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Abstract 

Title:  SURFACE PHONON POLARITON-ENHANCED RING RESONATOR AND E-

PLANE HYBRID RING COUPLER 

Author: CLÁUDIO AUGUSTO BARRETO SAUNDERS FILHO 

Advisor: Brian A. Lail, Ph. D. 

Surface polaritons are known for providing the ability to confine light beyond the 

Abbe’s limit of diffraction. While metals efficiently support surface plasmon 

polaritons in the visible-UV spectrum, some semiconductors can support surface 

phonon polaritons in the infrared. 

 Ring resonators are devices with high integration level with optical 

interconnects and with applications including filters, directional couplers, 

modulators and interferometers. Loss associated to ring curvature yields ring radius 

on the order of tens of free-space wavelengths. SPhP-enhanced micro-ring resonator 

was proposed and it was shown that ring dimensions are reduced. 

 Advances in nanofabrication processes allow the design of optical 

interconnects using materials that exhibit significant properties in the LWIR, such as 

silicon carbide (SiC). 4H-SiC buried channel rectangular waveguides was shown to 



 

iv 

possess higher propagation constant when compared to benchmark rectangular 

waveguides. Waveguide impedance definition was proposed and determined. 

 E-plane hybrid ring based on buried channel is initially reported, scattering 

matrix analytically obtained and relation between ring waveguide and input 

waveguide impedances is determined.  

SPhP-enhanced E-plane hybrid ring is shown to provide acceptable insertion 

loss and coupling factor values, while enabling small overall size. 
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Chapter 1 

Introduction 

This dissertation shines light on surface-phonon polaritons-enhanced applications in 

the long-wave infrared spectrum. The first part describes the ring resonator suitable 

for sensing applications. The second part reports on hollow-core rectangular 

waveguide buried in SiC substrate. The third part addresses the PEC E-plane hybrid 

ring analysis and synthesis based on equivalent circuit analysis. The last part 

describes the surface-phonon polaritons-enhanced E-plane hybrid ring. 

 

1.1 Motivation on compact long-wave infrared ring 

resonator for sensing applications 

Surface polaritons provide subwavelength confinement [1] - [3]. Surface phonon 

polaritons (SPhPs), electromagnetic waves coupled to lattice vibrations in a polar 

dielectric, allow for highly confined propagating modes beyond the limit of 

diffraction within the mid to long-wave infrared (IR) [4], [5]. In recent years, it has 

been shown that hybrid plasmonic and phononic waveguides can support long-range 

hybrid modes that result from the coupling between surface plasmon polaritons 
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(SPP) or SPhPs and a high index dielectric tracer  [2], [6] - [8]. This chapter reports 

on the use of a hybrid phononic waveguide as a building block of a ring resonator 

that operates in the long wave infrared (LWIR) spectrum. Critical coupling condition 

and trade-off between ring diameter and output power are characterized. LWIR ring 

resonators hold promise for numerous applications including modulation, biosensing 

[9], photodetectors and chemical sensing [10]. 

This endeavor was presented in the 2017 SPIE Commercial+Defense 

Conference, Orlando-FL [11]. 

 

1.2 Motivation on Phononic buried channel waveguide 

Silicon Carbide  (SiC) is a semiconductor and exhibits great potential for on-chip 

electronic [12] and photonic applications [13] - [16]. It has a thermal conductivity of 

320 − 490 𝑊𝑚−1𝐾−1 , which is twice larger than Silicon (~150𝑊𝑚−1𝐾−1 ), 

relatively high refractive index at telecom band (~2.6), and wide band gap (2.4 - 

3.2eV). 

Even more, SiC possess the ability to support surface phonon polaritons in 

the long wave infrared, which provides subwavelength confinement. 

SiC waveguides, resonators and interconnects have been fabricated and 

reported in the visible region [17] - [19]. In the infrared spectrum, SiC properties 

have been explored in near-complete transmission thin films, resonant enhancement 
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through second harmonic generation and plasmon-phonon coupling [20] - [24]. In 

addition, SiC-based hybrid phononic waveguides and interconnects were proposed 

and reported in  [4], [5], [25] and [26].  

The buried channel waveguide poses as an alternative to rib waveguides [27],  

[28] in the LWIR since it drives higher energy levels, signal is shielded against 

thermal noise from external sources, produces lower bend losses and connection to 

on-chip lasers is straightforward [29]. 

 

1.3 Motivation on E-plane hybrid ring analysis 

A hybrid ring is a four-port 3-dB antisymmetric directional coupler, i.e., its output 

ports are in phase or π out of phase. These unique features provide some interesting 

applications, such as reflectometers, combiner - when difference and sum output 

signals are obtained at different ports - and as an interface between antenna and 

transmitting/receiving chains. 

Hybrid rings can be of two types: H-plane or E-plane. H-plane is such that 

the junction between ports and ring can be described as shunt impedances, while E-

plane junction is described as an association of series impedances. 

H-plane analysis is the most reported since it covers the behavior of 

microstrip and stripline-implemented hybrid rings.  When ring is implemented using 
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rectangular waveguides, it can be of two types: E-plane or H-plane, depending upon 

waveguide orientation. 

 E-plane hybrid rings have the advantage to provide means to design the ring 

to its smallest radius, since waveguide broader walls are perpendicular to ring walls. 

On the other hand, H-plane hybrid rings possess input port broader walls along ring 

and therefore its diameter must be chosen such that the ring is sufficiently large to fit 

input ports without overlapping. 

 To the best of the author’s knowledge, E-plane hybrid ring analysis using 

scattering parameters and the relation of necessary conditions between port and ring 

waveguide impedances has not been previously reported. 

 

1.4 Motivation on 4H-SiC buried channel E-plane hybrid 

ring 

It has been shown in Chapter 2 that 4H-SiC, a polar dielectric material which exhibits 

its Reststrahlen band within the long-wavelength infrared region, supports SPhP. 

Even more, a hybrid waveguide configuration has been shown to provide a platform 

to hybrid waveguide-based ring resonators. 

However, insertion loss of the order of -3 dB makes it not attractive for use 

as a directional coupler. Another aspect is that this framework has a miniaturization 

limitation that is due to the ring diameter. Small ring diameter will allow coupling 
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between ring segments, deteriorating its resonance behavior. Larger diameters imply 

higher losses and therefore insertion loss and coupling is negatively affected.  

To overcome this negative aspect, it has been proposed a SPhP-enhanced 

rectangular waveguide E-plane hybrid ring, which consists of a device buried in a 

4H-SiC substrate. SPhP rectangular hollow waveguide is reported in Chapter 3 to 

significantly reduce the size of the optical waveguide when compared to traditional 

perfect electric conductor (PEC) waveguide. It is reported that the device’s insertion 

loss is equal to −3.02 𝑑𝐵  and coupling factor equal to −3.26 𝑑𝐵  while device 

overall length is equal to 0.28𝜆𝑜.  

 

1.5 Layout of the dissertation document 

This document reports on research carried out at the Applied Computational 

Electromagnetics Lab at Florida Institute of Technology. Numerical and theoretical 

research on devices with potential to on-chip applications were carried out. 

Chapter 2 describes the first SPhP-enhanced compact microring resonator 

over SiC substrate and has been published at C. A. B. Saunders Filho, M. F. Finch 

and B. A. Lail.,” Compact long-wave infrared ring resonator for sensing 

applications.”, Proceedings of SPIE, 10639, 106392Q, 2018. 
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Chapter 3 describes SPhP-enhanced rectangular waveguides in terms of 

phase constant, attenuation constant and waveguide impedance. Numerical and 

analytical results are compared. 

In chapter 4 the E-plane hybrid ring is proposed and analytical approach 

based on equivalent transmission lines is implemented. Relation between input ports 

impedance and ring waveguide impedance is determined. 

Chapter 5 reports on SPhP-enhanced E-plane hybrid ring optimization and 

characterization using ANSYS® Electronics Desktop. Design curves, device size and 

electrical parameters, such as insertion loss, coupling factor and reflection 

coefficients are discussed. 

 

 



7 

 

Chapter 2 

Compact long-wave infrared ring resonator for 

sensing applications 

In recent years, ultra-confinement properties of surface plasmon polaritons (SPPs) 

[30] in the visible to ultraviolet spectrum, and surface phonon polaritons (SPhPs) 

[26] in the infrared, have been exploited to design photonic devices that confine 

electromagnetic energy within an area smaller than that stated by Abbe’s limit of 

diffraction [2]. SPPs result from the coupling between photons and collective 

oscillations of valence electrons at the interface between metals and dielectrics. On 

the other hand, SPhPs occur at the boundary between a polar dielectric and a 

dielectric and result from the coupling between photons and lattice vibrations, 

phonons, within the polar dielectric in a band of frequencies bookended by the 

longitudinal (LO) and transverse optical (TO) resonant frequencies known as 

Reststrahlen band [5]. 
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Figure 1 - Real part of 4H SiC’s dielectric constant. Transverse optical resonance frequency is 

ωTO = 796cm-1𝝎𝑻𝑶 = 𝟕𝟗𝟔 𝒄𝒎−𝟏 and longitudinal optical resonance frequency is ωLO =

972cm-1. 

 Polar dielectric materials are dispersive, and the real part of their dielectric 

constant is negative in the Reststrahlen band, as seen in Figure 1. Therefore, the 

interface between a polar dielectric and dielectric can exhibit a surface current 

density and the integral of the magnetic field over a closed line across this interface 

is non-zero and equal to a surface current. Indeed, surface waves exist and are 

transverse magnetic (TM) in nature [25]. 

Many configurations of both plasmonic and phononic hybrid waveguides 

have already been proposed and the main challenge addresses confinement–loss 

trade-off [31], [32]. The SPhP hybrid waveguide configuration reported is 3-layered: 
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substrate (which is the polar dielectric), the low index spacer, and the high index 

ridge waveguide. 

The hybrid mode supported by the hybrid waveguide can be described using 

Coupled-Mode Theory (CMT) as a superposition of two linearly independent, or 

uncoupled, modes: SPhP and tracer modes, as depicted in Figure 2 [4], [33]. Given 

SPhP mode is a TM surface mode in nature, the interface between the 4H-SiC 

substrate and GaN spacer, shown in Figure 2, supports a SPhP mode which is 

evanescent in the direction perpendicular to the boundary. The A-Si tracer, which 

has a square cross section, on GaN spacer supports quasi-TM mode. Hybrid modes 

result from mode repulsion or mode splitting [2]. Therefore, the effective hybrid 

index is always greater than the SPhP or tracer mode index. 

 

Figure 2 - Hybrid mode is a superposition between a SPhP mode and tracer mode. 
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A hybrid waveguide-based ring resonator that operates in the long-wave 

infrared region suitable for sensing applications is presented in the following section. 

To the best of authors’ knowledge, we report on the first numerical results of a ring 

resonator using a SPhP hybrid waveguide in the infrared (12.34 𝜇𝑚). The numerical 

results were performed using the embedded driven modal analysis in Ansys® HFSS 

which is a commercially available full-wave finite element method solver. 

 

2.1 Hybrid waveguide design 

The hybrid waveguide configuration is a square amorphous Silicon (𝜀𝐴−𝑆𝑖 = 7.46) 

tracer over a 4H-Silicon Carbide, 4H-SiC ( 𝜀4𝐻−𝑆𝑖𝐶 = −88.595 − 𝑗11.235 , 

Appendix C), substrate and a gallium nitride, GaN, (𝜀𝐺𝑎𝑁 = 1.64 − 𝑗0.028) thin film 

acting as a spacer, Figure 2. 

 

SPhP mode is a surface wave that propagates along the interface between the 

4H-SiC substrate and the GaN spacer. However, electric and magnetic field 

components decay exponentially as a function of distance from interface and will not 

vanish inside GaN when spacer thickness is small. Therefore, the propagation 

constant of SPhP will approach (2.1.1) when the spacer is large and 𝑘0√
𝜀4𝐻𝑆𝑖𝐶

𝜀4𝐻𝑆𝑖𝐶+1
 

otherwise, Figure 3. 
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 kSPhP=k0√
ε4HSiCεGaN

ε4HSiC + εGaN
 (2.1.1) 

 

Figure 3 - Refractive index of SPhP for different GaN slab thickness. Monotonically increases 

with respect to spacer thickness since dielectric constant of the GaN is greater than unity. 

Similarly, propagation length approaches (2.1.2) when GaN slab is thick and 

1

2𝑘0
𝐼𝑚 {√

𝜀4𝐻𝑆𝑖𝐶

𝜀4𝐻𝑆𝑖𝐶+1
} otherwise.  

 
Lprop =

1

2Im{kSPhP}
 (2.1.2) 

Consequently, propagation length of the pure SPhP mode is maximum when 

frequency is 24.3 THz (𝜆 = 12.34𝜇𝑚) and when spacer thickness is minimum, 

Figure 4. Indeed, for this endeavor, GaN layer is set as100𝑛𝑚 thick. 



12 

 

 

Figure 4 - SPhP mode propagation length is maximum when frequency is 24.3 THz and GaN 

film thickness is minimum. Color bar is 10log(Lprop(µm)) 

2.2 Hybrid mode 

The modal character |𝑎|2 of the hybrid mode, (2.2.1), is a measure of the nature of 

the hybrid mode. When |𝑎|2 < 0.5 the hybrid mode resembles the surface wave 

mode and when |𝑎|2 > 0.5  the tracer mode dominates [2]. Strong coupling 

condition, when |𝑎|2 = 0.5 and therefore 𝑛𝑆𝑃ℎ𝑃 = 𝑛𝑡𝑟𝑎𝑐𝑒𝑟, is when both propagation 

length and modal area are minimum [2]. Effective mode indices of the uncoupled 

modes are a function of the waveguide dimensions, namely spacer thickness and A-

Si tracer width.  

 |𝑎|2 =
neff − nSPhP

(neff − ntracer) + (neff − nSPhP)
 (2.2.1) 
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For each slab thickness there is one tracer width such that strong coupling 

condition occurs, Table 1. 

Table 1 - Strong coupling condition for different GAN slab thickness 

GaN slab thickness (µm) Si tracer square width (µm) 

0.1 2 

0.5 1.5 

1 2 

 

Figure 5 depicts effective indices of the hybrid and uncoupled modes as a 

function of tracer width when GaN slab is 100nm thick. In this case, 𝑛𝑆𝑃ℎ𝑃  is 

constant and equal to 1.01. At the strong coupling condition, 𝑛𝑒𝑓𝑓 = 1.657. 

 

Figure 5 - Effective index of the hybrid mode as a function of the tracer width. Maximum 

coupling condition when tracer width is 2µm. 
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2.3 Ring resonator design 

Ring resonators represent a group of important optical components [10], [34] - [50]. 

Their applications include filters [51], directional couplers [52], modulators [53], 

interferometers [54], gyroscopes [55], and antennas [56]. Properties are the relative 

ease of construction and high integration with optical interconnects. Proposed ring 

resonator, Figure 6, is an A-Si ring with inner radius r1 and tracer width 𝑤 = 2µ𝑚 

over a 4H-SiC substrate and a GaN slab acting as a spacer. Distance between ring 

and tracer is d. Ports 1 and 2 present reference planes for the input and output power, 

respectively. 

d

Port 1Port 2

2r1

w

l
 

Figure 6 – Ring resonator geometry 
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The ring resonates at frequencies obtained from the following equation  [35],  

[57]: 

 FR =
c

2πnringr1
 (2.3.1) 

where c is the free space speed of light and 𝑛𝑟𝑖𝑛𝑔 is the effective index of the ring 

waveguide. It was observed that 𝑛𝑟𝑖𝑛𝑔 is slightly below the effective index of the 

hybrid waveguide due to the circular bends [58], [59]. Ring resonance occurs when 

magnitude of the insertion loss, |𝑆21|, in dB is minimum and means that part of the 

incident power at port 1 is coupled to the ring in resonant condition. However, when 

|𝑆21| is maximum, the ring is not in resonance and output power is equal to the input 

power less losses due to bends and material loss tangent. 

When GaN slab thickness increases, the hybrid mode assumes tracer mode 

character and therefore bend losses are present. On the other hand, when ring radius 

increases, total ring length increases as does the loss regarding the polariton mode. 

Therefore, there is a trade-off between spacer thickness and ring radius regarding 

losses. 
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Figure 7 – Insertion loss as a function of ring radius when spacer thickness is 100nm, 500nm 

and 1000nm. 

Coupling between the hybrid waveguide and the ring resonator modes is 

restricted to a region where energy couples from one entity to another and is called 

coupling length. When d is large, theses modes will not couple and consequently the 

coupling length is zero. However, when d is small coupling length increases. The 

condition when maximum power is coupled from the waveguide to the ring is called 

critical coupling and is a function of d. When 𝑓 = 24.3𝑇𝐻𝑧, 𝑤 = 2𝜇𝑚, GaN slab is 

100nm thick, and r1 is 7.5µm, critical coupling is achieved when 𝑑 = 0.84𝜇𝑚 . 

Figure 8 is the frequency response of the final ring resonator configuration. Insertion 

loss is minimum at 24.3 THz, as expected, and other resonances are allowed within 

the Reststrahlen band. However, free spectral range is not unique due the dispersive 
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nature of the hybrid waveguide, i.e., distance between resonant frequencies is not 

uniform. 

 

Figure 8 -Insertion loss in critical coupling regime. Wave travelling along the ring has a higher 

attenuation constant when frequency is above 24.3 THz and therefore interaction with direct 

signal is minimized, resulting in 𝑺𝟐𝟏 degradation at higher resonant frequencies. 

2.4 Conclusion  

A planar silicon-based ring resonator with an inner radius smaller than free space 

wavelength in the long wavelength infrared was demonstrated. Hybrid phononic 

waveguide provides highly confined modes and exhibit low bend losses, suitable for 

ring applications, at the expense of propagation length in the order of hundreds of 

microns. Ring resonator using hybrid waveguides have applications in directional 

couplers, interferometers, modulators, or sensing devices.  
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Chapter 3 

SPhP-enhanced buried channel waveguides 

Electromagnetic waves are transported in electrical and optical waveguides and 

transmission lines. Several configurations and types of materials are used to build 

them. Hollow core waveguides can have rectangular, circular or ellipsoidal cross 

sections and fabricated from metal, dielectrics and polar dielectrics [60]. 

First, consider a buried channel in a perfect electric conductor (PEC) material 

substrate, Figure 9. Its infinite conductivity does not allow E-field to penetrate inside 

the metal and therefore E-field inside the substrate is zero. Indeed, skin depth is zero 

and free charges are at the surface. Boundary conditions require that surface current 

density is equal to the tangential component of the magnetic field while tangential 

component of the electric field vanishes. However, the normal component of the 

electric flux density is equal to the surface charge density and the normal components 

of the magnetic field is zero. 

Dispersion equation of a PEC rectangular buried channel waveguide is given 

by [61]: 

 𝑘𝑐,𝑛𝑚
2 + 𝛾2 = 𝑘0

2 (3.1) 

 

𝛾 = 𝛼 + 𝑗𝛽 
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𝑘𝑐,𝑛𝑚 = √(
𝑛𝜋

𝑎
)
2

+ (
𝑚𝜋

𝑏
)
2

 

Where:  

- 𝑘𝑐,𝑛𝑚  is the cut-off wave number and is a function of the waveguide 

dimensions; 

- 𝛾 is the propagation constant; 

- 𝛼 is the attenuation constant, in (Np/m); and 

- 𝛽 is the phase constant, in (rad/m). 

 

a

b

εo

PEC

x

y

 

Figure 9 — PEC buried channel waveguide 
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Hollow core waveguide can support a multitude of different modes, one being 

an eigen solution to the Helmholtz equation as a function of the eigenvalues n and 

m. Consider that the waveguide is placed along the z axis and EM waves are allowed 

to travel in the ±z direction. 

For TE modes the Helmholtz equation is given by: 

∇𝑡
2𝐻𝑧 + 𝑘𝑐,𝑛𝑚

2 𝐻𝑧 = 0 

and for TM modes the Helmholtz equation is: 

∇𝑡
2𝐸𝑧 + 𝑘𝑐,𝑛𝑚

2 𝐸𝑧 = 0 

∇𝑡
2=

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
 

where: 

- 𝐸𝑧 , 𝐻𝑧 are the axial components of �⃗�  and �⃗⃗� , respectively; and 

- 𝑘𝑐,𝑛𝑚 = √(
𝑛𝜋

𝑎
)
2

+ (
𝑚𝜋

𝑏
)
2

 is the cut-off wave number. 

 Cut-off wave number will have different values for different (a,b) pairs and 

determines the cut-off frequency for each mode. For the geometry depicted in Figure 

9, when 𝑏 > 𝑎 , dominant mode TE01 has the lowest cut-off frequency (𝑓𝑐 ). The 

spectrum range bookended by the cut-off frequency of the dominant mode and the 

cut-off frequency of the first higher order mode is such that only the dominant mode 

can propagate, i.e., higher order modes are evanescent and will not propagate.  
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When PEC is replaced by the polar dielectric, Surface Phonon Polaritons 

(SPhP) will exist at the waveguide walls if the frequency lies in the Reststrahlen 

band. 

SPhP waves are surface TM waves on the interface between dielectric and 

polar dielectric (in this case, SiC). However, when a confined medium is considered, 

the hybrid mode which results from the coupling between the SPhP modes at the 

broader waveguide walls assume TE mode characteristics, which is the fundamental 

mode of the rectangular waveguide [62]. SPP-enhanced slot waveguides were first 

experimentally reported in [60]. 

a

b

εo

4H-SiC

x

y

 

Figure 10 — 4H-SiC buried channel waveguide 



22 

 

3.1 Buried channel waveguide phase and attenuation 

constants 

While PEC buried channel waveguide phase and attenuation constants can be easily 

derived from previous analytical expressions and depend solely on the waveguide 

dimensions, α and β for the polar dielectric buried channel waveguides are related to 

the material bulk properties and linear dimensions of the channel. 

 

Figure 11 - TE01 phase (continuous curves) and attenuation (dashed curves) constants as a 

function of the waveguide height when substrate is PEC (black) and 4H-SiC for 𝒂 = 𝝀𝟎 𝟖⁄  

(blue), 𝒂 = 𝝀𝟎 𝟏𝟔⁄  (yellow) and 𝒂 = 𝝀𝟎 𝟐𝟒⁄  (red).  
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TE01 is the dominant mode for both waveguides and for the PEC case cut-off 

wavenumber is given by: 𝑘𝑐,01 =
𝜋

𝑏
. Indeed, height 𝑏  at cut-off (𝛾 = 0) can be 

determined from the dispersion equation: 𝑘𝑐,01
2 + 𝛾2 = 𝑘0

2 → 𝑏 = 0.5𝜆𝑜 . At this 

point both α and β are equal to zero, Figure 11, for PEC substrate. When the substrate 

is 4H-SiC, phase and attenuation constants are not zero simultaneously due to the 

material loss. Indeed, the cut-off condition is defined as 𝛼 = 𝛽 and have different 

values for different waveguide widths. 

Table 2 lists values for waveguide height b when attenuation and phase 

constants assume the same value. Cut-off condition occurs for smaller values of 

waveguide height when waveguide width decreases. 

Table 2 – TE01 cut-off points 

Material a
λ0

⁄  b
λ0

⁄  α = β 

PEC ∀a 0.5 0 

4H-SiC 1/8 0.34 0.09 

4H-SiC 1/16 0.3 0.13 

4H-SiC 1/24 0.27 0.15 
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Figure 12 - TE02 phase (continuous curves) and attenuation (dashed curves) constants as a 

function of the waveguide height when substrate is PEC (black) and 4H-SiC for 𝒂 = 𝝀𝟎 𝟖⁄  

(blue), 𝒂 = 𝝀𝟎 𝟏𝟔⁄  (yellow) and 𝒂 = 𝝀𝟎 𝟐𝟒⁄  (red) 

Similarly, the first higher order mode TE02, when substrate is PEC, is 

evanescent when height is smaller than 𝜆𝑜. The polaritonic waveguide has cut-off 

points for lower heights, as expected, and are listed in Table 3. 
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Table 3 – TE02 cut-off points 

Material 𝒂 𝛌𝟎⁄  𝒃 𝛌𝟎⁄  𝛂 = 𝛃 

PEC ∀a 1 0 

4H-SiC 1/8 0.73 0.10 

4H-SiC 1/16 0.63 0.14 

4H-SiC 1/24 0.56 0.16 

 

Figure 13 - TE01 phase (continuous curves) and attenuation (dashed curves) constants as a 

function of the waveguide width when substrate is 4H-SiC for 𝒃 = 𝝀𝟎 (blue), 𝒃 = 𝝀𝟎 𝟐⁄  

(yellow) and 𝒂 = 𝝀𝟎 𝟒⁄  (red) 
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The variation of TE01 and TE02 phase and attenuation constants with respect 

to the polaritonic waveguide width is depicted in Figure 13 and Figure 14. While 𝛼 

and 𝛽 are not function of 𝑎 for the PEC waveguide since 𝑘𝑐,0𝑚 =
𝑚𝜋

𝑏
, 4H-SiC buried 

channel waveguide propagation parameters depend on 𝑎 and 𝑏. Phase constant is 

monotonically decreasing when distance between walls increases, as expected, since 

coupling between SPhP modes at these walls is reduced.  

On the other hand, coupling between SPhP modes at the walls increases when 

spacing between them is smaller, resulting in higher 𝛼. Indeed, attenuation constant 

can assume values greater than 𝛽 and therefore the mode is evanescent at smaller 

values of the waveguide width and height, e.g., TE01 and TE02 are non-propagating 

modes when 𝑎 > 0.035 and 𝑎 > 0.03, respectively, for 𝑏 = 0.25𝜆0 and 𝑏 = 0.5𝜆0. 

Table 4 lists cut-off widths for waveguide height ranging from 0.25𝜆0 to 0.7𝜆0. 
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Table 4 - TE01 and TE02 cut-off widths 

𝐛 𝛌𝟎⁄  
TE01 TE02 

𝐚 𝛌𝟎⁄  𝛂 = 𝛃 𝐚 𝛌𝟎⁄  𝛂 = 𝛃 

0.25 0.035 0.291 0.0055 0.4489 

0.3 0.066 0.166 0.0084 0.4307 

0.35 0.148 0.099 0.0119 0.2702 

0.4 

Condition is not 

achieved. 

0.0165 0.2364 

0.5 0.03 0.188 

0.6 0.054 0.199 

0.7 0.1014 0.109 
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Figure 14 - TE02 phase (continuous curves) and attenuation (dashed curves) constants as a 

function of the waveguide width when substrate is 4H-SiC for 𝒃 = 𝝀𝟎 (red) and 𝒃 = 𝝀𝟎 𝟐⁄  

(blue). 

3.2 4H-SiC hollow core rectangular waveguide design 

curves 

The size of optical devices, in some cases, is a mandatory requirement, particularly 

for on-chip applications. Indeed, the use of waveguides that support modes with 

higher phase constant are desirable, since its effective wavelength can assume values 

smaller than free-space wavelength. 
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Advances on laser microscale processing of silicon carbide [63] and device 

fabrication [64], [65], over the last few years allows the fabrication of SiC-based 

photonic devices. It has been shown that 4H-SiC buried channel waveguide can 

attend this requirement, however at the expense of propagation length, given by: 

𝐿𝑝 =
1

2𝛼

1

𝜆𝑜
 

Figure 15 is the TE01 normalized phase constant as a function of waveguide 

width when height assumes values from 0.4𝜆0  to 0.7𝜆0  and Figure 16 is the 

propagation length. Note that higher 𝛽 occurs for smaller 𝑎 while 𝐿𝑝 is greater for 

large 𝑎.  

Even more, when constraints regarding waveguide height are not strict, 

propagation distance is greater for deeper waveguides and so is the phase constant. 
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Figure 15 – Normalized phase constant with respect to the free space wavenumber for the 4H-

SiC buried channel waveguide. Blue curve represents waveguide height 𝒃 = 𝟎. 𝟒𝝀𝟎, magenta 

curve represents 𝒃 = 𝟎. 𝟓𝝀𝟎, yellow curve represents 𝒃 = 𝟎. 𝟔𝝀𝟎 and purple curve represents 

𝒃 = 𝟎. 𝟕𝝀𝟎. 
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Figure 16 – Normalized propagation length with respect to the free space wavelength as a 

function of waveguide width. Blue curve represents waveguide height 𝒃 = 𝟎. 𝟒𝝀𝟎, magenta 

curve represents 𝒃 = 𝟎. 𝟓𝝀𝟎, yellow curve represents 𝒃 = 𝟎. 𝟔𝝀𝟎 and purple curve represents 

𝒃 = 𝟎. 𝟕𝝀𝟎. 

3.3 Hollow core waveguide impedance for the TE01 mode 

Impedance describes the relation between electric and magnetic field components 

and voltage and current within an electric circuit. It is uniquely defined for 

transmission lines that support TEM modes, such as coaxial cables, two-wire lines 

and striplines. On the other hand, it fails to represent a physical phenomenon for 

waveguides, but can be formally defined [61].. 
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Voltage V and current I suffice to characterize the behavior of a mode. 

However, this characterization is not unique for hollow core waveguides [66]. 

Suppose that electric and magnetic field components can be written as a function of 

V, I and waveguide dimensions a and b. For example, suppose that for the TE01 mode 

the maximum of electric field intensity has the magnitude 
|𝑉|

𝑏
⁄  and field 

components can be written as: 

𝐸𝑥 =
𝑉

𝑎
cos

𝜋𝑦

𝑏
 

𝐻𝑦 =
2𝐼

𝑏
cos

𝜋𝑦

𝑏
 

𝐻𝑧 = −𝑗
1

𝜂0

𝜆0

2𝑏

𝑉

𝑎
sin

𝜋𝑦

𝑏
 

Power in an electromagnetic system can be represented by the following 

equation: 

𝑃𝑠 = 𝑃𝑒 + 𝑃𝑑 + 𝑗2𝜔(𝑊𝑚 − 𝑊𝑒) 

Where Ps and Pe are, respectively, the supplied electromagnetic power to the 

system and power exiting the system, Pd is the dissipated power in [W], and Wm and 

We are, respectively, the magnetic and electric stored energy within the system, in 

[J]. 

Then, power flowing in the waveguide can be directly determined by the Poynting 

vector: 
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𝑃 = ∬�⃗� × �⃗⃗� ∗ ∙ 𝑑𝑠  

which gives 

𝑃 =
|𝑉|2

√
𝜇0

𝜀0

𝜆𝑔

𝜆0
 
2𝑎

𝑏

 

Clearly, waveguide impedance for the TE01 mode can be defined as: 

 Z0 = √
μ0

ε0

λg

λ0
 
2a

b
 (3.3.1) 

where 

 
λg =

λ0

√1 − (
λ0

2b
)
2
 

(3.3.2) 

When PEC is replaced by the polar dielectric 4H-SiC, however, field 

components will have a dependence on x of the form of cosh(𝑘𝑥𝑥) that accounts for 

the energy confinement at the walls of the waveguide due to the surface polaritons. 

Evenmore, fields exponentially decay inside the waveguide walls and therefore loss 

is non-zero, in contrast to the PEC case.  

Closed forms for the electric and magnetic transversal field components can 

be described as: 

𝐸𝑥 ≈ 𝐶
𝑉

𝑎
cosh

𝜋𝑥

𝑎
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 



34 

 

𝐻𝑦 ≈ 𝐷
𝐼

𝑏
cosh

𝜋𝑥

𝑎
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 

when narrow walls located at 𝑦 = −𝑏
2⁄  and 𝑦 = 𝑏

2⁄  are PEC and broader 

walls at 𝑥 = 𝑎
2⁄  and 𝑥 = 𝑎

2⁄  are 4H-SiC. 

Similarly, waveguide impedance is determined in terms of rms voltage acroos 

the waveguide and power flowing inside the waveguide. The procedure is explained 

in details in Appendix D. 

In this case, the impedance is given by: 

𝑍𝑜 = √
μ0

ε0

𝜆𝑔

𝜆0

𝑎

4𝑏

(sinh𝜋 + 𝜋)

𝜋
 

3.4 Hollow core waveguide impedance using HFSS 

Ansys HFSS calculates the wave port characteristic impedance in four different ways 

that will provide different results if supported mode is not TEM. They are named 

Zwave, Zpi, ZPV and Zvi. The first one is the relation between the magnitude of 

transverse field components, 
𝐸𝑥

𝐻𝑦
⁄  or −

𝐻𝑥
𝐸𝑦

⁄ . The second and third ones are 

defined by the relation between the power that flows across the wave port and current 

or voltage at the port, respectively [67]. The last one is expressed as the geometric 

mean of Zpi, ZPV. Indeed, they have the following form: 

𝑍𝑤𝑎𝑣𝑒 =
𝐸𝑥

𝐻𝑦
= −

𝐻𝑥

𝐸𝑦
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𝑍𝑃𝐼 =
𝑃

𝐼2
 

𝑍𝑃𝑉 =
𝑉2

𝑃
 

𝑍𝑉𝐼 = √𝑍𝑃𝐼𝑍𝑃𝑉 

During this endeavor, ZPV was used to characterize the impedance of the TE01 

mode supported by the hollow core waveguide. 

Ansys evaluates voltage V across an integration line segment assigned during 

wave port configuration. Line segment from point (-a/2,0) to (a/2,0) was chosen as 

the integration line since at this region E-field intensity is maximum. 
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Figure 17 - Ratio of the magnitude of the waveguide impedance to the free-space impedance as 

a function of the PEC hollow core waveguide width and height. Lines represent the impedance 

from expression and dots are evaluated using HFSS. Continuous line is pure resistive 

impedance and broken line is reactance. Blue curve stands for 𝒃 𝝀𝟎⁄ = 𝟎. 𝟒, yellow and purple 

represent height equal to 𝟎. 𝟔𝝀𝟎 and 𝟎. 𝟕𝝀𝟎, respectively.  

Figure 17 consolidates PEC waveguide impedance evaluated from (3.3.1) 

and obtained using ANSYS ZPV impedance definition. As expected, numerical 

outcomes agree with analytical equation. Cut-off condition is achieved when height 

is half of the free-space wavelength and is omitted since impedance approaches 

infinity. Indeed, when height is smaller than 0.5𝜆0  impedance becomes purely 
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imaginary, as in the case when 𝑏 = 0.4𝜆0 (blue broken line) and indicates stored 

energy and evanescent mode. On the other hand, when 𝑏 = 0.6𝜆0 and 𝑏 = 0.7𝜆0, 

impedance is purely real (solid lines) the mode is not evanescent and guide 

wavelength is given by (3.3.2). 

Now, consider the case of the SPhP waveguide. The dispersion equation 

inside the waveguide is given by: 

𝛽 = √𝑘0
2 + 𝑘𝑥

2 − 𝑘𝑦
2 

Note that now the phase constant is function of kx, which represents the 

coupling between SPhP waves at the walls. The closer the walls are, greater is the 

coupling between modes and larger is the phase constant. 
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Figure 18 – Ratio of the magnitude of the waveguide impedance of the 4H-SiC hollow core 

waveguide dominant mode using ANSYS. 

Note that, for the same waveguide configuration, the phonon-enhanced 

waveguide can propagate EM energy when its height is beyond PEC waveguide cut-

off limit, e.g., 𝑏 = 0.4𝜆0  and 𝑏 = 0.5𝜆0 , Figure 18. Real part of the waveguide 

impedance is of the order of the free-space wave impedance and therefore represents 

mode propagation. However, for the limiting case ( 𝑏 = 0.4𝜆0 ) impedance 

exponentially increases when width increases. 
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3.5 Hollow core waveguide junctions 

Connection between three waveguides or transmission lines are known as junctions. 

Most common application is the power divider and ratio between impedances of each 

branch determines operation mode of the structure. Waveguide T-junctions can 

assume two types, depending upon the waveguides configuration and consequently 

field orientation. H-plane T-junctions, also called shunt tee, are such that waveguide 

broader walls lie on the same plane and E-field component of the dominant mode is 

perpendicular to this plane. E-plane T-junction, namely series tee, is such that 

waveguides share the same narrow walls, i.e., these walls are on the same plane and 

E-field is parallel to this plane, Figure 19.  

 

Figure 19 – H-plane and E-plane T-junctions.  

 Waveguide discontinuities analysis have been performed using different 

methods. The use of lumped elements equivalent circuits to represent discontinuities 

is extensively discussed in [66]. Rigorous numerical analysis based on Boundary 
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contour mode-matching of arbitrarily shaped H and E-Plane discontinuities were 

reported in [68]. This method solves numerically a system of linear equations derived 

from the boundary conditions of the problem.  

 

3.5.1 Equivalent circuit E-Plane junction analysis 

The following analysis of waveguide junctions was carried out since references that 

describe these devices were not consistent with respect to the operation description 

and equivalent circuit that best describe them. For example, [69] briefly describes 

waveguide junctions, [70] describes E-plane, H-plane and transmission line T-

junctions using the same transmission line model, while in [66] [67] [71] there is one 

equivalent circuit for each type of waveguide junction.. 

T-junctions will have different behavior since fields are oriented in different 

manner inside each type. The dominant mode overall description in each junction 

type can be represented as an equivalent circuit of lumped elements [66]. More 

specifically, Figure 20 is the electrical representation of the E-plane device. 
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Figure 20 – E-plane T-junction equivalent circuit 

 Suppose that waveguide impedances are 𝑍𝑜  and 𝑍𝑜
′ . Then, in order to 

determine relation between these two impedances, the following admittance 

association to the equivalente circuit were applied: 

- Two admittances (𝑌0 + 𝑗𝐵𝑎) in series are equivalent to: 
𝑌0+𝑗𝐵𝑎

2
; 

- Admittances 
𝑌0+𝑗𝐵𝑎

2
 and −𝑗𝐵𝑏 in parallel are equivalent to: 

𝑌0

2
+

𝑗(𝐵𝑎−2𝐵𝑏)

2
; 

- Admittance 
𝑌0

2
+

𝑗(𝐵𝑎−2𝐵𝑏)

2
 in series with −𝑗𝐵𝑐 are equivalent to: 

2𝐵𝑐
2𝑌0

𝑌0
2+(𝐵𝑎−2𝐵𝑏−2𝐵𝑐)2

− 𝑗
𝐵𝑐[(𝐵𝑎−2𝐵𝑏)(𝐵𝑎−2𝐵𝑏−2𝐵𝑐)+𝑌0

2]

𝑌0
2+(𝐵𝑎−2𝐵𝑏−2𝐵𝑐)2

 

Finally, admittance determined in last step in parallel with 𝑗𝐵𝑑 leads to: 
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2𝐵𝑐
2𝑌0

𝑌0
2+(𝐵𝑎−2𝐵𝑏−2𝐵𝑐)2

− 𝑗 {
𝐵𝑐[(𝐵𝑎−𝐵𝑏)(𝐵𝑎−𝐵𝑏−2𝐵𝑐)+𝑌0

2]

𝑌0
2+(𝐵𝑎−2𝐵𝑏−2𝐵𝑐)2

− 𝐵𝑑}    (3.5.1.1) 

 

Indeed, to match 𝑌0
′ to this equivalent admittance represented by equation 

(3.5.1.1), conductance must have the same magnitude and susceptance must be of 

opposite sign. 

Let 𝑌0
′ = 𝐺0

′ + 𝑗𝐵0
′ . Then, equivalent conductance is given by: 

𝐺0
′ =

2𝐵𝑐
2𝑌0

𝑌0
2 + (𝐵𝑎 − 2𝐵𝑏 − 2𝐵𝑐)2

 

Now, if effects of the reactive elements in the circuit depicted in Figure 20 

are neglected, then dependence between 𝑌𝑜 and 𝑌𝑜
′ can be easily found as:  

𝑌0
′ ≈

𝑌0

2
→ 𝑍0

′ = 2𝑍0 

This relation shows that this junction is a 3dB power splitter when input port 

impedance 𝑍0
′  is twice greater than output port impedance 𝑍0. Using (3.3.1) one can 

determine ratio between a and a’: 

 

𝑍0
′

𝑍0
=

√
𝜇0

𝜀0

𝜆𝑔

𝜆0
 
2𝑎′

𝑏

√
𝜇0

𝜀0

𝜆𝑔

𝜆0
 
2𝑎

𝑏

=
𝑎′

𝑎
→ 𝑎′ = 2𝑎 (3.5.1) 

 In other words, input waveguide must have its height 𝑎′ equal to twice the 

height 𝑎 of the output waveguide port. 
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However, an H-plane junction of waveguides with equal heights 𝑏  and 

different widths 𝑎 is a 3dB power divider when its input port impedances are chosen 

as: 𝑍0
′ = 𝑍0 2⁄  [70] [66]. 

Similarly, 𝑎 𝑎′⁄  ratio is defined as: 

 

𝑍0
′

𝑍0
=

√
𝜇0

𝜀0

𝜆𝑔

𝜆0
 
2𝑏

𝑎′

√
𝜇0

𝜀0

𝜆𝑔

𝜆0
 
2𝑏

𝑎

→ 𝑎′ = 2𝑎 (3.5.2) 

 Relation between waveguide port impedances is directly connected to the 

type of T-junction, E-plane or H-plane. Note that the same physical dimension 

relation implies different impedance relations and is due to the field orientation inside 

the structure. 
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Chapter 4 

E-plane Hybrid ring analysis 

The hybrid ring, Figure 21, is a device conceived to manage power along electrical 

or optical paths in a very particular way. While directional couplers split input power 

into their output ports in phase quadrature, hybrid ring are antisymmetric couplers 

and outputs are either in phase or 1800 out of phase, depending upon which input 

port is excited. This unique feature provides an additional feature to the device - it 

can operate as a combiner. For example, if ports 1 and 3 are excited, inputs are added 

at port 2 and difference of input signals is created at port 4. 

A hybrid ring can be constructed using different types of waveguides. In the 

microwave region, hybrid rings are usually designed on printed circuit boards (PCB) 

for lower power applications, while rectangular waveguides are suitable for high 

power circuits. 

In the infrared region, surface plasmon polaritons, which result from the 

coupling between photons and valence electrons at the interface between the metal 

and dielectric, have a short range and therefore are not suitable for optical 

interconnects.  On the other hand, long-range surface phonon polaritons have a 

remarkably long propagation length in the mid to long-wavelength IR.  
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When surface polaritons are considered, fewer waveguide configurations can 

be used as a building block for a hybrid ring. Hybrid waveguides should be an option 

when device dimension is not critical, since hybrid waveguides possess poor lateral 

confinement when compared to hollow core waveguides. Indeed, hollow core 

waveguides stand as an option to design the ring at its smallest size. 

Hybrid ring can be classified with respect to the field orientation within the 

device. If it is based on hollow core waveguides, the classification relies uniquely on 

the waveguide configuration. If the waveguide in Figure 9 has 𝑎 > 𝑏, then the hybrid 

ring is H-plane and therefore H field is in the xz plane, i.e., H-field component at the 

y direction is zero. On the other side, if 𝑎 < 𝑏, the hybrid ring is E-plane and E-field 

lies on the xz plane. 

H-plane hybrid ring analysis and optimization has been extensively reported 

over the last years. Arbitrary power division ratio can be achieved [72], size reduction 

can be performed [73] or tailored to a specific application [74]. 

Analysis and design of E-plane hybrid ring was reported in [75] using the 

concept of magnetic impedance matrix. Magnetic impedance was defined as the 

relation between the magnetic voltage at the port and the magnetic current flowing 

through the port.  
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Figure 21 – xz-cut plane representation of the hybrid ring. bb’ is the symmetry plane, 𝒁𝟎 and 

𝒁𝒓 are, respectively, the port and the hybrid ring impedance. Waveguide port width is a’ and 

ring waveguide width is a. 

4.1 E-plane PEC hybrid ring scattering parameters 

Consider the hybrid ring depicted in Figure 21 and buried in PEC substrate. Hollow 

core waveguides interconnect ports numbered from 1 to 4 and possess different 

widths. Waveguide ports are a’ wide while ring waveguide has width a. 

Connection between ports waveguides and ring waveguide resembles a 

straight E-plane T-junction. Indeed, using (3.5.1) it is expected that 𝑎′ > 𝑎 and 𝑍𝑜 >

𝑍𝑟. 

b 

b'

b’ 
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Scattering parameters relates the amplitude of incident and reflected voltage 

waves in an optical device: 

𝑆𝑖𝑗 =
𝑉𝑖

−

𝑉𝑗
+|

𝑉𝑘
+=0,𝑘≠𝑗

 

Hybrid ring can be described by its 4x4 scattering parameters matrix as 

follows: 

[

𝑆11 𝑆12

𝑆21 𝑆22

𝑆13 𝑆14

𝑆23 𝑆24

𝑆31 𝑆32

𝑆41 𝑆42

𝑆33 𝑆34

𝑆43 𝑆44

] 

The device is a reciprocal junction, i.e., it does not contain anisotropic 

materials. Then 𝑆𝑖𝑗 = 𝑆𝑗𝑖 . 

[

𝑆11 𝑆21

𝑆21 𝑆22

𝑆31 𝑆41

𝑆32 𝑆42

𝑆31 𝑆32

𝑆41 𝑆42

𝑆33 𝑆43

𝑆43 𝑆44

] 

Symmetric configuration of the hybrid ring with respect to the symmetry 

plane bb’, Figure 21, must be represented in the S-matrix. Then, from symmetry 

considerations, 𝑆11 = 𝑆44, 𝑆22 = 𝑆33, 𝑆12 = 𝑆43, and 𝑆21 = 𝑆34. 

[

𝑆11 𝑆21

𝑆21 𝑆22

𝑆31 𝑆41

𝑆32 𝑆42

𝑆31 𝑆32

𝑆41 𝑆42

𝑆22 𝑆21

𝑆21 𝑆11

] 



48 

 

 Then, the hybrid ring is fully characterized when its scattering matrix is 

determined and due to its unique features 07 scattering matrix coefficients 

parameters are enough to fully described it: 𝑆11, 𝑆21, 𝑆31, 𝑆41, 𝑆22, 𝑆32, 𝑆42. 

4.2 E-plane PEC hybrid ring analysis 

Suppose a hybrid ring with characteristic impedance 𝑍𝑟 and each input port has a 

characteristic impedance Z0. When an optical device is linear, i.e., optical properties 

are not function of input power, analysis that consists of superposition of two 

independent modes of operation is feasible.  

Consider hybrid ring symmetry plane bb’. It allows analysis of half of the 

structure using even-odd mode analysis. Plane bb’ is either an electric or magnetic 

wall, i.e., tangential components of electric or magnetic field components vanishes 

at the symmetry plane, respectively. Indeed, excitations must be chosen such that the 

symmetry plane is a magnetic or an electric wall. 

For the even mode operation, input ports that are symmetric with respect to 

the symmetry plane are in phase. For example, incident waves at ports 1 and 4 can 

be written as: 

𝑉1,𝑒
+ = 𝑉4,𝑒

+ =
𝑉+

2
 

On the other hand, odd-mode operation is characterized when symmetric 

ports are in opposition of phase and incident voltage waves at ports 1 and 4 are: 
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𝑉1,𝑜
+ = −𝑉4,𝑜

+ =
𝑉+

2
 

 Complete solution is achieved by superposition of the even and odd 

solutions. In this case, 

𝑉1
+ = 𝑉1,𝑒

+ + 𝑉1,𝑜
+ = 𝑉+ 

𝑉4
+ = 𝑉4,𝑒

+ + 𝑉4,𝑜
+ = 0 

 Similarly, the same procedure is carried out at ports 2 and 3 and [S] matrix is 

fully determined.  

The hybrid ring can be decomposed into two equivalent circuits: one that 

contains ports 1 and 2, Figure 22, and the second that contains ports 4 and 3, Figure 

23 [70] [70]. These two circuits are, basically, a 𝜆 4⁄  long transmission line with 

impedance 𝑍𝑟 that connects two adjacent hybrid ring ports whose impedances are 

equal to 𝑍𝑜. Connected in series to these ports are 3𝜆 8⁄  and 𝜆 8⁄  stubs terminated in 

open or short, depending upon the type of the symmetry plane: if bb’ represents a 

magnetic wall, then stubs are terminated in open. On the other hand, if it is an electric 

wall, then stubs are terminated in short.  
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Figure 22 – Hybrid ring equivalent circuit that contains ports 1 and 2 

 

Figure 23 – Hybrid ring equivalent circuit that contains ports 4 and 3. 

First, consider hybrid ring equivalent circuit that contains ports 1 and 2. A 

wave of amplitude +1/2 is incident at port 1. Reflected waves can be described as a 

function of the even and odd amplitude reflection and transmission coefficients, Γ𝑖 

and 𝑇𝑖, where index i represents the mode, even or odd. 

𝑉1
− = 𝑉1,𝑒

+ Γ𝑒 + 𝑉1,𝑜
+ Γ𝑜 = (

1

2
Γ𝑒 +

1

2
Γ𝑜)𝑉+ 
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 Reflection coefficient 𝑆11, which represents the relation between 𝑉1
− and 𝑉1

+ 

is readily found: 

 𝑆11 =
𝑉1

−

𝑉+
=

1

2
Γ𝑒 +

1

2
Γ𝑜 (4.2.1) 

 Insertion loss 𝑆21 can be expressed in terms of even and odd transmission 

coefficients:   

𝑉2
− = 𝑉1,𝑒

+ T𝑒 + 𝑉1,𝑜
+ T𝑜 = (

1

2
𝑇𝑒 +

1

2
𝑇𝑜)𝑉+ 

 𝑆21 =
1

2
𝑇𝑒 +

1

2
𝑇𝑜 (4.2.2) 

Similarly, from the equivalent circuit that contains ports 3 and 4, reflected 

voltage waves are: 

𝑉3
− = 𝑉3,𝑒

+ T𝑒 + 𝑉3,𝑜
+ T𝑜 = (

1

2
𝑇𝑒 −

1

2
𝑇𝑜)𝑉+ 

𝑉4
− = 𝑉4,𝑒

+ Γ𝑒 + 𝑉4,𝑜
+ Γ𝑜 = (

1

2
Γ𝑒 −

1

2
Γ𝑜)𝑉+ 

 Coupling factor 𝑆31 and isolation factor 𝑆41 can be written as: 

 𝑆31 =
1

2
𝑇𝑒 −

1

2
𝑇𝑜 (4.2.3) 

 𝑆41 =
1

2
Γ𝑒 −

1

2
Γ𝑜 (4.2.4) 

Now, reflection and transmission coefficients must be determined and are 

intrinsically related to circuit properties. Circuit analysis procedure will be carried 

out to obtain the equivalent circuit’s ABCD matrix representation. Next, scattering 
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parameters are evaluated from ABCD matrix coefficients using conversion 

expressions. 

Lossless short circuit stub impedances can be written as a function of the ring 

waveguide impedance:  

𝑍𝑎,𝑜 = 𝑗𝑍𝑟 tan 𝛽𝑙𝑎 = 𝑗𝑍𝑟 tan
3𝜋

4
= −𝑗𝑍𝑟 

𝑍𝑏,𝑜 = 𝑗𝑍𝑟 tan𝛽𝑙𝑏 = 𝑗𝑍𝑟 tan
𝜋

4
= 𝑗𝑍𝑟 

Similarly, open stub impedances can be expressed as:  

𝑍𝑎,𝑒 = −𝑗𝑍𝑟 cot 𝛽𝑙𝑎 = 𝑗𝑍𝑟 cot
3𝜋

4
= 𝑗𝑍𝑟 

𝑍𝑏,𝑒 = −𝑗𝑍𝑟 cot 𝛽𝑙𝑏 = 𝑗𝑍𝑟 cot
𝜋

4
= −𝑗𝑍𝑟 

 

Figure 24 – Equivalent circuit representation replacing stubs by discrete impedances 

 Equivalent circuit representation, replacing stubs by discrete impedance is 

depicted in Figure 24. ABCD matrix representation can be obtained for each element 

of the circuit (stubs and transmission line).   
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ABCD matrix representation of the series stub is equivalent to the ABCD 

series impedance matrix. Then, stubs can be represented by the following: 

[
1 𝑍𝑗,𝑖

0 1
] , 𝑗 = 𝑎, 𝑏, 𝑖 = 𝑒, 𝑜 

The 𝜆 4⁄  long transmission line interconnecting arc of the hybrid ring that 

connects stubs is represented by the following ABCD matrix: 

[
cos 𝛽𝑙 𝑗𝑍𝑟 sin 𝛽𝑙

𝑗𝑌𝑟 sin 𝛽𝑙 cos 𝛽𝑙
] = [

0 𝑗𝑍𝑟

𝑗𝑌𝑟 0
] 

ABCD matrix representation of the equivalent hybrid ring circuit can be 

obtained by matrix multiplication of the individual matrix representations of the 

cascaded elements in direct order: 

[
1 𝑍𝑎,𝑖

0 1
] [

0 𝑗𝑍𝑟

𝑗𝑌𝑟 0
] [

1 𝑍𝑏,𝑖

0 1
] 

Indeed, for the even mode, even mode stub impedances are 𝑍𝑎,𝑒 = 𝑗𝑍𝑟 and 

𝑍𝑏,𝑒 = −𝑗𝑍𝑟. Then, 

[
1 𝑗𝑍𝑟

0 1
] [

0 𝑗𝑍𝑟

𝑗𝑌𝑟 0
] [

1 −𝑗𝑍𝑟

0 1
] = [

−1 𝑗𝑍𝑟

𝑗𝑌𝑟 0
] [

1 −𝑗𝑍𝑟

0 1
] = [

−1 2𝑗𝑍𝑟

𝑗𝑌𝑟 1
] 

And for the odd mode, 𝑍𝑎,𝑜 = −𝑗𝑍𝑟 and 𝑍𝑏,𝑜 = 𝑗𝑍𝑟. Then, 

[
1 −𝑗𝑍𝑟

0 1
] [

0 𝑗𝑍𝑟

𝑗𝑌𝑟 0
] [

1 𝑗𝑍𝑟

0 1
] = [

1 2𝑗𝑍𝑟

𝑗𝑌𝑟 −1
] 

The reflection and transmission coefficients are obtained from the scattering 

parameters. For a two-port circuit, 𝑆11 is the reflection coefficient and 𝑆21 represents 
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transmission coefficient from ports 1 to 2. S parameters are obtained from ABCD 

parameters using the following conversion expressions: 

Γ𝑒 =
𝐴 + 𝐵 𝑍0⁄ − 𝐶𝑍0 − 𝐷

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
=

−2 + 2𝑗𝑍𝑟 𝑍0⁄ − 𝑗𝑌𝑟𝑍0

2𝑗𝑍𝑟 𝑍0⁄ + 𝑗𝑌𝑟𝑍0
 

Γ𝑜 =
𝐴 + 𝐵 𝑍0⁄ − 𝐶𝑍0 − 𝐷

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
=

2 + 2𝑗𝑍𝑟 𝑍0⁄ − 𝑗𝑌𝑟𝑍0

2𝑗𝑍𝑟 𝑍0⁄ + 𝑗𝑌𝑟𝑍0
 

𝑇𝑒 =
2

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
=

2

2𝑗𝑍𝑟 𝑍0⁄ + 𝑗𝑌𝑟𝑍0
 

𝑇𝑜 =
2

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
=

2

2𝑗𝑍𝑟 𝑍0⁄ + 𝑗𝑌𝑟𝑍0
 

Therefore, reflection coefficient at port 1, S11, is evaluated using equation 

(4.2.1): 

𝑆11 =
1

2
Γ𝑒 +

1

2
Γ𝑜 =

1

2
(Γ𝑒 + Γ𝑜) =

1

2
(
4𝑗𝑍𝑟 𝑍0⁄ − 2𝑗𝑌𝑟𝑍0

2𝑗𝑍𝑟 𝑍0⁄ + 𝑗𝑌𝑟𝑍0
) 

4.3 Relation between Zr and Z0 

The relation between Zr and Zo arises from the fact that port 1 must be matched, i.e., 

reflected wave must be zero at port 1 and consequently S11 is null: 

𝑆11 =
1

2
(
4𝑗𝑍𝑟 𝑍0⁄ − 2𝑗𝑌𝑟𝑍0

2𝑗𝑍𝑟 𝑍0⁄ + 𝑗𝑌𝑟𝑍0
) = 0 → 2𝑍𝑟 𝑍0⁄ − 𝑌𝑟𝑍0 = 0 → 𝑍𝑟

2 =
𝑍0

2

2
 

 
Zr =

Z0

√2
→ Yr = Y0√2 (4.3.1) 
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From equation (4.3.1) a ratio between ring waveguide width and port 

waveguide width is obtained using equation (3.5.1): 

 
Z0

Zr
=

𝑎′

𝑎
= √2 → 𝑎′ = √2𝑎 (4.3.2) 

4.4 S21, S31 and S41 parameters determination 

The relation between port rectangular waveguide impedance and ring waveguide 

impedance, Zo and Zr, respectively, was determined for the E-plane PEC hybrid ring. 

Next, even and odd reflection and transmission coefficients Γ𝑒 , Γ𝑜 , T𝑒  and T𝑜  can 

now be derived: 

Γ𝑒 =
−2 + 2𝑗𝑍0 √2𝑍0⁄ − 𝑗√2𝑌0𝑍0

2𝑗𝑍𝑜 √2𝑍0⁄ + 𝑗√2𝑌𝑜𝑍0

=
𝑗

√2
 

Γ𝑜 = −Γ𝑒 = −
𝑗

√2
 

𝑇𝑒 = 𝑇𝑜 =
2

2𝑗𝑍0 √2𝑍0⁄ + 𝑗√2𝑌0𝑍0

= −
𝑗

√2
 

Consequently, scattering parameters with respect to port 1 are, using (4.2.2), 

(4.2.3) and (4.2.4): 

𝑆21 =
1

2
𝑇𝑒 +

1

2
𝑇𝑜 = 𝑇𝑒 = −

𝑗

√2
 

𝑆41 =
1

2
Γ𝑒 −

1

2
Γ𝑜 = Γ𝑒 =

𝑗

√2
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𝑆31 =
1

2
𝑇𝑒 −

1

2
𝑇𝑜 = 0 

 Hence, hybrid ring S matrix (4.4.1) is partially defined.  

 
j

√2
[

0 −1
−1 S22

0 1
S32 S42

0 S32

1 S42

S22 −1
−1 0

] (4.4.1) 

4.5 S22, S32 and S42 parameters determination 

Hybrid ring is fully characterized by its scattering parameter matrix when the 

remaining last three scattering parameters are determined. Indeed, consider now that 

ports 2 and 3 are excited such that even-odd mode analysis can be applied. Then, 

reflected voltage waves at ports 1 and 2 are given by: 

𝑉2,𝑒
+ = 𝑉3,𝑒

+ =
𝑉+

2
 

𝑉2,𝑜
+ = −𝑉3,𝑜

+ =
𝑉+

2
 

𝑉2
+ = 𝑉2,𝑒

+ + 𝑉2,𝑜
+ = 𝑉+ 

𝑉3
+ = 𝑉3,𝑒

+ + 𝑉3,𝑜
+ = 0 

 Reflected voltage waves at the ports of the hybrid ring can be expressed in 

terms of reflection and transmission coefficients for the even and odd modes.  

𝑉2
− = 𝑉2,𝑒

+ Γ𝑒 + 𝑉2,𝑜
+ Γ𝑜 = (

1

2
Γ𝑒 +

1

2
Γ𝑜)𝑉+ 
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 𝑆22 =
𝑉2

−

𝑉+
=

1

2
Γ𝑒 +

1

2
Γ𝑜 (4.5.1) 

𝑉1
− = 𝑉2,𝑒

+ T𝑒 + 𝑉2,𝑜
+ T𝑜 = (

1

2
𝑇𝑒 +

1

2
𝑇𝑜)𝑉+ 

 𝑆12 =
1

2
𝑇𝑒 +

1

2
𝑇𝑜 (4.5.2) 

Similarly, reflected voltage waves at ports 3 and 4 are obtained from circuit 

depicted in Figure 23: 

𝑉4
− = 𝑉4,𝑒

+ T𝑒 + 𝑉4,𝑜
+ T𝑜 = (

1

2
𝑇𝑒 −

1

2
𝑇𝑜)𝑉+ 

𝑉3
− = 𝑉3,𝑒

+ Γ𝑒 + 𝑉3,𝑜
+ Γ𝑜 = (

1

2
Γ𝑒 −

1

2
Γ𝑜)𝑉+ 

 And 𝑆42 and 𝑆32 are expressed in terms of the reflection and transmission 

coefficients as: 

 𝑆42 =
1

2
𝑇𝑒 −

1

2
𝑇𝑜 (4.5.3) 

 𝑆32 =
1

2
Γ𝑒 −

1

2
Γ𝑜 (4.5.4) 

ABCD representation of equivalent circuit that contains ports 3 and 4 is 

obtained from: 

 [
1 Zb,i

0 1
] [

0 jZr

jYr 0
] [

1 Za,i

0 1
] (4.5.5) 

For the even mode, equation (4.5.5) becomes, replacing impedances 

accordingly: 
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[
1 −𝑗𝑍𝑟

0 1
] [

0 𝑗𝑍𝑟

𝑗𝑌𝑟 0
] [

1 𝑗𝑍𝑟

0 1
] = [

1 𝑗√2𝑍0

𝑗√2𝑌0 −1
] 

And even-mode reflection and transmission coefficients Γ𝑒 , T𝑒  are 

determined using conversion expressions from ABCD parameters to scattering 

parameters: 

Γ𝑒 =
𝐴 + 𝐵 𝑍0⁄ − 𝐶𝑍0 − 𝐷

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
=

1 + 𝑗√2 − 𝑗√2 + 1

1 + 𝑗√2 + 𝑗√2 − 1
= −

𝑗

√2
 

𝑇𝑒 =
2

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
= −

𝑗

√2
 

Similarly, the ABCD matrix can be obtained when incident voltage waves at 

ports 2 and 3 are π out-of-phase, i.e., odd mode:  

[
1 𝑗𝑍𝑟

0 1
] [

0 𝑗𝑍𝑟

𝑗𝑌𝑟 0
] [

1 −𝑗𝑍𝑟

0 1
] = [

−1 𝑗√2𝑍0

𝑗√2𝑌0 1
] 

Γ𝑜 =
𝐴 + 𝐵 𝑍0⁄ − 𝐶𝑍0 − 𝐷

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
=

−1 + 𝑗√2 − 𝑗√2 − 1

−1 + 𝑗√2 + 𝑗√2 + 1
=

𝑗

√2
 

𝑇𝑜 =
2

𝐴 + 𝐵 𝑍0⁄ + 𝐶𝑍0 + 𝐷
= −

𝑗

√2
 

Then, S22, S32 and S42 parameters are obtained using equations (4.5.1), (4.5.3) 

and (4.5.4): 

𝑆22 =
1

2
Γ𝑒 +

1

2
Γ𝑜 = 0 

𝑆32 =
1

2
Γ𝑒 −

1

2
Γ𝑜 = −

𝑗

√2
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𝑆42 =
1

2
𝑇𝑒 −

1

2
𝑇𝑜 = 0 

 Every coefficient of the [S] matrix is known. Scattering matrix for the PEC 

E-plane hybrid ring is given by: 

 
j

√2
[

0 −1
−1 0

0 1
−1 0

0 −1
1 0

0 −1
−1 0

] = −
j

√2
[

0 1
1 0

0 −1
1 0

0 1
−1 0

0 1
1 0

] (4.5.2) 

 Note that outputs at ports 2 and 4 are 𝜋 out-of-phase when port 1 is on. On 

the other hand, outputs at ports 2 and 4 are in-phase when port 3 is excited. 

 Therefore, port 2 is called the sum port, since its output is the sum of inputs, 

while port 4 is the difference port and represents the difference between signal inputs 

at ports 3 and 1. 
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Chapter 5 

4H-SiC buried channel-based E-plane hybrid ring 

Advances on on-chip application in the mid to long-wave infrared addresses thermal 

imaging, chemical sensing and spectroscopy, since many rotational-vibrational 

molecular states transitions lies in this portion of the spectrum. 

The FT-IR spectroscopy investigates light-matter interaction, i.e. 

characterizes an analyte in terms of its transmittivity in a wide window of the 

spectrum. The analyte is illuminated by a wide signal generated from a narrow band 

source, such as a laser. Power is spread out within a large window by means of 

variations along the optical path with respect to time (circuit must have moving parts) 

or by adding the output of an array of unbalanced Mach Zehnder interferometers, 

each with its unique phase difference between its arms.  

Consequently, FT-IR can be classified in two types: temporal interferogram, 

based on Michelson interferogram with moving parts [76] or without moving parts 

[77] [78] and spatial interferogram [79] - [82], which includes the spatial heterodyne 

spectroscopy [83], [84] and stationary wave integrated FT-IR (SWIFT) [85], [86].  

These FT-IR-based spectroscopy configurations have one point in common: 

their design must have an element that efficiently adds, divides or subtracts signals. 

Directional couplers are usually chosen to play this role. 
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Plasmonic and phononic-based optical devices can confine electromagnetic 

energy in a region of space. In certain cases, this ability, quantitatively represented 

by the modal area, is smaller than the area of a diffraction-limited spot, 𝜆0
2 4⁄ .  

Indeed, devices that explores these properties are known to confine light beyond the 

limit of diffraction, pushing the miniaturization boundaries beyond this frontier [2]. 

Several configurations of directional couplers have been extensively 

reported. Hybrid plasmonic waveguides-based [87] - [93], multi-slit hybrid 

plasmonic waveguides-based [94], and inverted hybrid plasmonic waveguides-based 

(dielectric substrate and metal wire) [95] were shown to provide coupling properties 

on polariton-driven designs. 

The overall device length depends on the directional coupler coupling length 

and on the surface polariton effects towards the size reduction, and ranges from 0.3𝜆0 

to 0.5𝜆0 depending upon device configuration. 

This document reports on phonon-enhanced E-plane hybrid ring. It combines 

buried channel advantages and hybrid ring properties, such as phase difference 

between output signals and ports locations. Its properties set as an alternative to 

directional couplers. 
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5.1 Hybrid ring design and characterization 

Consider an E-plane hybrid ring buried in a 4H-SIC substrate where the design 

parameters are the device’s physical dimensions listed below: 

- Device height 𝑏; 

- Ring mean radius 𝑟; 

- Ring waveguide width 𝑎; 

- Input waveguide port width 𝑎′; 

In order to minimize number of design parameters, the device height 𝑏 was 

set as 0.4𝜆0, 0.5𝜆0, 0.6𝜆0 and 0.7𝜆0 while the ring waveguide width assumed the 

following values: 0.03𝜆0 , 0.04𝜆0,  0.06𝜆0 , 0.09𝜆0 ,  0.12𝜆0,  0.17𝜆0 , 0.21𝜆0  and 

0.26𝜆0 

Indeed, for each (𝑏, 𝑎) pair, the ring mean radius is evaluated using equation 

(5.1.1) where phase constant, and therefore neff, was obtained from curves in Figure 

15. 

 
r =

3λeff

4π
=

3λ0

4πneff
 (5.1.1) 

The E-plane hybrid ring electrical properties and relations between ring 

waveguide and waveguide ports were previously derived assuming that ports are 

matched, i.e., |𝑆𝑖𝑖| = 0, 𝑖 = 1,2,3,4. Therefore, for a given (𝑏, 𝑎) pair, waveguide 

port width is set to sweep over an interval around √2𝑎 and ring mean radius over an 



63 

 

interval around 
3λ0

4πneff
. Optimized values for 𝑎′  and 𝑟  are such that optimization 

function is minimum, 𝑚𝑖𝑛(20 log10|𝑆11|) . Since ratio between waveguide port 

width and ring waveguide width must be equal for every port, the optimization 

process at only one port is enough to optimize the device. 

This procedure was carried out using the ANSYS© Electronics Desktop. The 

model to represent the physical device was created using vacuum boxes and cylinders 

where the 4H-SiC walls were assigned as layered impedance boundary.  

The solution type was set as driven modal, which characterizes the model in 

terms of the S-parameters.  

5.2 Hybrid ring mean radius 

Figure 25 illustrates the ring radius dependence with respect to the ring waveguide 

width 𝑎 . As observed before, when waveguide width increases, phase constant and 

effective index decrease. Indeed, ring radius monotonically increases, according to 

(5.1.1) with respect to 𝑎. 

 The ring effective index decreases when waveguide height decreases. 

Therefore, for the same ring waveguide width, ring mean radius is expected to 

increase, as observed. 

Optimized values for r, listed in Table 5, Appendix A, and represented by 

black dots agree with initial guess determined from (5.1.1) and illustrated by the bold 
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lines when 𝑎 ≥ 0.12𝜆0. However, when 𝑎 is equal to 0.04𝜆0, 0.06𝜆0, 0.09𝜆0, the 

effects of the waveguide curvature on the phase constant becomes relevant and 

effective mode index inside the ring is slightly higher when compared to a straight 

waveguide with the same width and height. Optimized radii are, indeed, smaller than 

initial guess when height is 0.5𝜆0, 0.6𝜆0 and 0.7𝜆0. 

 

Figure 25 – Ring mean radius as a function of the ring waveguide width when ring height is 

equal to 𝟎. 𝟒𝝀𝟎, 𝟎. 𝟓𝝀𝟎, 𝟎. 𝟔𝝀𝟎 and 𝟎. 𝟕𝝀𝟎. Full curves represent results from (5.1.1) and dots 

are simulation results. 
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5.3 Hybrid ring waveguide port width 

The ring and ports physical dimensions determine how the junction operates. In this 

case, the relation between 𝑍𝑜 and 𝑍𝑟 and therefore 𝑎 and 𝑎′ is such that the reflection 

coefficient at the ports are minimum and magnitude of the transmission coefficient 

to direct and coupled ports are equal to √2 2⁄ . 

Figure 26 – Input waveguide width as a function of the ring waveguide width when device 

height is equal to 𝟎. 𝟒𝝀𝟎, 𝟎. 𝟓𝝀𝟎, 𝟎. 𝟔𝝀𝟎 and 𝟎. 𝟕𝝀𝟎. Solid black line represents 𝒁𝒐 = √𝟐𝒁𝒓.  

Figure 26 shows the dependence between 𝑎  and 𝑎′ . The black bold line 

represents (4.3.2), obtained considering that reactive elements of the T-junction 
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equivalent circuit between ports and ring are neglected. Hollow dots are the 

optimized waveguide port widths for a given waveguide ring height and width pair 

(𝑏, 𝑎), listed in Table 6, Appendix A. Theoretical values are close to optimized 

values for 𝑎’ when 𝑎 < 0.1𝜆0. On the other hand, the effects of the capacitances and 

inductances from Figure 20 can no longer be neglected for larger ring waveguide 

widths and therefore this approximation does not hold for every height. 

5.4 Hybrid ring overall length 

The length of the hybrid ring (𝐿) can be described as the diameter of the hybrid ring 

rim and can be expressed in terms of parameters used before, i.e., ring mean radius 

and waveguide width: 

 𝐿 = 2𝑟 + 𝑎 (5.4.1) 

 Figure 27 compares L determined analytically using (5.4.1), where radius r 

is obtained from (5.1.1). Black dots depict L computed using ANSYS HFSS listed 

in Table 7, Appendix A. 

 As expected, analytical expressions, which do not consider ring curvature 

(bending) effects on the effective mode index, correctly describe the device’s 

properties when 𝑎 ≥ 0.12𝜆0.  

When 𝑎 < 0.12𝜆0, L is shorter than expected when device height is greater 

than 0.5𝜆𝑜, due to bending effects that increases effective mode index inside the ring 

waveguide. 
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Overall length ranges from 0.28𝜆𝑜  for small ring waveguide width to 

1.506𝜆𝑜, when 𝑎 is large. Directional couplers based on coupled hybrid waveguides 

[25]  possess coupling length on the order of 0.5𝜆𝑜  for a 3dB even power ratio 

between output ports. Effort to reduce the coupling length is reported in [90] [92] 

[88], where different architectures were proposed in the telecom band and using 

plasmonic materials. Smallest coupling length achieved was 0.3𝜆𝑜.  

To the best of the author’s knowledge, a hybrid ring based on 4H-SiC 

rectangular waveguide has not previously been reported. 
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Figure 27 – Overall device length as a function of the normalized ring waveguide width when 

device height is 𝟎. 𝟒𝝀𝟎, 𝟎. 𝟓𝝀𝟎, 𝟎. 𝟔𝝀𝟎 and 𝟎. 𝟕𝝀𝟎.  

5.5 Hybrid ring scattering parameters  

Scattering matrix that describes the E-plane hybrid ring was determined in Chapter 

4. It is a 4x4 matrix, since device has 4 electrical ports and therefore [S] has 16 terms 

to be evaluated. However, the device is symmetric and it can be considered as a 

reciprocal circuit. Indeed, number of coefficients to be determined reduces to 7, 

namely 𝑆11 , 𝑆21 , 𝑆31 , 𝑆41 , 𝑆22 , 𝑆32  and 𝑆42  to fully characterize the hybrid ring. 
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Then, remaining scattering parameters are obtained using 𝑆𝑖𝑗 = 𝑆𝑗𝑖 when coefficients 

are not in the diagonal, and 𝑆33 = 𝑆22, 𝑆44 = 𝑆11 define the diagonal elements.  

Appendix B lists scattering parameters obtained for the E-plane 4H-SiC 

hybrid ring scattering parameters using ANSYS HFSS. Magnitude is expressed in 

dB using (5.5.1): 

 𝑆𝑖𝑗(𝑑𝐵) = 20𝑙𝑜𝑔|𝑆𝑖𝑗| (5.5.1) 

 The reflection coefficients 𝑆𝑖𝑖 are below the -20dB level, which indicates that 

less than 1% of the input power is reflected for all cases, which indicates that ports 

are matched to the hybrid ring. 

 The parameters 𝑆31  and 𝑆42  express a relevant feature on directional 

couplers - the isolation between input and output ports, respectively, and with values 

in the interval bookended by -42.3dB and -21.83dB. 

Applications of directional couplers whose isolation factors are in the lower 

part of this interval include on-chip precision reflectometers and spectrometers for 

example, which requires high directivity.  

Reflectometers are precision equipment used to determine sample 

reflectivity. Directivity (D) is the relation between power coupled to the coupled port 

and power delivered to the isolated port. Ideally, directivity D should be infinite. 

However, D is finite and in dB is equal to the isolation minus the coupling term. 
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5.6 Insertion loss 𝑆21(𝑑𝐵) 

Figure 28 illustrates the insertion loss 𝑆21(𝑑𝐵) as a function of the ring waveguide 

width for different device heights. It represents the relation between output power at 

port 2 and input power at port 1. The signal at port 2 is the sum of waves that travel 

clockwise and counterclockwise along the ring from port 1 to 2, Figure 21. The paths 

these two waves travel have different optical lengths. While the longest path is 5𝜆0 4⁄  

long, the shortest path is 𝜆0 4⁄  long. Indeed, insertion loss is highly dependent on 

attenuation imposed to the wave that travels counterclockwise by the hybrid ring 

size.  

When 𝑏 = 0.7𝜆𝑜  and 0.03𝜆𝑜 < 𝑎 < 0.12𝜆𝑜 , insertion loss achieves its 

maximum and is within the −3.03𝑑𝐵 < 𝑆21(𝑑𝐵) < −3.02𝑑𝐵 range. In this case, 

device size, Figure 27, is also the smallest. On the other hand, 𝑆21 is affected by the 

short propagation distance when channel is not deep, 𝑏 = 0.4𝜆𝑜, Figure 16, and the 

largest ring radius, Figure 25. The signal that travels counterclockwise is therefore 

highly attenuated and will arrive at port 2 highly damped when 𝑎 is large. Insertion 

loss reaches -4.4dB when 𝑎 = 0.26𝜆𝑜 and is the lowest reported level. 
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Figure 28 – Magnitude of the coupling coefficient S21 as a function of the ring waveguide width 

when height 𝒃 is 𝟎. 𝟒𝝀𝟎, 𝟎. 𝟓𝝀𝟎, 𝟎. 𝟔𝝀𝟎 and 𝟎. 𝟕𝝀𝟎. 

5.7 Coupling factor 𝑆41(𝑑𝐵) 

Figure 29 shows the coupling factor 𝑆41(𝑑𝐵) as a function of the ring waveguide 

width for different heights. It represents the ratio between power that arrives at port 

4 and input power at port 1. Wave at 4 is the sum of the waves that travel the same 

optical length (3𝜆𝑜 4⁄ ) clockwise and counterclockwise along the hybrid ring and 

therefore will be evenly attenuated along the ring. When compared with insertion 
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loss, power that arrives at port 4 will always be smaller than power that arrives at 

port 2, and therefore 𝑆21(𝑑𝐵) > 𝑆41(𝑑𝐵). 

 Best coupling factor is obtained when propagation distance is the largest, 

Figure 16, 𝑏 = 0.7𝜆𝑜 , sweeping between −3.26 𝑑𝐵  and −3.69 𝑑𝐵 . Devices with 

𝑏 = 0.4𝜆𝑜, have the largest radii and therefore have the lowest 𝑆41(𝑑𝐵) reported. 

 

Figure 29 – Magnitude of the coupling coefficient S41 as a function of the ring waveguide width 

when height is 𝟎. 𝟒𝝀𝟎, 𝟎. 𝟓𝝀𝟎, 𝟎. 𝟔𝝀𝟎 and 𝟎. 𝟕𝝀𝟎. 
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Chapter 6 

Conclusions and future research 

This dissertation addressed the study of SPhP-enhanced devices with on-chip 

applications potential in the LWIR. Theoretical and numerical approaches were 

carried out to characterize devices with the ability to manage optical energy. 

Numerical simulations used material data provided by the US Naval Research Lab. 

Chapter 2 demonstrated the first SPhP-enhanced ring resonator in the LWIR. 

The hybrid waveguide configuration exhibits mode confinement and relatively low 

bend losses suitable for this application. Critical coupling design was achieved and 

best modal confinement obtained. However, out-of-resonance insertion loss on the 

order of -3dB, due to propagation length and ring radius on the order of 0.6𝜆𝑜restrict 

its applications to two port devices. 

Chapter 3 investigated SPHP-enhanced buried channel waveguides. While 

hybrid waveguides exhibit TM-like mode, phononic-based rectangular waveguides 

support quasi-TE mode. These modes have higher normalized propagation constant 

and consequently exhibit lower cut-off width than benchmark, the PEC rectangular 

waveguide. In addition, the waveguide impedance was formally defined and applied 

to an E-plane straight junction. The relation between input and output port 
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impedances observed when the E-plane junction is replaced by its equivalent circuit 

suggests a series association between output ports.  

Chapter 4 reported on E-plane hybrid ring analysis using scattering 

parameters and equivalent transmission line representation. It was determined that 

when ring admittance is equal to √2𝑌𝑜, the reflection coefficient at ports is negligible 

and E-plane hybrid ring is an anti-symmetric directional coupler. In addition, it was 

shown that due to properties of the device, the complete scattering parameters matrix 

can be described by seven different scattering coefficients.  

Chapter 5 reported on the first SPhP-enhanced E-plane hybrid ring. The ring 

radius, which is function of the propagation constant, is smaller than benchmark, the 

E-plane PEC hybrid ring. Device size reported of 0.28𝜆𝑜 is shorter than in references 

found in literature when compared to other symmetrical directional coupler 

configurations. Insertion loss and coupling factor of −3.03  and −3.3 𝑑𝐵 , 

respectively, were achieved when device height is equal to 0.7𝜆𝑜, when propagation 

length is the largest. 

Silicon carbide is a semiconductor material with the ability to support SPhP 

in the LWIR and therefore has been shown to provide miniaturization of on-chip 

photonic devices. Future work shall address the investigation of the device 

considering other SiC polytypes, such as 3C-SiC. 
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Characterization of the device’s optical properties is an important step toward 

confirmation of the results reported in this endeavor. The E-plane hybrid ring, due to 

its design simplicity, can be produced using existing nanofabrication processes. In 

addition, its further integration to on-chip LWIR sources, quantum cascade lasers, 

will enable its implementation in several optical applications, such as chemical 

sensing and spectroscopy. 
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Appendix A 

4H-SiC buried channel E-plane hybrid ring 

dimensions data 

Hybrid ring optimized input port width and ring waveguide width were evaluated 

using ANSYS HFSS using 4H-SiC material data listed in Appendix C. Free space 

wavelength is 𝜆𝑜 = 11.765𝜇𝑚. 

Table 5 – Ring mean radius (in 𝝀𝒐) for different ring width and height 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 0.15 0.14 0.13 0.13 

0.04 0.19 0.16 0.15 0.15 

0.06 0.24 0.19 0.18 0.18 

0.09 0.29 0.22 0.21 0.19 

0.12 0.37 0.26 0.23 0.22 

0.17 0.46 0.29 0.25 0.23 

0.21 0.54 0.31 0.26 0.24 

0.26 0.62 0.33 0.27 0.25 
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Table 6 – Waveguide port width (in 𝝀𝒐) for different ring width and height 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 0.05 0.05 0.05 0.05 

0.04 0.06 0.07 0.07 0.07 

0.06 0.09 0.09 0.10 0.10 

0.09 0.12 0.13 0.13 0.13 

0.12 0.16 0.19 0.19 0.20 

0.17 0.22 0.25 0.25 0.24 

0.21 0.27 0.31 0.29 0.28 

0.26 0.32 0.36 0.33 0.31 
 

Table 7 – Device overall size L (in 𝝀𝒐)  

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 0.32 0.30 0.29 0.28 

0.04 0.42 0.37 0.35 0.35 

0.06 0.55 0.44 0.42 0.42 

0.09 0.67 0.53 0.50 0.47 

0.12 0.87 0.65 0.58 0.56 

0.17 1.09 0.75 0.67 0.64 

0.21 1.29 0.83 0.74 0.70 

0.26 1.50 0.91 0.80 0.76 
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Appendix B 

4H-SiC buried channel E-plane hybrid ring scattering 

parameters 

Data obtained using ANSYS® Electronics Desktop. Solution type was set to driven 

modal and boundaries set as one-sided 4H-SiC layered impedance.   

Table 8 –Magnitude of the reflection coefficient S11 (in dB) 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 -40.8 -36.8 -37.2 -31.7 

0.04 -32.56 -33.8 -36.1 -32.04 

0.06 -30.8 -27.1 -34.9 -34.47 

0.09 -31.81 -39.7 -34.93 -39.88 

0.12 -30.05 -36 -41.18 -36 

0.17 -28.25 -41.9 -55.82 -54.68 

0.21 -27.65 -49.22 -53.06 -56.11 

0.26 -26.85 -55.5 -51.72 -49.7 
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Table 9 – Magnitude of the scattering parameter S21 (in dB) 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 -3.15 -3.07 -3.03 -3.03 

0.04 -3.23 -3.09 -3.02 -3.04 

0.06 -3.31 -3.1 -3.04 -3.02 

0.09 -3.38 -3.1 -3.04 -3.02 

0.12 -3.57 -3.11 -3.04 -3.02 

0.17 -3.77 -3.1 -3.05 -3.03 

0.21 -4.04 -3.1 -3.06 -3.07 

0.26 -4.4 -3.1 -3.11 -3.15 

 

Table 10 – Magnitude of the scattering parameter S31 (in dB) 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 -40.4 -34.2 -33.3 -28.9 

0.04 -30.62 -34.4 -32.72 -28.77 

0.06 -28.97 -29.8 -33.11 -30.32 

0.09 -29.67 -35.3 -31.13 -33.38 

0.12 -27.24 -31.7 -34.72 -34.3 

0.17 -24.96 -32.8 -36.01 -38.23 

0.21 -23.27 -33.81 -39.07 -41.19 

0.26 -21.83 -34.3 -39.78 -35.9 
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Table 11 – Magnitude of the scattering parameter S41 (in dB) 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 -3.71 -3.72 -3.68 -3.69 

0.04 -3.8 -3.69 -3.67 -3.66 

0.06 -3.84 -3.7 -3.62 -3.61 

0.09 -3.91 -3.65 -3.59 -3.54 

0.12 -4.04 -3.65 -3.53 -3.48 

0.17 -4.25 -3.65 -3.48 -3.42 

0.21 -4.45 -3.66 -3.46 -3.35 

0.26 -4.67 -3.67 -3.39 -3.26 

 

Table 12 – Magnitude of the scattering parameter S22 (in dB) 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 -25.2 -23.9 -23.6 -24.9 

0.04 -26.99 -23.6 -25 -23.9 

0.06 -24.68 -29.5 -24.2 -24.8 

0.09 -24.63 -25.93 -25.8 -25.5 

0.12 -24.68 -26.7 -28.3 -25 

0.17 -22.47 -25.6 -28 -30.1 

0.21 -21.14 -25.6 -30.5 -35.1 

0.26 -19.33 -25.6 -33.8 -34 
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Table 13 – Magnitude of the scattering parameter S32 (in dB) 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 -3.47 -3.47 -3.46 -3.45 

0.04 -3.48 -3.44 -3.74 -3.44 

0.06 -3.48 -3.39 -3.41 -3.4 

0.09 -3.51 -3.41 -3.38 -3.36 

0.12 -3.57 -3.4 -3.34 -3.32 

0.17 -3.66 -3.41 -3.31 -3.27 

0.21 -3.75 -3.42 -3.29 -3.21 

0.26 -3.86 -3.44 -3.23 -3.13 

 

Table 14 – Magnitude of the scattering parameter S42 (in dB) 

Ring width 

(𝝀𝒐) 

Ring height 

𝟎. 𝟒𝝀𝒐 𝟎. 𝟓𝝀𝒐 𝟎. 𝟔𝝀𝒐 𝟎. 𝟕𝝀𝒐 

0.03 -39.2 -33.9 -33.3 -29.1 

0.04 -30.36 -34.6 -34.6 -28.9 

0.06 -29.33 -42.3 -33.4 -30.4 

0.09 -29.61 -35.78 -31.1 -33.3 

0.12 -29.33 -31.8 -34.7 -34.2 

0.17 -25.04 -33.1 -36.2 -38 

0.21 -23.41 -33.6 -39.4 -41 

0.26 -21.91 -34.3 -40.1 -36 
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Appendix C 

4H-SiC material data 

Free standing 4H-SiC epilayer complex permittivity tensor obtained by ellipsometry. 

Data provided by NRL. Extraordinary axis is along z. Wavelength ranges from 

6.2544 µm to 16.618µm. Complex permittivity tensor is of the following form: 

[

𝜀𝑥𝑥
′ − 𝑗𝜀𝑥𝑥

′′ 0 0

0 𝜀𝑦𝑦
′ − 𝑗𝜀𝑦𝑦

′′ 0

0 0 𝜀𝑧𝑧
′ − 𝑗𝜀𝑧𝑧

′′

] 

 

𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

6.2544 5.269 0.099898 5.269 0.099898 5.0261 -0.24897 

6.2695 5.2563 0.1068 5.2563 0.1068 5.0154 -0.20972 

6.2771 5.2498 0.11069 5.2498 0.11069 5.0115 -0.19154 

6.2847 5.2433 0.1149 5.2433 0.1149 5.0084 -0.17427 

6.2924 5.2366 0.11947 5.2366 0.11947 5.0059 -0.15787 

6.3077 5.2232 0.12987 5.2232 0.12987 5.0023 -0.12734 

6.3154 5.2164 0.13578 5.2164 0.13578 5.001 -0.11305 

6.3231 5.2097 0.14224 5.2097 0.14224 4.9998 -0.09928 

6.3385 5.1964 0.15703 5.1964 0.15703 4.9981 -0.07299 

6.3463 5.19 0.16548 5.19 0.16548 4.9974 -0.06028 

6.3541 5.1839 0.17473 5.1839 0.17473 4.9969 -0.04775 

6.3697 5.173 0.19582 5.173 0.19582 4.9965 -0.0229 

6.3775 5.1685 0.20778 5.1685 0.20778 4.9968 -0.01045 

6.3854 5.1649 0.22071 5.1649 0.22071 4.9974 0.002094 

6.3932 5.1624 0.23461 5.1624 0.23461 4.9985 0.014763 

6.409 5.1619 0.26502 5.1619 0.26502 5.0029 0.040436 

6.417 5.1646 0.28118 5.1646 0.28118 5.0064 0.053315 

6.4249 5.1695 0.29763 5.1695 0.29763 5.0111 0.066067 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

6.4329 5.1771 0.31392 5.1771 0.31392 5.017 0.078486 

6.4489 5.2005 0.34378 5.2005 0.34378 5.0328 0.1012 

6.4569 5.2162 0.35601 5.2162 0.35601 5.0428 0.11084 

6.465 5.2342 0.36552 5.2342 0.36552 5.0538 0.11885 

6.473 5.254 0.37172 5.254 0.37172 5.0656 0.12496 

6.4892 5.2954 0.3728 5.2954 0.3728 5.0898 0.13076 

6.4974 5.3152 0.36764 5.3152 0.36764 5.1014 0.13046 

6.5055 5.3334 0.3591 5.3334 0.3591 5.112 0.12825 

6.5137 5.3493 0.34776 5.3493 0.34776 5.1213 0.12444 

6.5219 5.3626 0.33427 5.3626 0.33427 5.1291 0.11941 

6.5383 5.3806 0.30368 5.3806 0.30368 5.1399 0.10715 

6.5466 5.3855 0.28777 5.3855 0.28777 5.1431 0.10057 

6.5549 5.388 0.27208 5.388 0.27208 5.1449 0.094018 

6.5632 5.3884 0.25695 5.3884 0.25695 5.1455 0.087688 

6.5798 5.3841 0.22909 5.3841 0.22909 5.1438 0.076099 

6.5882 5.38 0.21659 5.38 0.21659 5.1418 0.070961 

6.5966 5.3749 0.20506 5.3749 0.20506 5.1392 0.066281 

6.605 5.369 0.19449 5.369 0.19449 5.1362 0.062057 

6.6134 5.3625 0.18484 5.3625 0.18484 5.1327 0.058271 

6.6219 5.3556 0.17606 5.3556 0.17606 5.129 0.054896 

6.6388 5.3408 0.16086 5.3408 0.16086 5.1208 0.049265 

6.6473 5.3331 0.15431 5.3331 0.15431 5.1165 0.046947 

6.6559 5.3253 0.14837 5.3253 0.14837 5.112 0.044922 

6.6644 5.3174 0.143 5.3174 0.143 5.1074 0.043162 

6.673 5.3095 0.13814 5.3095 0.13814 5.1028 0.041643 

6.6816 5.3015 0.13374 5.3015 0.13374 5.0981 0.040339 

6.6988 5.2857 0.12615 5.2857 0.12615 5.0885 0.038303 

6.7075 5.2778 0.12289 5.2778 0.12289 5.0837 0.037533 

6.7162 5.27 0.11995 5.27 0.11995 5.0788 0.036909 

6.7249 5.2622 0.11728 5.2622 0.11728 5.0739 0.036417 

6.7336 5.2544 0.11487 5.2544 0.11487 5.069 0.036046 

6.7424 5.2467 0.1127 5.2467 0.1127 5.0641 0.035784 

6.76 5.2314 0.10898 5.2314 0.10898 5.0541 0.035555 

6.7688 5.2239 0.10739 5.2239 0.10739 5.0491 0.035573 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

6.7777 5.2164 0.10598 5.2164 0.10598 5.0441 0.035671 

6.7865 5.2089 0.10472 5.2089 0.10472 5.039 0.035842 

6.7954 5.2015 0.1036 5.2015 0.1036 5.034 0.036083 

6.8043 5.1941 0.10261 5.1941 0.10261 5.0289 0.03639 

6.8133 5.1867 0.10174 5.1867 0.10174 5.0237 0.036758 

6.8222 5.1794 0.10099 5.1794 0.10099 5.0186 0.037185 

6.8312 5.1721 0.10035 5.1721 0.10035 5.0134 0.037668 

6.8493 5.1575 0.099356 5.1575 0.099356 5.003 0.038795 

6.8583 5.1503 0.098998 5.1503 0.098998 4.9977 0.039435 

6.8674 5.1431 0.098726 5.1431 0.098726 4.9924 0.040124 

6.8765 5.1358 0.098536 5.1358 0.098536 4.9871 0.040862 

6.8857 5.1287 0.098424 5.1287 0.098424 4.9817 0.041648 

6.8948 5.1215 0.098387 5.1215 0.098387 4.9763 0.042482 

6.904 5.1143 0.098422 5.1143 0.098422 4.9709 0.043363 

6.9132 5.1071 0.098528 5.1071 0.098528 4.9655 0.044292 

6.9224 5.0999 0.098702 5.0999 0.098702 4.96 0.045268 

6.9317 5.0928 0.098942 5.0928 0.098942 4.9544 0.046292 

6.941 5.0856 0.099248 5.0856 0.099248 4.9489 0.047364 

6.9596 5.0713 0.10005 5.0713 0.10005 4.9376 0.049658 

6.969 5.0641 0.10054 5.0641 0.10054 4.932 0.050881 

6.9783 5.0569 0.1011 5.0569 0.1011 4.9263 0.052157 

6.9877 5.0497 0.10172 5.0497 0.10172 4.9205 0.053486 

6.9972 5.0425 0.1024 5.0425 0.1024 4.9147 0.05487 

7.0066 5.0353 0.10314 5.0353 0.10314 4.9089 0.056312 

7.0161 5.0281 0.10395 5.0281 0.10395 4.903 0.057812 

7.0256 5.0208 0.10481 5.0208 0.10481 4.8972 0.059372 

7.0352 5.0136 0.10575 5.0136 0.10575 4.8912 0.060995 

7.0447 5.0063 0.10674 5.0063 0.10674 4.8853 0.062683 

7.0543 4.999 0.1078 4.999 0.1078 4.8793 0.064436 

7.0639 4.9917 0.10893 4.9917 0.10893 4.8732 0.06626 

7.0735 4.9844 0.11012 4.9844 0.11012 4.8672 0.068156 

7.0832 4.9771 0.11139 4.9771 0.11139 4.8611 0.070126 

7.0929 4.9698 0.11272 4.9698 0.11272 4.855 0.072174 

7.1026 4.9624 0.11413 4.9624 0.11413 4.8488 0.074302 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

7.1124 4.9551 0.11561 4.9551 0.11561 4.8427 0.076512 

7.1221 4.9477 0.11716 4.9477 0.11716 4.8365 0.078809 

7.1319 4.9404 0.11879 4.9404 0.11879 4.8303 0.081197 

7.1417 4.933 0.12051 4.933 0.12051 4.824 0.083675 

7.1516 4.9256 0.1223 4.9256 0.1223 4.8178 0.086252 

7.1615 4.9182 0.12418 4.9182 0.12418 4.8115 0.088927 

7.1714 4.9108 0.12615 4.9108 0.12615 4.8053 0.091705 

7.1813 4.9035 0.1282 4.9035 0.1282 4.799 0.09459 

7.1913 4.8961 0.13035 4.8961 0.13035 4.7928 0.097584 

7.2013 4.8887 0.13259 4.8887 0.13259 4.7866 0.10069 

7.2113 4.8814 0.13492 4.8814 0.13492 4.7804 0.10391 

7.2213 4.874 0.13735 4.874 0.13735 4.7742 0.10726 

7.2314 4.8667 0.13988 4.8667 0.13988 4.768 0.11072 

7.2415 4.8595 0.14251 4.8595 0.14251 4.7619 0.11431 

7.2516 4.8522 0.14524 4.8522 0.14524 4.7558 0.11803 

7.2618 4.845 0.14808 4.845 0.14808 4.7498 0.12188 

7.272 4.8379 0.15102 4.8379 0.15102 4.7439 0.12585 

7.2822 4.8308 0.15406 4.8308 0.15406 4.738 0.12996 

7.2924 4.8238 0.15721 4.8238 0.15721 4.7323 0.1342 

7.3027 4.8169 0.16046 4.8169 0.16046 4.7266 0.13856 

7.313 4.81 0.16382 4.81 0.16382 4.7211 0.14306 

7.3233 4.8032 0.16727 4.8032 0.16727 4.7157 0.14768 

7.3337 4.7966 0.17082 4.7966 0.17082 4.7105 0.15241 

7.3441 4.7901 0.17447 4.7901 0.17447 4.7054 0.15727 

7.3545 4.7837 0.17819 4.7837 0.17819 4.7005 0.16223 

7.3649 4.7774 0.182 4.7774 0.182 4.6958 0.16729 

7.3754 4.7713 0.18588 4.7713 0.18588 4.6914 0.17243 

7.3859 4.7654 0.18981 4.7654 0.18981 4.6871 0.17764 

7.3964 4.7597 0.19379 4.7597 0.19379 4.6831 0.18291 

7.407 4.7541 0.19781 4.7541 0.19781 4.6794 0.18822 

7.4176 4.7488 0.20184 4.7488 0.20184 4.676 0.19355 

7.4282 4.7436 0.20587 4.7436 0.20587 4.6728 0.19886 

7.4389 4.7387 0.20988 4.7387 0.20988 4.67 0.20414 

7.4496 4.734 0.21385 4.734 0.21385 4.6675 0.20935 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

7.4603 4.7296 0.21775 4.7296 0.21775 4.6653 0.21447 

7.471 4.7254 0.22156 4.7254 0.22156 4.6634 0.21946 

7.4818 4.7214 0.22525 4.7214 0.22525 4.6619 0.22428 

7.4926 4.7176 0.22879 4.7176 0.22879 4.6607 0.22889 

7.5035 4.7141 0.23215 4.7141 0.23215 4.6599 0.23326 

7.5144 4.7109 0.23531 4.7109 0.23531 4.6593 0.23735 

7.5253 4.7078 0.23823 4.7078 0.23823 4.659 0.24111 

7.5362 4.7049 0.24088 4.7049 0.24088 4.659 0.24452 

7.5472 4.7022 0.24325 4.7022 0.24325 4.6593 0.24752 

7.5582 4.6996 0.24529 4.6996 0.24529 4.6597 0.25009 

7.5692 4.6971 0.247 4.6971 0.247 4.6603 0.2522 

7.5803 4.6948 0.24834 4.6948 0.24834 4.6611 0.25383 

7.5914 4.6924 0.24931 4.6924 0.24931 4.6619 0.25494 

7.6025 4.6901 0.2499 4.6901 0.2499 4.6628 0.25553 

7.6137 4.6878 0.25009 4.6878 0.25009 4.6636 0.25559 

7.6249 4.6854 0.24989 4.6854 0.24989 4.6644 0.25511 

7.6361 4.6829 0.24929 4.6829 0.24929 4.665 0.2541 

7.6474 4.6802 0.24831 4.6802 0.24831 4.6655 0.25257 

7.6587 4.6774 0.24696 4.6774 0.24696 4.6658 0.25053 

7.67 4.6744 0.24525 4.6744 0.24525 4.6658 0.24801 

7.6813 4.6711 0.2432 4.6711 0.2432 4.6655 0.24503 

7.6927 4.6675 0.24084 4.6675 0.24084 4.6649 0.24163 

7.7042 4.6637 0.2382 4.6637 0.2382 4.6639 0.23783 

7.7156 4.6595 0.23529 4.6595 0.23529 4.6624 0.23368 

7.7271 4.655 0.23215 4.655 0.23215 4.6606 0.22921 

7.7387 4.6502 0.22881 4.6502 0.22881 4.6583 0.22446 

7.7502 4.645 0.22529 4.645 0.22529 4.6556 0.21947 

7.7618 4.6394 0.22163 4.6394 0.22163 4.6524 0.21428 

7.7735 4.6335 0.21786 4.6335 0.21786 4.6487 0.20893 

7.7851 4.6273 0.21399 4.6273 0.21399 4.6446 0.20346 

7.7969 4.6206 0.21006 4.6206 0.21006 4.6401 0.19788 

7.8086 4.6136 0.2061 4.6136 0.2061 4.635 0.19225 

7.8204 4.6063 0.20211 4.6063 0.20211 4.6296 0.18659 

7.8322 4.5986 0.19812 4.5986 0.19812 4.6237 0.18091 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

7.844 4.5907 0.19415 4.5907 0.19415 4.6174 0.17526 

7.8559 4.5823 0.19022 4.5823 0.19022 4.6107 0.16964 

7.8678 4.5737 0.18633 4.5737 0.18633 4.6037 0.16408 

7.8798 4.5648 0.1825 4.5648 0.1825 4.5962 0.15859 

7.8918 4.5556 0.17874 4.5556 0.17874 4.5884 0.15318 

7.9038 4.5462 0.17506 4.5462 0.17506 4.5803 0.14786 

7.9159 4.5365 0.17146 4.5365 0.17146 4.5719 0.14265 

7.928 4.5265 0.16795 4.5265 0.16795 4.5631 0.13755 

7.9401 4.5164 0.16453 4.5164 0.16453 4.5541 0.13257 

7.9523 4.506 0.16121 4.506 0.16121 4.5448 0.12771 

7.9645 4.4953 0.15799 4.4953 0.15799 4.5353 0.12297 

7.9768 4.4845 0.15487 4.4845 0.15487 4.5255 0.11836 

7.9891 4.4735 0.15185 4.4735 0.15185 4.5155 0.11387 

8.0014 4.4623 0.14893 4.4623 0.14893 4.5052 0.10951 

8.0138 4.4509 0.1461 4.4509 0.1461 4.4947 0.10527 

8.0262 4.4394 0.14338 4.4394 0.14338 4.4841 0.10116 

8.0386 4.4276 0.14075 4.4276 0.14075 4.4732 0.097166 

8.0511 4.4157 0.13822 4.4157 0.13822 4.4622 0.09329 

8.0636 4.4037 0.13578 4.4037 0.13578 4.4509 0.089533 

8.0762 4.3915 0.13344 4.3915 0.13344 4.4395 0.085887 

8.0888 4.3792 0.13117 4.3792 0.13117 4.428 0.082351 

8.1014 4.3667 0.129 4.3667 0.129 4.4162 0.078924 

8.1141 4.3541 0.12691 4.3541 0.12691 4.4043 0.075597 

8.1268 4.3413 0.1249 4.3413 0.1249 4.3923 0.072371 

8.1396 4.3284 0.12297 4.3284 0.12297 4.3801 0.069242 

8.1524 4.3154 0.12111 4.3154 0.12111 4.3678 0.066205 

8.1652 4.3022 0.11933 4.3022 0.11933 4.3553 0.063257 

8.1781 4.2889 0.11762 4.2889 0.11762 4.3426 0.060397 

8.191 4.2755 0.11597 4.2755 0.11597 4.3298 0.057619 

8.204 4.2619 0.11439 4.2619 0.11439 4.3169 0.054921 

8.217 4.2483 0.11287 4.2483 0.11287 4.3039 0.0523 

8.23 4.2345 0.11141 4.2345 0.11141 4.2907 0.049753 

8.2431 4.2205 0.11001 4.2205 0.11001 4.2773 0.047276 

8.2562 4.2065 0.10867 4.2065 0.10867 4.2639 0.044869 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

8.2694 4.1923 0.10738 4.1923 0.10738 4.2502 0.042527 

8.2826 4.1779 0.10614 4.1779 0.10614 4.2365 0.040249 

8.2958 4.1635 0.10495 4.1635 0.10495 4.2226 0.038033 

8.3091 4.1489 0.10381 4.1489 0.10381 4.2085 0.035875 

8.3225 4.1342 0.10271 4.1342 0.10271 4.1943 0.033774 

8.3359 4.1193 0.10166 4.1193 0.10166 4.18 0.031728 

8.3493 4.1044 0.10065 4.1044 0.10065 4.1655 0.029737 

8.3628 4.0892 0.099684 4.0892 0.099684 4.1509 0.027797 

8.3763 4.074 0.098755 4.074 0.098755 4.1361 0.025908 

8.3898 4.0586 0.097865 4.0586 0.097865 4.1212 0.024069 

8.4034 4.043 0.09701 4.043 0.09701 4.1061 0.022277 

8.4171 4.0274 0.096191 4.0274 0.096191 4.0908 0.020532 

8.4307 4.0115 0.095406 4.0115 0.095406 4.0754 0.018834 

8.4445 3.9956 0.094654 3.9956 0.094654 4.0598 0.017181 

8.4583 3.9794 0.093933 3.9794 0.093933 4.0441 0.015572 

8.4721 3.9632 0.093243 3.9632 0.093243 4.0282 0.014008 

8.4859 3.9467 0.092582 3.9467 0.092582 4.0122 0.012488 

8.4999 3.9301 0.09195 3.9301 0.09195 3.9959 0.01101 

8.5138 3.9134 0.091346 3.9134 0.091346 3.9795 0.009577 

8.5278 3.8965 0.090769 3.8965 0.090769 3.9629 0.008186 

8.5419 3.8794 0.090218 3.8794 0.090218 3.9462 0.006838 

8.556 3.8622 0.089692 3.8622 0.089692 3.9293 0.005534 

8.5701 3.8448 0.089191 3.8448 0.089191 3.9121 0.004272 

8.5843 3.8272 0.088713 3.8272 0.088713 3.8948 0.003054 

8.5985 3.8095 0.088259 3.8095 0.088259 3.8773 0.00188 

8.6128 3.7915 0.087828 3.7915 0.087828 3.8596 0.00075 

8.6271 3.7734 0.087418 3.7734 0.087418 3.8418 -0.00034 

8.6415 3.7551 0.087031 3.7551 0.087031 3.8237 -0.00138 

8.6559 3.7366 0.086664 3.7366 0.086664 3.8054 -0.00237 

8.6704 3.718 0.086318 3.718 0.086318 3.7869 -0.00332 

8.6849 3.6991 0.085993 3.6991 0.085993 3.7682 -0.00422 

8.6995 3.68 0.085687 3.68 0.085687 3.7493 -0.00507 

8.7141 3.6608 0.0854 3.6608 0.0854 3.7302 -0.00588 

8.7288 3.6413 0.085133 3.6413 0.085133 3.7109 -0.00663 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

8.7435 3.6216 0.084884 3.6216 0.084884 3.6914 -0.00734 

8.7583 3.6017 0.084654 3.6017 0.084654 3.6716 -0.008 

8.7731 3.5816 0.084441 3.5816 0.084441 3.6517 -0.0086 

8.788 3.5613 0.084247 3.5613 0.084247 3.6315 -0.00915 

8.8029 3.5408 0.08407 3.5408 0.08407 3.6111 -0.00965 

8.8179 3.52 0.08391 3.52 0.08391 3.5904 -0.0101 

8.8329 3.499 0.083768 3.499 0.083768 3.5696 -0.0105 

8.848 3.4778 0.083642 3.4778 0.083642 3.5484 -0.01084 

8.8631 3.4563 0.083533 3.4563 0.083533 3.5271 -0.01112 

8.8783 3.4346 0.08344 3.4346 0.08344 3.5055 -0.01135 

8.8935 3.4126 0.083363 3.4126 0.083363 3.4837 -0.01153 

8.9088 3.3904 0.083303 3.3904 0.083303 3.4616 -0.01165 

8.9241 3.3679 0.083258 3.3679 0.083258 3.4393 -0.01171 

8.9395 3.3452 0.083228 3.3452 0.083228 3.4167 -0.01172 

8.9549 3.3222 0.083215 3.3222 0.083215 3.3939 -0.01167 

8.9704 3.2989 0.083216 3.2989 0.083216 3.3708 -0.01157 

8.986 3.2754 0.083233 3.2754 0.083233 3.3474 -0.01141 

9.0016 3.2515 0.083264 3.2515 0.083264 3.3238 -0.0112 

9.0172 3.2274 0.08331 3.2274 0.08331 3.3 -0.01093 

9.0329 3.203 0.083371 3.203 0.083371 3.2758 -0.0106 

9.0487 3.1783 0.083447 3.1783 0.083447 3.2514 -0.01023 

9.0645 3.1533 0.083537 3.1533 0.083537 3.2267 -0.00979 

9.0804 3.1279 0.083641 3.1279 0.083641 3.2017 -0.00931 

9.0963 3.1023 0.083759 3.1023 0.083759 3.1764 -0.00877 

9.1123 3.0763 0.083891 3.0763 0.083891 3.1508 -0.00819 

9.1284 3.0501 0.084036 3.0501 0.084036 3.125 -0.00755 

9.1445 3.0234 0.084196 3.0234 0.084196 3.0988 -0.00686 

9.1606 2.9965 0.084369 2.9965 0.084369 3.0723 -0.00612 

9.1768 2.9691 0.084555 2.9691 0.084555 3.0455 -0.00533 

9.1931 2.9415 0.084755 2.9415 0.084755 3.0184 -0.0045 

9.2094 2.9134 0.084968 2.9134 0.084968 2.991 -0.00362 

9.2258 2.885 0.085194 2.885 0.085194 2.9632 -0.0027 

9.2423 2.8562 0.085434 2.8562 0.085434 2.9351 -0.00174 

9.2588 2.8271 0.085686 2.8271 0.085686 2.9066 -0.00073 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

9.2753 2.7975 0.085951 2.7975 0.085951 2.8778 0.000324 

9.292 2.7675 0.086229 2.7675 0.086229 2.8486 0.001416 

9.3086 2.7371 0.086519 2.7371 0.086519 2.8191 0.002545 

9.3254 2.7063 0.086823 2.7063 0.086823 2.7892 0.003714 

9.3422 2.6751 0.087139 2.6751 0.087139 2.7589 0.00492 

9.359 2.6434 0.087468 2.6434 0.087468 2.7282 0.006162 

9.376 2.6113 0.087809 2.6113 0.087809 2.6971 0.007439 

9.393 2.5787 0.088164 2.5787 0.088164 2.6655 0.008751 

9.41 2.5457 0.08853 2.5457 0.08853 2.6336 0.010095 

9.4271 2.5121 0.08891 2.5121 0.08891 2.6012 0.011473 

9.4443 2.4781 0.089303 2.4781 0.089303 2.5684 0.012883 

9.4615 2.4436 0.089708 2.4436 0.089708 2.5351 0.014323 

9.4788 2.4086 0.090126 2.4086 0.090126 2.5014 0.015794 

9.4962 2.373 0.090557 2.373 0.090557 2.4672 0.017295 

9.5136 2.3369 0.091002 2.3369 0.091002 2.4325 0.018824 

9.5311 2.3003 0.091459 2.3003 0.091459 2.3973 0.020384 

9.5486 2.263 0.091931 2.263 0.091931 2.3615 0.021971 

9.5662 2.2253 0.092415 2.2253 0.092415 2.3253 0.023586 

9.5839 2.1869 0.092913 2.1869 0.092913 2.2885 0.02523 

9.6017 2.1479 0.093426 2.1479 0.093426 2.2511 0.026901 

9.6195 2.1083 0.093952 2.1083 0.093952 2.2132 0.0286 

9.6374 2.0681 0.094493 2.0681 0.094493 2.1747 0.030325 

9.6553 2.0272 0.095049 2.0272 0.095049 2.1356 0.03208 

9.6733 1.9856 0.095619 1.9856 0.095619 2.0959 0.033862 

9.6914 1.9434 0.096205 1.9434 0.096205 2.0555 0.035671 

9.7096 1.9005 0.096806 1.9005 0.096806 2.0145 0.037509 

9.7278 1.8568 0.097424 1.8568 0.097424 1.9728 0.039376 

9.7461 1.8124 0.098057 1.8124 0.098057 1.9304 0.041272 

9.7644 1.7673 0.098707 1.7673 0.098707 1.8873 0.043198 

9.7829 1.7213 0.099374 1.7213 0.099374 1.8435 0.045155 

9.8013 1.6746 0.10006 1.6746 0.10006 1.799 0.047142 

9.8199 1.6271 0.10076 1.6271 0.10076 1.7536 0.049162 

9.8385 1.5787 0.10148 1.5787 0.10148 1.7075 0.051215 

9.8572 1.5295 0.10222 1.5295 0.10222 1.6606 0.053301 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

9.876 1.4794 0.10298 1.4794 0.10298 1.6128 0.055423 

9.8949 1.4283 0.10376 1.4283 0.10376 1.5642 0.057582 

9.9138 1.3764 0.10456 1.3764 0.10456 1.5147 0.059777 

9.9328 1.3235 0.10539 1.3235 0.10539 1.4642 0.062012 

9.9518 1.2695 0.10623 1.2695 0.10623 1.4128 0.064288 

9.971 1.2146 0.1071 1.2146 0.1071 1.3605 0.066604 

9.9902 1.1586 0.10799 1.1586 0.10799 1.3072 0.068966 

10.009 1.1016 0.10891 1.1016 0.10891 1.2528 0.071374 

10.029 1.0435 0.10985 1.0435 0.10985 1.1974 0.073828 

10.048 0.98417 0.11082 0.98417 0.11082 1.1409 0.076333 

10.068 0.9237 0.11181 0.9237 0.11181 1.0833 0.078891 

10.087 0.86206 0.11284 0.86206 0.11284 1.0245 0.081501 

10.107 0.79914 0.11389 0.79914 0.11389 0.96457 0.084169 

10.127 0.73493 0.11497 0.73493 0.11497 0.90336 0.086897 

10.147 0.66944 0.11609 0.66944 0.11609 0.84092 0.089686 

10.166 0.60255 0.11724 0.60255 0.11724 0.77713 0.092541 

10.186 0.53426 0.11842 0.53426 0.11842 0.71199 0.095465 

10.207 0.46455 0.11964 0.46455 0.11964 0.64549 0.098458 

10.227 0.39331 0.12089 0.39331 0.12089 0.57751 0.10153 

10.247 0.32052 0.12219 0.32052 0.12219 0.50804 0.10468 

10.267 0.24617 0.12352 0.24617 0.12352 0.43706 0.10791 

10.288 0.17013 0.1249 0.17013 0.1249 0.36445 0.11123 

10.308 0.092386 0.12632 0.092386 0.12632 0.2902 0.11464 

10.328 0.01292 0.12778 0.01292 0.12778 0.21428 0.11814 

10.349 -0.06841 0.1293 -0.06841 0.1293 0.13655 0.12174 

10.37 -0.15163 0.13086 -0.15163 0.13086 0.057002 0.12546 

10.391 -0.23676 0.13248 -0.23676 0.13248 -0.0244 0.12928 

10.411 -0.32396 0.13415 -0.32396 0.13415 -0.10781 0.13322 

10.432 -0.41326 0.13588 -0.41326 0.13588 -0.19326 0.13728 

10.453 -0.50468 0.13767 -0.50468 0.13767 -0.28076 0.14147 

10.475 -0.5984 0.13953 -0.5984 0.13953 -0.3705 0.1458 

10.496 -0.69446 0.14145 -0.69446 0.14145 -0.46252 0.15027 

10.517 -0.79294 0.14343 -0.79294 0.14343 -0.55689 0.1549 

10.538 -0.8939 0.1455 -0.8939 0.1455 -0.65366 0.15968 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

10.56 -0.99751 0.14764 -0.99751 0.14764 -0.75303 0.16464 

10.581 -1.1039 0.14986 -1.1039 0.14986 -0.85505 0.16977 

10.603 -1.213 0.15216 -1.213 0.15216 -0.95977 0.17509 

10.625 -1.3251 0.15456 -1.3251 0.15456 -1.0674 0.18062 

10.647 -1.4402 0.15705 -1.4402 0.15705 -1.178 0.18635 

10.669 -1.5585 0.15963 -1.5585 0.15963 -1.2917 0.1923 

10.691 -1.6802 0.16233 -1.6802 0.16233 -1.4087 0.1985 

10.713 -1.8053 0.16514 -1.8053 0.16514 -1.5291 0.20495 

10.735 -1.934 0.16806 -1.934 0.16806 -1.6529 0.21166 

10.757 -2.0665 0.17111 -2.0665 0.17111 -1.7805 0.21865 

10.779 -2.203 0.17429 -2.203 0.17429 -1.912 0.22595 

10.802 -2.3435 0.17761 -2.3435 0.17761 -2.0474 0.23356 

10.824 -2.4884 0.18108 -2.4884 0.18108 -2.1871 0.24152 

10.847 -2.6378 0.18471 -2.6378 0.18471 -2.3313 0.24984 

10.87 -2.7918 0.1885 -2.7918 0.1885 -2.4799 0.25854 

10.893 -2.9508 0.19247 -2.9508 0.19247 -2.6336 0.26765 

10.916 -3.1151 0.19664 -3.1151 0.19664 -2.7923 0.27721 

10.939 -3.2847 0.201 -3.2847 0.201 -2.9563 0.28723 

10.962 -3.46 0.20558 -3.46 0.20558 -3.1259 0.29777 

10.985 -3.6414 0.2104 -3.6414 0.2104 -3.3015 0.30884 

11.008 -3.8291 0.21546 -3.8291 0.21546 -3.4833 0.32048 

11.032 -4.0234 0.22078 -4.0234 0.22078 -3.6717 0.33275 

11.055 -4.2248 0.2264 -4.2248 0.2264 -3.867 0.34569 

11.079 -4.4335 0.23231 -4.4335 0.23231 -4.0694 0.35934 

11.103 -4.6501 0.23856 -4.6501 0.23856 -4.2798 0.37377 

11.126 -4.875 0.24515 -4.875 0.24515 -4.4982 0.38904 

11.15 -5.1085 0.25213 -5.1085 0.25213 -4.7252 0.4052 

11.174 -5.3514 0.25952 -5.3514 0.25952 -4.9614 0.42235 

11.199 -5.6041 0.26736 -5.6041 0.26736 -5.2073 0.44056 

11.223 -5.8671 0.27567 -5.8671 0.27567 -5.4634 0.4599 

11.247 -6.1413 0.28451 -6.1413 0.28451 -5.7305 0.4805 

11.272 -6.4274 0.29392 -6.4274 0.29392 -6.0093 0.50247 

11.296 -6.7258 0.30395 -6.7258 0.30395 -6.3003 0.5259 

11.321 -7.0379 0.31465 -7.0379 0.31465 -6.6047 0.55097 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

11.346 -7.3643 0.32609 -7.3643 0.32609 -6.9232 0.5778 

11.37 -7.7058 0.33833 -7.7058 0.33833 -7.2566 0.60656 

11.395 -8.0641 0.35146 -8.0641 0.35146 -7.6063 0.63747 

11.421 -8.44 0.36557 -8.44 0.36557 -7.9732 0.67073 

11.446 -8.8347 0.38074 -8.8347 0.38074 -8.3585 0.70655 

11.471 -9.2502 0.39711 -9.2502 0.39711 -8.7638 0.74524 

11.496 -9.6878 0.41479 -9.6878 0.41479 -9.1904 0.78709 

11.522 -10.149 0.43393 -10.149 0.43393 -9.6399 0.83242 

11.548 -10.637 0.45469 -10.637 0.45469 -10.114 0.8816 

11.573 -11.152 0.47728 -11.152 0.47728 -10.614 0.93508 

11.599 -11.699 0.5019 -11.699 0.5019 -11.143 0.99329 

11.625 -12.279 0.52881 -12.279 0.52881 -11.701 1.0567 

11.651 -12.896 0.55831 -12.896 0.55831 -12.291 1.1258 

11.678 -13.553 0.59074 -13.553 0.59074 -12.915 1.2012 

11.704 -14.254 0.62649 -14.254 0.62649 -13.573 1.2829 

11.731 -15.005 0.66606 -15.005 0.66606 -14.264 1.3712 

11.757 -15.811 0.71 -15.811 0.71 -14.985 1.4649 

11.784 -16.676 0.75896 -16.676 0.75896 -15.727 1.5607 

11.811 -17.61 0.81378 -17.61 0.81378 -16.466 1.6492 

11.838 -18.62 0.87542 -18.62 0.87542 -17.145 1.7018 

11.865 -19.714 0.94502 -19.714 0.94502 -17.61 1.6145 

11.892 -20.907 1.0241 -20.907 1.0241 -17.374 0.82711 

11.919 -22.209 1.1144 -22.209 1.1144 -17.448 -6.1196 

11.947 -23.638 1.2181 -23.638 1.2181 -30.094 -1.2494 

11.974 -25.212 1.3382 -25.212 1.3382 -29.392 2.2583 

12.002 -26.956 1.4781 -26.956 1.4781 -30.219 3.2205 

12.03 -28.897 1.6425 -28.897 1.6425 -31.834 3.8758 

12.058 -31.073 1.8376 -31.073 1.8376 -33.962 4.525 

12.086 -33.527 2.0715 -33.527 2.0715 -36.546 5.2612 

12.114 -36.315 2.3549 -36.315 2.3549 -39.612 6.1448 

12.143 -39.512 2.7032 -39.512 2.7032 -43.236 7.2423 

12.171 -43.215 3.1379 -43.215 3.1379 -47.534 8.6405 

12.2 -47.55 3.6894 -47.55 3.6894 -52.674 10.466 

12.229 -52.699 4.4045 -52.699 4.4045 -58.899 12.92 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

12.257 -58.91 5.3544 -58.91 5.3544 -66.548 16.322 

12.287 -66.542 6.6532 -66.542 6.6532 -76.103 21.22 

12.316 -76.15 8.4967 -76.15 8.4967 -88.269 28.614 

12.345 -88.595 11.235 -88.595 11.235 -103.98 40.433 

12.374 -105.31 15.549 -105.31 15.549 -124.22 60.682 

12.404 -128.9 22.92 -128.9 22.92 -148.37 98.261 

12.434 -164.4 37.028 -164.4 37.028 -164.74 171.58 

12.464 -222.5 69.046 -222.5 69.046 -115.85 291.26 

12.494 -324.83 164.77 -324.83 164.77 59.494 334.49 

12.524 -384.96 559.18 -384.96 559.18 170.41 222.29 

12.554 378.83 606.69 378.83 606.69 171.93 125.66 

12.585 348.28 177.03 348.28 177.03 148.34 74.786 

12.615 242.2 72.55 242.2 72.55 125.96 48.221 

12.646 181.93 38.419 181.93 38.419 108.27 33.276 

12.677 145.33 23.6 145.33 23.6 94.599 24.2 

12.708 121.14 15.929 121.14 15.929 83.927 18.334 

12.739 104.06 11.469 104.06 11.469 75.449 14.345 

12.771 91.375 8.651 91.375 8.651 68.581 11.516 

12.802 81.607 6.7608 81.607 6.7608 62.924 9.4422 

12.834 73.859 5.4324 73.859 5.4324 58.194 7.8783 

12.866 67.568 4.464 67.568 4.464 54.187 6.6716 

12.898 62.356 3.7359 62.356 3.7359 50.749 5.7207 

12.93 57.97 3.1751 57.97 3.1751 47.771 4.9588 

12.962 54.231 2.7343 54.231 2.7343 45.169 4.3393 

12.995 51.003 2.3812 51.003 2.3812 42.874 3.8286 

13.027 48.189 2.0941 48.189 2.0941 40.836 3.4029 

13.06 45.716 1.8578 45.716 1.8578 39.017 3.0445 

13.093 43.523 1.6607 43.523 1.6607 37.381 2.7397 

13.126 41.566 1.4947 41.566 1.4947 35.903 2.4785 

13.16 39.811 1.3537 39.811 1.3537 34.562 2.253 

13.193 38.226 1.2327 38.226 1.2327 33.338 2.0569 

13.227 36.787 1.1283 36.787 1.1283 32.219 1.8854 

13.261 35.478 1.0376 35.478 1.0376 31.19 1.7346 

13.295 34.278 0.95813 34.278 0.95813 30.242 1.6011 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

13.329 33.177 0.88826 33.177 0.88826 29.365 1.4826 

13.363 32.163 0.8265 32.163 0.8265 28.552 1.3768 

13.398 31.224 0.77159 31.224 0.77159 27.795 1.282 

13.432 30.354 0.72259 30.354 0.72259 27.09 1.1966 

13.467 29.546 0.6787 29.546 0.6787 26.431 1.1197 

13.502 28.791 0.63919 28.791 0.63919 25.814 1.0499 

13.538 28.087 0.60354 28.087 0.60354 25.235 0.98648 

13.573 27.427 0.57126 27.427 0.57126 24.691 0.92872 

13.609 26.808 0.54192 26.808 0.54192 24.178 0.87592 

13.644 26.225 0.51519 26.225 0.51519 23.694 0.82753 

13.68 25.677 0.49078 25.677 0.49078 23.237 0.78311 

13.717 25.159 0.46841 25.159 0.46841 22.804 0.74219 

13.753 24.67 0.44788 24.67 0.44788 22.393 0.70444 

13.79 24.207 0.42899 24.207 0.42899 22.004 0.66956 

13.826 23.769 0.41157 23.769 0.41157 21.633 0.63722 

13.863 23.352 0.39547 23.352 0.39547 21.281 0.60721 

13.901 22.956 0.38057 22.956 0.38057 20.945 0.57933 

13.938 22.579 0.36675 22.579 0.36675 20.625 0.55334 

13.975 22.22 0.35391 22.22 0.35391 20.319 0.52909 

14.013 21.878 0.34196 21.878 0.34196 20.027 0.50646 

14.051 21.55 0.33082 21.55 0.33082 19.747 0.48526 

14.089 21.238 0.32043 21.238 0.32043 19.479 0.4654 

14.128 20.939 0.31072 20.939 0.31072 19.222 0.44678 

14.166 20.652 0.30162 20.652 0.30162 18.976 0.42927 

14.205 20.377 0.2931 20.377 0.2931 18.739 0.41281 

14.244 20.114 0.28511 20.114 0.28511 18.512 0.39731 

14.283 19.861 0.2776 19.861 0.2776 18.293 0.38269 

14.323 19.618 0.27054 19.618 0.27054 18.082 0.36889 

14.363 19.384 0.2639 19.384 0.2639 17.88 0.35586 

14.403 19.159 0.25763 19.159 0.25763 17.684 0.34353 

14.443 18.942 0.25172 18.942 0.25172 17.495 0.33185 

14.483 18.733 0.24615 18.733 0.24615 17.313 0.32079 

14.524 18.531 0.24088 18.531 0.24088 17.138 0.3103 

14.564 18.337 0.2359 18.337 0.2359 16.968 0.30034 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

14.605 18.149 0.23118 18.149 0.23118 16.803 0.29088 

14.647 17.968 0.22672 17.968 0.22672 16.644 0.28189 

14.688 17.792 0.22248 17.792 0.22248 16.49 0.27333 

14.73 17.623 0.21847 17.623 0.21847 16.341 0.26518 

14.772 17.459 0.21466 17.459 0.21466 16.197 0.25742 

14.814 17.3 0.21104 17.3 0.21104 16.057 0.25002 

14.856 17.145 0.2076 17.145 0.2076 15.921 0.24296 

14.899 16.996 0.20433 16.996 0.20433 15.789 0.23622 

14.942 16.851 0.20122 16.851 0.20122 15.66 0.22978 

14.985 16.711 0.19826 16.711 0.19826 15.536 0.22363 

15.029 16.575 0.19544 16.575 0.19544 15.414 0.21775 

15.072 16.442 0.19275 16.442 0.19275 15.297 0.21213 

15.116 16.314 0.19019 16.314 0.19019 15.182 0.20675 

15.161 16.189 0.18776 16.189 0.18776 15.07 0.2016 

15.205 16.068 0.18543 16.068 0.18543 14.961 0.19668 

15.25 15.949 0.18321 15.949 0.18321 14.855 0.19196 

15.295 15.835 0.18109 15.835 0.18109 14.751 0.18746 

15.34 15.723 0.17906 15.723 0.17906 14.65 0.18314 

15.385 15.614 0.17713 15.614 0.17713 14.551 0.17901 

15.431 15.508 0.17528 15.508 0.17528 14.454 0.17508 

15.477 15.404 0.17352 15.404 0.17352 14.36 0.17131 

15.524 15.304 0.17183 15.304 0.17183 14.267 0.16773 

15.57 15.206 0.17022 15.206 0.17022 14.176 0.16433 

15.617 15.11 0.16868 15.11 0.16868 14.086 0.16112 

15.664 15.017 0.1672 15.017 0.1672 13.998 0.15809 

15.712 14.926 0.1658 14.926 0.1658 13.911 0.15527 

15.76 14.837 0.16445 14.837 0.16445 13.825 0.15267 

15.808 14.75 0.16316 14.75 0.16316 13.74 0.15034 

15.856 14.665 0.16193 14.665 0.16193 13.655 0.14832 

15.905 14.582 0.16075 14.582 0.16075 13.57 0.14669 

15.954 14.501 0.15962 14.501 0.15962 13.483 0.14559 

16.003 14.422 0.15854 14.422 0.15854 13.395 0.14527 

16.052 14.345 0.15751 14.345 0.15751 13.302 0.14614 

16.102 14.27 0.15652 14.27 0.15652 13.203 0.14903 
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𝝀𝟎(𝝁𝒎) 𝜺𝒙𝒙
′  𝜺𝒙𝒙

′′  𝜺𝒚𝒚
′  𝜺𝒚𝒚

′′  𝜺𝒛𝒛
′  𝜺𝒛𝒛

′′  

16.152 14.196 0.15558 14.196 0.15558 13.093 0.15569 

16.203 14.123 0.15468 14.123 0.15468 12.961 0.1705 

16.254 14.053 0.15382 14.053 0.15382 12.784 0.20669 

16.305 13.983 0.15299 13.983 0.15299 12.501 0.3203 

16.356 13.916 0.15221 13.916 0.15221 11.965 0.9369 

16.408 13.849 0.15145 13.849 0.15145 14.047 1.9799 

16.46 13.784 0.15074 13.784 0.15074 13.824 0.45336 

16.512 13.721 0.15005 13.721 0.15005 13.45 0.2306 

16.565 13.658 0.1494 13.658 0.1494 13.245 0.16908 

16.618 13.597 0.14878 13.597 0.14878 13.107 0.14343 
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Appendix D 

Hollow-core waveguide impedance 

D.1 PEC rectangular waveguide impedance 

Suppose that E and H-field transversal components are associated to rms voltage and 

current as follows: 

𝐸𝑥 =
𝑉

𝑎
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 

𝐻𝑦 =
2𝐼

𝑏
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 

Then, power flowing inside the waveguide is given by the Poynting vector and: 

𝑃 = ∬�⃗� × �⃗⃗� ∗ ∙ 𝑑𝑠 = −
2𝑉𝐼

𝑎𝑏
∫ ∫ cos2

𝜋𝑦

𝑏
𝑑𝑥

𝑎
2⁄

−𝑎
2⁄

𝑑𝑦

𝑏
2⁄

−𝑏
2⁄

=
2𝑉𝐼

𝑎𝑏
∫ cos2

𝜋𝑦

𝑏
𝑑𝑦

𝑏
2⁄

−𝑏
2⁄

∫ 𝑑𝑥

𝑎
2⁄

−𝑎
2⁄

 

𝑃 =
2𝑉𝐼∗

𝑎𝑏

1

2
∫ (cos

2𝜋𝑦

𝑏
+ 1)𝑑𝑦

𝑏
2⁄

−𝑏
2⁄

(𝑥 |
𝑎

2⁄
−𝑎

2⁄
) =

𝑉𝐼∗

𝑎𝑏
𝑎 (

𝑏

2𝜋
sin

2𝜋𝑦

𝑏
+ 𝑦) |

𝑏
2⁄

−𝑏
2⁄

=
𝑉𝐼∗

𝑏
𝑏 = 𝑉𝐼∗ 

 𝑃 = 𝑉𝐼∗ (D.1.1) 
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x-component of the electric field and y-component of the magnetic field are related 

by the wave impedance 𝜂𝑇𝐸 .  

𝐸𝑥

𝐻𝑦
=

𝑉𝑏

2𝐼𝑎
= 𝜂𝑇𝐸 =

𝜔𝜇0

𝛽
 

Then, current can be written as a function of rms voltage V, waveguide dimensions 

a,b and phase constant 𝛽: 

𝐼 =
𝑉𝑏𝛽

2𝑎𝜔𝜇0
 

Replacing 𝐼 in (A.1.1) gives: 

𝑃 = 𝑉𝐼∗ =
𝑉𝑉∗𝑏𝛽

2𝑎𝜔𝜇0
=

|𝑉|2

2𝑎𝜔𝜇0

𝑏𝛽

 

Clearly, waveguide impedance can be formally described as: 

𝑍𝑜 =
2𝑎𝜔𝜇0

𝑏𝛽
=

2𝑎(2𝜋𝑓)𝜇0

𝑏 (
2𝜋

𝜆𝑔
)

=
2𝑎 (

𝑐

𝜆0
) 𝜇0𝜆𝑔

𝑏
 

𝑍𝑜 =
𝜇0

√𝜀0𝜇0

2𝑎

𝑏

𝜆𝑔

𝜆0
= √

𝜇0

𝜀0

2𝑎

𝑏

𝜆𝑔

𝜆0
 

 

 𝑍𝑜 = √
μ0

ε0

2𝑎

𝑏

𝜆𝑔

𝜆0
 (D.1.2) 
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D.2 SPhP-enhanced rectangular waveguide impedance 

In this case, electric and magnetic fields have a dependence on x and y. Then, let 𝐸𝑥 

and 𝐻𝑦 be: 

𝐸𝑥 = 𝐶
𝑉

𝑎
cosh

𝜋𝑥

𝑎
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 

𝐻𝑦 = 𝐷
𝐼

𝑏
cosh

𝜋𝑥

𝑎
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 

where C and D are normalization coefficients to be determined. 

Power flowing inside the waveguide is given by: 

𝑃 = ∬�⃗� × �⃗⃗� ∗ ∙ 𝑑𝑠 =
𝐶𝐷𝑉𝐼∗

𝑎𝑏
∫ ∫ cosh2

𝜋𝑥

𝑎
cos2

𝜋𝑦

𝑏
𝑑𝑥

𝑎
2⁄

−𝑎
2⁄

𝑑𝑦

𝑏
2⁄

−𝑏
2⁄

 

=
𝐶𝐷𝑉𝐼∗

𝑎𝑏
∫ cos2

𝜋𝑦

𝑏
𝑑𝑦 ∫ cosh2

𝜋𝑥

𝑎
𝑑𝑥

𝑎
2⁄

−𝑎
2⁄

𝑏
2⁄

−𝑏
2⁄

 

=
𝐶𝐷𝑉𝐼∗

𝑎𝑏
∫

1

2
(cos

2𝜋𝑦

𝑏
+ 1) 𝑑𝑦

𝑏
2⁄

−𝑏
2⁄

∫
1

2
(cosh

2𝜋𝑥

𝑎
+ 1) 𝑑𝑥

𝑎
2⁄

−𝑎
2⁄

 

𝑃 =
1

4

𝐶𝐷𝑉𝐼∗

𝑎𝑏
[(

𝑏

2𝜋
sin

2𝜋𝑦

𝑏
+ 𝑦) |

𝑏
2⁄

−𝑏
2⁄
] [(

𝑎

2𝜋
sinh

2𝜋𝑥

𝑎
+ 𝑥) |

𝑎
2⁄

−𝑎
2⁄
] 

𝑃 =
1

4

𝐶𝐷𝑉𝐼∗

𝑎𝑏
[𝑏] [

𝑎

2𝜋
(sinh𝜋 − sinh−𝜋) + 𝑎] 

𝑃 =
𝐶𝐷𝑉𝐼∗

𝑎𝑏

𝑎𝑏

4
[
1

2𝜋
(2 sinh𝜋) + 1] 
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𝑃 =
𝐶𝐷𝑉𝐼∗

4
[
sinh𝜋

𝜋
+ 1] 

Power P must be equal to 𝑉𝐼∗, therefore C and D are such that: 

 
𝑃 =

𝐶𝐷𝑉𝐼∗

4
[
sinh𝜋

𝜋.
+ 1]

= 𝑉𝐼∗ 

(A.2.1) 

Then,  

𝐶𝐷 =
4𝜋

sinh𝜋 + 𝜋
 

Indeed, suppose C and D are written by: 

𝐶 = 4𝜋 

𝐷 = (sinh𝜋 + 𝜋)−1 

E-field and H-field transversal components are now fully determined and are 

function of rms voltage and current: 

𝐸𝑥 =
4𝜋𝑉

𝑎
cosh

𝜋𝑥

𝑎
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 

𝐻𝑦 =
𝐼

(sinh𝜋 + 𝜋)𝑏
cosh

𝜋𝑥

𝑎
cos

𝜋𝑦

𝑏
𝑒−𝑗𝛽𝑧 

Electric and magnetic fields transversal components are related to wave impedance 

𝜂𝑇𝐸 . 

𝜂𝑇𝐸 =
𝜔𝜇𝑜

𝛽
=

𝐸𝑥

𝐻𝑦
 

Then, 
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𝜔𝜇𝑜

𝛽
=

4𝜋𝑉

𝑎

𝑏(sinh𝜋 + 𝜋)−1

𝐼
→ 𝐼 =

𝛽

𝜔𝜇𝑜

4𝜋𝑉

𝑎

𝑏

sinh𝜋 + 𝜋
 

Replacing C, D, and 𝐼 in power expression gives: 

𝑃 = 𝑉𝐼∗ =
|𝑉|2

𝜔𝜇𝑜𝑎(sinh𝜋+𝜋)

4𝜋𝛽𝑏

 

Therefore, waveguide impedance is equal to: 

𝑍𝑆𝑃ℎ𝑃 =
𝜔𝜇𝑜𝑎(sinh𝜋 + 𝜋)

4𝜋𝛽𝑏
=

2𝜋𝑓𝜇𝑜𝑎(sinh𝜋 + 𝜋)

4𝜋
2𝜋

𝜆𝑔
𝑏

=

𝑐

𝜆0
𝜆𝑔𝜇𝑜𝑎(sinh𝜋 + 𝜋)

4𝜋𝑏
 

 𝑍𝑆𝑃ℎ𝑃 = √
μ0

ε0

𝜆𝑔

𝜆0

𝑎

4𝑏

(sinh𝜋 + 𝜋)

𝜋
 (D.2.2) 

 

 


