 

Table 4 — Test Cases with Gravitational Acceleration and Atmospheric Drag 

Case 

No. 

Object Input Expected Result Equations 

1 𝐼𝑥
≠ 𝐼𝑦
= 𝐼𝑧 

𝐹𝑔,𝐵 

𝜔𝑥 = 𝜔𝑦 = 𝜔𝑧 = 0 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

Ф = 𝜓 = 0 

𝛳 = 10 𝑑𝑒𝑔 

Velocity of the body 

to increase linearly, 

reach a peak and 

approach terminal 

velocity. 

Deceleration of the 

body, reach 

minimum 

acceleration and 
acceleration to 

approach zero. 

𝐹𝑥 = 𝑚[�̇�𝑏 + 𝜔𝑦𝑤𝑏 − 𝜔𝑧𝑣𝑏] 

𝐹𝑦 = 𝑚[�̇�𝑏 + 𝜔𝑧𝑢𝑏 − 𝜔𝑥𝑤𝑏] 

𝐹𝑧 = 𝑚[�̇�𝑏 + 𝜔𝑥𝑣𝑏 − 𝜔𝑦𝑢𝑏] 

 

2 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

Disturbance, 𝜔𝑥 =
0.1 𝑟𝑎𝑑/𝑠 for 0.01 s 

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 1 𝑟𝑎𝑑/𝑠 

𝐹𝑔,𝐵 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Stable rotation 

about major axis 

Roots are purely imaginary and 

Lyapunov stable.  

 

About major axis 

𝜔𝑥 = 𝐴cos(𝜔𝑧𝑡 + 𝛼) 
𝜔𝑦 = 𝐴 sin(𝜔𝑧𝑡 + 𝛼) 

 

About minor axis 

𝜔𝑦 = 𝐴 cos(𝜔𝑥𝑡 + 𝛼) 

𝜔𝑧 = 𝐴 sin(𝜔𝑥𝑡 + 𝛼) 3 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

Disturbance, 𝜔𝑧 =
0.01 𝑟𝑎𝑑/𝑠 for 0.01 

s  

𝜔𝑥 = 1 𝑟𝑎𝑑/𝑠 

𝜔𝑦 = 𝜔𝑧 = 0 

𝐹𝑔,𝐵 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Stable rotation 

about minor axis 

4 𝐼𝑥
< 𝐼𝑦
< 𝐼𝑧 

𝜔𝑥 = 0.001 𝑟𝑎𝑑/𝑠 

𝜔𝑦 = 5 𝑟𝑎𝑑/𝑠 

𝜔𝑧 = 0.001 𝑟𝑎𝑑/𝑠 

𝐹𝑔,𝐵 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Unstable rotation 

about intermediate 

axis.  

 

Disturbance will 

grow with time. 

For intermediate axis, one of the 

roots is a positive real number 

so motion is unstable. 

𝜔𝑥 =
1

2
(𝐴𝑒−𝜔𝑦𝑡 + 𝐵𝑒𝜔𝑦𝑡) 

𝜔𝑧 =
1

2
(𝐴𝑒−𝜔𝑦𝑡 − 𝐵𝑒𝜔𝑦𝑡) 
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5 𝐼𝑥
= 𝐼𝑦
≠ 𝐼𝑧 

Torque, M  

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝐹𝑔,𝐵 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Precession around 

symmetry axis 

 

𝜔𝑥

= 𝜔𝑥(0) cos 𝜆𝑡
+ 𝜔𝑦(0) sin 𝜆𝑡

+ (
𝑀𝑥

𝐼𝑥𝜆
) sin 𝜆𝑡 

𝜔𝑦

= 𝜔𝑦(0) cos 𝜆𝑡

− 𝜔𝑥(0) sin 𝜆𝑡

− (
𝑀𝑥

𝐼𝑥𝜆
) (1 − cos 𝜆𝑡) 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
Precessional frequency 

𝜔𝑝 =
𝐼𝑧𝜔𝑧

𝐼𝑥
 

Precessional amplitude 

𝐴𝑝 =
(𝑀𝑥/𝐼𝑥)𝐼𝑥
𝜆𝜔𝑧𝐼𝑧

 

6 𝐼𝑥
= 𝐼𝑦
≠ 𝐼𝑧 

Disturbing torque 𝑀𝑑  

𝜔𝑥 = 𝜔𝑦 = 0 

𝜔𝑧 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝐹𝑔,𝐵 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Nutation of the 

longitudinal axis 

𝑀𝑑 = 𝐹𝑑𝑐𝑚 sin 𝛽 

λ = 𝜔𝑧(0)
𝐼𝑧 − 𝐼𝑥
𝐼𝑥

 

Nutation angle 

𝜃 ≈
4

𝜋

𝑀𝑑

𝜔𝑧
2𝐼𝑧 (

𝐼𝑧
𝐼𝑥
− 1)

|sin
𝜆𝑡

2
| 

𝜃𝑎𝑣 =
4

𝜋

𝑀𝑑

𝜔𝑧
2𝐼𝑧 (

𝐼𝑧
𝐼𝑥
− 1)

 

7 𝐼𝑥
≠ 𝐼𝑦
= 𝐼𝑧 

𝐹𝑦 = 100 𝑁 

𝑟 = 0.5 𝑚 

𝐹𝑔,𝐵 

𝜔𝑥 = 𝜔𝑦 = 𝜔𝑧 = 0 

𝑢𝑏 = 𝑣𝑏 = 𝑤𝑏 = 0 

𝜓 = 𝛳 = Ф = 0 

Translation at 

constant speed 

and rotation about 

center 

𝐹𝑥 = 𝑚[�̇�𝑏 + 𝜔𝑦𝑤𝑏 − 𝜔𝑧𝑣𝑏] 

𝐹𝑦 = 𝑚[�̇�𝑏 + 𝜔𝑧𝑢𝑏 − 𝜔𝑥𝑤𝑏] 

𝐹𝑧 = 𝑚[�̇�𝑏 + 𝜔𝑥𝑣𝑏 − 𝜔𝑦𝑢𝑏] 

𝐼𝑥�̇�𝑥 + 𝜔𝑦𝜔𝑧(𝐼𝑧 − 𝐼𝑦) = 𝑀𝑥 

𝐼𝑦�̇�𝑦 + 𝜔𝑥𝜔𝑧(𝐼𝑥 − 𝐼𝑧) = 𝑀𝑦 

𝐼𝑧�̇�𝑧 +𝜔𝑥𝜔𝑦(𝐼𝑦 − 𝐼𝑥) = 𝑀𝑧 
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Case 1 studies an axisymmetric body (𝐼𝑥 ≠ 𝐼𝑦 = 𝐼𝑧) with 𝑙/𝑑 of 10, dropped at an angle of 

10° about the 𝑦𝑏 axis (Figure 33). 

 

Figure 33 — Initial conditions of body dropped at an angle 

The center of pressure is 0.1L from the center of mass. The velocity of the body increases 

linearly until the maximum velocity is reached. The velocity then decreases to approach the 

terminal velocity. The body starts with a drop angle of 10 degrees and stabilizes at about 90 

degrees as shown in Figure 34.  

 

 

 

 

𝑥𝑏

𝑧𝑏

 = 10 𝑑𝑒𝑔

𝑍𝑒

𝑋𝑒
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Figure 34 — Motion of body dropped at an angle 

When dropped at an angle, the body experiences lateral movement in the 𝑋𝑒 axis and the 

velocity 𝑉𝑥𝑒 oscillates as the body settles into 90 degrees. The acceleration 𝑎𝑥𝑒 oscillates for 

the first 40 seconds, reaches its peak around 65 seconds and approaches zero as the body 

falls as shown in Figure 34. 

Cases 2, 3 and 4 study the motion of an asymmetric body rotating about one of its principal 

axes. Similar to the cases in the previous chapters, the rotation about the major and the minor 

axes is stable while the rotation about the intermediate axis is unstable, as seen in the cases 

below. Figure 35 depicts the motion of the spinning body around its major axis. 
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Figure 35 — Body rotating about its major axis 

In case 2, a body rotating about its major axis 𝐼𝑧 experiences a disturbance 𝜔𝑥 = 0.1 𝑟𝑎𝑑/𝑠 

for 0.01 s. The initial disturbance excites oscillation around the 𝜔𝑥 and 𝜔𝑦 axes, but the 

oscillations disappear as the system stabilizes.  

 

Figure 36 — Rotation about major axis under the influence of gravity and atmospheric forces 

Figure 36 shows the response in terms of the angular rates around the minor and intermediate 

axes. The oscillation generated by the initial disturbance disappears as the system stabilizes 

and can be compared to the motion in Figure 15. 

𝑧𝑏

𝑥𝑏ω𝑥

ω𝑧
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Figure 37 — Motion of body rotating about its major axis 

Figure 37 shows the position, velocity and acceleration in the inertial frame acting as 

expected from the theory and previous cases.  

Case 3 examines a body rotating about its minor axis 𝐼𝑥 as it is disturbed 𝜔𝑧 = 0.01 𝑟𝑎𝑑/𝑠 

for 0.01 s. The rotation is displayed in Figure 38. 

 

Figure 38 — Body rotating about its minor axis 

The body has a stable motion and the angular velocity oscillates as the body falls as shown 

in Figure 39. The angular acceleration fluctuates as the body reaches a denser atmosphere 

but the body stabilizes with time. The motion of the body after the disturbance can be 

compared to Figure 17. 

𝑥𝑏

𝑧𝑏

ω𝑧ω𝑥
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Figure 39 — Rotation about minor axis under the influence of gravity and atmospheric forces 

Case 4 studies a body rotating about its intermediate axis 𝐼𝑦. The body has an initial rotation 

of 𝜔𝑦 = 5 𝑟𝑎𝑑/𝑠 

 

Figure 40 — Body rotating about its intermediate axis 

When an initial rotation is applied to the intermediate axis, the body exhibits rotations about 

the other two axes and therefore becomes an unstable motion. Figure 41 demonstrates the 

periodic, but unstable, motion of the body. 

𝑦𝑏

𝑥𝑏ω𝑥

𝑧𝑏

ω𝑧

ω𝑦
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Figure 41 — Rotation about intermediate axis under the influence of gravity and atmospheric 

forces 

The precession around a symmetry axis is studied in Case 5. Figure 42 shows the 

axisymmetric body (𝐼𝑥 = 𝐼𝑦 ≠ 𝐼𝑧) has an initial spin rate of 𝜔𝑧 = 1 𝑟𝑎𝑑/𝑠 and an impulsive 

torque 𝑀𝑦 is applied at 𝑡 = 0. 

 

Figure 42 — Initial conditions of spinning axisymmetric body in case 5 

The angular rates are shown in Figure 43. The angular rate 𝜔𝑏𝑧 is constant for the first 30 

seconds and starts oscillating as the body experiences a denser atmosphere. The angular 

acceleration then grows at an exponential rate, ending in a flat spin. The oscillation of 𝜔𝑏𝑥 

and 𝜔𝑏𝑦 increase with time. 

𝑥𝑏

𝑧𝑏𝑌𝑒

𝑋𝑒

𝑍𝑒

𝑦𝑏

𝑀𝑦
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Figure 43 — Angular rate response of axisymmetric body undergoing impulsive torque 

A body with an initial spin rate of 𝜔𝑧 = 𝜔𝑧(0) = 10 𝑟𝑎𝑑/𝑠 is analyzed in Case 6. A torque 

of 10 Nm was applied about the 𝑥𝑏 axis. The torque causes the spin axis to deviate from its 

nominal direction.  
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Figure 44 — Initial conditions of axisymmetric body in case 6 

The velocity reaches the maximum value within the first 55 seconds. The body starts with 

an acceleration of 9.81 
𝑚

𝑠2
, decelerates until the minimum value is reached and starts 

approaching zero as the drag becomes equal to the weight as shown in Figure 45. 

 

Figure 45 — Motion of the body for case 6 

Case 7 examines the motion when a force is applied at the end of a cylinder. The body 

experiences translational and rotational motion due to the force.  

𝑥𝑏

𝑧𝑏𝑌𝑒

𝑋𝑒

𝑍𝑒

𝑦𝑏

𝑀𝑥
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Figure 46 — Initial conditions of body with a force applied off center 

Figure 47 (top) illustrates the motion of the body reacts as expected and can be compared to 

motion without atmospheric forces in Figure 25.  
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Figure 47 — Velocity and Euler angles for case 7 

The shape of the object becomes important when the atmosphere is present as the previous 

cases have shown. A falling body will accelerate to higher speeds until the body achieves an 

amount of drag force that is equal to the weight. A more massive body experiences a greater 

force of gravity thus accelerating to a higher speed before reaching terminal velocity. 

The studied cases show that the time to reach maximum velocity changes depending on 

different parameters. Drag force depends on two important factors – the velocity of the object 

and the surface area. A body with a larger cross-sectional area would induce a larger drag, 

causing the body to fall with a slower velocity than a body with a smaller area. Similarly, 

increased speeds lead to an increase of drag force. 
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Chapter 6 

Final Model Validation 

6.1 MATLAB/Simulink Model 

The equations presented in chapter 2 and 4 are used to design the Simulink model that 

computes the trajectory and motion of the falling body through the atmosphere. The initial 

conditions include a starting velocity, position, inertial properties, aerodynamic coefficients 

and a standard atmosphere model. The simulation runs recursive steps until the body reaches 

the ground. Figure 48 shows the flow diagram of the model. Different lengths and diameters 

were selected to be tested and they were tracked in Table 5. A script is used for the 

initialization process to load the body parameters and characteristics into Simulink. 

 

Figure 48 — Simulation flow 
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The model uses blocks from the Aerospace Blockset along with modeled subsystems to 

calculate the trajectory and attitude of the body. The simulation model consists of three 

principal subsystems: the 6 DOF subsystem, the environmental subsystem, the forces and 

moments subsystem. The 6 DOF block calculates the motion and position of the body based 

on the input forces and moments at each time step during the simulation by utilizing the 

equations provided in Chapter 2. The forces and moments subsystem calculates the 

aerodynamic effects on the body in the Earth and body-fixed reference frame. The 

environmental subsystem adds the atmosphere’s influence to the aerodynamic calculations 

and the force of gravity experienced by the body. The gravitational force accounts for the 

coordinate transformation from Earth to body-fixed reference frame. To simplify the 

simulation, an idealized windless environment was used. 

The environmental subsystem implements the direction cosine matrix to transform the 

gravitational force vector from the Earth reference frame to the body-fixed reference frame. 

Gravity was taken to be a constant as discussed in Section 2.3. 

The Simulink/MATLAB model was designed with the intention of future extension and 

modifications so different parameters and initial conditions can be studied. 

6.2 Validation of Final Model 

A cylinder was chosen to be the object for this study as it resembles the first stage of a launch 

vehicle. The center of gravity and the center of pressure coincide at 
1

2
𝐿. The moments of 

inertia were calculated using the following equations: 𝐼𝑥𝑥 =
1

2
𝑚𝑟2 and 𝐼𝑦𝑦 = 𝐼𝑧𝑧 =

1

12
𝑚𝐿2 +

1

4
𝑚𝑟2. First stages from different manufacturers were researched and the 𝑙/𝑑 were 

found to vary from 6 to10, thus these values will be used as parameters for the study.  

Different cases were tested with the proposed model. The cylinder was dropped from an 

altitude of 30,480 m. Case 1 will serve as a point of comparison for subsequent scenarios. 
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An initial velocity of 0 𝑚/𝑠 is assumed and the 𝑐𝑔 is coincident with the 𝑐𝑝. The step size 

0.01 was chosen for the simulation. 

Table 5 — Properties of Cylinders 

Case 𝒍/𝒅 Mass (kg) 𝑰𝒙𝒙 (𝒌𝒈 𝒎
𝟐) 𝑰𝒚𝒚 = 𝑰𝒛𝒛 (𝒌𝒈 𝒎

𝟐) 

1 10 100 12.5 839.6 

2 6 100 12.5 306.2 

3 7 100 12.5 414.6 

4 8 100 12.5 539.6 

5 9 100 12.5 681.2 

6 10 100 12.5 839.6 

The physical properties of the cylinders are listed in Table 5. Due to the center of gravity 

being coincident with the center of pressure, the cylinder had neutral stability and did not 

have any restoring or stabilizing forces present. The body is likely to tumble if 𝛼 or 𝛽 exceed 

±5 degrees on a body without stabilizing forces presents [22]. The terminal velocities of all 

6 cases had an accuracy within 4% compared to theoretical values.  

 

Figure 49 — Baseline for venting cases 

Case 1 is used as a baseline for the cases simulating venting. At 40 s into flight and at an 

altitude of 23,910 m, the cylinder obtained its maximum vertical velocity of 260 m/s. The 

cylinder reaches the ground in 283 s as shown in Figure 49. 
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For the remaining cases, the 100 𝑘𝑔 cylinder is dropped and a 10 𝑁𝑚 moment is applied 

for 5 𝑠, as represented in Figure 50. 

 

Figure 50 — Moment applied for venting cases 

The torque initiated an oscillation in the angular rate 𝜔𝑏𝑦, but the oscillation disappears as 

the system stabilizes. Figure 51 shows the lower the aspect ratio, the larger the angular rate; 

this is due to the angular momentum relation with the moment of inertia of the body. 

 

Figure 51 — Angular rates for different aspect ratios 
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Below are the plots for all 5 cases: 

 

 

Figure 52 — l/d = 6, max ωby = 0.152 rad/s 

The body reached a maximum vertical velocity of 241 m/s at an altitude of 23,960 m. After 

10 seconds, a 10 Nm torque was applied causing a peak angular rate of 0.152 rad/s that later 

stabilized. Figure 52 shows the plots that represent this motion. 
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Figure 53 — l/d = 7, max ωby = 0.114 rad/s 

At 42 s into flight and at an altitude of 23,650 m, the cylinder obtained its maximum vertical 

velocity of 243 m/s. A torque applied after 10 seconds caused an initial oscillation of 0.114 

rad/s that stabilized 150 sec into flight. 
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Figure 54 — l/d = 8, max ωby = 0.087 rad/s 

The body reached a maximum vertical velocity of 246 m/s at an altitude of 23,710 m. After 

10 seconds, a 10 Nm torque was applied causing a peak angular rate of 0.087 rad/s that later 

stabilized. Figure 54 shows the plots that represent this motion. 
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Figure 55 — l/d = 9, max ωby = 0.071 rad/s 

The body reached a maximum vertical velocity of 248 m/s at an altitude of 23,770 m. After 

10 seconds, a 10 Nm torque was applied causing a peak angular rate of 0.071 rad/s that later 

stabilized. Figure 55 shows the plots that represent this motion. 
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Figure 56 — l/d = 10, max ωby = 0.057 rad/s 

The body reached a maximum vertical velocity of 251 m/s at an altitude of 24,260 m. After 

10 seconds, a 10 Nm torque was applied causing a peak angular rate of 0.057 rad/s that later 

stabilized. Figure 56 shows the plots that represent this motion. 
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Chapter 7 

Design of Free-Fall Experiment 

The purpose of this chapter is to use the simulation model developed in Chapters 2 through 

6 to study the dynamics of a free-falling body during which microgravity experiments may 

be conducted. While in free fall, the body will experience forces due to the atmosphere and 

gravity as well as forces due to the venting of internal gas from within itself. The simulation 

results are used to provide guidance for the design of an experiment that will generate data 

for verification and validation of simulation models that can be used by commercial 

developers and operators to accomplish procedures safely and comply with FAA regulations 

[23].  

7.1 Objectives of the Experiment 

The objective of the experiment is to analyze the dynamics of a free-falling body venting 

internal gas from a propellant tank.  

An accelerometer will be used to measure tilt and acceleration of the body. Tilt 

measurements in dynamic environments where vibration is present require higher g-range 

accelerometers; this is why the accelerometer used for this experiment should have a 

minimum range of ±8 g. A gyroscope will be used to measure angular velocity and the range 

should also be ±8 g. The barometric pressure sensor should support pressures as low as 1 

kPa due to the pressure at high altitudes. 

7.2 Required Modeling Simulation Outputs 

In order to provide guidance on the design of an experiment that meets the objectives 

outlined in Section 7.1, the modeling simulation must provide: 

(1) free-fall profile of the falling body 

(2) altitude and bands of test time at each g load 
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(3) cone of predicted trajectories 

The output results of the simulation are: 

(1) amount of thrust needed to tumble the body 75 degrees from its initial position 

(2) location of the vent for a propellant tank 

(3) body motion dynamics resulting from aerodynamic forces and venting 

(4) settling time of the body after thrust has been applied 

(5) g-force experienced by the body   

For all cases, the settling time is calculated within 2% of the final value. 

7.3 Experiment Design Constraints 

A high-altitude balloon will be used for the drop test experiment. There is a range of 

stratospheric balloon providers that can be used for the experiment: StratoStar can carry 

payloads up to 5.4 kg (12 lbs) to an altitude of 38 km (125,200 ft) [24], NSC Balloon can 

carry payloads up to 1,360 kg (3,000 lbs) to an altitude of 39 km (130,000 ft) [25] and NBOC 

can carry payloads up to 3,600 kg (8,000 lbs) to an altitude of 36 km (120,000 ft) [26]. 

Based on the balloon carrier constraints, the design constraints are: 

(1) mass cannot be larger than 250 kg 

(2) length cannot be larger than 2.54 m (8.33 ft) 

(3) altitude cannot be higher than 39,624 m (130,000 ft) 

The sensors used for the experiment must measure:  

 angular rates of the body caused by venting 

 accelerations on the body sufficient to determine accelerations in the inertial and 

body reference frame 

 barometric pressure around the body 

 pressure inside the pressurized tank 
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 temperature inside pressurized tank 

7.4 Design Variables 

The design variables are: 

 the tank used in the experimental apparatus is cylindrical in shape with 

hemispherical end caps and a length-to-diameter ratio which varies from 1 < 𝑙/𝑑 < 

5 

 vent location on the surface of the body and parallel to one body axis: 𝑙/2, 𝑙/4, 

𝑙/8, 𝑙, 3𝑙/8 

 volumetric fill fractions: 0%, 25%, 50%, 75%, 100% 

 material: stainless steel or acrylic 

 fluids used within the tank: liquid nitrogen or water 

7.5 Conceptual Overview 

Two propellant tank geometries were selected: a 40-inch diameter sphere and a 20-inch 

diameter capsule. The sphere (𝑙/𝑑 of 1) is partially filled with liquid nitrogen and an initial 

pressure of 29.39 psi. The capsules (𝑙/𝑑 of 2 – 5) can be made out of stainless steel or acrylic 

and filled with water.  All geometries are dropped from an initial altitude of 39,624 m, the 

initial angle of attack is set to zero and the center of pressure is above the center of gravity. 

The body is dropped from the balloon at a 39,624 m as illustrated in Figure 57. After 10 

seconds, the vent opens and exerts a force for 20 seconds, as shown in Figure 58. During this 

segment, the following vehicle motion dynamics resulting from the venting are studied: 

 angular rates 

 acceleration (g forces) 
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Figure 57 — Illustration of balloon drop 

 

Figure 58 — Illustration of venting of tank 

 

Figure 59 — Illustration of tumbling motion 
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The simulation provides a timeline of the g-forces over altitude. As the body enters altitudes 

of denser atmosphere (around 35,000 m), the tumbling motion due to atmospheric drag is 

studied, along with the following: 

 maximum amplitude after force is applied 

 frequency of the oscillation 

 time constant of system response 

The experiment concludes with the deployment of a drogue chute, a main chute and landing. 

The deployment of the parachute should occur from 1,500 to 2,500 m above ground level. 

With this overview, the concepts are used to do the design trade. 
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7.6 Design Trade 

7.6.1 Vent Location 

The first variable to be considered was the location of the vent. Figure 60 illustrates the 

studied vent locations (left) and an example of the venting force vector at 𝑙/4 (right). The 

vent is located on the surface of the body and parallel to one body axis. 

 

Figure 60 — Illustration of vent locations (left) and example of vent orientation (right) on a 

5:1 capsule 

The minimum initial thrust to make the 20-inch diameter capsule achieve 0.2 𝑟𝑎𝑑/𝑠 was 

compared in Table 6. The force was applied for 5 seconds in all cases. 
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Table 6 — Thrust Required to Achieve 0.2 rad/s for Various Vent Locations: l/d = 5 

𝒍/𝒅 Vent Location  Min Thrust (N) 

5 

𝑙/2 2.3 

3𝑙/8 2.7 

𝑙/4 3.5 

𝑙/8 5.0 

0 9.5 

As the five cases in Table 6 show, when the vent is located at the end of the body, less thrust 

is required to tumble the body. Findings show the best location for the vent is at the end of 

the body; this applies to all the bodies studied in this thesis regardless of length-to-diameter 

ratio. 

Figure 61 shows the maximum angular rate of 0.33 𝑟𝑎𝑑/𝑠 was achieved 35 seconds after the 

body was released. For all five cases the body tumbled for 50 seconds before stabilizing. 

 

Figure 61 — Angular rate for l/d = 5 and 75% fill fraction 
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The comparison of the different locations for the vent on the 40-inch diameter sphere are 

shown in Table 7. 

Table 7 — Thrust Required to Achieve 0.2 rad/s for Various Vent Locations: l/d = 1 

Vent Location  Fill Fraction  Min Thrust (N) 

𝑙/2 

50% 

3.3 

3𝑙/8 4 

𝑙/4 4.8 

𝑙/8 6.1 

0 8.6 

The sphere with a fill fraction of 50% and a mass of 250 kg reaches the ground in 298.9 s. 

The maximum velocity of 373.98 m/s was reached 50 s after the release at an altitude of 

28,430 m. The maximum angular rate of 0.37 𝑟𝑎𝑑/𝑠 was achieved 16 seconds after the body 

was released, as shown in Figure 62. For all five cases the body tumbled for 25 seconds 

before stabilizing. 

The simulation results show more force is required to achieve the desired angular rate when 

the vent is closer to the 𝑐𝑔 of the body.  

 

Figure 62 — Angular rate for l/d = 1 and fill fraction=50% 

Findings show that the venting force should be applied at the end of the body (𝑙/2) to achieve 

the desired angular rate with less force. 
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Figure 63 and Figure 64 show the motion of the bodies when applying 𝐹𝑣𝑒𝑛𝑡,𝑧 = 3 𝑁 for 5 

seconds at different vent locations. The body has an 𝑙/𝑑 of 5, 75% fill fraction and 200 kg. 

As Figure 63 shows, when the force is applied at 𝑙/2, there is a larger acceleration in the 𝑧𝑏 

axis. 

 

Figure 63 — Acceleration in body frame: l/d = 5, 75% fill fraction 

Figure 64 shows the g-force experienced by the bodies. Depending on the location of the 

vent, the g-force oscillates with different amplitudes after the force is applied. When the 

venting force is applied at 𝑙/2, the g-force has the largest amplitude. After the bodies settle, 

all the bodies continue falling with the same g-force. 

 

Figure 64 — g-force of l/d = 5, 75% fill fraction 
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7.6.2 Volumetric Fill Fractions  

To study the motion with different volumetric fill fractions, a body with an 𝑙/𝑑 of 3 was 

used. A force of 5 N was applied for 5 seconds to all the bodies. For clarity, the timeline 

shown in Figure 65 is from 30 to 60 seconds.  

All 3 capsules settled 55 seconds into flight, or 40 seconds after the force was applied. The 

capsule with a fill fraction of 25% has the largest amplitude and the capsule with the fill 

fraction of 75% has the smallest amplitude. The frequency of the capsules filled 25%, 50% 

and 75% are 0.22 Hz, 0.17 Hz and 0.14 Hz, respectively. 

 

Figure 65 — Angular rate for l/d = 3 filled 25%, 50% and 75% (zoomed to 30 – 60 s) 

The body with the largest mass (75%) has the largest peak acceleration and the largest 

maximum velocity. The maximum velocities for the 25%, 50% and 75% capsules are 

reached at 58 s, 62 s and 65 s, respectively. 
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Figure 66 — Angular rate for l/d = 3 filled 25%, 50% and 75% 

Figure 66 shows the angular rate response for bodies with an 𝑙/𝑑 of 3. A force of 5 N was 

applied for 5 seconds to all the bodies. The angular rate oscillates after the force is applied 

until the body settles. The body with the smallest fill fraction (25%) fluctuates more after the 

force is applied as the center of mass is furthest away from the center of pressure. 
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7.7 Analysis of Free-Fall 

7.7.1 Cone of Predicted Trajectories 

The cone of predicted trajectories was developed using different length-to-diameter ratios 

and different fill fractions. The simulation showed that the motion pattern depends on the 

body aspect ratio and the drag coefficient. 

Table 8 contains the length-to-diameter ratio and force applied to bodies falling from 39,624 

m. All four capsules have the same diameter. The bodies with a fill fraction of 0% are 

dropped with an initial velocity of zero and after 10 seconds, a 15 N force is applied for 5 

seconds. Figure 67 shows the position where the body lands in the Earth reference frame. 

Table 8 — Properties of Geometries Used for Cone of Predicted Trajectories 

Reference 

Name 

𝒍/𝒅 𝑭𝒗𝒆𝒏𝒕 (𝑵) Time (s) 

Capsule #1 2 

15 5 
Capsule #2 3 

Capsule #3 4 

Capsule #4 5 

Table 9 contains the physical properties and the force applied to spheres falling from 39,624 

m. The spheres are dropped with an initial velocity of zero and after 10 seconds, a 20 N force 

is applied for 20 seconds. Figure 67 shows the position where the bodies land in the Earth 

reference frame. 

Table 9 — Properties of Spheres Used for Cone of Predicted Trajectories 

Reference Name 𝒍/𝒅 𝑭𝒗𝒆𝒏𝒕 (𝑵) Time (s) Mass (kg) Diameter (m) Diameter (in) 

Sphere #1 

1 20 20 

150 1.016 40 

Sphere #2 150 0.762 30 

Sphere #3 150 0.508 20 

Sphere #4 250 1.016 40 

Sphere #5 200 1.016 40 

Sphere #6 100 1.016 40 
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All four capsules land in the 𝑋𝑒 (North) axis due to the direction of the force vector. The 

capsule with the smallest 𝑙/𝑑 lands the furthest away from the position of release and the 

largest 𝑙/𝑑 lands the closest. This occurs because when the same force is applied to bodies 

of different masses, the body with less mass accelerates more. The results are shown in 

Figure 67. 

Sphere 1, 2 and 3 have the same mass, but different diameters and they land in the 𝑌𝑒 (East) 

axis due to the direction of the applied force vector. The sphere with the biggest diameter (1) 

lands the furthest away from the position of release and takes the longest to reach the ground. 

Sphere 4, 5 and 6 have the same diameter, but different mass. The sphere with the largest 

mass (4) lands the closest to the origin and takes the least amount of time to reach the ground. 

By comparing the fall of three spheres with the same surface area and different fill fractions, 

the data shows the heavier (i.e., bigger mass) sphere achieves a higher terminal velocity.  

 

Figure 67 — Cone of predicted trajectories for Table 8 and Table 9 
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The bodies for Figure 68 were released from 39,624 m. After 10 seconds, a force was applied 

for 20 seconds to tumble the bodies. The bodies tumbled until they stabilized and the location 

shown below is the position in the Earth reference frame where the bodies landed. 

 

Figure 68 — Cone of predicted trajectories for Table 10 

Figure 68 shows all the bodies land within a radius of 60 m from the position of release. All 

bodies land on the same side due to the direction of the applied force. The forces 𝐹𝑣𝑒𝑛𝑡,𝑥 and 

𝐹𝑣𝑒𝑛𝑡,𝑦 were applied at a 45° angle to make the body spin and tumble. The bodies with the 

largest fill fraction land closest to the origin for all length-to-diameter ratios.  
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7.7.2 Timeline and g-Forces Over Altitude  

Six spheres with properties described in Table 9 were used to study the acceleration and g-

forces experienced during the fall. Figure 69 shows the nondimensionalized acceleration 

changes with respect to altitude and Figure 70 shows the g-force with respect to altitude.  

In the first 10 seconds after being released, the body has the largest acceleration, a value of 

“g”, and does not encounter a lot of air resistance because of the thin atmosphere. Due to the 

air resistance being essentially zero, the body is considered to be in free fall. From 11 to 36 

seconds, the nondimensionalized acceleration 𝑎/𝑔 decreases from 1 to 0.5 because the 

atmosphere starts to become denser and the body starts speeding up at a smaller rate. Both 

the air resistance and the body speed increase between 37 to 46 seconds until the body 

reaches its peak velocity; during this time, the net force decreased and the 𝑎/𝑔 of the body 

decreased from 0.5 to ~0 so the body sped up at a slower rate. Between 47 and 64 seconds 

and after the maximum velocity is achieved, the drag force and the speed decrease while the 

𝑎/𝑔 goes from ~0 to -0.5. The minimum 𝑎/𝑔 of -0.5 is reached at 65 seconds. The 

acceleration then starts approaching zero as the body stabilizes from 65 and 164 seconds. At 

165 seconds, the net force on the body is approaching zero therefore the acceleration is 

approaching zero. From this point until the body lands or the parachute is deployed, the body 

falls at a constant velocity. Table 10 summarizes the timeline of the fall. 

Table 10 — Timeline of g-Forces 

𝐚/𝐠 g-force Time (s) Altitude (m) 

1 0 0 – 10 39,624 – 39,140 

1 – 0.5 0 – 0.5 11 – 36 39,030 – 33,510 

0.5 – 0 0.5 – 1 37 – 46 33,330 – 30,300 

0 – -0.5 1 – 1.5 47 – 64 30,400 – 24,520 

-0.5 – -0.04 1.5 – 1.01 65 – 164 24,460 – 11,450 

~ -0.008 ~1.005 165 – 350 11,300 – 0 

Peak accelerations and g-force loads increase with bodies with more mass as seen in Figure 

69 and Figure 70. The sphere with the smallest diameter, sphere 3 (m = 150 kg, d = 0.508 

m), has the slowest rate of change initially, but reaches the largest peak a/g at -0.9. Sphere 
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6 (m = 100 kg, d = 1.016 m) has the fastest rate of change the first seconds after being 

dropped and reaches the smallest peak a/g at -0.5. 

When comparing spheres with the same diameter, but different mass (4, 5, 6), the sphere 

with the largest mass (4) has a slowest rate of change initially, but reaches the largest 

acceleration; leading to the conclusion that deceleration forces are larger for bodies with 

higher mass. 

 

Figure 69 — Nondimensionalized acceleration with respect to altitude for spheres with 

different properties 

When comparing the spheres with the same mass (1, 2, 3), the sphere with the smallest 

diameter (3) reaches the largest peak g-force, but this peak is reached at a lower altitude 
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compared to sphere 1 and 2. Comparably, the sphere with the largest diameter (1) reaches 

the smallest peak g-force at a higher altitude, or, sooner after being released. 

The sphere with the smallest diameter has a slowest rate of change initially. The body reaches 

1.9 g at 17,500 m, but takes longer to stabilize and reach terminal velocity. The sphere with 

the largest diameter has a smoother curve, reaching 1.6 g’s at 25,000 m and stabilizing at 

15,000 ft.  

 

Figure 70 — g-force with respect to altitude for spheres with different properties 
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7.7.3 Free-Fall Profile  

A capsule with an 𝑙/𝑑 of 5, 50% fill fraction and 150 kg mass was dropped from different 

altitudes to analyze the free-fall profile. 

As seen in Figure 71, maximum velocity for high-altitude falling bodies is a function of 

initial altitude; bodies falling from initial higher altitudes achieve higher maximum velocities 

and these velocities are reached at higher altitudes. The rate of change of the velocity and 

acceleration are the same for all 4 bodies during the first 15 seconds, but as they continue to 

fall, the bodies falling from higher altitudes meet the denser atmospheric layers under higher 

velocities so the drag forces (decelerations) are higher. 

 

Figure 71 — Body falling from different altitudes 
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The initial acceleration for all 4 bodies is 9.81
𝑚

𝑠2
. As the body approaches maximum 

velocity, the acceleration decreases. The velocity also decreases as the body falls and the 

density of the air increases. The bodies are dropped from 30,480 m, 33,528 m, 36,527 m and 

39,624 m and they reach their maximum velocities at 50, 55, 60 and 65 seconds, respectively. 

As the drag becomes equal to the weight, the acceleration approaches zero (between 120 – 

140 seconds) and the bodies approach terminal velocity. 

Figure 71 shows the body dropped from the highest altitude experiences microgravity for a 

longer time after being released than the body released from the lowest altitude. The bodies 

dropped from higher altitudes take more time to reach the peak acceleration and approach 

terminal velocity.  

7.7.3 Settling Time After Applied Force  

A force of 3.3 N was applied to a 40-inch sphere after 10 seconds of being released. The 

time constant τ of the system was calculated to be 6.4 s. The time constant leads to a settling 

time of 25.5 s, which agrees with the response plotted in Figure 72. The settling time is 

calculated within 2% of the final value. 

 

Figure 72 — Internal acceleration of a 40-inch sphere with an applied force at 10 s 
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Similarly, a 2.3 N force was applied to a 20-inch diameter capsule 10 seconds after being 

released. The time constant τ is 11.4 s and the body settles 45.6 s after the impulse, as shown 

in Figure 73. 

 

Figure 73 — Internal acceleration of a l/d =5 capsule with an applied force at 10 s 

Figure 72 and Figure 73 show an internal acceleration in the 𝑧𝑏 axis because the force is 

applied in the same direction (𝐹𝑣𝑒𝑛𝑡,𝑧). The body oscillates until stabilizing. The internal 

acceleration in the 𝑥𝑏 axis is due to the gravitational and atmospheric forces as well as the 

forces caused by the tumbling motion. The accelerations experienced by the body with the 

larger aspect ratio are larger than the accelerations experienced by the body with the lower 

aspect ratio. 
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The frequency of the 40-inch sphere after the 3.3 N force was applied is 1.04 rad/s and the 

maximum amplitude is 0.37 rad/s. as shown in Figure 74. 

 

Figure 74 — Angular rate of a 40-inch sphere with an applied force at 10 s 

The maximum amplitude of the 𝑙/𝑑 = 5 capsule is 0.35 rad/s and the frequency of the 

oscillation is 0.69 rad/s, as shown in Figure 75. 

 

Figure 75 — Angular rate of a l/d = 5 capsule with an applied force at 10 s 

The body with the higher aspect ratio takes a longer time to settle even when the initial 

amplitude was the same. 
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7.8 Results 

To compare the velocities and accelerations experienced by the body, the results from the 

simulation are plotted in Figures 76 – 78. The extreme scenarios were studied to bind the 

values that can be obtained from the free fall. All bodies are dropped from 39,624 m and a 

20 N force was applied for 20 seconds. 

Figure 76 shows the range of the g-force over altitude for bodies with constant diameter of 

0.508 m (20 in). The largest peak g-force, 2.3 g’s, is reached 83 seconds into flight at 10,990 

m by the body with an 𝑙/𝑑 of 5, a fill fraction of 100% and a mass of 250 kg; this is the 

highest g-force experienced when comparing all the configurations. 

 

Figure 76 — g-force with respect to altitude 
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The lowest peak g-force, 1.6 g’s, is reached 67.2 seconds after being released at 23,110 m 

by the body with an 𝑙/𝑑 of 1, fill fraction of 0% and 50 kg mass.  

 

Figure 77 — g-force over time 

Figure 77 shows the g-force the bodies experience over time. The body with 𝑙/𝑑 of 5, 100% 

fill fraction and 250 kg spent 8.5 seconds below 1/1000 g; this is the longest experiment time 

below 1/1000 g’s for all parameter combinations. This body spent 14.4 seconds below 1/100 

g, 20.8 seconds below 1/10 g and 22.2 seconds below 1 g. 

When comparing bodies with constant 𝑙/𝑑, the bodies with largest fill fraction (100%) and 

largest mass (250 kg) spend more time in microgravity than the other configurations. Table 

11 includes the timespan the body spends below 1/1000 g, 1/100, 1/10 g and 1 g, the 

corresponding altitude band and the total experiment time for a geometry with 𝑙/𝑑 =5, 100% 

and 250 kg. The data for all the configurations is included in the appendix. 
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Table 11 — g-Force Timeframe for l/d = 5, 100%, 250 kg 

Time spent below 1/1000 g (s) Altitude band (m) Experiment time (s) 

0 – 8.5 39,624 – 39,264 8.5 
Time spent below 1/100 g (s)   

8.5 – 22.9 39,264 – 37,041 14.4 
Time spent below 1/10 g (s)   

22.9 – 43.7 37,041 – 30,320 20.8 
Time spent below 1 g (s)   

43.7 – 65.9 30,320 – 19,195 22.2 

Figure 78 shows the range of velocities over altitude for bodies with constant diameter of 

0.508 m (20 in). The increase in fill fraction and mass leads to an increase in peak velocity, 

however, this peak velocity is reached at a lower altitude. 

 

Figure 78 — Velocity with respect to altitude 
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The smallest peak velocity achieved when comparing all body configurations is 356.1 m/s; 

this is reached by the body with 𝑙/𝑑 of 1, 0% fill fraction and 50 kg mass. The peak velocity 

is reached 48.8 seconds after being released and at an altitude of 29,120 m. Increasing the 

mass of the body leads to larger terminal velocities, which has to be taken into consideration 

when a parachute is deployed. Figure 78 shows the bounds of the velocity profiles that all 

the parameters combinations can experience. 

The landing location was compared for all configurations. The results show that all the 

bodies land within a 380 m radius when a 20 N force is applied for 20 seconds. The body 

that lands the furthest from the position of release (379 m) has an 𝑙/𝑑 of 5, 0% fill fraction 

and 50 kg. Comparably, the body with 𝑙/𝑑 = 1, 100% fill fraction and 250 kg lands the 

closest, 87 m from the position of release. 
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Chapter 8 

Conclusion and Future Work 

8.1 Conclusion 

In this thesis, a mathematical model has been developed to study the dynamics of a rigid 

body free falling throughout the atmosphere. Simulink was used to develop the 6 DOF 

model. The model was validated both at the subsystem level as well as the system level, as 

discussed in Chapters 3 to 6. The simulation model was validated using a variety of analytic 

test cases that were compared to literature. 

Based on given design constraints, different geometric parameters were studied with the 

simulation model to find the appropriate characteristics to build a scale model. The results 

provided by the simulation provide guidance for the design of an experiment that will 

generate data for verification and validation of simulation models that can be used by 

commercial developers and operators, which in turn improves the confidence and 

effectiveness of public safety regulations and procedures for commercial launch operations. 

Specific findings of this thesis are: 

 Bodies falling from higher initial altitudes have a higher maximum velocity and a 

higher drag force. 

 When the same force is applied, bodies with smaller fill fractions have larger 

amplitudes than bodies with larger fill fractions. 

 When the same force is applied, bodies with the smaller 𝑙/𝑑 (constant 𝑑) land further 

away from the position of release. 

 Bodies dropped from higher altitudes experience microgravity for a longer time after 

being released. 
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 Bodies with a higher aspect ratio take a longer time to settle even when the initial 

amplitude was the same. 

This thesis provides the flight profile of the falling body, the timeline and g-forces during 

each stage and the cone of predicted trajectories. Chapter 7 provides details on the amount 

of thrust needed to spin and tumble a body, the location of the vent for the propellant tank 

and the settling time of the body after the thrust has been applied. 

8.2 Future Work 

Additional work has to be done to increase the accuracy of the model, including 

thermodynamics of the system, a rotating earth model and effects of the wind. The model 

can be expanded to study the fall of different geometric characteristics or non-uniform mass 

distribution. 

At supersonic speeds, shock waves will be present in the flow field so the wave drag has to 

be accounted for in the drag coefficient. Similarly, the values of the drag force can be 

improved by taking into account drag coefficients as a function of the Mach number, which 

introduces instabilities in the fall.  

Lastly, the dissipation of kinetic energy into a rapidly decelerating body causes heats so 

heating should be another aspect to be considered. 
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Appendix 

Free-Fall Data 
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