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ABSTRACT

Title:

MULTI-CLASS LOGICAL ANALYSIS OF DATA WITH RELAXED PATTERNS AND

ITS EXTENSION TO SURVIVAL ANALYSIS

AUTHOR:

TRAVAUGHN COREN BAIN

MAJOR ADVISOR:

MUNEVVER MINE SUBASI, PH.D.

This dissertation builds on a previously successful optimization based linear program

multi-class classification method, called Logical Analysis of Data (LAD), and improves

its generalization capability by introducing relaxed constraint modifications and then

further extends and applies it to Survival Analysis. First, we propose the relaxed modi-

fications onto the constraints of the mixed integer linear program (MILP) in the pattern

generation phase of LAD. Our modifications are aimed at minimizing the degree of

over-fitting to noise, allowing for added flexibility to widen the solution space in hopes

to discover more robust classification rules. The proposed method introduces relaxed

homogeneity and minimum prevalence measures that foster the flexibility for solutions

of the underlying MILP. The advantage of this added flexibility is demonstrated through

experiments on several multi-class benchmark datasets. Next, we demonstrate an appli-

cation of our methodology by tying it with the methodology of Kaplan-Meier estimation

for Survival Analysis. Together, the combined techniques produce a methodology aimed

at producing robust survival models that can accurately predict the underlying survival

distributions and improve on the estimation of risk stratification. Lastly, we propose

our adapted survival function estimator, which proportionately adjusts the weight of

the baseline survival function based on the related pattern survival curve(s) coverage
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therein. The utility of which is evaluated by comparing the empirical results from two

previously established survival function estimators across two publicly available clinical

datasets.
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Chapter 1

Introduction

With the rapid emergence of new technologies in the modern world today, we are facing

an exponentially growing volume of complex structured data in diverse fields of science

and engineering (Dubitz et al., 2007 [24]). Wide interest for data analysis tools to collect

and analyze these large volumes of data, discover features and predict trends, motivates

an interdisciplinary research approach, cutting across the disciplines of applied math-

ematics and computer science. Research interests are emerging rapidly in efforts to

efficiently yield gainful insights from data for making strategic and informed decisions.

A fundamental challenge in data analysis is to extract, analyze, and interpret knowl-

edge from large-scale datasets effectively and efficiently. In order to address this chal-

lenge, the traditional statistical methods are complemented by sophisticated supervised

learning techniques. The most popular classification techniques include support vec-

tor machines, decision trees and random forest, neural networks, logistic regression,

Bayesian networks, Naı̈ve Bayesian Classification, etc. Each of these methods exhibits

unique mathematical properties, but share the goal of determining a classifier that can
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predict the observations in different classes in a given data. The historical and mathe-

matical details of these methods can be found in Han et al. (2011) [36].

Supervised learning algorithms solve binary classification problems, where a learn-

ing model is constructed to separate observations into two predefined classes. However,

many real-world problems require the identification of more than two subgroups of ob-

servations and the features and patterns associated with each subgroup. Despite the

undoubted advancements in the area of multi-class classification, there is still room for

developing new approaches to improve the effectiveness and efficiency of the methods

and tools to analyze archives of historical records for the purpose of discovering hidden

structural relationships in large-scale datasets.

In this dissertation we propose a parametrized algorithmic approach that builds on

the mixed integer linear programming (MILP) pattern generation approach of Ryoo and

Jang (2009) [76] and multi-class Logical Analysis of Data (LAD) approach of Avila-

Herrera and Subasi (2013, 2015) [7, 8] whom constructs an OvR-type LAD classifier

to identify patterns in multi-class datasets. Our proposed multi-class LAD modifica-

tion introduces two control parameters, homogeneity and prevalence, to generate fuzzy

patterns which we call “relaxed patterns”.

We then integrate the fundamental concepts from conventional statistics with our

relaxed LAD methodology to develop a systematic procedure for survival analysis. This

integration is expected to open new avenues in both theoretical and applied research for

supervised learning and survival analysis.

The proposed methodology enables the discovery of the combinations of significant

2



features associated with time to an event of interest and produces combinatorial survival

patterns that predicts the underlying probability distribution of time-to-event. Combina-

torial survival patterns are obtained as algorithmic solutions of the related mixed integer

linear programming problem that generates relaxed LAD patterns.

The organization of the dissertation is as follows. Chapter 2 presents an introduction

to the background and methods of LAD, Multi-Class Classification schemes and Sur-

vival Analysis. To which we explain and illustrate the basic steps of the standard LAD

algorithm with numerical examples.

In Chapter 3, we begin by exploring the natural extension of the binary classification

algorithm to the Multi-Class classification schemes of One versus One (OvO) and One

versus Rest (OvR). Then we formulate our Multi-Class LAD with relaxed patterns algo-

rithmic methodology. The performance and efficiency of the methodology is then exam-

ined through experiments executed on several multi-class benchmark datasets, compar-

ing results to previously developed multi-class LAD classification methods in addition

to other well-known classification techniques.

In Chapter 4, we elaborate on commonly used machine learning techniques used in

survival analysis. Afterward, we introduce the motivation for our methodology and then

demonstrate an application of our methodology, tying it with the technique of Kaplan-

Meier estimation for Survival Analysis. Together, the combined techniques produce a

methodology aimed at producing robust survival models that can accurately predict the

underlying survival distributions and improve on estimating risk stratification in time-

to-event data. Furthermore, we propose our adapted survival function estimator, which
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proportionately adjusts the weight of the baseline survival function based on the related

pattern survival curve(s) coverage therein. The utility of which is evaluated by compar-

ing empirical results from two previously established survival function estimators across

two publicly available clinical datasets.

Finally, in Chapter 5, we include the discussion on the contributions of the proposed

Relaxed Multi-Class LAD methodology and its extension to Survival Analysis.
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Chapter 2

Background and Methods

2.1 Road-Map for Data Mining

With the advent of sophisticated technologies, we are currently witnessing a paradigm

shift from hypothesis-driven research to a data-driven approach in diverse fields of sci-

ence and engineering, where data mining emerged as an essential process. However,

extracting, analyzing, and interpreting knowledge from large-scale datasets presents an-

alytical and computational challenges. In order to address these challenges, data mining

complements the conventional statistical analysis with sophisticated mathematical tech-

niques. Data mining process cuts across the various disciplines and fosters the integra-

tion of ideas (Figure 2.1).
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Figure 2.1: Data Mining - Multi-Disciplinary Knowledge Discovery Approach
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As illustrated in Figure 2.2, data mining is a multi-step process, comprising five

phases:

(1) Data pre-processing: data transformation, imputation, feature selection, or feature

reduction

(2) Data visualization

(3) Knowledge discovery

(3a) Class discovery: clustering – unsupervised learning

(3b) Class comparison and discrimination: regression, classification, or survival

analysis – supervised learning

(4) Evaluation: statistical tests or cross-validation

(5) Interpretation of the results.

Below we briefly describe the steps of data mining.

2.1.1 Data Preprocessing

Raw data often exhibits missing values and inconsistency and is highly susceptible to

noise. Data preprocessing is the most crucial step of data mining, divided into three

main types:

• Data Cleaning: Typical routines include (1) missing data imputation such as mean

imputation techniques, regression imputation, hot-deck imputation, and multi-

ple imputation (Patil and Bichkar (2010) [68], Subasi et al. (2011) [80], Silva-

Ramı́rez et al. (2015) [78], Zhang et al. (2015) [91]), (2) denoising such as

wavelet analysis (Ghael et al. (1997) [33], Chang et al. (2000) [17], Chen and Bui
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Figure 2.2: Milestones of Data Mining
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(2003) [19]), and (3) outlier detection (Aggarwal and Yu (2001) [2], Hodge and

Austin (2004) [41], Ben-Gal (2005) [9], Kriegel et al. (2008) [52]).

• Data Transformation: This process involves the normal or log-normal transforma-

tion of the data. The goal is to coerce different features to follow similar distri-

butions and to eliminate systematic errors due to experimenter bias, variability of

experimental conditions, and machine calibration (see, for example, Dubitzky et

al. (2007) [24], and Hand (2006) [37] and the references therein).

2.1.2 Feature Reduction

With the rapid emergence of new technologies in the modern world today, we are fac-

ing an exponentially growing volume of data in various fields of science and engineer-

ing. Feature reduction methods plays an important role to remove redundancy in large-

scale datasets, and hence, improve the computational power. There are two types of

approaches:

• Dimensionality Reduction: Data transformation is applied to obtain a compressed

representation of the original data. The transformation is irreversible, that is, we

can reconstruct only an approximation of the original data from the reduced one.

Two most commonly used dimensionality reduction techniques are wavelet trans-

forms and principal components analysis (Hand, 2006 [37], Han et al., 2011 [36]).

• Feature Selection: Data size is reduced by removing irrelevant or redundant fea-

tures. The goal is to find a smallest set of features such that the distribution of the

resulting data classes is as close as possible to the original distribution obtained

using all features (Han et al., 2011 [36]). There are three main feature selection
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approaches, called filter, wrapper and embedded methods (Hand, 2006 [37], Dub-

itzky et al., 2007 [24], Han et al., 2011 [36]): (1) Filter method ranks each feature

according to a univariate metric and only retains the features with highest ranks

based on a user-specific threshold. (2) Wrapper method assesses the quality of

a feature based on a classification algorithm’s ability to discriminate among the

classes, where a classification algorithm is treated as a black-box. (3) Embed-

ded methods determines a subset of features through a search process that is tied

closely to a certain classification algorithm.

There are three basic heuristic methods of feature subset selection:

• Stepwise forward selection: Starting with an empty set of features, the process

adds the “best” features to the set one at a time at each iteration to determine a

smallest subset of most influential features.

• Stepwise backward elimination: Starting with the full set of features, the process

removes the “worst” feature one at a time at each iteration to result in a smallest

subset of most influential features.

• Random selection: The procedure selects the best feature and removes the worst

one at each iteration to form a minimum subset of features successfully separating

the observations in different classes.
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2.1.3 Unsupervised and Supervised Learning

Given an input data containing multiple observations and multiple features/variables,

we have the following three cases:

(1) Unsupervised Learning: No outcome (dependent) variable is known or given. Clus-

tering analysis is used to determine subgroups (clusters) of data where the obser-

vations in same subgroup are similar to each other based on their features and

are different from those in the other subgroup. For example, data contains pa-

tients with breast cancer and their genes expressions. Clustering analysis can

be used to identify the subtypes of breast cancer, where the patients are divided

into disjoint subgroups based on the genes driving the disease. The most com-

monly used clustering methods are hierarchical clustering, consensus clustering,

k-means clustering, expectation-maximization, etc. For more details, see Dub-

itzky et al. (2007) [24] and Han et al. (2011) [36].

(2) Supervised Learning: The outcome (dependent) variable is given/known. There

are three types of supervised learning analysis:

• Regression Analysis: Outcome variable is continuous valued. For example,

data contains chronic kidney disease patients and their serum proteomic fea-

tures and the outcome is the glomerular filtration rate (GFR - continuous

valued variable), determining the progression of the disease. The typical

methods include statistical multiple linear regression and various nonlin-

ear regression approaches to identify a regression model that best fits the

data, i.e., where the distance between every data point and the regression

line/curve is minimized (see, for example, Han et al., 2011 [36] and the ref-

erences therein).
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• Classification: Outcome variable is discrete valued. For example, data con-

tains chronic kidney disease patients and their serum proteomic features and

the outcome variable is high-risk, medium-risk, or low-risk of disease pro-

gression (discretized version of GFR outcome). The most popular classifi-

cation techniques include support vector machines, decision trees and ran-

dom forest, neural networks, logistic regression, Bayesian networks, Naı̈ve

Bayesian Classification, etc. Each of these methods exhibits unique math-

ematical properties, but share the goal of determining a classifier that can

predict the observations in different classes in a given data. The histori-

cal and mathematical details of these methods can be found in Han et al.

(2011) [36].

• Survival Analysis: A branch of statistics dealing with the analysis of time-

to-event data, where the goal is to predict the event (failure) time of observa-

tions based on multiple features. For example, data contains chronic kidney

disease patients with serum proteomic features where the outcome is time to

rapid decline in kidney function, dialysis, or death. Even though the main

goal is to analyze a data with continuous outcome (time-to-event), survival

analysis differs from regression analysis due to the presence of censored

data incomplete time-to-event information: an observation did not experi-

ence an event or withdraws from the study before the end of the study or

had the event before the study started (Klein and Moeschberger, 2006 [48]).

The study may also involve truncation: the entire study population has al-

ready experienced the event of interest or has been at risk before entering

the study (Klein and Moeschberger, 2006 [48]). The statistical analysis of

survival data has been well-developed in the literature. The commonly used
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methods include Kaplan-Meier nonparametric maximum likelihood estima-

tor and semi-parametric approach of Cox proportional hazard model. Some

popular distributions for estimating survival curves are Weibull, exponential,

log-normal and log-logistic distributions – parametric approach. For more

information, the reader is referred to Kleinbaum (1998) [49], Lee and Wang

(2003) [55] and Kleinbaum and Klein (2010) [50].

(3) Semi-Supervised Learning: Outcome information is partially known and hence,

semi-supervised sits in between both supervised and unsupervised learning. A

supervised learning method is used to train on labeled data to predict the outcome

for unlabeled observations (Zhu, 2005 [93], Chapelle et al., 2009 [18], and Zhu

and Goldberg, 2009 [92]).

2.1.4 Validation and Interpretation of Results

Accuracy/performance of a classifier or predictor is evaluated as follows:

• Cross-Validation: If an external dataset is not available, data is randomly divided

into two disjoint subgroups called training set and test set and a model is de-

veloped on training data and evaluated on test set (as illustrated in Figure 2.3).

The typical cross-validation experiments include (1) leave-one-out, also known

as jackknife method, where only one of the observations is used in test set and a

model is built on the rest of the observations. The process is repeated for each

observations. (2) k-folding experiments, where the data is randomly divided into

k subsets, k−1 of them form a training set, and the model developed on the train-

ing set is evaluated on the kth subgroup forming the test set. The process is then

repeated k times, using each of the k subgroups as test set. The accuracy of the

13



model is then the average of accuracies on test sets.

• Validation on External Set: If an external dataset is available, then a model is de-

veloped on the original dataset (training set) and evaluated on the external dataset

(test set). Then the accuracy on the external set is reported as the accuracy of the

model (illustrated in Figure 2.4).

Data mining has been an exciting field of research, clearly seen by numerous schol-

arly publications in the past several years. Despite the undoubted advances in data

analysis, there is still room for developing new approaches to improve the effectiveness

and efficiency of the methods and tools to analyze archives of historical records for the

purpose of discovering hidden structural relationships.

The goal of this dissertation is to build on a previously developed two classification

method, called Logical Analysis of Data (LAD), and extend it to multi-class classifica-

tion and survival analysis. Our motivation behind choosing Logical Analysis of Data

(LAD) as the starting point of our investigation is

• unlike other powerful machine learning techniques, LAD is not a black-box ap-

proach – LAD produces explicit and easily interpretable (explainable) classifica-

tion models, consisting of combinatorial patterns;

• LAD classifier can be used for risk prediction;

• LAD identifies a subset of features significantly associated with class outcome and

can be used to analyze the nature of features promoters or blockers, i.e., favoring

or inhibiting a certain outcome; and

• LAD maintains a high level of prediction accuracy.

In the following section, we present the standard Logical Analysis of Data method.

14
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2.2 Logical Analysis of Data

Introduced by Peter L. Hammer in 1986, Logical Analysis of Data (LAD) is a two-class

learning method based on combinatorics, optimization, and the theory of Boolean func-

tions (Hammer, 1986 [35], Boros et al., 2000 [14]). Hammer’s vision expanded the LAD

methodology from theory to successful data applications in numerous disciplines. Given

an input dataset, Ω, consisting of two disjoint classes Ω+ (set of positive observations)

and Ω− (set of negative observations), where Ω = Ω+ ∪ Ω− and Ω+ ∩ Ω− = ∅, there

exists a hidden function of nature separating the observations Ω+ and Ω−. The goal of

LAD is to identify positive and negative patterns to approximate the hidden function of

nature (as illustrated in Figure 2.5).

Figure 2.5: LAD Approximation to Hidden Function in Nature

The standard LAD methodology, presented in (Boros et al., 1997 [13] and Boros et

al., 2000 [14]), is a multistep procedure, consisting of five main components outlined

below. A more detailed overview of the standard LAD method together with the recent

developments in its theory and applications can be found in (Lejeune et al., 2018 [56]).
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2.2.1 Binarization and Support Set Selection

This step is designed to transform numeric features (attributes/variables) into binary

features without losing predictive power. The procedure consists of finding cut-points

for each numeric feature. The set of cut-points can be interpreted as a sequence of

threshold values collectively used to build a global classification model over all features

(Boros et al., 1997 [13], Boros et al., 2000 [14]).

Given a numeric dataset, there exist a large number of “feasible” cut-points, of

which are usually identified by the standard methods such as equal width, equal fre-

quency, based on metrics such as entropy, information theory, etc. (Han et al., 2011

[36]).

In most cases, many of these feasible cut-points tend to exhibit a redundancy. In

such cases a set covering problem is solved, in order to identify an optimal set of cut-

points that transforms the numerical features into binary ones (as illustrated in Figure

2.6).

Figure 2.6: LAD Approximation to Hidden Function of Nature
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Discretization is a very useful step in data mining, especially for the analysis of

medical data, as it reduces noise and produces robust results (Han et al., 2011 [36]).

The problem of discretization is well studied and many powerful methods are presented

in literature, see, e.g., the survey papers by Liu et al. (2002) [63] and Kotsiantis and

Kanellopoulus (2006) [51].

In discretization step of LAD procedure, a minimum set covering problem is solved

to obtain an irredundant smallest subset of binary variables, which can distinguish every

pair of positive and negative observations in the dataset. The resulting set is called

a support set (Boros et al., 1997 [13], Boros et al., 2000 [14]). If the input data is

categorical/nominal, then there are other well-known techniques to binarize the data

(Aggarwal, 2015 [1]).

2.2.1.1 Binarization of Numerical Variables

The binarization of a numerical feature x and the amount of binary attributes necessary

to replace it depends upon the number of distinct values of x. This requires that the

distinct values of x be ranked in ascending order, such that we have:

u(1)
x < u(2)

x < ... < u(K)
x

where K is the total number of distinct values of x, N is the total number of observa-

tions, and K ≤ N .
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A cut-point αx,j is introduced between each pair of values that belong to different

classes. The cut-point is calculated by averaging the two values as:

αx,j =
u

(i)
x + u

(i+1)
x

2
(2.1)

where u(i)
x ∈ Ω+ and u(i+1)

x ∈ Ω−, and vice versa.

A binary attribute is then formed from each cut-point. Each cut-point αx,j has a

corresponding binary attribute bαx,j
, defined as:

bαx,j
=

 1 if ux ≥ αx,j

0 if ux < αx,j.
(2.2)

As a result of this binarization process, the number of binary attributes that make

up the binarized training set is equal to the number of cut-points generated for each

numerical factor in the training dataset.

2.2.1.2 Binarization of Categorical Factors

The binarization of a categorical feature x is performed by assigning a binary attribute

b(x, ν) to each value ν, which is defined such that:

b(x, ν) =

 1 if x = ν

0 otherwise.
(2.3)

As a result, the number of binary attributes obtained from a given categorical feature

is equal to the number of distinct values of that feature. In the special case of having
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a categorical feature that has only two distinct values the binary values 0 and 1 are

assigned, resulting in having only one binary attribute.

2.2.1.3 Numerical Example

The binarization procedure is illustrated through the simple example shown in Table 2.1,

where we are given a dataset that contains four positive and three negative observations,

i.e., |Ω+| = 4 and |Ω−| = 3, and three features, one numeric and two categorical.

Class x1 x2 x3

2 medium male
10 low female
7 low male

Positive Class
Ω+

8 high male
8 low female
7 medium female

Negative Class
Ω−

10 high male

Table 2.1: Non-binary data

The binarization process starts with the numerical feature, x1, by ordering its distinct

values in ascending order as shown in Table 2.2.

Class + +&− +&− +&−
Distinct ranked values u(1)

x1
u(2)
x1

u(3)
x1

u(4)
x1

Numerical value 2 7 8 10

Table 2.2: Ranking of the numerical factor x1 in ascending order

21



The first cut-point αx1,1 is introduced between the pair of values (2, 7) that belong to

the different classes (+,−) . It is calculated by averaging these two values as follows

αx1,1 =
u

(1)
x1 + u

(2)
x1

2
=

2 + 7

2
= 4.5.

The second cut-point αx1,2 is introduced between the pair of values (7, 8) and is

calculated as

αx1,2 =
u

(2)
x1 + u

(3)
x1

2
=

7 + 8

2
= 7.5.

The third cut-point αx1,3 is introduced between the pair of values (8, 10) and is cal-

culated as

αx1,3 =
u

(3)
x1 + u

(4)
x1

2
=

8 + 10

2
= 9.

Accordingly, the numeric feature x1 is transformed into the binary attributes bαx1,1
,

bαx1,2
and bαx1,3

.

The cut-point αx1,1 has a corresponding binary attribute bαx1,1
with defined values:

bαx1,1
=

 1 if ux1 ≥ αx1,j

0 if ux1 < αx1′j

, j = 1, 2, 3.
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The binary attributes bαx1′2
and bαx1′3

are defined in the same manner, according to

the corresponding cut-points. For the sake of simplicity, we change the names of the

attributes bαx1,1
, bαx1,2

and bαx1,3
, to b1, b2 and b3, respectively. Each value of x1 and its

binarized value is shown below:

Numerical Features Binary Variables
Class x1 Class b1 b2 b3

2 0 0 0
11 1 1 1
7 1 0 0

Positive Class
Ω+

8

Positive Class
Ω+

1 1 0
8 1 1 0

10 1 1 1
Negative Class

Ω−
10

Binarization
=⇒

Negative Class
Ω−

1 1 1

The categorical factor x2 takes three different values (low,medium, high). The

binary attribute b4 (x2, low) is assigned to the value low such that:

b4(x2, low) =

 1 if x2 = low

0 otherwise.

Similarly, the binary attribute b5 (x2, medium) and bt (x2, high) is assigned to the

value medium and high, respectively, such that

b5(x2,medium) =

 1 if x2 = medium

0 otherwise
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b6(x2, high) =

 1 if x2 = high

0 otherwise.

Accordingly, the factor x2 is binarized and converted into the binary attributes b4, b5,

and b6 as follows:

Numerical Features Binary Variables
Class x2 Class b4 b5 b6

medium 0 1 0
low 1 0 0
low 1 0 0

Positive Class
Ω+

high

Positive Class
Ω+

0 0 1
low 1 0 0

medium 0 1 0
Negative Class

Ω−
high

Binarization
=⇒

Negative Class
Ω−

0 0 1

The categorical factor x4 is binarized and converted into only one binary attribute

(attribute b7) since it takes only two values (male, female):

Numerical Features Binary Variables
Class x3 Class b7

male 0
female 1
male 0

Positive Class
Ω+

male

Positive Class
Ω+

0
female 1
female 1

Negative Class
Ω−

male

Binarization
=⇒

Negative Class
Ω−

0
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Table 2.3 shows the binary attributes generated by the above procedure.

Class b1 b2 b3 b4 b5 b6 b7

0 0 0 0 1 0 0
1 1 1 1 0 1 1
1 0 0 1 0 0 0

Positive Class
Ω+

1 1 0 0 0 1 0
1 1 0 1 0 0 1
1 1 1 0 1 0 1

Negative Class
Ω−

1 1 1 0 0 1 0

Table 2.3: The binary data resulting from Table 2.1

2.2.2 Pattern Generation

Patterns are often referred to as the key ingredients of the LAD algorithm (Boros et al.,

2000 [14], Avila-Herera and Subasi, 2013 [7]). In this step, the features are used in

combination to produce rules referred to as, combinatorial patterns, that define homo-

geneous subgroups of interest within the data. The simultaneous use of two or more

features allows the identification of more complex rules that can be used for the precise

classification of an observation as illustrated in Figure 2.7.

Given a binary (or binarized) dataset Ω = Ω+ ∪ Ω− ⊂ IBm×n with m observations

and n features, where Ω+ ∩ Ω− = ∅, a pattern P is simply defined as a subcube

of IBn = {0, 1}n. A “LAD pattern” can be described as a Boolean term, that is, a

conjunction of literals (binary variables or its negation) which does not contain both a

variable and its negation:

P =
∧
j∈MP

xj
∧
j∈NP

x̄j

25



where MP , NP ⊆ {1, · · · , n}, MP ∩ NP = ∅, and xj is the Boolean literal associated

with the jth feature in the dataset.

Patterns define homogeneous subgroups of observations and have the following dis-

tinctive characteristics.

• Degree: The number of literals involved in the definition of a pattern is called the

degree of the pattern.

• Homogeneity: The proportion of positive (negative) observations among all those

observations covered by a pattern is called the positive (negative) homogeneity

of the pattern. A pure positive pattern has 100% positive homogeneity and 0%

negative homogeneity and is defined as a combination of features which covers

a proportion of positive observations, but none of the negative ones: P (ω+) = 1

for at least one ω+ ∈ Ω+ and P (ω−) = 0 for every ω− ∈ Ω−. A pure nega-

tive patterns can be defined similarly: P (ω−) = 1 for at least one ω− ∈ Ω− and

P (ω+) = 0 for every ω+ ∈ Ω+. A fuzzy (relaxed) positive (negative) pattern

has positive (negative) homogeneity less than 100%, but greater than 50%. For

example, if the positive homogeneity of pattern is 80%, then it means 80% of

the observations covered by that pattern are positive and the remaining 20% are

negative observations.

• Prevalence: The proportion of positive (negative) observations covered by a pat-

tern is called the positive (negative) prevalence of the pattern. For example, if the

positive prevalence of a pattern is 25% and its negative prevalence is 5%, then

it means the pattern is seen in 25% of the positive observations and 5% of the

negative observation.
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• Coverage: An observation ω ∈ Ω satisfying the conditions of a pattern P , i.e.,

P (ω) = 1, is said to be covered by that pattern. Coverage of a pattern P , denoted

by Cov(P ), is the set of observations covered by the pattern.

• Hazard Ratio: The ratio between the proportion of positive observations among all

those observations covered by a pattern and the proportion of positive observations

among those observations not covered by the pattern is called the hazard ratio of

the pattern. For example, a positive pattern with hazard ratio equal to 2.5 means,

the pattern is 2.5 time more likely to cover observations in Ω+.

Note that a positive homogeneity plus negative homogeneity of a pattern is 100%.

A pattern associated with positive (negative) class must exhibit a positive (negative)

homogeneity more than 50%. We also remark that a high quality positive (negative)

pattern must have high positive (negative) homogeneity and high positive (negative)

prevalence. Smaller degree reduces the complexity, allowing easier interpretation of the

pattern.

The most straightforward approach to pattern generation is based on the use of com-

binatorial enumeration techniques, for example, a bottom-up/top-down approach as de-

scribed by Boros et al. (1997) [13] and Boros et al. (2000) [14].

The bottom-up approach follows a lexicographic order in generating the patterns in

order to reduce the amount of computations necessary. The approach starts with terms

of degree one that cover some positive observations. If such a term does not cover any

negative observation, it is a positive pattern. Otherwise, literals are added to the term

one by one until a pattern of prefixed degree is generated.
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The top-down pattern generation approach starts by considering all uncovered ob-

servations as patterns of degree n and for each of those patterns, literals are removed

one by one, until a pattern with smallest degree is reached.

The enumeration type pattern generation approach is a costly process. Given a two-

class binary dataset with n features, the total number of candidate patterns to be searched

is
n∑
i=1

2i
(
n

i

)
and the number of degree d patterns can be 2d

(
n

d

)
.

Since patterns play a central role in LAD methodology, various types of patterns

have been studied and several pattern generation algorithms have been developed for

their enumeration, see (Lejeune et al., 2018 [56]) and the references therein.

Let us consider two special types of LAD patterns, called strong patterns and prime

patterns. A pattern P is called a strong pattern if there is no pattern P ′ such that

Cov(P ) ⊂ Cov(P ′). Pattern P is called a prime pattern if the deletion of any literal

from P results in a term that is no longer a pattern.

In what follows we shall describe a mixed integer linear programming (MILP) ap-

proach introduced by Ryoo and Jang (2009) [76] that generates a strong prime pure

pattern as an optimal solution of the MILP formulated. This problem serves as the start-

ing point of our investigation, where we shall formulate an MILP that produces a fuzzy,

strong, and prime LAD pattern that can separate an observation in one class from those

that belong to any other class in a multiclass classification problem.
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Consider a two-class dataset Ω consisting of m binary observations and n features.

We introduce the following notations:

• I+ = {i : ω+
i ∈ Ω+}

• I− = {i : ω−i ∈ Ω−}, where Ω = Ω+ ∪ Ω− and Ω+ ∩ Ω− = ∅.

• ωij: binary value of the jth feature in the ith observation ωi ∈ Ω.

• xj , j = 1, · · · , n: Boolean literal corresponding to the jth feature bj in Ω.

• xn+j = 1− xj , j = 1, · · · , n: variables representing b̄j .

• ρi, i = 1, ...,m: penalties associated with the coverage of the pattern P and are

defined by

ρi =

 1 if P (ωi) = 0, i ∈ I+

0 if otherwise.

Note that if xj = 1 for some specific j = 1, ..., n, then bj = 1 in observation ωi and if

xn+ j = 1 for some specific j = 1, ..., n, then bj = 0 in observation ωi. This means that

variables xj and xn+j , j = 1, ..., n associated with the jth feature in dataset Ω determine

whether the jth feature takes value 1 or 0 in the ith observation wi ∈ Ω.
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Following Ryoo and Jang (2009) [76], we can formulate the following MILP to

generate a pure positive pattern:

minimize cd+
∑
i∈I+

ρi

subject to
2n∑
j=1

ωijxj + nρi ≥ d, i ∈ I+

2n∑
j=1

ωijxj ≤ d− 1, i ∈ I−

xj + xn+j ≤ 1, j = 1, ..., n
2n∑
j=1

xj = d

1 ≤ d ≤ n, d ∈ Z+

ρi ∈ {0, 1}, i = 1, ...,m

xj ∈ {0, 1}, j = 1, ..., 2n

(2.4)

where c ∈ IR and d is the unknown degree of a positive pattern P .

Ryoo and Jang (2009) [76] showed that a feasible solution of problem (2.4) is a

positive pattern with degree d. When the scaling parameter c is positive, an optimal

solution of problem (2.4) is a positive pattern with the smallest degree and maximum

coverage, and hence is a strong prime pure pattern (Ryoo and Jang, 2009 [76]).
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Based on the optimal solution of this formulation, the resulting pattern P is con-

structed as

P =
∧

{j : xj=1}

bj
∧

{j : xn+j=1}

b̄j . (2.5)

Note that if we change the roles of index sets I+ and I− in problem (2.4), an optimal

solution of the problem provides us with a negative strong prime pattern.

2.2.2.1 Numerical Example: Pure LAD Pattern Generation

This example illustrates the pattern generation stage in LAD. Assume the given binary

dataset consist of five binary attributes. The data comprise a set of five positive obser-

vations and a set of five negative observations, as shown in Table 2.4.

Binary Variables
Observation Class

b1 b2 b3 b4 b5

1
2
3
4
5

Positive
Ω+

1
1
1
0
1

0
1
0
0
0

1
1
1
1
0

0
0
0
1
1

1
0
0
1
0

6
7
8
9
10

Negative
Ω−

0
1
0
1
1

1
1
0
1
1

1
0
1
0
0

0
0
0
0
0

1
1
1
1
1

Table 2.4: Eight Observations (five positive and five negative)
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A Boolean vector x = (x1, x2, ..., x8, x9, x10) is associated with binary variables

bj and its complement b̄j such that

xj = bj, j = 1, ..., 5

and

1− xj = x5+j = b̄j, j = 1, .., 5.

Binary Variables
Complements of the Binary

Variables
Observation Class

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

1
2
3
4
5

Positive
Ω+

1
1
1
0
1

0
1
0
0
0

1
1
1
1
0

0
0
0
1
1

1
0
0
1
0

0
0
0
1
0

1
0
1
1
1

0
0
0
0
1

1
1
1
0
0

0
1
1
0
1

6
7
8
9

10

Negative
Ω−

0
1
0
1
1

1
1
0
1
1

1
0
1
0
0

0
0
0
0
0

1
1
1
1
1

1
0
1
0
0

0
0
1
0
0

0
1
0
1
1

1
1
1
1
1

0
0
0
0
0

Table 2.5: The observations and their complements
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First Pattern Generation

Now, we start the procedure of generating the first positive pure pattern. The ob-

jective is to generate the pattern P+
1 that guarantees the maximum coverage of positive

observations in the set Ω+ with minimum possible degree. The problem is formulated as

an MILP that minimizes the number of uncovered observations. The MILP is presented

in Table 2.6.

First Pattern Generation

Minimize f = d+ ρ1 + ρ2 + ρ3 + ρ4 + ρ5

Subject to:
x1 + x3 + x5 + x7 + x9 + 5ρ1 ≥ d
x1 + x2 + x3 + x9 + x10 + 5ρ2 ≥ d
x1 + x3 + x7 + x9 + x10 + 5ρ3 ≥ d
x3 + x4 + x5 + x6 + x7 + 5ρ4 ≥ d
x1 + x4 + x7 + x8 + x10 + 5ρ5 ≥ d
x2 + x3 + x5 + x6 + x9 ≤ d− 1
x1 + x2 + x5 + x8 + x9 ≤ d− 1
x3 + x5 + x6 + x7 + x9 ≤ d− 1
x1 + x2 + x5 + x8 + x9 ≤ d− 1
x1 + x2 + x5 + x8 + x9 ≤ d− 1

x1 + x6 ≤ 1
x2 + x7 ≤ 1
x3 + x8 ≤ 1
x4 + x9 ≤ 1
x5 + x10 ≤ 1

x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 = d
1 ≤ d ≤ 5

xj ∈ {0, 1}, j = 1, 2, ..., 10
ρi ∈ {0, 1}, i = 1, 2, 3, 4

Solution: f = 3
d = 1

ρ1 = 1, ρ2 = 0, ρ3 = 0, ρ4 = 1, ρ5 = 0
x1 = 0, x2 = 0, x3 = 0, x4 = 0, x5 = 0, x6 = 0, x7 = 0, x8 = 0, x9 = 0, x10 = 1

Table 2.6: The first MILP iteration (generation of the positive pure pattern P+
1 )
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The optimal solution for this MILP gives one positive pattern of degree one, (d = 1),

that covers three positive observations. The optimal solution

ρ = (ρ1, ρ2, ρ3, ρ4, ρ5) = (1, 0, 0, 1, 0)

indicates that there are two observations that are not covered by the pattern P+
1 , and that

the pattern covers the second, third, and fifth positive observations, i.e.,

coν(P+
1 ) = {ω2, ω3, ω5}.

The generated pattern is constructed from this solution using Equation (2.5) as

P+
1 := b̄10.

We remark that if we solve problem (2.4) once, we only obtain a single pure positive

pattern covering some of the positive observations in a given dataset. However, we must

ensure that all observations in the dataset must be covered. This can be achieved by an

algorithmic approach. A set of positive patterns and a set of negative patterns form a

classification model if every observation is covered at least once. The resulting model

is called a “LAD Model” and is presented below.
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2.2.3 LAD Model

The entire collection of patterns generated in Pattern Generation Step is called pandect

and is denoted by P = P+ ∪ P−, where P+ and P− are disjoint sets of all positive and

negative patterns, respectively. An LAD model (illustrated in Figure 2.7), denoted by

M is a subset pandect, that is,

M =M+ ∪M−,

whereM+ ⊆ P+,M− ⊆ P−, andM+ ∩M− = ∅.

Figure 2.7: LAD Classification Model

Patterns are selected into the LAD modelM so that the model provides the same sepa-

ration of the positive and negative observations as the pandect P .
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When constructing a LAD classification model, every observation in the training

dataset is required to be covered at least k times (k ∈ Z+) by the patterns in the model.

The standard LAD approach of Boros et al. (1997) [13] and Boros et al. (2000) [14]

produces patterns using enumerative techniques. Then greedy-type heuristic approaches

are adopted to select patterns into the final LAD model.

As for the MILP approach of Ryoo and Jang (2009) [76], the patterns produced

are the optimal solutions of problem (2.4) and Algorithm 1 is proposed to find a LAD

model.

Algorithm 1: Pattern Generation
Data: Training data, Support Features, MILP model (2.4) for pattern generation
Result: Set of + and − patterns (M+ andM−, respectively)

1 for ∗ ∈ {+,−} do
2 setM∗ = ∅ ;
3 while I∗ 6= ∅ do
4 formulate and solve an instance of the MILP problem (2.4);
5 form a pattern P from the solution obtained;
6 M∗ ←M∗ ∪ {P};
7 I∗ ← I∗ \ {i ∈ I∗ : ωi is covered by P};

8 returnM∗;

Algorithm 1 generates the minimum number of patterns required to cover the train-

ing data set. Note that after a pattern is generated, observations covered by that pattern

are deleted from the training data to prevent the algorithm from finding the same pat-

tern found in the previous solutions of problem (2.4). The resulting set of positive and

negative patterns form a LAD modelM.
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2.2.3.1 Numerical Example: LAD Model

Consider the input data given in Section 2.2.2.1. Recall that an optimal solution of

problem (2.4) produced a positive pattern P+
1 as shown in Table 2.6.

We apply Algorithm 1 proposed by Ryoo and Jang (2009) [76]. This algorithm

produces and LAD model containing three positive patterns P+
1 , P

+
2 , P

+
3 and two neg-

ative patterns P−1 , P
−
2 as shown in Table 2.7. Note that these are pure patterns, positive

patterns only covering some of the observations in Ω+ and negative observations only

covering some of the negative observations in Ω−. Degree of pattern P+
1 is one and all

others are degree two patterns. Table 2.7 also shows the pattern descriptions as well as

the observations covered by each pattern.

Pattern ID Generated Pattern Translated Pattern Pattern Coverage

P+
1 b̄10 x5 = 0 ω2, ω3, ω5

P+
2 b1 ∧ b̄7 x1 = 1 AND x2 = 0 ω1, ω3, ω5

P+
3 b4 ∧ b5 x4 = 1 AND x5 = 1 ω4

P−1 b2 ∧ b5 x2 = 1 AND x5 = 1 ω6, ω7, ω9, ω10

P−2 b̄6 ∧ b̄9 x1 = 0 AND x4 = 0 ω6, ω8

Table 2.7: Numerical Example: LAD Model

2.2.4 Prediction and Accuracy

In the final step of the LAD framework, LAD classification model M is used for the

classification of a new or unseen observation o ∈ IBn, o /∈ Ω by the use of a discriminant

function ∆ : {0, 1}n → IR associated with the modelM, where ∆(o) is defined as the
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difference between the proportion of positive patterns and negative patterns covering

observation o, that is,

∆(o) =
∑

P+
k ∈M+

δ+
k P

+
k (o) −

∑
P−k ∈M−

δ−k P
−
k (o),

where δ+
k ≥ 0 and δ−k ≥ 0 are the weights assigned to positive patterns P+

k ∈ M
+ and

negative patterns P−k ∈M
−, respectively.

The weights δ+
k and δ−k can be calculated in several ways. One possibility is to

use the proportion of positive (negative) observations covered by a positive pattern

P+
k ∈ M

+ (a negative pattern P−k ∈ M
−) to the total number of positive (negative)

observations (i.e., the prevalence of the pattern):

δ+
k =

1

|Ω+|
∑
i∈I+

P+
k (ω+

i ) and δ−k =
1

|Ω−|
∑
i∈I−

P−k (ω−i )

where I+ = {i : ω+
i ∈ Ω+}, and I− = {i : ω−i ∈ Ω−}.
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The accuracy of the model is estimated by a classical cross-validation procedure,

where the dataset Ω is randomly divided into two disjoint subsets called training and

test sets (Efron and Tibshirani, 1986 [25], Dietterich, 1998 [23], Hastie et al., 2005 [40],

and Aggarwal, 2015 [1]).

A LAD classification model is generated on the training data and evaluated on the

test data. The experiment is repeated several times and the accuracy of the LAD model

is reported as the average of accuracies on the test datasets.

If an external dataset (validation set) is available, a LAD modelM is obtained for

the original dataset Ω and the performance of the model is evaluated on the validation

set.

Figures 2.8 and 2.9 shows the overall framework of LAD method, including the

validation step in case of the absence or presence of an external data, respectively.
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Figure 2.8: Cross-Validation of LAD Model
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Figure 2.9: Validation of LAD Model on an External Dataset
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2.2.4.1 Numerical Example: LAD Prediction

Consider the input data given in Section 2.2.2.1 and the corresponding LAD classifica-

tion model presented in Table 2.7 in Section 2.2.3.1.

Let o = (0, 0, 1, 1, 0). Note that o /∈ Ω and we have

P+
1 = b̄10 =⇒ x10 = 1 =⇒ x5 = 0 =⇒ P+

1 (o) = 1

P+
2 = b1 ∧ b̄7 =⇒ x1 = 1 AND x2 = 0 =⇒ P+

2 (o) = 0

P+
3 = b4 ∧ b5 =⇒ x4 = 1 AND x5 = 1 =⇒ P+

3 (o) = 0

and

P−1 = b2 ∧ b5 =⇒ x2 = 1 AND x5 = 1 =⇒ P−1 (o) = 0

P−2 = b̄6 ∧ b̄9 =⇒ x1 = 0 AND x4 = 0 =⇒ P−2 (o) = 0.

Then the new observation o is covered by one out of three positive patterns and none

of the negative patterns and the corresponding LAD discriminant value is

∆(o) =
3∑

k=1

δ+
k P

+
k (o) −

2∑
k=1

δ−k P
−
k (o),

where δ+
1 = 1/3 and δ+

2 = δ+
3 = δ−1 = δ−2 = 0. Since

∆(o) = 1/3 > 0,

the label of observation o is assigned as + (positive).
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Chapter 3

Multi-Class Logical Analysis of Data

with Relaxed Patterns

3.1 Introduction

Supervised learning algorithms solve binary classification problems, where a learning

model is constructed to separate observations into two predefined classes. However,

many real-world problems require the identification of more than two subgroups of

observations and the features and patterns associated with each subgroup. The natu-

ral extension of two-class classification methods uses two approaches known as One-

vs-One (OvO) and One-vs-Rest (OvR) classification schemes (Hastie and Tibshirani,

1998 [39]).
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Given a K-class dataset Ω ⊂ IRm×n with m observations and n features, OvO

scheme (shown in Figure 3.1) assumes that there exists a separator between any two

classes and builds K(K − 1)/2 classifiers, denoted byfij , to distinguish each pair of

classes Ci, Cj ∈ C, i 6= j, where C = {C1, ..., CK} is the family of classes. The class

of a new or unseen observation, o ∈ IRn, o /∈ Ω, is then assigned by the use of the

discriminant function:

f(o) = arg max
i

∑
j

fij(o). (3.1)

Figure 3.1: One-vs-One (OvO) Multiclass Scheme

A less expensive approach OvR (shown in Figure 3.2) assumes the existence of a

single separator between a class Ci (for some i) and all other classes in C and builds K

different binary classifiers. Let fi be the ith classifier separating observations in class

Ci (considered to be positive) and observations in C \ Ci (forming the set of negative

observations). In this case a new or unseen observation o ∈ IRn, o /∈ Ω is classified by

f(o) = arg max
i
fi(o). (3.2)
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Figure 3.2: One-vs-Rest (OvR) Multiclass Scheme

The choice between the use of OvO and OvR in multi-class problems is largely

computational.

Since both approaches are easy to adopt, diverse groups of researchers invented them

independently. Some of the recent publications on multi-class classification include

Platt et al. (2000) [71], where Decision Directed Acyclic Graph is used to combine

many two-class classifiers into a multi-class classifier; Tax and Duin (2002) [81] that

combines two-class classifiers into a multi-class classifier; Harr et al. (2002) [38], where

constraint classification framework is proposed for multi-class classification; Aly (2005)

[4], where a survey on multi-class classification methods is presented; Amit et al. (2007)

[5] that suggests a convex optimization based method for multi-class learning; Mathur

and Foody (2008) [64] for multi-class extension of support vector machines; Üney, F.

and Türkay (2006) [84], where a mixed-integer programming approach is proposed for

multi-class classification; Xiang et al. (2002) [89], where discriminative least squares

regression is used for multi-class classification. Several other multi-class classification

methods are presented by Even-Zohar and Roth (2001) [26], Wu et al. (2004) [88],

Aiolli and Sperduti (2005) [3], Li et al. (2006) [57], Beygelzimer et al. (2007) [10],

Tewari and (2007) [82], Gehler and Nowozin (2009) [32], Singh-Miller and Collins

(2009) [79], Galar et al. (2011) [31], Liu et al. (2011) [62], Daniely et al. (2012) [22],

Yang and Tsang (2012) [90], Avila-Herrera and Subasi (2013, 2015) [?,7], and Kim and

Choi [47].
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The multi-class extensions of the LAD algorithm are previously studied by Moreira

(2000) [65], Mortada (2010) [66], and Mortada et al. (2014) [67]. Moreira (2000) [65]

proposed two methods that focus on extending the two-class LAD method to the multi-

class classification problem by using an OvO approach. In the first method the standard

OvO scheme is used, not requiring any alteration to the structure of the standard LAD

method presented by Boros et al. (2000) [14]. However, their second method modifies

the architecture of the pattern generation and theory formation steps in standard LAD

method, where a LAD pattern Pij is generated for each pair of classes Ci, Cj ∈ C, i 6= j.

Mortada [66] and Mortada et al. [67] proposed a multi-class LAD method, combin-

ing ideas from the second approach of Moreira (2000) [65] and also incorporating an

implementation of the mixed integer linear programming (MILP) of LAD, presented by

Ryoo et al. (2009) [76]. The methodology is then evaluated against three multi-class

benchmark datasets, where the authors note that this implementation provides classi-

fication models with higher accuracy than those models obtained by the multi-class

approach applied to standard LAD algorithm of Boros et al. (2000) [14].

Recent papers by Avila-Herrera and Subasi (2013, 2015) [7, 8] and Kim and Choi

(2015) [47] have also considered the multi-class extension of LAD. The former authors

explored and rectified the limitations of the two-class MILP LAD approach by Ryoo and

Jang (2009) [76], relating to its poor differentiating power in two-class classification and

extending its implementation to multiple classes. Kim and Choi (2015) [47] developed

an efficient iterative genetic algorithm with flexible chromosomes and multiple popula-

tions to extend LAD to multi-class classification.
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3.2 Multi-class LAD Method with Relaxed Patterns

In this section we present our relaxed OvR-type extension of LAD algorithm1 to multi-

class classification problems. As in conventional LAD algorithm our multi-class LAD

approach has four steps: (i) binarization and support set selection, (ii) pattern generation,

(iii) theory formation, and (iv) prediction. These steps are outlined below.

3.2.1 Binarization and Support Set Selection

Several different approaches for the discretization of multi-class datasets are proposed in

literature (Friedman et al., 2000 [30]). As dicussed by Avila-Herrera and Subasi (2013,

2015) [7, 8], binarization of multi-class numeric data can be done by associating cut-

points, ανk , and the following indicator variables to a numeric feature ν to transform it

into a set of binary features:

xνk =

 1 if ν ≥ ανk

0 if ν < ανk .

The cut-points, ανk , are chosen in a way which allows to distinguish between ob-

servations in different classes (Kotsiantis and Kanellopoulus, 2006 [51]). Similar to

the binarization of a two-class data discussed in Section 2.2.1, a smallest size set of

cut-points can be obtained by solving a set-covering problem.

1Submitted to Annals of Operations Research - Manuscript Number: ANOR-D-18-01381.

47



As in two-class binarization procedure, an irredundant subset of binarized features

(support set) that can distinguish every pair of observations in different classes of the

K-class dataset Ω can be identified by solving a minimum set covering problem similar

to the one presented by Boros et al. (1997, 2000) [13, 14].

In what follows we assume that the input data is binary or binarized data with K

classes, and develop a mixed integer linear program whose optimal solutions can be

used to form a relaxed (fuzzy) multi-class LAD patterns.

3.2.2 Relaxed Multiclass LAD Pattern Generation

Let Ω = Ω1 ∪ ... ∪ ΩK ⊂ IBm×n be a K-class binary dataset with n features and m

observations, where Ωi ∩ Ωj = ∅ for all i 6= j. We introduce the following notations:

• C = {C1, ..., CK}: family of classes in Ω, that is, any observation in Ωk has class

Ck, k = 1, ..., K.

• ωij: binary value of the jth feature in the ith observation ωi ∈ Ω.

• yj , j = 1, ..., n: binary variable representing a Boolean literal corresponding to

the jth binary feature bj in Ω.

• yn+j = 1 − yj , j = 1, ..., n: binary variable representing the negation of the jth

binary feature b̄j in Ω.

Note that if yj = 1 for some specific j = 1, ..., n, then bj = 1 in observation ωi and if

yn + j = 1 for some specific j = 1, ..., n, then bj = 0 in observation ωi.
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We shall formulate an MILP to generate a relaxed pattern PCp associated with some

class Cp ∈ C. Motivated by the two-class pattern generation approach of Ryoo and Jang

(2009) [76], the proposed MILP shall use homogeneity and prevalence as multi-class

pattern characteristics. Our goal is to identify smallest degree and maximum cover-

age relaxed patterns in K-class dataset Ω. In order to achieve this goal we proceed as

follows:

(1) Associate a vector y = (y1, ..., y2n) ∈ {0, 1}2n to pattern PCp , where the compo-

nents y1, ..., y2n of vector y are relative to the features such that if we have yj = 1

for some j = 1, ..., n, then the literal bj (associated with the j-th feature in Ω) is

included in pattern PCp and if yn+j = 1, then the literal b̄j (complement of bj) is

included in pattern PCp . Since a pattern cannot include both bj and b̄j , we impose

the condition

yj + yn+j ≤ 1, j = 1, ..., n. (3.3)

(2) Let d ∈ Z+ be the unknown degree of pattern PCp . In order to produce a degree d

pattern, we add the following constraint:

2n∑
j=1

yj = d. (3.4)

(3) Define a binary penalty vector ρ = (ρ1, ρ2, ..., ρm) that is associated with the cov-

erage of the pattern PCp as follows: For 1 ≤ i ≤ m

ρi =

 1 if ωi ∈ Cp is not covered by pattern PCp

0 otherwise.
(3.5)
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(4) Consider the augmented matrix B = [Ω|Ω], where Ω is the binary data obtained

from Ω by replacing 0 entries by 1 and 1 entries by 0. Define the vector v = By.

Let 0 ≤ α, β ≤ 1 be constants. In order to produce a relaxed pattern PCp , we

prescribe the following constraints:

vi + nρi ≥ d, i ∈ Cp , (3.6)

vi − zi ≤ d− 1, i ∈ Ck , k = 1, ..., K, k 6= p (3.7)

∑
i∈Ik

zi ≤ α|Ωp|, (3.8)

∑
i∈Ip

ρi ≤ (1− β)|Ωp|, (3.9)

0 ≤ z ≤ 1, (3.10)

where Cp = {i : ωi is in class Ωp} and Ck = {i : ωi is in class Ωk} for all k 6= p

and 0 ≤ α, β ≤ 1 are constants.
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We use conditions in (3.3)-(3.10) to formulate the following MILP:

minimize cd+
∑
i∈Cp

ρi

subject to

vi + nρi ≥ d, i ∈ Cp

vi − zi ≤ d− 1, i ∈ Ck , k = 1, ..., K, k 6= p

∑
i∈Ik

zi ≤ α|Ωp|

∑
i∈Ip

ρi ≤ (1− β)|Ωp|

yj + yn+j ≤ 1, j = 1, ..., n

2n∑
j=1

yj = d

1 ≤ d ≤ n, d ∈ Z+

0 ≤ zi ≤ 1, i = 1, ...,m

ρi ∈ {0, 1}, i = 1, ...,m

yj ∈ {0, 1}, j = 1, ..., 2n

(3.11)
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where c ∈ IR and 0 ≤ α, β ≤ 1 are constants and d is the unknown degree of a

pattern PCp associated with class Cp. Variables zi and ρi, i = 1, ...,m, are relaxation and

penalties variables, associated with the coverage of the pattern P :

ρi =

 1 if P (ωi) = 0, i ∈ Cp

0 if otherwise.

Recall that variables yj and yn+j , j = 1, ..., n associated with the jth binary feature in

dataset Ω determine whether the jth feature takes value 1 or 0 in the ith observation

wi ∈ Ω. We claim that a feasible solution of problem (3.11) is a class Cp pattern, PCp ,

with degree d, (1 − α)% positive homogeneity, and β% positive prevalence. We also

claim that when the scaling parameter c is positive, an optimal solution of problem (3.11)

is a pattern, PCp , with the smallest degree and maximum coverage, and hence is a strong

prime pattern:

PCP =
∧

{j : yj=1}

bj
∧

{j : yn+j=1}

b̄j .

Thus, we have the following two assertions.

Theorem 3.2.1 Let (v∗, y∗, z∗, ρ∗, d∗) be a feasible solution of problem (3.11). Then

PCp =
∧
S

bj
∧
S̄

b̄j (3.12)

where S = {j : y∗j = 1, j = 1, ..., n} and S̄ = {j : y∗n+j = 1, j = 1, ..., n}, forms a

pattern of degree d∗, minimum homogeneity (1 − α)%, and minimum prevalence β%

associated with class Cp for some p.
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Proof. Let (v∗, y∗, z∗,w∗, d∗), where v∗ = By∗, be a feasible solution of problem

(3.11). First note that the constraint

yj + yn+j ≤ 1, j = 1, · · · , n

ensures that the Boolean term PCp shown in (3.12) does not contain both literals bj and

b̄j associated with the jth binary feature in dataset Ω and the condition

2n∑
j=1

yj = d

guarantees that the term PCp is of degree d. The constraint

vi + nρi ≥ d, i ∈ Cp

ensures that PCp covers at least one observation ωi in class Cp, that is, PCp(ωi) = 1,

ωi ∈ Cp.

If an observation ωi, i ∈ Cp, is covered by PCp , then d number of yj’s are set to 1

and hence, we have vi = d, i ∈ Cp, where vi is the ith component of vector v = By.

However, if an observation is not covered by PCp , then

vi < d, i ∈ Cp,

and the term “nρi” is added to the left hand side to compensate it.
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Similarly, the conditions

vi − zi ≤ d− 1, i ∈ Ck , k = 1, ..., K, k 6= p,

∑
i∈Ik

zi ≤ α|Ωp|

with 0 ≤ zi ≤ 1, i = 1, ...,m, guarantees that up to (α)% of the observations covered

by the term PCp may be in Ω \Ωp, i.e., the homogeneity of pattern PCp is then (1−α)%.

Moreover, the constraint

∑
i∈Cp

ρi ≤ (1− β)|Ωp|

ensures that at least β% of the observations in Ωp are covered by pattern PCp , i.e., the

prevalence of pattern PCp is β%.

Thus, the solution (v∗, y∗, z∗, ρ∗, d∗) can be used to form a relaxed (fuzzy) pattern

PCp , shown in (3.12) with degree d∗, minimum homogeneity (1 − α)%, and minimum

prevalence β%. �

Theorem 3.2.2 Let c ∈ IR+ and (vopt, yopt, zopt, ρopt, dopt) be an optimal solution of

problem (3.11). Then

P opt
Cp =

∧
S

bj
∧
S̄

b̄j (3.13)

with S = {j : y∗j = 1, j = 1, ..., n} and S̄ = {j : y∗n+j = 1, j = 1, ..., n}, is a strong and

prime pattern with degree d, minimum homogeneity (1−α)%, and minimum prevalence

β% associated with class Cp.
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Proof. Let (vopt, yopt, zopt, ρopt, dopt) be an optimal solution of problem (3.11). As dis-

cussed in the proof of Theorem 3.2.1, this solution can be used to construct a relaxed

LAD pattern P opt
Cp that is associated with class Cp. Note that the objective function of

problem (3.11) minimizes the degree d of PCp , resulting in a prime pattern. Since the ob-

jective function simultaneously minimizes the penalties ρi associated with observations

ωi, i ∈ Cp, the resulting pattern has the maximum coverage in class Cp and is a strong

pattern. Thus, an optimal solution to problem (3.11) can be used to form a relaxed

pattern P opt
Cp , shown in (3.13), is a strong prime pattern with degree dopt, homogeneity

(1− α)%, and prevalence β%. �

3.2.3 Relaxed Multi-class LAD Model

As stated in Theorem 3.2.2, an optimal solution of problem (3.11) is a relaxed (fuzzy)

strong prime pattern. In order to obtain a multi-class LAD model, patterns must be

generated until every observation in class Ck for all k = 1, ..., K is covered at least once.

It is noteworthy to mention that the relaxation parameters enable us to find relaxed LAD

patterns, improving the overall performance of the classification model.

Before we develop our Relaxed Multi-class LAD algorithm, recall that in the case

of standard LAD two-class MILP approach, Algorithm 1 of Ryoo and Jang (2009) [76]

(shown in Section 2.2.3) produces a set of patterns associated with a positive (negative)

class that loops as many times as necessary until all observations in positive (nega-

tive) class are covered by at least one pattern. Recalling that once a positive (negative)

pattern P is found as an optimal solution of problem (2.4), the algorithm removes the

observations covered by the pattern P , and iterates accordingly until all observation of

the current class are covered.
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Avila-Herrera and Subasi (2013, 2015) [7, 8] discuss that this approach is counter-

productive because every time the algorithm loops through again, it uses less informa-

tion (smaller training set) to generate new patterns. Recall that Mortada (2010) [66] has

adopted this approach, developing an OvO-type multi-class LAD algorithm, such that

observations covered by a pattern are removed at each iteration from the training dataset.

Avila-Herrera and Subasi (2013,2015) [7] note the main difference between Algorithm

1 of Ryoo and Jang (2009) [76] and that of Mortada (2010) [66], is that the algorithm

proposed by Mortada (2010) [66] removes an observation when each an observation is

covered by t patterns, where t is determined by the user.

Motivated by Avila-Herrera and Subasi (2013, 2015) [7, 8], our goal is to avoid

the removal of observations from the training dataset when generating new patterns

that form a multi-class LAD model containing relaxed patterns obtained as the optimal

solutions of problem (3.11).

In order to achieve this goal, we introduce κ as an m-vector that keeps track of the

number of patterns covering an observation ωi ∈ Ω for all i = 1, ...,m. Initially, for

each class Ck, k = 1, ..., K, we initially set κ = 0. This vector shall be updated as

new solutions of the MILP problem (3.11) are found. With the help of new vector κ,

constraint condition (3.4), i.e., the 1st constraint in problem (3.11), can be replaced by

vi + n (ρi + κi) ≥ d, i ∈ Cp . (3.14)

where κi ≥ 0, i = 1, ...,m.
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Theorem 3.2.3 Let (v′, y′, z′, ρ′, d′) be an optimal solution of problem (3.11), where the

constraint

vi + nρi ≥ d, i ∈ Cp

is replaced by constraint (3.14). Then

P ′Cp =
∧
S

bj
∧
S̄

b̄j

with S = {j : y′j = 1, j = 1, ..., n} and S̄ = {j : y′n+j = 1, j = 1, ..., n}, is a degree d′

strong prime pattern, with minimum homogeneity (1− α)%, and minimum prevalence

β% d associated with class Cp.

Proof. The proof of the assertion follows immediately from the proof of Theorem 3.2.1

and Theorem 3.2.2 and hence, is left to the reader. �

Theorem 3.2.3 enables us to propose an algorithmic approach to generate a multi-

class LAD model consisting of relaxed LAD patterns obtained as the optimal solutions

of our multi-class MILP problem (3.11). This approach is presented in Algorithm 2. We

remark that Algorithm 2 does not require the removal of observations from the training

dataset at any iteration by adding “New Constraint” to the relaxed MILP problem (3.11)

each time a new pattern is generated to prevent the algorithm from finding the same

pattern found at the previous iterations. This is achieved by introducing κi that keeps

track of the number of patterns covering observations ωi ∈ Ω for all i = 1, ...,m and

“Tot Coverage” that counts the number of observations covered so far.
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LetMk denote the set of relaxed LAD patterns associated with class Ck, k = 1, ..., K

andM =M1 ∪ ...∪MK , whereMi ∩Mj = ∅, i 6= j, be the multi-class LAD model

obtained by Algorithm 2.

The final step of our proposed multi-class LAD method with relaxed patterns is

to validate and use model M for prediction of new observations. Similar to the two-

class classification problem, the accuracy of a multi-class modelM is estimated by the

classical cross-validation procedures as of Efron and Tibshirani (1986) [25], Dietterich

(1998) [23], Hastie et al. (2005) [40] and Aggarwal (2015) [1]. If an external dataset

(test set) is available, the performance of the model is evaluated on that set and the

accuracy of the model is reported as the accuracy on the test set.
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Algorithm 2: Relaxed Multi-class LAD Algorithm
Input: p: index of current class

1 Global data: Ω ⊂ IBm×n: binary dataset, C = {C1, ..., CK}: set of classes
Result: MyPats[p] : patterns for class Cp

2 B = [Ω|Ω];
3 v = B y; (* y unknown variable *)
4 MyPats[p] = {};
5 κ = 0;
6 NewConstraint = {};
7 = 0;
8 while < |Ip| do
9 R = {constraintsfrom : Problem(3.11)} ∪ NewConstraint;

10 pat = Minimize

cd+
∑
i∈Ip

ρi : R and v, y,w ∈ {0, 1}, d ∈ Z+, 0 ≤ zi ≤ 1


11 y∗ part of pat corresponding to variables y;
12 for i = 1 to m do
13 if vi = d then
14 κi = κi +1;

15 TotCov = 0;
16 for i = 1 to m do
17 if (i ∈ Ip) ∧ (κi 6= 0) then
18 TotCov = TotCov+1;

19 NotFound = True;
20 for i = 1 to m do
21 if (i ∈ Ip) ∧ (κi = 0) ∧ (vi < d) ∧ (NotFound) then
22 NewConstraint = {vi = d};
23 (* d and Y as unknown variables *)
24 NotFound = False;

25 MyPats[p] = MyPats[p] ∪ {y∗};
26 return MyPats[p];
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3.2.4 OvR Multi-class LAD Discriminant and Prediction

Given a K−class dataset Ω = Ω1 ∪ ... ∪ ΩK and a corresponding multi-class LAD

modelM =M1 ∪ ... ∪MK , whereMi ∩Mj = ∅, i 6= j, the classification of a new

(or unseen) observation o ∈ IBn, o /∈ Ω is determined by the value of the discriminant

function

∆(o) = arg max
k

∆k(o) (3.15)

where

∆k(o) =
∑

PCk∈Mk

δkPCk(o), k = 1, · · · , K

and δk ≥ 0 are the weights assigned to patterns PCk ∈Mk.

The weights δk, k = 1, ..., K can be calculated in various ways. One possibility is to

use the prevalence of patterns that is defined by

δk =
1

|Ωk|
∑
i∈ICk

PCk(ωi),

where Ωk ⊂ Ω is the set of observations in class Ck and ICk = {i : ωi ∈ Ωk},

k = 1, ..., K. If ∆(o) = ∆p(o) = ∆q(o) for some p 6= q, then the observation o is

unclassified.
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3.3 Experiments

In this section we present experimental results on publicly available datasets to show

how Algorithm 2 described in Section 3.2.3 can be used for multi-class classification.

Regarding the stopping criterion, Algorithm 2 ends once all patterns for each class

Ck, k = 1, ..., K, have been computed. In the worst case, an adhoc pattern can be built

by the algorithm to cover a single observation. In regards to our relaxed MILP LAD

algorithm, the experiments are implemented through Python 3.5.7 on a GPU machine,

containing the virtual environment and all necessary packages. The specifications for

the machine include an Intel CORE i7-6700 CPU with 64 GB Memory running Linux.

3.3.1 Experimental Results

In order to test our proposed multi-class LAD methodology, we conduct experiments on

five multi-class datasets from UCI Machine Learning Repository http://archive.

ics.uci.edu/ml/. Table 3.1 summarizes the characteristics of these datasets.

Dataset Number of
Observations in Class Ci

Number of
Features

Iris |C1| = |C2| = |C3| = 50 4

Glass ID |C1| = 69, |C2| = 76, |C3| = 17
|C4| = 13, |C5| = 9, |C6| = 29

10

Wine |C1| = 9, |C2| = 71, |C3| = 48 12

E. Coli |C1| = 143, |C2| = 77, |C3| = 52
|C4| = 35, |C5| = 20, |C6| = 5

34

Dermatology |C1| = 112, |C2| = 61, |C3| = 72
|C4| = 49, |C5| = 52, |C6| = 20

19

Table 3.1: Five multi-class datasets from UCI repository
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We apply our proposed “Relaxed Multi-class LAD Method” (Relaxed MC-LAD) to

these five datasets and report the average sensitivities of 10×10-folding cross-validation

experiments in Table 3.2.

Dataset C1 C2 C3 C4 C5 C6

Iris 90% 100% 100%
Glass ID 89% 80% 30% 86% 89% 86%

Wine 98% 94% 88%
E.Coli 95% 84% 60% 70% 60% 85%

Dermatology 95% 98% 93% 100% 92% 95%

Table 3.2: Relaxed MC-LAD Method: Average Sensitivity of 10× 10-Folding
Cross-Validation Experiments

The goal in these experiments is not only to compare our new LAD based multi-

class method with the prior multi-class LAD techniques in LAD literature, but also with

the well-known and commonly used supervised learning methods in machine learning

literature.
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3.3.2 Pattern Characteristics

The Relaxed MC-LAD pattern characteristics for all five datasets are shown in Tables

3.3-3.7. As can be seen from these results, the Relaxed Multi-class LAD Method pro-

duces accurate classification models with high quality patterns.

3.3.2.1 Relaxed Multi-Class LAD Pattern Characteristic for Iris Dataset

Table 3.3 shows the pattern characteristics for Iris dataset, where the degree of the pat-

terns ranges from one to three and patterns exhibit coverage varying from 5.26% to

100%. Note that for class Setosa, our relaxed multi-class LAD approach produces a

single pattern of degree 1 that covers all observations in class Setosa. The relaxed

multi-class LAD model contains seven patterns, one for class Setosa, three for class

Verisicolor, and three for class Virginica.

Iris Dataset Patterns by Relaxed MC-LAD
Degree of Patterns Coverage of Patterns

CLASS # of
Patterns min average max min average max

Setosa 1 1 1.00 1 100% 100% 100%
Verisicolor 3 3 3.00 3 5.26% 40.35% 92.11%
Virginica 3 2 2.00 2 35.14% 53.15% 89.19%

Table 3.3: Relaxed Multi-class LAD Pattern Characteristics for Iris Dataset
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3.3.2.2 Relaxed Multi-Class LAD Pattern Characteristic for Wine Dataset

Our relaxed multi-class LAD approach produces a LAD model consisting of nine pat-

terns, two for class A, five for class B, and two for class C. Table 3.4 shows the pattern

characteristics for Wine dataset, where the degree of the patterns ranges from two to five

and patterns exhibit coverage varying from 2.82% to 94.91%.

Wine Dataset Patterns by Relaxed MC-LAD
Degree of Patterns Coverage of Patterns

CLASS # of
Patterns min average max min average max

A 2 4 4.00 4 28.81% 61.86% 94.92%
B 5 5 5.00 5 2.82% 31.83% 80.28%
C 2 2 2.00 2 35.42% 63.54% 91.67%

Table 3.4: Relaxed Multi-class LAD Pattern Characteristics for Wine Dataset

3.3.2.3 Relaxed Multi-Class LAD Pattern Characteristic for Glass Dataset

Glass dataset is a noisy dataset. Our relaxed multi-class LAD approach produces a LAD

model consisting of 51 patterns, fifteen for class A, sixteen for class B, nine for C, two

for D, four for E, and five for class E. Table 3.5 shows the pattern characteristics for

Glass dataset, where the degree of the patterns ranges from one to five and patterns and

exhibit coverage varying from 1.96% to 90.00%.
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Glass Dataset Patterns by Relaxed MC-LAD
Degree of Patterns Coverage of Patterns

CLASS # of
Patterns min average max min average max

A 15 1 2.86 4 1.96% 9.28% 25.49%
B 16 2 3.14 5 3.51% 7.46% 21.05%
C 9 2 3.00 4 7.96% 11.97% 23.08%
D 2 2 3.00 4 10.00% 50.00% 90.00%
E 4 2 3.00 4 14.29% 28.57% 42.86%
F 5 2 2.80 4 4.55% 21.82% 68.18%

Table 3.5: Relaxed Multi-class LAD Pattern Characteristics for Glass Dataset

3.3.2.4 Relaxed Multi-Class LAD Pattern Characteristic for E.Coli Dataset

Table 3.6 shows the pattern characteristics for E.Coli dataset, where the patterns are

generated by our multi-class LAD approach. Note that this model contains more com-

plicated patterns with degrees, ranging from three to eleven and coverage, ranging from

1.4% to 100%. The multi-class LAD model contains a total of 40 patterns. Note that

only one pattern of degree three is sufficient to cover all observations in class omL.

E.Coli Dataset Patterns by Relaxed MC-LAD
Degree of Patterns Coverage of Patterns

CLASS # of
Patterns min average max min average max

cp 11 3 5.27 8 1.40% 16.34% 39.16%
im 10 4 7.50 11 1.30% 11.56% 42.86%
pp 7 4 6.86 9 1.92% 22.25% 46.15%
imU 7 3 5.86 9 2.86% 13.88% 42.86%
om 4 4 4.00 4 5.00% 31.25% 80.00%
omL 1 3 3.00 3 100% 100% 100%

Table 3.6: Relaxed Multi-class LAD Pattern Characteristics for E.Coli Dataset
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3.3.2.5 Relaxed Multi-Class LAD Pattern Characteristic for Dermatology Dataset

Table 3.7 shows the pattern characteristics for Dermatology dataset, where the patterns

are generated by our multi-class LAD approach. Similar to E.Coli LAD model, the

multi-class LAD model for Dermatology dataset contains more complicated patterns

with degrees, ranging from one to six and coverage, ranging from 2.22% to 92.45%.

Note that the method produced two degree one patterns associated with class C and

these two patterns cover 92.45% of the observations in class C.

Dermatology Dataset Patterns by Relaxed MC-LAD
Degree of Patterns Coverage of Patterns

CLASS # of
Patterns min average max min average max

A 4 2 2.75 3 13.25% 53.61% 79.52%
B 6 2 3.33 5 2.22% 25.93% 57.78%
C 2 1 1.00 1 92.45% 92.45% 92.45%
D 7 3 3.86 5 2.78% 18.65% 72.22%
E 2 2 4.00 6 41.67% 59.72% 77.78%
F 2 2 2.50 3 33.33% 63.33% 93.33%

Table 3.7: Relaxed Multi-class LAD Pattern Characteristics for Dermatology Dataset
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3.3.3 Experiments Comparing LAD based Multi-Class Classifica-

tion Methods

In this section we report the average accuracy of 10 × 10-folding experiments, where

we compare Relaxed MC-LAD method against other LAD based multi-class methods

of Kim and Choi (2015)-OvR [47], Kim and Choi (2015)-OvO [47], Moreira (2000)-

OvO [65], Mortada (2010)-OvO [66], and Avila-Herrera and Subasi (2013)-OvR [7].

These results are summarized in Table 3.8 for Iris, Wine, and Glass datasets and in

Table 3.9 for E.Coli and Dermatology datasets.

Methods Iris Wine Glass
Relaxed MC-LAD 97.03± 1.90 94.67± 2.14 80.37± 4.87
Kim & Choi (2015)-OvR 94.80± 0.40 96.18± 1.76 96.26± 1.06
Kim & Choi (2015)-OvO 95.73± 0.53 96.86± 1.48 93.46± 1.48
Moreira (2000)-OvO n.a. 92.70± 2.54 62.41± 5.88
Mortada (2010)-OvO n.a. 93.10± 3.20 65.00± 5.40
Avila-Herrera & Subasi (2013)-OvR 94.00± 2.20 91.33± 3.54 79.54± 5.35

Table 3.8: Classification Accuracy (%) of LAD Based Multi-class Methods on Iris,
Wine, and Glass Datasets

67



Methods E. Coli Dermatology
Relaxed MC-LAD 82.50± 5.79 96.06± 2.85
Kim & Choi (2015)-OvR 75.07± 0.60 92.18± 0.43
Kim & Choi (2015)-OvO 81.88± 1.00 96.26± 1.39
Moreira (2000)-OvO 78.34± 3.40 89.07± 2.84
Mortada (2010)-OvO 79.20± 5.35 n.a.
Avila-Herrera & Subasi (2013)-OvR n.a. 92.00± 2.14

Table 3.9: Classification Accuracy (%) of LAD Based Multi-class Methods on E.Coli
and Dermatology Datasets

The average CPU times for LAD based multi-class methods, including our proposed

method Relaxed MC-LAD, are given in Table 3.10. Note that the efficiency of our

proposed Relaxed MC-LAD Method is comparable if not better than those other existing

multi-class LAD methods.

Average CPU time (in seconds)
Methods Iris Wine Glass E.Coli Dermatology
Relaxed MC-LAD 0.24 4.4 37.8 18.3 29.1
Kim & Choi (2015)-OvR 15.1 16.9 24.9 31.4 21.4
Kim & Choi (2015)-OvO 21.1 22.8 73.9 129.4 74.2
Moreira (2000)-OvO n.a 1.2 12.7 17.5 10.1
Mortada (2010)-OvO n.a 1.0 39.0 49.0 n.a
Avila-Herrera&Subasi (2013)-OvR 16.70 236.5 1578 n.a 41.0

Table 3.10: Comparison of Average CPU Time for LAD Based Multi-class Methods
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As compared to the previously proposed LAD multi-class approaches, our Relaxed

MC-LAD method is more efficient and performs better (higher accuracy) than those

of Moreira (2000)-OvO [65], Mortada(2010)-OvO [66] and Avila-Herrera and Subasi

(2013)-OvR [7] for all five datasets. The Relaxed MC-LAD method has smaller CPU

times than those reported by the methods of Kim and Choi (2015) [47] for almost all

of the datasets, except it is slightly slower than Kim and Choi (2015)-OvR [47] for the

Glass dataset. We also observe that our proposed Relaxed MC-LAD method’s perfor-

mance in terms of classification accuracy is very comparable to, if not better than, the

performance of the methods of Kim and Choi (2015) [47] for all datasets, except for

Glass dataset. However, for Glass dataset, the Relaxed MC-LAD method outperforms

the previously developed multi-class LAD methods, excluding the methods of Kim and

Choi (2015) [47], as can be seen from Tables 3.8 and 3.9.

3.3.4 Experiments Comparing Relaxed Multi-Class LAD Method

with Well-Known Classification Techniques

Similar to the previous section, here we report the average accuracy of 10× 10-folding

experiments of our Relaxed MC-LAD method as compared to the well-known classifica-

tion techniques, including Nearest Neighbor, Naı̈ve Bayes, Logistic Regression, Support

Vector Machines, Neural Networks, and Decision Trees-C4.5. These experiments are

run in WEKA 3.8 Data Mining Software [29].

Table 3.11 shows the average accuracy of the cross-validation experiments for Iris,

Wine, and Glass datasets and Table 3.12 shows the average accuracy of the cross-

validation experiments for E.Coli and Dermatology datasets.
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Average Accuracy (%) of
Cross-Validation Experiments

Methods Iris Wine Glass
Relaxed MC-LAD 97.03± 1.90 94.67± 2.14 80.37± 4.87
Nearest Neighbor 95.40± 4.80 95.12± 4.34 70.30± 8.96
Naı̈ve Bayes 95.53± 5.02 97.46± 3.70 47.75± 9.36
Logistic Regression 97.07± 4.77 97.23± 3.83 63.92± 8.81
Support Vector Machines 96.27± 4.58 98.76± 2.73 57.72± 9.06
Neural Networks 96.93± 4.07 98.02± 3.26 65.96± 9.11
Decision Trees-C4.5 94.64± 5.78 89.90± 3.11 62.80± 4.43

Table 3.11: Comparison of Average Accuracy of Well-Known Classification Methods
for Iris, Wine, and Glass Datasets

Average Accuracy (%) of
Cross-Validation Experiments

Methods E. Coli Dermatology
Relaxed MC-LAD 82.50± 5.79 96.06± 2.85
Nearest Neighbor 81.99± 6.35 95.60± 3.16
Naı̈ve Bayes 87.01± 6.23 97.52± 2.46
Logistic Regression 86.64± 5.54 97.24± 2.65
Suport Vector Machines 84.43± 4.84 97.59± 2.37
Neural Networks 87.14± 6.54 97.32± 2.61
Decision Trees-C4.5 80.59± 4.14 94.48± 2.69

Table 3.12: Comparison of Average Accuracy of Well-Known Classification Methods
for E. Coli and Dermatology Datasets

Our proposed Relaxed MC-LAD method’s classification accuracy is very compara-

ble to, if not better than, that of the well-known supervised learning methods including

Nearest Neighbor, Naı̈ve Bayes, Logistic Regression, Neural Networks, and Decision

Trees for all datasets, including Glass data where the performance of all methods is

much worse (≥ %10 smaller accuracy) than the Relaxed MC-LAD method.
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Chapter 4

Survival Analysis with LAD with

Relaxed Patterns and Kaplan-Meier

Estimation

4.1 Introduction

In this Chapter we present an extension of our proposed multi-class LAD method with

relaxed method to survival analysis. We shall develop a machine learning based sys-

tematic survival analysis methodology to predict time-to-event of observations based on

several of features (variables/covariates). The proposed methodology aims at integrat-

ing the proposed multi-class LAD algorithm and a well-known survival curve estimation

method to identify combinatorial survival patterns in a time-to-event dataset.
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Survival analysis is a branch of statistics dealing with the analysis of time-to-event

data, where the goal is to predict the event time of observations based on multiple fea-

tures (variables). If T is the random time-to-event variable, then the survival function is

defined by

S(t) = Pr(T > t) = 1− F (t)

where F (t) is the cumulative distribution function of the random variable T .

Time-to-event data analysis is especially unique because the outcome of interest is

not only whether or not an event occurred, but also when that event occurred. Even

though the main goal is to analyze a data with continuous outcome, survival analysis

differs from regression analysis. Traditional methods of logistic and linear regression

are not suited to be able to include both the event and time aspects as the outcome in the

model. Moreover, survival analysis differs from regression analysis due to the presence

of censored data, this is data that possesses incomplete time-to-event information. An

example of this is when an observation did not experience an event (or withdraws from

the study) before the end of the study, referred to as right censored data. Another in-

stance of this occurs when an observation had the event before the study started or at the

beginning of the study, however, information of the event time is not known, referred

to as left censored data. It is also possible that a study may also involve truncation,

where the entire study population has already experienced the event of interest (right

truncation) or observations have been at risk before entering the study (left truncation).

Most survival analysis studies consider right censored data and left truncation (Klein

and Moeschberger, 2006 [48], Lee and Wang, 2003 [55]).
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Survival data are frequently encountered in biomedical studies, engineering, and

reliability research, where the applications range from the reliability of manufactured

items to human diseases. In medical studies, events may be defined as deaths, onset of

a specific disease, response to a new treatment, eradication of an infection caused by

a certain microorganism, or other life-threatening events. In engineering and reliabil-

ity studies, manufactured items such as mechanical or electronic components are often

subjected to life tests to obtain information on their endurance. An event in this case is

considered as the failure of a component (Pham, 2006 [70]).

The statistical analysis of survival data has been well-developed in the literature. In

parametric survival analysis, the event data are fitted to a predefined probability distribu-

tion function (for example, Weibull, exponential, gamma, etc.) to estimate the survival

function. One of the limitations of the parametric techniques in survival analysis, is

that some impractical statistical assumptions must be made about the distribution of the

event data.

The estimation of the survival distribution can be done by the Kaplan-Meier product

limit estimator, also viewed as a nonparametric maximum likelihood estimator (Law-

less, 1982 [54], Kalbfleisch and Prentice, 2011 [45]). For studies in which the aim is to

compare the survival distribution of two groups of subjects, the log-rank test has been

the most common method, which can be extended to allow other covariates (Peto et

al., 1977 [69]). The generalized Wilcoxon test is also an alternative option (Kalbfleisch

and Prentice, 2011 [45]). The major developments in the analysis of survival data have

focused on several families of survival distributions. Two important models of survival

distribution are proportional hazards and accelerated failure time. The proportional haz-
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ard model is a regression method introduced by Cox (1972) [21], which can be used

to investigate the effects of several covariates on survival distribution at the same time.

Coxs method is a semi-parametric approach, where no particular type of distribution is

assumed, but a strong assumption is made on the effects of differences, referred to as the

assumption of proportional hazards. Extensions to Coxs proportional hazards model are

the analysis of residuals, time-dependent coefficient, multiple/correlated observations,

time-dependent strata, and estimation of underlying hazard function (Andersen and Gill,

1982 [6], Fleming and Harrington, 1991 [28], Therneau and Grambsch, 2013 [83]). The

accelerated failure time model, on the other hand, assumes that the covariates act by ex-

panding or contracting time by a factor which is the exponential of a linear function of

the covariates. In the logarithmic scale of the survival time, the accelerated failure time

model is essentially a scale-location family of distributions (Kalbfleisch and Prentice,

2011 [45]).

The research area of statistical survival analysis is well established and has received

considerable attention in literature; however, there are still various problems which in-

volve discrete survival time analysis, such as healthcare, economics, engineering, bioin-

formatics, reliability, etc. (Wang et al., 2019 [86]). For example, disease prognosis or

failure time of a mechanical device is often considered as months, days, hours, etc.

The practical importance of discrete survival analysis has motivated the use of ma-

chine learning techniques in the analysis of discrete-event time data in literature. Ma-

chine learning provides several advantages: effective for large-scale data, ability to

model nonlinear relationships, and quality of overall predictions made. For large-scale

survival data this is especially important since the effectiveness is not always the case for
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certain problems in survival analysis (Zupan et al., 2000 [95], Wang et al., 20019 [86]).

The commonly used machine learning techniques used in survival analysis include:

• Survival Trees − Classification/regression tree tailored to handle censored data

(Ciambi et al., 1981 [20], Gordon and Olshen, 1985 [34]).

• Bayesian Methods − Naı̈ve Bayesian classifier based method that extrapolates

the prior event probability to implement early stage prediction on time-to-event

data for future time points (Fard et al., 2016 [27]) and Bayesian neural network to

perform model selection for time-to-event data using automatic relevance deter-

mination (Lisboa et al., 2003 [61]).

• Artificial Neural Networks− The survival time of an observation represented by

the survival or hazard probability is used as the output for the network to analyze

the relationship between the features and the survival times in order to obtain a

better predictability of the model (Lisboa et al., 2003 [61], Liestol et al., 1994 [60],

Ravdin and Clark, 1992 [75], Biganzoli et al., 1998 [11], Brown et al., 1997 [16]).

• Support Vector Machines − support vector regression for censored data (Zubek

and Khan, 2008 [94], Widodo and Yang, 2011 [87], Kiaee et al., 2016 [46]).

• Bagging Survival Trees − Aggregated survival function is calculated by averag-

ing the predictions made by a single survival tree instead of taking a majority vote

(Hothorn et al., 2004 [44]).

• Random Survival Forests − Extends Breimans random forest method by using

a forest of survival trees for prediction (Bou-Hamad et al., 2011 [15]).

• Boosting − Extends the gradient boosting algorithm to minimize the weighted

risk function (Hothorn et al., 2005 [43]).
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• Active regularized Cox regression − Builds a survival regression model by uti-

lizing the censored observations completely without deleting or modifying the

instance (Vinzamuri et al., 2014 [85]).

• Transfer-Cox Method−A regularized Cox Proportional Hazards model that im-

proves the prediction performance of the Cox model through knowledge transfer

from the source domain in the context of survival models built on multiple high-

dimensional datasets (Li et al., 2016 [59]).

• Multi-task Learning − Reformulates the time-to-event prediction problem as a

multi-task learning problem (Li et al., 2016 [58]).

A more detailed overview of the machine learning based algorithms is presented in

(Wang et al., 2019 [86]).

4.1.1 Survival Function

The survival function is expressed mathematically as:

S(t) = Pr(T > t) =

∞∫
t

f(τ)dτ (4.1)

where f(τ) is the probability density function for the random variable T which is denot-

ing the time-to-event variable. Equation (4.1) states that the survival function is defined

as the probability that the time of event is later than some specified time t.
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4.1.2 Non-Parametric Survival Curve: Kaplan-Meier Estimator

Kaplan-Meier (KM) estimator is one of the most common non-parametric techniques

applied to estimate the survival function and known as the product limit estimator (Law-

less, 1982 [54], Kalbfleisch and Prentice, 2011 [45]). The advantage of using KM esti-

mator is that, it does not make any assumptions about the distribution of lifetime data.

The estimated KM survival function presented in (Radvin and Clark, 1992 [75], Ragab,

2014 [72]), is given as

S(t) =
t∏
i=1

(
1− di

ni

)
(4.2)

where ni is the number of systems that have not failed (at risk) just before ti, and di is

the number of failures at time ti.

4.2 LAD based Combinatorial Survival Patterns

While several machine learning based survival analysis methods are presented in liter-

ature, there have been only a few attempts to extend Logical Analysis of Data (LAD)

to survival analysis. There are several reasons why it is important to extend LAD to

survival analysis LAD :

(1) LAD does not make any statistical assumptions about the underlying distribution

of the input data.

(2) It has been proven to be a very competitive (if not better) classification method as

compared to other well-known and commonly used techniques.
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(3) It discovers combinations (interacting) significant features (variables) associated

with an outcome of interest.

(4) It produces combinatorial patterns, of which are easy to interpret an explicit clas-

sification model for prediction.

(5) It yields new tools for prognosis, diagnosis, and risk stratification.

The methodology purposed in this chapter is based on the relaxed version of LAD

from Section 3.2.3 and Kaplan-Meier (KM). The main idea of this proposal is rooted in

works of Kronek and Reddy (2009) [53] and Ragab et al. (2016) [73].

The first attempt to extend LAD to survival analysis is in the original work of Kro-

nek and Reddy (2008) [53], proposing their methodology called Logical Analysis of

Survival Data (LASD), which focused on estimating right-censored survival functions

based on the two-class LAD method. The authors adopted the maximum pattern gen-

eration, where the process considers a reference observation and builds a pure pattern

(covering only observations of the same class) that contains it and with the largest cover-

age (Bonates et al., 2008 [12]). Kaplan-Meier estimation is used to generate the baseline

survival function ŜB(t), which reflects the affects of time and the chances of experienc-

ing an event. For each class, LAD was used to generate a set of patterns that represent

the interactions of covariates among observations in the dataset. For each generated

pattern, a KM survival curve, ŜP (t) called the pattern survival function, associated with

the pattern is produced.
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The survival function of observation Ŝ(t|zi), was calculated by averaging the LAD

pattern survival curves that cover the observation along with the baseline survival curve,

and was defined as

Ŝ(t|zi) =

p∑
j=1

ŜPj
(t) + ŜB(t)

p+ 1
. (4.3)

This formulation for the survival function of an observation was noted as a limitation

by Ragab et al. (2016) [73], being that the weight of each survival curve in this model

was equal to that of the baseline survival curve, even though they do not cover the same

number of observations covered by that of the baseline.

The performance of that study was assessed using the Integrated Brier Score (IBS),

a measure of the squared deviation of the survival estimate from the true distribution, at

all times. The empirical study showed that LASD was an accurate prognostic tool since

the confidence intervals of the predictions were very small (Lejeune et al., 2018 [56]).

Inspired by Kronek and Reddy (2008) [53], Ragab et al. (2016) [73] proposed to

use Kaplan-Meier as a time-driven estimation and LAD as an event driven diagnostic

method to reflect the effect of the operating conditions on the age of a monitored equip-

ment, where the remaining life-time of the equipment was estimated. They used the

standard two-class LAD approach of Boros et al. (2000) [14] to generate patterns to

distinguish “short-life” and “long-life” of equipment. The authors modified the survival

LAD method of Kronek and Reddy (2008) [53] by normalizing the weights of the sur-

vival curves for the LAD patterns ŜP (t), used in the survival function of an observation
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Ŝ(t|zi), to reflect their observation coverage, yielding:

Ŝ(t|zi) =

p∑
j=1

WPj
ŜPj

(t) + ŜB(t)

1 +
p∑
j=1

WPj

(4.4)

with

WPj
=

cov(Pj)
Q∑
q=1

cov(Pq)

where cov(Pj) is the set of observations that are covered by the selected pattern Pj and

Q is the number of patterns for the corresponding class. However, even this adaptation

poses a limitation, as it places a bias towards the weight of the baseline survival curve in

the overall survival model. As while each survival curve may not cover the amount of

observations as does the baseline, they do to a large extend, cover observations belong-

ing to that of one survival class.

Additionally, Ragab et al. (2016) [73] further modified updating a survival curve by

averaging the survival curves of the patterns that cover each observation in an external

data and the former updated survival curves at monitoring time. More recently, Ragab

et al. (2017) [74] applied their two-class LAD survival methodology to condition based

maintenance, which aims at avoiding unnecessary preventive maintenance tasks by tak-

ing preventive replacements only when there are signs of potential failure of the mon-

itored system. In another paper, Ragab et al. (2016) [73] integrated the Avila-Herrera

and Subasi’s (2013, 2015) [7,8] multi-class LAD approach with a set of non-parametric

cumulative incidence functions to predict time-to-failure for rotating machinery with

multiple failure modes.
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Accordingly, as the survival model is geared towards improving the risk stratifica-

tion away from the baseline KM estimation, it serves as motivation for us to investigate

placing more confidence/weight toward that of the survival pattern(s) covering an ob-

servation and less towards that of the baseline.

In our methodology, we propose an adjustment on the weight of the baseline survival

curve, such that when an observation is covered by a pattern or patterns solely from

one class type, we proportionately lower its weight, therefore placing more confidence

towards the survival distributions of the pattern survival curves. In the case, where an

observation is covered in a tie of patterns of differing class the weighting scheme is not

adjusted.

4.3 A New LAD Based Survival Analysis Methodology

In this section we present our methodology for estimating the survival distribution and

event-risk of observations. The methodology is accomplished through the following

steps:

4.3.1 Class Definition

In this step, we define two classes of survival patterns to be produced from the survival

model. We define an Event Experienced pattern (EE) as a pattern covering only ob-

servations that experience an event and a Non-Event pattern (NE), as patterns covering

only those observations that experienced an event.
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4.3.2 Pattern Generation using Multi-class Relaxed LAD Method

The patterns are generated using the Relaxed MILP LAD methodology for the two

classes of observations, the EE and the NE, by using only the covariates that are repre-

senting the covariates in the training dataset prepared in Section 4.3.1. Accordingly, this

relaxes the definition of EE and NE patterns, allowing them to cover a small proportion

of observations of the opposite class.

4.3.3 Baseline Survival Curve Estimation

The baseline survival curve Ŝb(t), is estimated using Kaplan-Meier estimation technique

for all observations, by using only the lifetime data in the training dataset prepared in

Section 4.3.1. The inputs to KM estimator are the event times of all the observations.

The baseline curve is estimated using Equation (4.5) as in (Kronek and Reddy, 2008

[53]):

ŜB(t) =
t∏
i=1

(
1− di

Yi

)
(4.5)

where di is number of observations that experienced an event at time t, and Yi is the

number of observations that did not experience an event (at risk) before t. The baseline

SB(t) covers all the observations of the two observation types.
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4.3.4 Survival Curve Estimation Specific to LAD Patterns

In this step, the survival curve ŜP (t) for each pattern generated in section 4.3.2, whether

an EE or NE pattern, is estimated using Kaplan-Meier estimation technique by consid-

ering only the set of observations covered by the given pattern.

4.3.5 Survival Function Estimation

In this section we introduce our adapted survival function of an observation, Ŝ(t|zi). As

in (Kronek and Reddy, 2008 [53]), we introduce the following concepts:

(1) The estimated baseline survival function, ŜB(t) is the KM estimate of all the ob-

servations in training set.

(2) The estimated pattern survival function, ŜP (t) is computed as KM estimate of

Cov(P ), set of observations covered by pattern P .

(3) The survival function of an observation, Ŝ(t|zi), covered by patterns P1, ..., Pp

estimated as

Ŝ(t|zi) =

p∑
j=1

ŜPj
(t) +W||P ||ŜB(t)

p+W||P ||
(4.6)

with

W||P || =
1

2

∥∥∥∥QEE∑
q=1

Pq −
QNE∑
q=1

Pq

∥∥∥∥
where Pq is a pattern that covers the current observation and Q∗ is the number of

patterns for the corresponding class EE or NE.
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An Illustration of Kaplan-Meier Survival Curves corresponding to LAD Patterns Cov-

ering an Observation

Figure 4.1 shows the Kaplan-Meier curves of an observation covered by 3 patterns EE1,

EE2, and NE1.

Figure 4.1: Survival Distribution for an Observation covered by 3 Patterns

The survival function for the observation would be calculated as:

Ŝ(t|zi) =
ŜEE1(t) + ŜEE2(t) + ŜNE3(t) + 1

2
ŜB(t)

3 + 1
2
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4.3.6 Evaluation of the LAD Based Survival Model

As done in (Kronek and Reddy, 2008 [53]), we evaluate the accuracy of our estimation

of the survival function based on the Brier score, where for a given t and observation i

we have:

• If observation i had an event before time t, we predict a low survival probability

for i.

• If observation i had an event after time t, we predict a high survival probability

for i.

In this case, for a given time t, the Brier score is a measure of the squared deviation

of survival estimate from the true probability, the Brier score, BS(t), is defined as:

BS(t) =
1

N

∑
i=1,...,N


(

0− Ŝ(t|zi)
)2

if ti,≤ t(
1− Ŝ(t|zi)

)2

if ti > t

(4.7)

The Integrated Brier Score (IBS) is an overall measure for the prediction of the

model at all times, of which we will use to holistically to assess the performance of our

survival model. The IBS metric is defined as

IBS =
1

max(ti)

max(ti)∫
0

BS(t)dt (4.8)

Now, we are ready to present an algorithm that integrates the fundamental concepts

from conventional statistics and the more explanatory, algorithmic, and computational

approached offered by our Relaxed Multi-class method to develop a systematic proce-

dure for the analysis of time-to-event data with multiple events.
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4.4 Numerical Experiments

4.4.1 German Breast Cancer Study Group 2 (GBSG2)

The GBSG2 dataset was first studied in [77]. This dataset contains 686 observations

described by eight variables. The variables age, menopausal status, tumour size, tumour

grade, number of positive lymph nodes, hormonal therapy, progesterone and estrogen

receptor concentrations, were investigated in 686 patients, of whom 299 had an event

for recurrence-free survival and 171 died.

4.4.1.1 Survival Model for German Breast Cancer Study Group 2 (GBSG2)

In Table 4.1, the description of the Relaxed MILP LAD patterns for the GBSG2 dataset

is given. The survival model for the GBSG2 dataset consists of ten patterns, five for EE

patterns and five for NE patterns.

Along with the pattern descriptions, the expected survival times and log-rank test

statistic values are also presented in the table. The low p-values (< 0.001) of the test

statistic scores regarding the log-rank test serve as supporting evidence and good indica-

tions that the survival patterns possess significantly distinct survival characteristics than

that of the baseline.
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4.4.1.2 Pattern Specific Survival Curves for German Breast Cancer Study Group 2

(GBSG2)

Another good indication that the survival patterns poses significantly distinct survival

characteristics compared to that of the baseline is the plots of the pattern survival curves

themselves in Figure 4.2. Among the plots, it is evident that the curves associated with

each survival curve, whether EE or NE type, fall well above or below the baseline curve,

respectively.

The pattern specific survival curves for GBSG2 dataset characterize the survival

relations of observations covered by each pattern, accordingly described as low-risk and

high-risk populations. Furthermore, on this note regarding low vs. high risk populations,

the estimated survival times associated with each survival curve largely supports this.

It is evident that a large margin exist between the two classes regarding their survival

times, such that EE patterns exhibit much lower survival times and NE patterns exhibit

much higher survival times.
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4.4.2 Worcester Heart Attack Study (WHAS500)

This WHAS500 dataset was first studied in [42] by Dr. Robert J. Goldberg of the De-

partment of Cardiology at the University of Massachusetts Medical School. The main

goal was to describe factors associated with trends over time in the incidence and sur-

vival rates following hospital admission for acute myocardial infraction. Follow up time

for all participants begins at the time of hospital admission after heart attack and ends

with death or loss to follow up.

4.4.2.1 Survival Model for Worcester Heart Attack Study (WHAS500)

Table 4.2 presents the description of the Relaxed MILP LAD patterns for the WHAS500

datasets. The survival model for the WHAS500 dataset consists of six patterns, four EE

patterns and two NE patterns.

Along with the pattern descriptions, the expected survival times and log-rank test

statistic values are also presented in Table 4.2. Similar to the GBSG2 dataset, the low

p-values (< 0.001) of the test statistic scores regarding the log-rank test serve as sup-

porting evidence and good indications that the survival patterns possess significantly

distinct survival characteristics than that of the baseline.

90



ID
E

[S
(t

)]
Te

st
St

at
Pa

tt
er

n
D

es
cr

ip
tio

n
E

E
1

11
2.

89
4

71
.1

90
7*

A
ge
>

67
A

N
D

C
hf
≤

0.
5

E
E

2
15

6.
39

16
.2

45
3*

C
hf
>

0.
5

A
N

D
A

ge
>

74
.4

A
N

D
B

M
I≤

22
.5

83
48

E
E

3
21

6.
08

4
6.

93
38

*
C

hf
>

0.
5

A
N

D
A

ge
>

74
.4

A
N

D
B

M
I>

22
.5

83
48

A
N

D
Y

ea
r=

2
E

E
4

16
6.

69
8

26
.8

54
8*

A
ge
≤

89
.2

A
N

D
C

hf
≤

0.
5

N
E

1
46

3.
25

3
5.

83
19

A
ge
>

67
A

N
D

C
hf
>

0.
5

A
N

D
A

ge
≤

74
.4

N
E

2
44

5.
04

4
28

.4
38

9*
A

ge
≤

74
.4

*p
-v

al
ue
<

0.
00

1

Ta
bl

e
4.

2:
L

ad
M

od
el

fo
rW

H
A

S5
00

D
at

as
et

91



4.4.2.2 Pattern Specific Survival Curves for Worcester Heart Attack Study

(WHAS500)

Figure 4.3 shows the pattern specific survival curves for the WHAS500 dataset. It can

be seen as evident that the survival patterns poses significantly distinct survival char-

acteristics compared to that of the baseline is the plots of the pattern survival curves

themselves.

Among the plots, it is evident that the curves associated with each survival curve,

whether EE or NE type, fall well above or below the baseline curve respectively. We re-

mark that the survival curves characterize the survival relations of observations covered

by each pattern, accordingly described as low-risk and high-risk populations. Further-

more, on this note regarding low vs. high risk populations, the estimated survival times

associated with each survival curve largely supports this.

We observe that a large margin exist between the two classes regarding their survival

times, such that EE patterns exhibit much lower survival times and NE patterns exhibit

much higher survival times.
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4.4.3 Results and Discussion

In this section we present the empirical results. First, we report the IBS values from

our Relaxed-LAD Model, against the Kaplan-Meier (KM) and LASD models reported

values from (Kronek and Reddy, 2008 [53]) under the GBSG2 dataset (shown in Figure

4.3). Next, in Figure 4.4 we report across both the GBSG2 and WHAS500 datasets,

using our Relaxed-LAD Model against each of the survival functions methodologies

from equations (4.3), (4.4) and (4.6), referred to as Equal-Weight, Norm-Weight and

Conf-Weight, respectively.

The performance of the survival models are evaluated using Integrated Brier Score

(IBS), as discussed in Section 4.3.6. Cross-validation is performed on by running five

random 5-folding experiments across all times t.

MODEL GBSG2
Kaplan−Meier 0.1936± 0.0255

LASD 0.1750± 0.0160
Relaxed− LAD 0.1675± 0.0053

Table 4.3: Average IBS for Survival Models on GSGB2 for five 5-folding experiments

The average IBS values for the cross-validation experiments and their 95% confi-

dence intervals, using KM estimates, LASD and our Relaxed-LAD Models are shown in

Table 4.3. Our Relaxed-LAD methodology outperforms the LASD model, improving

the IBS cross-validation score by 13.48% when compared to the KM estimate, and by

4.29% against the LASD methodology. In addition, our model reports a tighter confi-

dence interval suggesting that it presents a more robust and stable methodology.
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Survival Function GBSG2 WHAS500

Norm−Weight 0.2160± 0.0099 0.2539± 0.0130
Equal −Weight 0.2062± 0.0091 0.2347± 0.0100
Conf −Weight 0.1675± 0.0053 0.1819± 0.0066

Table 4.4: Average IBS for Survival Functions on GSGB2 and WHAS500 for five
5-folding experiments

Among the three methodologies, it is evident that the Survival Model based on Equa-

tion (4.4) from [74] is the most conservative, placing the least weight toward each Sur-

vival Pattern, ŜP (t). This results in the highest IBS values from the underlying Survival

Model.

Moreover, the Survival Model based on Equation (4.3) from (Kronek and Reddy,

2008 [53]) reports the second best IBS values having placed equal weight to each Sur-

vival Pattern ŜP (t), as to that of the Survival Baseline ŜB(t). Consequently, the empiri-

cal evidence reveals that this increase in weight to the Survival Patterns as compared to

the former model results in the lower IBS values. This serves as support to the rationale

behind our proposed Conf-Weight weighting scheme in Equation (4.6).

Accordingly, with regards proposed Conf-Weight weighting scheme, the results in

Table 4.4 report a 22% and 19% improvement on the IBS cross-validation scores from

the Norm-Weight and Equal-Weight survival function method of Equations (4.4) and

(4.3), respectively, on the GBSG2 dataset. Similarly, regarding the WHAS500 dataset a

28% and 22% improvement on the IBS CV scores is reported. Moreover, the smallest

confidence intervals across both datasets stem from the Conf-Weight weighting scheme,

supporting the robustness of the method.
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Chapter 5

Conclusion

5.1 Contributions of the Proposed Multi-Class LAD

Model with Relaxed Patterns

In this dissertation we extend Logical Analysis of Data (LAD) to multi-class classifica-

tion where relaxed (fuzzy) patterns are generated as optimal solutions of a mixed integer

linear programming problem. Our proposed relaxed multi-class LAD approach is moti-

vated by MILP formulation of Ryoo and Jang (2009) [76] that generates LAD patterns

for two-class datasets and Logical Analysis of Multiclass algorithm of Avila-Herrera

and Subasi (2013, 2015) [7, 8] that generated pure patterns with minimum degree and

maximum coverage. Our multi-class method uses homogeneity and prevalence as two

parameters to generate relaxed LAD patterns, aimed at improving the generalization

capability.
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While all of the multi-class methods, including both LAD based and others, but ex-

cluding the Relaxed MC-LAD method, poorly classify the observations in Glass dataset,

the methods of Kim and Choi (2015) [47] do outperform all of the methods by about

more than 10% improvement in accuracy based on the results reported in their paper. All

these results suggest that our proposed Relaxed Multi-Class LAD method is an exciting

alternative to the multi-class classification literature.

We demonstrate the advantage of having the flexibility purposed in our method

through experiments on five benchmark multi-class datasets. Experimental results show

that the proposed relaxed multi-class LAD algorithm produces highly accurate classi-

fication models on the benchmark datasets, where the cross-validation accuracy of the

relaxed multi-class LAD algorithm is comparable to, if not better than, those obtained

by previously developed multi-class LAD classification methods well as those by the

well-known classification techniques, including Nearest Neighbor, Naı̈ve Bayes, Lo-

gistic Regression, Support Vector Machines, Neural Networks, and Decision Trees. In

addition, our proposed relaxed multi-class LAD method is very efficient as can be seen

from the reported CPU time of the experiments.
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5.2 Contributions of the Proposed Survival Analysis Ap-

proach based on Multi-Class LAD Method with Re-

laxed Patterns

We integrate the fundamental concepts from conventional statistics as well as the more

explanatory, algorithmic, and computational techniques offered by optimization and ma-

chine learning to develop a systematic procedure for the analysis of time-to-event data.

This integration is expected to open new avenues in both theoretical and applied research

for supervised learning and survival analysis.

The proposed methodology enables the discovery of the combinations of significant

features associated with time to an event of interest and produces combinatorial survival

patterns that predicts the underlying probability distribution of time-to-event. Combi-

natorial survival patterns are obtained as algorithmic solutions of a mixed integer linear

programming problem that generates relaxed LAD patterns.

The survival function estimator is composed of the Kaplan-Meier baseline survival

curve and pattern specific survival curves. Then the Brier score is evaluated using the

survival function estimator following three weighting schemes, including equal weights

proposed by Kronek and Reddy (2008) [53], normalized weights proposed by Ragab et

al. (2016) [73], and confidence weights proposed in this dissertation.

The proposed methodology of Relaxed-LAD together with the proposed “confidence

weights”, scheme, not only produces an accurate prognostic tool, but additionally pro-
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duces an intuitive and easy to interpret explicit prognostic models for personalized risk

stratification – an essential feature of LAD methodology.
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2014.

[73] A. Ragab, M. Ouali, S. Yacout, and H. Osman. Remaining useful life prediction

using prognostic methodology based on logical analysis of data and kaplan–meier

estimation. Journal of Intelligent Manufacturing, 27(5):943–958, 2016.

108



[74] A. Ragab, S. Yacout, M. Ouali, and H. Osman. Pattern-based prognostic method-

ology for condition-based maintenance using selected and weighted survival curves.

Quality and Reliability Engineering International, 33(8):1753–1772, 2017.

[75] P. M. Ravdin and G. Clark. A practical application of neural network analysis for

predicting outcome of individual breast cancer patients. Breast cancer research and

treatment, 22:285–93, 02 1992.

[76] H. S. Ryoo and I. Y. Jang. MILP approach to pattern generation in logical analysis

of data. Discrete Applied Mathematics, 157(4):749–761, 2009.

[77] W. Sauerbrei, P. Royston, H. Bojar, C. Schmoor, and M. Schumacher. Modelling

the effects of standard prognostic factors in node-positive breast cancer. British

Journal of Cancer, 79(11):1752, 1999.

[78] E. L. Silva-Ramı́rez, R. Pino-Mejı́as, and M. López-Coello. Single imputation with

multilayer perceptron and multiple imputation combining multilayer perceptron and

k-nearest neighbours for monotone patterns. Applied Soft Computing, 29:65–74,

2015.

[79] N. Singh-Miller and M. Collins. Learning label embeddings for nearest-neighbor

multi-class classification with an application to speech recognition. In Y. Bengio,

D. Schuurmans, J. D. Lafferty, C. K. I. Williams, and A. Culotta, editors, Advances

in Neural Information Processing Systems 22, pages 1678–1686. 2009.

[80] M. M. Subasi, E. Subasi, M. Anthony, and P. L. Hammer. A new imputation

method for incomplete binary data. Discrete Applied Mathematics, 159(10):1040–

1047, 2011.

109



[81] D. M. J. Tax and R. P. W. Duin. Using two-class classifiers for multiclass classi-

fication. In Proceedings of 16th International Conference on Pattern Recognition,

volume 2, pages 124–127. IEEE, 2002.

[82] A. Tewari and P. L. Bartlett. On the consistency of multiclass classification meth-

ods. Journal of Machine Learning Research, 8:1007–1025, 2007.

[83] T. M. Therneau and P. M. Grambsch. Modeling survival data: extending the Cox

model. Springer Science & Business Media, 2013.
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