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Abstract
Title: A Queueing Theory-Based Modeling and Performance Analysis of Push-To-Talk
over Cellular Networks
Author: Hisham Zorghani
Advisor: Ivica Kostanic, Ph. D.

Public Safety organizations play a vital role in emergencies. Their ultimate
goal is to protect people and save lives and properties during disasters. Public safety
communities have been using narrowband Trunking systems for their
communications for decades. These systems were designed with only voice
communications in mind. Even though these narrowband systems have gone
throughout many enhancement phases, yet their data capabilities are still limited.
Long Term Evolution (LTE) has been selected by many countries including the
United States to be the platform for next-generation Public Safety Networks(PSN).
The 3GPP LTE standard is all-IP architecture mainly developed to boost its previous
standards data capabilities. Its tremendous data capabilities can support not only
Push-To-Talk but also Push-To-Multimedia. The review of the literature shows that
there is a shortage of studying the impact of the application nature of operation on
its Grade Of Service (GOS).
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This dissertation aims at developing a queue model by applying a
mathematical method called Queueing Theory to evaluate the performance of a PushTo-Talk application over LTE networks. A proper queueing model for a Push-ToTalk over LTE air-interface is analyzed and implemented in MATLAB and
SimEvents simulation. The results of the proposed mathematical model are
compared with the simulation results for validation.
The air-interface queue model considered the impact of the overflow traffic
on the performance of the system. The overflow traffic is resulting in group-call
requests failure retrial. Unlike the Erlang-B model, the study led to a state-dependent
model and that the Loss Probability LP is a more appropriate performance measure
than the Blocking Probability BP. The model shows a high level of accuracy between
mathematical and simulation results for low congested systems. As the network
becomes congested, the impact of the overflow traffic becomes more significant. The
mathematical model has been further tuned to compensate for the negative impact of
the overflow traffic in congested systems. Furthermore, long sessions timeout model
is suggested and analyzed if immediate system upgrade is not an available option.
This model help finding out an appropriate timeout period to maintain the desired
system Grade of Service GOS.
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Chapter 1: Introduction

1.1

Motivation
Nowadays, most of the communication systems used in public safety are

narrowband and were mainly developed for voice communication. Push-To-Talk is
a multicast group-call half-duplex type of communication that Emergency First
Responders (EFR) heavily rely on. Recently, migrating Land Mobile Radio (LMR)
systems into Long Term Evolution LTE system has received much attention in
academia, industry and standardization bodies. LTE has emerged as a broadband
communication technology that can transform public safety communication by
providing a broadband mission-critical voice and data. LTE and LTE-Advanced
technologies designed mainly to boost data rates, improve system capacity and
coverage, provide low latency transmission, reduce operation cost and increase
spectrum efficiency of mobile networks. Public safety organizations such as APCO
has endorsed LTE as a preferred broadband technology of next-generation Public
Safety Networks in the United States. [1]
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With a mature LTE and its enabling technologies, which can offer higher data
rates, more services and applications are being developed such as a Push-To-X
application. Push-To-X has capabilities of using pictures, real-time video, and big
file transfer services. In the United States, FirstNet is developing a nationwide
wireless network based on LTE technology dedicated only for Emergency First
Responders to modernize their communication and keep them connected every day
and during every emergency. [2]
In cellular networks, Erlang-B and Erlang-C formulas are two widely used
models for traffic planning. These models are so idealized that they do not well
describe the actual Push-To-Talk over LTE scenario. Network simulation and traffic
analysis studies in communication systems are used to determine operational
performance and also to identify the location of a possible network bottleneck.
Traffic modeling is essential for network design. It is used to estimate network
resource utilization and also for planning network developments. These studies may
be utilized as tools to improve reliability which is a mandatory requirement in public
safety communication. [3] The review of the literature shows that there is a shortage
of studying the impact of Push-To-Talk over LTE networks nature of operation on
the performance of the system.
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1.2

Objectives
The main goal of the research proposed in this dissertation is to investigate

the performance of Push-To-Talk over LTE networks. The system Grade Of Service
GOS is the major performance measure of this research. To mathematically
investigate the system, a proper model of the system has been formulated.
Representation of the system has been done by a mathematical branch known as
queueing theory. Erlang-B and Erlang-C are two widely used models in lossy circuitswitched and lossless packet-switched systems respectively. Since many
assumptions of these two models do not well describe the actual Push-To-Talk over
LTE scenario, it cannot accurately work out its call Blocking Probability. Push-ToTalk over LTE calls have many distinguishing features over regular LTE phone calls.
Typically, Push-To-Talk is a short instant one-to-one or one-to-many calls.
Additionally, Push-To-Talk is a half-duplex type of communication where
only one terminal can talk at a time, and others are listeners. Push-To-Talk users can
communicate directly without using network infrastructure if they are in their
proximity. This feature is known as talk around or direct mode. Prioritization and
pre-emption are also features of Push-To-Talk application. Two major contributions
are achieved throughout this research work. Firstly, a proper Push-To-Talk over LTE
air-interface model is mathematically derived by using queueing theory. More
realistic assumptions of the model have been analyzed and implemented in discrete-
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event simulation. The impact of the overflow traffic resulting in call failure retrial
has been studied. Then, the mathematical model has been validated and tuned against
the simulated model. Secondly, the timeout of long group-call sessions is studied to
improve the system performance when a system upgrade is not an alternative. This
model will help to find the more appropriate timeout period to maintain the system’s
GOS in congested networks.

1.3

Dissertation Outline
This dissertation is organized as follows. Chapter 2 provides a summary of

research work on Push-To-Talk over cellular networks. Chapter 3 discussed FirstNet
and the spectrum allocation for public safety in the United States as a case study.
Overview of the fundamentals of the queueing theory and traffic planning are
presented in Chapter 4. In Chapter 5, the Push-To-Talk over LTE network model is
mathematically developed and analyzed. Chapter 6 discussed the impact of the
overflow traffic on the system grade of service and proposed the timeout of long PTT
group call sessions. Chapter 7 presented the Push-To-Talk over LTE simulation
model implementation. In Chapter 8, a comparison between the results of the
mathematical model and the simulation model is presented, and the model is
modified to extend its validity. Finally, the summary and conclusions are drawn in
Chapter 9.
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Chapter 2: Literature Review

Over the last decade, there has been significant research work on improving
Public Safety Communication PSC capabilities. This section summarizes the latest
research done in migration LMR PSN to LTE PSN. For instance, in [4] and
[5]spectrum management techniques in PSC have been presented. In [6],
Communication of time-critical information as an important design factor in PSC
was introduced. [7] discussed cognitive radio technology as a way to efficiently use
the limited spectrum in the public safety scenario. [1] explored the Integration of
different wireless technologies into PSC to make it more reliable in a challenging
environment. [8] proposed a novel architecture of a TETRA core network to bring
TETRA access network into IP Media Subsystem IMS and Push-to-Talk over
Cellular PoC.
As per [5], voice over LTE has the potential to be the alternative option for
Land Mobile Radio LMR PSC scenario and then provide an overview of both LTE
and LMR networks in public safety communications. [9], [10] and [11] survey the
various wireless communication technologies, their standards, and the current
research related to the challenges of using these technologies in public safety
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networks. Whether LTE technology standard ready to meet the PSN strict
requirements is discussed in [12].
Many statistical models have been developed for commercial cellular
telephone networks such as Erlang-B and Erlang-C. However, few models available
for private cellular networks because they are mainly used by the public safety sector.
Furthermore, traffic data is classified as confidential and is not easily accessible. The
difference between the two networks suggests that models developed for commercial
cellular networks might not be suitable for private cellular public safety networks.
[13]
Authors in [14] proposed a novel traffic analysis method for Push-To-Talk
over cellular based on blocked calls retry. They suggested that the assumption of
Erlang-B formula is so idealized and cannot accurately estimate the blocking
probability of Push-To-Talk over Cellular PoC networks. They also introduced a
recall factor which represents the percentage of the blocked calls will be retried
again. Queueing theory has been used to develop the model and validated by
simulation results. They concluded that their assumptions were more appropriate to
estimate the blocking probability of the PoC networks.
Work in [15] proposed to share the existing commercial LTE and IMS
platform in order to implement Push-To-Talk service on it. The authors carried out
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real-world testing in the town of Caerphilly in Wales, UK. Many scenarios were
tested on a recently installed 4G LTE network. They conclude that the performance
of the application on a shared LTE network is not acceptable by strict requirements
of Public Safety Networks.

2.1

Public Safety Networks PSNs
A Public Safety Network PSN is a dedicated wireless network implemented

only to be used by Emergency First Responders EFRs. This network has better
situational awareness, low latency transmission, instant call setup time and highquality services to improve the efficiency of the EFR operations. The coverage of
this network can extend over a large geographical area and supports voice and data
transmission. PSNs are broadly classified into two categories: Narrowband and
Broadband. APCO-25 and TETRA standards are among narrowband LMR systems,
while mission-critical LTE-based standard falls under the broadband category. [8]

2.1.1 Narrowband Public Safety Networks PSNs
Land Mobile Radio LMR system is a narrowband wireless communication
system standard. It has been designed only for terrestrial in vehicles or on foot mobile
users. Users can use portable and mobile equipment, such as walkie-talkies or twoway digital radios. LMR systems have been widely used in military, commercial, and
emergency agencies as shown in Fig. 2.1.

8

Figure 2.1 Examples of LMR users

LMR system has been designed to provide mission-critical voice
communications for emergency response and to maintain robustness, reliability, and
interoperability. APCO-25 and TETRA are two widely used suites of standards in
North America and Europe, respectively. These two standards enable public safety
agencies to communicate with each other. However, these two standards are not
interoperable. [9] Figure 2.2 shows some of the available APCO-25 and TETRA
portables and mobile digital radios in the market.

Figure 2.2 Examples of APCO-25 and TETRA mobile digital radios
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2.1.1.1 APCO-25
APCO-25 standard has been upgraded from analog to digital since the 1990s.
Radios can operate in either digital or analog mode. APCO-25 technology has been
enhanced in three development phases. In Phase 1, the radio channel is 12.5 KHz and
can operate in analog, digital or mixed mode. The system uses continuous 4-level
frequency modulation (C4FM) technique, which is a non-linear modulation when
operating in digital mode. This modulation technique results in a bit rate of 9600
bits/s. In Phase 2, the system capacity is doubled. Phase 2 introduces a 2-slot TDMA
system which enables the system to provide two voice calls in 12.5 KHz channel. It
also focuses on interoperability with legacy equipment, roaming, and spectral
efficiency. In Phase 3, Project MESA (Mobility for Emergency and Safety
Applications) has launched in the year 2000 to define a unified set of requirements
for APCO-25. This project was a collaboration between the European
Telecommunications Standards Institute (ETSI) and the Telecommunication
Industry Association (TIA) to address the need for high-speed data for public safety
use. [9]

2.1.1.2 TETRA
TETRA suite of standards was produced by ETSI as a digital trunked mobile
radio standard in Europe. The standard developed to meet the needs of public safety
users. TETRA system mainly describes protocols working in layers 1-3 of the OSI
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model. Moreover, it is designed to operate in existing VHF and UHF professional
radio frequencies. TETRA has evolved with two releases driven by user needs and
emerged technologies. TETRA Release-1 is known as TETRA V+D standard. This
first TETRA standard release supports three operation modes. These modes are voice
plus data (V+D), direct operation mode (DOM), and packet data optimized (PDO).
The V+D mode allows switching between voice and data transmission, and it is the
most commonly used mode. The DOM supports direct communication between radio
terminals independent of the base station when they are in their communication
range. In DOM, voice, and data utilizing the same channel but different time slots,
however, it does not support full duplex radio communication, and calls can be either
clear or encrypted. PDO mode supports data-only communication to meet high
volume data demands. Applications, such as location services and critical
information

transfer

between

EFRs,

are

necessary

for

mission-critical

communications and they need a large amount of data. TETRA Release-2 introduced
additional functions and improvements to Release-1. The major enhancement in
Release-2 is data capacity which can support real-time duplex voice/video
communication and telemetry. With an adaptive modulation scheme and efficient
coding techniques, user bit rates can vary between 10 Kbits/s to 500 Kbits/s. [11]
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2.1.2 Broadband Public Safety Networks PSNs
LTE is the broadband wireless technology that supports high data
applications and services which are not possible with LMR Technology. Moreover,
LTE brings the benefits of lower cost and rapid consumer-driven evolution
technology. Table 1 shows some wireless technologies standards that can be used for
public safety broadband networks.
Table 2.1 Broadband wireless technologies for Public Safety Networks

Physical Layer
Duplex mode
User mobility
Channel
Bandwidth
Peak data rates
Spectral
efficiency
Latency
VoIP capcity

LTE (3GPP R8)

LTE-A (3GPP R10)

DL: OFDMA
UL: SC-FDMA
FDD and TDD
217 mph
(350 km/h)
1.4, 3, 5, 10, 15,
20MHz
DL: 302
Mbps(4x4)
UL: 75 Mbps (2x4)
at 20 MHz
DL: 1.91 bps/Hz
UL: 0.72 bps/Hz
Link layer < 5 ms
Handoff < 50 ms
80 users per
sector/MHz (FDD)

DL: OFDMA
UL: SC-FDMA
FDD and TDD
217 mph
(350 km/h)
Aggrgate
components of R8
DL: 1 Gbps
UL: 300 Mbps
DL: 30 bps/Hz
UL: 15 bps/Hz
Link layer < 5 ms
Handoff < 50 ms
>80 users per
sector/MHz (FDD)

WiMAX 802.16e
(R1.0)
DL: OFDMA
UL: OFDMA
TDD
37 to 74 mph
(60 to 120 km/h)

WiMAX 802.16m
(R2.0)
DL: OFDMA
UL: OFDMA
FDD and TDD
217 mph
(350 km/h)

3.5, 5, 7, 8.75, 10MHz

5, 10, 20, 40MHz

DL: 46 Mbps(2x2)
UL: 4 Mbps(1x2) at 10
MHz TDD 3:1 download
ratio)
DL: 1.91 bps/Hz
UL: 0.84 bps/Hz
Link layer ≈ 20 ms
Handoff ≈ 35-50 ms
20 users per sector/MHz
(TDD)

DL>350 Mbps (4x4)
UL >200 Mbps (2x4)
At 20 MHz FDD
DL: 2.6 pbs/Hz
UL: 1.3 bps/Hz
Link layer < 10 ms
Handoff < 30 ms
>30 users per sector/MHz
(TDD)

3GPP has developed LTE and LTE-A standards as the 4G broadband wireless
communication technology. The main purpose of the LTE standard is to improve
system capacity and coverage and reduce operating costs of wireless data networks.
LTE standardization work started in the year 2004 and continued for four years with
contribution from telecommunications corporations and Internet standardization
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bodies from all across the World. The LTE Release 8 was completed in 2008 and
later evolved to Release 9 with minor modifications and then to Release 10, also
known as the LTE-Advanced standard. [8], [16]
The question now is that: Is LTE standard meets the mission-critical MC
needs of first responders by just providing high data links in both directions? This
question is being answered by 3GPP. The mission-critical platform has been a key
priority of 3GPP since Rel-13. Mission Critical Push-To-Talk MCPTT was first
introduced in 2016 in Rel-13. Prior 3GPP standardization of multicast bearers
eMBMS, Group Communication System Enablers (GCSE) and D2D Proximity
Services (ProSe) were enhanced to be the technology enablers to MC domain in Rel13. MCPTT was the starting point of providing mission-critical MC services and
functionality. Enhancements to MCPTT, mission-critical data, mission-critical
video, Isolated E-UTRAN Operations, and High Power UE in band 14 were added
to Rel-14 and Rel-15. All these technology enablers with the high data rates offered
by LTE support mission-critical service requirements such as high-definition video
streaming, high-resolution photos, detailed maps, transfer of a big amount of data,
access to remote databases, and GPS services faster than ever before. However, some
other applications have to be either introduced or improved in 3GPP upcoming
releases to meet PSN stringent requirements. [17], [18]
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2.2

Challenges in Next-Generation Public Safety Networks
Even with advanced technologies in LTE standard, yet realizing the promises

of

broadband

mission-critical

communication

have

many

obstacles

in

implementations and deployments need to be overcome. Although early deployments
of broadband PSNs are underway, various challenges in architecture, protocols,
features, and operations are being addressed. [12] This section introduces some of
the challenges that may hinder the efficient operation of Emergency First Responders
EFRs and proposed solutions in the literature.

2.2.1 Network Congestion
At the time of emergency, the network activity spikes up, causing traffic
congestion in public safety networks. The probability of having any natural or
human-made emergency can be assumed as a discrete random event. In such events,
having a reliable communication network is crucial. Therefore, many published
research works have addressed reducing the impact of network congestion at the
emergency time by proposing technologies such as Licensed-Assisted Access (LAA)
of LTE to unlicensed bands, small cells, massive MIMO, vehicular network systems,
and Unmanned Aerial Vehicles UAVs. Nevertheless, network congestion is still an
open research topic. [19], [9]

14

2.2.2 Maintaining high throughput and connectivity
During the emergency, high data rate links, in both directions, play a vital
role in conveying critical information. Fast transactions of critical information
between EFRs help them gain a better situational awareness and therefore resolve
problems promptly. For example, in an emergency scenario when real-time
monitoring of the disaster location is required, high data rates would support realtime duplex voice and data communication. These real-time applications need high
data rates, and that requires broadband allocation of spectrum. On the other hand,
lower data rates cannot support applications of the next generation of mission-critical
operations. Traditional land mobile radio systems were designed to provide missioncritical voice, and better coverage but its data capacity is too low. High data rates of
3GPP LTE specifications can help enhance the capabilities of public safety systems.
However, LTE delivers less coverage area than that provides by LMR systems.
Moreover, LTE can also experience relatively low-quality service at the cell-edge.
This coverage issue in LTE cell-edge can be addressed by the deployment of UAVs
or vehicular network system. Maintaining connectivity, high throughput and high
quality of service at the cell-edge during emergency remain a challenge. [6], [20]

2.2.3 Call setup time / Low latency transmission
At emergency events, call setup time between first responders makes a
difference. A real word evaluation of push-to-talk over LTE records that the PTT call
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setup time was between 0.7-4.6 seconds. These results are not acceptable if compared
with call setup time in TETRA which is between 0.3-0.5 seconds. As per [8] TETRA
and mission-critical LTE will co-exist for a period soon. This publication suggested
bringing TETRA access network and LTE IMS core technologies together to provide
voice and data mission-critical communication and enhance the capabilities of public
safety systems. Information flows between first responders, especially in
emergencies, must be in sub-one-second. This low-latency transmission assures
high-quality voice and data communication which lead to effective disaster recovery
operations. Ultra-low latency transmission is required from all network equipment
and should meet the strict requirements of mission-critical communications. [21]

2.2.4 Public Safety Devices
Public Safety Devices include all user access devices that send and receive
information over the network. Smartphones, laptops, tablets and special devices will
be developed for FirstNet users. These devices should be rugged enough to withstand
in the harsh emergency environment but still, be easy to use and convenient to carry.

2.2.5 Direct Mode Operation
Direct communication mode is supported in LMR systems where public
safety personnel can communicate out-of-network coverage. This mode of
communication is listed as one of the key requirements for public safety which was
not in the scope of the 3GPP standard releases. As a result, 3GPP approved the first
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study item on Proximity Services (ProSe) in December 2012. This study item was
based on direct communication and aimed at public safety users. Then several workstudy items were initiated at 3GPP with a target of having a complete standard of
proximity service in Release-12 for public safety systems. Despite the technological
advancements, full and partial direct mode communication in PSC is still an open
research issue. [5], [12]

2.2.6 Interoperability
Public safety agencies cannot communicate seamlessly because of
interoperability issues include incompatible radio equipment or the use of different
frequency bands by various agencies. Because agencies do not all use the same
frequency band, their communication devices are not interoperable. Moreover, even
when agencies do use the same frequency band, different types of equipment may
not be interoperable. The interoperability failure that happened during September 11,
2001, incident was due to the incompatibility of equipment and frequency bands used
by various first responder agencies. The interoperability issue can lead to the
disruption of communication between EFRs and pose a risk to public lives. To solve
the interoperability problem and avoid communication failure between EFRs, all
agencies involved in public safety must use a unified spectrum, and their devices
must comply with unified policies and standard. [19]
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Chapter 3: Spectrum Allocation for Public Safety and
FirstNet in the US
3.1

Spectrum Allocation for Public Safety in The US
This section provides a brief overview of the spectrum used by public safety

agencies in the United States. The Federal Communications Commission (FCC) in
the United States is the regulatory entity which is responsible for regulating
communication by radio, television, wire, satellite, and cable in the whole country.
The main goal of the FCC is to implement and enforce communication low to ensure
an operable and interoperable public safety communication system in narrowband
and broadband. Spectrums in VHF, UHF, 700 MHz, 800 MHz, 900 MHz, and 4.9
GHz have been allocated to public safety based on the application and usage
scenario. [12]

3.1.1 VHF and UHF public safety spectrum
All LMRS public safety and commercial are narrowband and operate in 12.5
KHz. The VHF low band range is (25 MHz-50 MHz), while VHF high band is (150
MHz-174 MHz) and UHF band is (421 MHz-512 MHz). Licenses in VHF and UHF
for private land mobile used to operate in a channel bandwidth of 25 KHz. In 2013,
FCC mandated all existing licenses to operate on channel bandwidth of only 12.5
KHz. The UHF band (470 MHz-512 MHz) was previously allocated to UHF-TV
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sharing and was only available in limited areas in the United States. However, public
safety in many cities such as Boston (MA), Chicago (IL), Cleveland (OH), Dallas
(TX), Detroit (MI), Houston (TX), Philadelphia (PA), San Francisco (CA), Miami
(FL), New York (NY), and Washington DC were allowed to use UHF-TV
frequencies and were governed by FCC. As of February 2012, legislation was passed
to reallocate spectrum within the 700 MHz band in the D-Block for public safety
broadband systems. [9]

3.1.2 The 700 MHz Public Safety Spectrum
The 700 MHz Band consists of 108 MHz of spectrum band (698-806)MHz.
The signals in the 700 MHz spectrum has excellent propagation characteristics. This
feature allows the 700 MHz signals to travel longer distances and to penetrate
buildings and walls easily. Therefore, this spectrum band is appealing for both
commercial and public safety entities. On February 22, 2012, the U.S Congress
enacted the Middle-Class Tax Relief and Job Recovery Act of 2012. The Act directed
FCC to allocate the D-Block (758-763 MHz / 788-793 MHz) to be used for
broadband public safety network. The Act also formed the First Responder Network
Authority (FirstNet). FirstNet is an independent authority within the U.S.
Department of Commerce, and it is responsible for deploying and operating the
nationwide public safety broadband network. FirstNet will hold the license for both
the existing public safety broadband spectrum (763-769 MHz /793-799 MHz) and
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the reallocated D-Block. Figure 3.1 depicts the 700 MHz band for public safety
services. [9]

Figure 3.1 The 700 MHz Band Plan for Public Safety Services

3.1.3 The 800 MHz Public Safety Spectrum
The 800 MHz spectrum consists of frequency band 806-824 MHz paired with
frequency band 851-869 MHz. Public safety agencies such as police, firefighter, and
emergency medical personnel operate in several portions within this spectrum.
Commercial wireless systems also utilize the 800 MHz spectrum. In July 2004, FCC
adopted a plan to reconfigure this band because of the growing problem of
interference between public safety communication and commercial wireless systems.
The reconfiguration of the 800 MHz was designed to fulfill FCC’s obligation to
promote public safety through wire and radio communication. Figure 3.2 illustrates
the 800 MHz band FCC reconfiguration plan. [9]
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Figure 3.2 The 800 MHz band FCC reconfiguration plan

3.1.4 The 900 MHz Public Safety Spectrum
Various commercial (utility, transportation, and manufacturing) and noncommercial (medical, and educational) entities are allowed to file licenses in 900
MHz business and industrial land transport (B/ILT). Figure 3.3 shows the 900 MHz
spectrum band plan. [9]

Figure 3.3 The 900 MHz band configuration plan

3.1.5 The 4.9 GHz Public Safety Spectrum
In 2002, FCC allocated 50 MHz of spectrum in the (4940-4990 MHz) band
for fixed and mobile services. This band is designated to support public safety. Nontraditional public safety entities such as utilities and commercial entities can operate
in 4.9 GHz band in support of public safety and homeland security operation. This
band supports a wide variety of broadband applications such as wireless LANs for
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incident scene management, Wi-fi hotspots, voice over IP (VoIP) and fixed point-topoint video surveillance. [5]

3.2

FirstNet Public Safety Network in the US
FirstNet is an independent authority within the U.S. Department of

Commerce. In 2012, the Congress authorized FirstNet to develop, build and operate
the nationwide LTE broadband network that equips first responders to save lives and
protect U.S. communities. The FCC mandates the 700 MHz public safety broadband
network operators to adopt 3GPP LTE standards as the broadband technology for
nationwide broadband public safety network. The focus was on overall architecture
that fulfills the strict requirements of mission-critical voice and data communication
in the 700 MHz band. Figure 3.4 illustrates the FirstNet architecture. The FirstNet is
dedicated to public safety services and will be based on LTE standard. LTE is an
evolving technology which now in its fourth generation. FirstNet is now involved in
the standard process to support the development of standard and functionality to meet
mission-critical requirements.
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Figure 3.4 FirstNet network architecture

The Core will include functionality such as Push-To-Talk, Direct mode,
Group Calling, Emergency Alerting, and Talker Identification. FirstNet defines its
network architecture in four layers: Core Network, Transport Backhaul, Radio
Access Network (RAN) and Public Safety Devices as shown in Fig. 3.5. [2]

Figure 3.5 FirstNet four-layer architecture
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3.2.1 Core Network
The key component of the core network is to ensure that users have a single
interoperable platform nationwide. This layer has six major functions: it switches
data, processes and reformats information, stores and maintains data and keeps it
secure. Services and applications also reside in the core network. State, local and
federal networks including 911 will interface FirstNet through the core network. The
core network will play an essential role in serving as a giant umbrella covering all
the United States. Each radio access network (RAN) for every State will be
connected to the core network via the Backhaul layer.

3.2.2 Transport Backhaul
The transport backhaul layer is a critical part of the network. It ensures user
traffic, such as voice, video, and data is seamlessly delivered from the radio base
stations to the core network.

3.2.3 Radio Access Network (RAN)
Radio Access Network portion of the network includes all radio base stations.
Radio base station can be fixed (cell tower) or mobile (vehicular system or UAV).
RANs connect user devices to the core network over any means of wireless
infrastructure. RAN planning is required to optimize network coverage and capacity.
Tens of thousands of radio base stations, as an initial estimate, are needed to cover
99 percent of the population and the national highway system. FirstNet will set up a
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RAN deployment plan that considers every state coverage expectation and priorities.
This deployment plan must meet mission-critical public safety requirements.

3.2.4 Public Safety Devices
Public Safety Devices include all user access devices that send and receive
information over the network. Smartphones, laptops, tablets and special devices will
be developed for FirstNet users. These devices should be rugged enough to withstand
in the harsh emergency environment but still, be easy to use and convenient to carry.
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Chapter 4: Queuing Systems and Traffic Planning
In general, cellular networks are designed to provide communication services
to their subscribers. Telecommunication traffic is generated by network users in
forms of phone conversations, text messages, file transfer, audio, and video
transmission, and many other communication services offered by the network.
Typically, at any given time, a small portion of the network subscribers access the
network. Therefore, cellular networks allow for resource sharing between their users.
This resource sharing helps reduce the cost of cellular network deployment and at
the same time increases its resource utilization and efficiency. However, access to
network services may be denied because of a shortage of available communication
resources. Traffic planning is defined as the practice used by engineers to balance
between the cost of cellular network implementation and its performance. Queueing
theory is a mathematical area of study that deals with waiting lines and queues in
many fields, for example, in telephone systems, in a supermarket, at a gas station, in
computer systems. This theory became a field of applied probability, especially in
the wireless system’s traffic engineering. The quality of Service (QoS) received by
any system depends on the immediate availability of system resources, waiting time
to get the required service and total time in the system.
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4.1

Queueing Systems
Figure 4.1 illustrates a queue system in its general form representation. The

analysis of any queue system can lead to useful results. To study and analyze any
queue system, some important terms and variables need to be presented. [22]

Figure 4.1 Systematic representation of a queueing system

4.1.1 Source Population
The source population of a queue system includes all users who are
authorized to access the services offered by the system. The size of the source
population is attributed as a finite or infinite source population. Finite source
population is considered when the number of service requests depends on the number
of requests that are being served. On the other hand, the number of service requests
does not depend on the number of requests that are being served in an infinite
population system. Infinite source population is easier to describe a queue system
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mathematically. However, this assumption of an infinite source population can only
be appropriate if the ratio between the number of eligible users and the total number
of servers is relatively large.

4.1.2 Erlangs
Erlangs (E) is the unit used to measure the traffic generated by the system
users. A single user generates traffic in Erlangs equals to the average time that a
specific user occupies the system resource. Figure 4.2 shows the average traffic
generated by a single user. This user made three calls of duration t1, t2, and t3 during
average time T. Equation 4.1 calculates the traffic in Erlang generated by this user.

Figure 4.2 Average traffic generated by a single user

A=

t1 + t2 + t3
T

(E)

(4.1)

The maximum traffic that can be handled by a single resource is 1 Erlang.
From (4.1), the user can generate 1 Erlang of traffic if and only if the user occupies
the system resource for the entire average time T. Typically, average time T is 1 hour
to make sure an accurate estimation of system performance in cellular networks.
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4.1.3 Arrival Rate
The volume of traffic generated in the queue system can be measured by the
arrival rate. The arrival rate is the number of service requests arrives at the queue
system in specific unit time. The performance of the queue system depends not only
on the average service requests arrival rate but also on its statistical distribution.
Intuitively, the queue system will perform better if service requests arrive equally
apart in time. A queue system needs relatively fewer resources to keep the same
system performance when service requests arrive equally apart in time than when
randomly arrive. Therefore, the statistical distribution of the arrival rate is important
to estimate the performance of the queue system accurately. The interarrival times
between every two consecutive service requests are used to identify the distribution
of the arrival rate.

4.1.4 Queues
The queues are the places where the system can hold the service requests that
arrive when all resources are busy. The number of service requests that the system
can hold is referred to as queue capacity. The queue system is classified as lossless
when the system has infinite queue capacity. However, the lossy queue system has
finite queue capacity. If the queue capacity is zero, the system is referred to as a loss
system.
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4.1.5 Servers
Each queue system provides service to its eligible customers and the part of
the system that executes the service task is referred to as a server. In everyday life, a
shared printer in the office, a toll booth on the highway, a cashier in a supermarket
are some examples of servers.

4.1.6 Service Time
In general, the time that the user spends in the server to allow it performs the
service intended is referred to as service time. Service time can be either
deterministic or random. In cellular systems, service time is commonly referred to as
Call Holding Time CHT, and it is seen as a random variable. Therefore, the statistical
distribution of the CHT is required to estimate the performance of the queue system
accurately.

4.1.7 Service Rate
The service rate is the number of users that leave the system after being
served in a given unit time. The service rate can be determined by calculating the
inverse of the average service time.

4.1.8 Service Discipline
There are times when all system resources are busy and new requests placed
in the system queue. When one of the system resources becomes available, one of
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the queued requests will be allocated the available resource. The criteria that are
followed to allocate the available resource is referred to as the queue discipline. Some
of the common queue disciplines are: First Come First Serve (FCFS), Last Come
First Serve (LCFS) and Priority Queue.

4.2

Poisson Process
As mentioned earlier, the interarrival times between every two consecutive

service requests are used to identify the statistical distribution of the arrival rate. This
distribution is very important to study the behavior of the queue system and
accurately estimate the system resources required to maintain a certain system grade
of service. In practice, measurements and observations have revealed that the Poisson
Process is an appropriate assumption for service request arrivals in cellular networks.
[22] In this research study, this assumption is adopted to evaluate Push-To-Talk over
Cellular network. For that reason, this section will introduce a brief overview of this
statistical process.
Let N(t) be a function of time describes a random process. This random
process counts a certain random event. Let this counting process starts at t0 and ends
at tn. The function N(t) will be gradually stepping through positive integers over the
interval (t0, tn]. This type of process is referred to as a counting process. Figure 4.3
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shows an example of a counting process. A stochastic counting process must satisfy
the following conditions [23]:
•

N(0) = 0

•

N(t) is only positive integers

•

N(t1) ≤ N(t2) for t1 < t2, i.e. N(t) is non-decreasing integer function, and

•

N(t2) – N(t1), gives the number of events that occurred in the interval (t1, t2]

Figure 4.3 Example of a counting process

In addition to the previous counting process conditions, the Poisson Process
satisfies the following conditions:
•

The number of events occurs during any two non-overlapping time intervals
are independent random variables.
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•

The distribution of the events is independent of the beginning time and only
depends on the interval length.

•

The probability of having exactly one event in a time interval h is given by
P{N(h) =1} = λh + o(h)

(4.2)

where λ is a constant
•

The probability of having more than one event occurs in a time interval h is
given by
P{N(h) >1} = o(h)

(4.3)

o(h) in (4.2) and (4.3) indicates a function that tends to zero faster than the
value of h. Therefore, the impact of the function o(h) can be neglected as h becomes
smaller. In summary, the events in the Poisson Process occurs in a constant rate λ
and only one event at a time. Also, the process is memoryless since the distribution
of events in any time interval is independent of the distribution of events in any
previous non-overlapping time interval. Some of Poisson Process properties are as
follows: [24], [25]
•

The probability of having k events in a time interval t is given by

(λt)k
P{ Y = k} = exp (-λt)
k!

(4.4)
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•

The interarrival time τ between events is an exponentially distributed random
variable with mean 1/λ. Therefore, the probability density function of the
interarrival time is given by

pdf (τ) = λ exp (-λτ)

4.3

(4.5)

Kendall’s Notation
Kendall’s notation is a standard notation form used to describe queueing

system properties. A/B/C/K/m/Z form is a queue system notation. The interpretation
of each letter is as follows:
A
B
C
K
m
Z

- statistical distribution of the interarrival time
- statistical distribution of service times
- the number of system resources
- system capacity or the maximum number of users in the system
- population size
- queue discipline

If the system capacity and population size are infinite and the queue discipline is
First Come First Serve FCFS, the last three indicators of the notation are omitted.

4.4

Birth and Death Processes
In general, each service request arrives at a queue system is allocated a

resource and eventually that user leaves the system after being served. This process
can be viewed as birth and death processes. Every arriving request is considered as
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birth, and every served one is considered as death. The birth rate λ and the death rate
µ can be either constant or system state dependent. In practice, the mathematical
model of any queue system can be derived by using the framework of the birth and
death processes.

4.5

Birth and Death State Diagram
The birth and death state diagram is the visual representation of the birth and

death processes. Figure 4.4 illustrates an example of the birth and death state
diagram. The numbers in the circles indicate the number of users in the queue system.
The values of λi and µ i indicate the birth rate and the death rate at system state i
respectively. The transitions are allowed only between nearest neighbors. Also, the
only birth transition is allowed from state zero.

Figure 4.4 Birth and Death state diagram

4.6

Quality of Service QoS
In general, the performance measure of a system quality or quality of service

(QoS) is defined based on the nature of the service provided by the system. For
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example, in lossy systems, the most appropriate indicator of the system performance
is the probability of blocking. Blocking probability is the probability of the queue
system having all its resources busy. Therefore, any new service request to the system
will be rejected. In practice, blocking probability is referred to as the Grade Of
Service (GOS), and it is given by

GOS = 1 -

Served Traffic
Offered Traffic

(4.6)

However, in lossless systems, GOS is not a valid measure of the system
quality. These systems allow for holding service requests in a queue when all
resources are occupied. The probability of delay and the number of service requests
in the queue are more meaningful performance measures in such systems.
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Chapter 5: PTT over LTE Air-Interface Model
5.1

Queue System Modeling
To mathematically investigate the performance of any queue system, a model

of the system must be constructed. In order to rely on the result of the model under
study, the model should include proper assumptions that express the system
behavior. In this chapter, Push-To-Talk over LTE air-interface model will be
mathematically represented and analyzed by using the queueing theory. Some
relevant performance measures will also be derived in the light of the queueing
theory as well. The system grade of service GOS is the major performance measure
of this research. Erlang-B and Erlang-C are two popular models in wireless cellular
networks used for traffic planning. Since many assumptions of these two models are
quite general, they cannot accurately address Push-To-Talk over LTE network
performance. A Push-To-Talk over LTE call has many unique features over a regular
phone call. Typically, Push-To-Talk is a short instant one-to-one or one-to-many
group call. Also, Push-To-Talk is a half-duplex type of communication where only
one terminal can talk at a time, and others are listeners. Also, Push-To-Talk users
can communicate directly without using network infrastructure if they are close and
in the range of each other coverage. This feature is known as talk around or direct
mode. Prioritization and pre-emption are also features of Push-To-Talk application.
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5.2

New Model Assumption
The model of N PTT groups residing in one cell site of the LTE network as

illustrated in Fig. 5.1. Any group member can initiate a group call session by pushing
a button on their handset to invite their group to join the session. Any PTT group can
only initiate a group call session if there is at least one channel available at eNodeB.

Figure 5.1 N Push-To-Talk Groups in one cell site

If all channels of eNodeB are busy, the group call session will be rejected.
One channel serves the entire group call session, and it is released when the session
is completed. Push-To-Talk is a half-duplex type of communication meaning that
only one group member can talk at a time while others are listeners. The PTT group
share the same channel for their communication, and at any time no more than one
channel is allocated to the same group. It is intuitive that blocking probability is zero
in the case where the number of channels allocated for the service at eNodeB equals
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to or is greater than the number of PTT groups (s ≥ N). One ends up with the ErlangB model in the case where the number of PTT groups is much greater than the
number of channels (N >> s). In such a case, the average arrival rate of the group call
sessions λG is state independent. In other words, the population size of the model
may be considered as infinite. Such a case is not considered in this study. The more
realistic approach to PTT over LTE is the case where the number of PTT groups is
greater than the number of allocated channels (N > s) but not (N >> s). Therefore,
the arrival rate of the group call session λG is state dependent, and the population size
is finite.
The assumption is that each PTT group, whatever its size is, generates a
random group call sessions follows an exponential distribution with an average of
1/µ = 30 sec. The service request of the group calls modeled as a Poisson process
arrival. Therefore, the interarrival times follow an exponential distribution with an
average of 1/λg.

5.3

Mathematical Model
Based on the assumption of the previous section, Fig. 5.2 shows the birth and

death processes of the new model. The birth process (arrival rates) are illustrated by
red arrows and the death process ( service rates) by blue arrows. The number in the
circles are system state indicators. These numbers can be interpreted as the number
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of PTT over LTE groups currently in the system. In other words, the number of active
PTT group call sessions. Since the population size of the system is not infinite, the
arrival rate decreases every time a new PTT group call session established.

Figure 5.2 State transition diagram of M/M/s/s/N PTT model

5.3.1 Methodology
In this section, model M/M/s/s/N will be mathematically analyzed to
determine its grade of service. First, Kendall’s Notation of the model is as follows:
First M represents the statistical distribution of the interarrival times as an
exponentially distributed. In other words, the arrival process of the model is the
Poisson process arrivals with average rate λg. The second M denotes the service time
statistical distribution as an exponential with an average of 1/µ. The third letter s
indicates the total number of servers in the system. In Push-To-Talk over LTE
application, a group call is a half-duplex type of communication. Therefore, only one
member of a group can talk at a time while others are listeners. The fourth letter s is
the total capacity of the queue system. Since the number of servers is the same as the
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number of total system capacity, the system is a lossy system. Clearly, when all
servers are busy serving group call sessions, any new group call session request will
be declined. The last letter in the notation N is the number of PTT groups currently
resides in the LTE network cell site. Table 5.1 shows some useful parameters with
which the model will be described and analyzed.
Table 5.1 PTT model parameters and their description

Notation

Description

M

Poisson process arrivals/ exponentially distributed Interarrival times

M

Service time is Exponentially distributed

s

Total number of servers (uplinks)

s

System capacity

N

Number of PTT groups in cell site (Population size )

k

System state

λg

Group call session arrival rate

P0

The probability of the system is idle

Pk

The probability of the system being in a kth state

μ

Service rate per server per unit time

ρg

The system offered traffic = λg/μ

The steady state of the queue system has reached when sufficient time
elapsed. At that point, all system state probabilities become constants which referred
to as statistical equilibrium. Therefore, with the assumption of statistical equilibrium,
the net flow of states probabilities at each system state node equals to zero. The
probabilities flow at different system states are shown in Fig 5.3, Fig 5.4 and Fig 5.5.
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Figure 5.3 Probability flow at point (a) or system state (0)

At system state (0):
Nλg P0 = μP1

(5.1)

Figure 5.4 Probability flow at point (b) or system state (k)

At system state (k):
N-k λg +kµ Pk = k 1 μPk+1 +(N-k 1)λg Pk-1

(5.2)
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Figure 5.5 Probability flow at point (c) or system state (s)

At system state (s):
N-s+1 λg Ps-1 = s μPs

(5.3)

From Eq. (5.1), the probability of the system state P1 can be expressed as a function
of system state P0.

P1 =

Nλg
P
µ 0

(5.4)

Similarly, from Eq. (5.3), the probability of the system state (s) can be expressed as
a function of system state s-1

Ps

N-s+1 λg
Ps-1
sμ

(5.5)

By manipulating balance equations (5.1)-(5.5), the probability of the system state k
can be expressed as a function of system state k-1, and it is given by
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Pk =

N-k+1 λg
Pk-1 ,
kμ

1≤ k ≤ s

(5.6)

In general, to express the probability of system state k in terms of system state P0

Pk =

Nλg
.
μ

N-1 λg
.
2μ

N-2 λg
……….
3μ

N-k+1 λg
.P0
kμ

(5.7)

Let ρg be the offered traffic generated by each PTT group.

ρg =

λg

(5.8)

μ

Substitute (5.8) in (5.7) and simplify

Pk =

N!
.ρg k . P0 ,
k! N-k !

1≤ k ≤ s

(5.9)

At statistical equilibrium, the sum of all system state probabilities equals one. This
property is called the normalization condition. This property is used to evaluate the
probability of system state P0.
P0 +P1 +P2 +…+Ps =1

(5.10)

Substitute all system states except P0 in Eq. (5.10) by using Eq. (5.8). The system
state probability P0 is given by
s

P0 = 1 /
k=0

N!
. ρg k
k! N-k !

(5.11)
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Push-To-Talk over LTE air-interface model assumes that any service request arrives
at the system when all servers are busy will be rejected. In other words, the system
does not have a queue to hold service requests when there are no system resources
available. Therefore, the Blocking Probability BP of the system is the probability of
the system being in state Ps.
N!
.ρ s . P
s! N-s ! g 0

BP =

(5.12)

Substituting P0 in (5.11) in (5.12)

BP =

N!
.ρ s .
s! N-s ! g ∑s
k=0

1
N!
k! N-k !

N
N!
=
s
s! (N-s)!

Let

. ρg k

(5.13)

(5.14)

Substitute (5.14) in (5.9)

Pk =

N
ρg k P 0 ,
k

1≤ k ≤ s

(5.15)

Substitute (5.14) in (5.13)

BP =

N
s

∑sk=0

ρg s
N
k

ρg k

(5.16)
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It is worth mentioning the difference between call time congestion and call
congestion because of the nature of the model under study. Unlike Erlang models,
the arrival process is not only a random variable but also a system state dependent.

5.3.2 Blocking Probability BP
Blocking Probability BP or call time congestion of PTT over LTE queue
system is the probability of the system being in a state (s). When all servers (Uplinks)
are occupied by s PTT groups, any other PTT group member tries to initiate a new
group call session will fail. In infinite population queue systems such as Erlang B
system, the Blocking Probability BP or call time congestion is the same as the Loss
Probability LP or call congestion. [26] Equation (5.16) is derived to evaluate the
Blocking probability of the system. BP as a performance measure of this model is
not a valid one since the arrival process is system state dependent. Therefore, the
Loss Probability is more appropriate to evaluate the model performance.

5.3.3 Loss Probability LP
Loss Probability LP or call congestion is the ratio of the actual number of
group call session lost because of the lack of resources to the total number of group
call sessions requested. However, in a finite population queue system, the Loss
Probability LP is less than or equal the Blocking Probability BP. The reason LP is
less than or equal to BP is that the average arrival rate of the queue system is state
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dependent, and the lowest arrival rate occurs when the system is in the state of
blocking state (s). The Loss Probability LP or call congestion of the model:

LP =

Lost Traffic
Total Offered Traffic

(5.17)

Figure 5.6 PTT model State transition diagram (Loss Probability)

The dotted red arrow in Fig. 5.6 represents the lost traffic, and the total offered traffic
is the sum of all red arrows combined. To evaluate the actual loss probability, the
ratio of the lost traffic to the total offered traffic is given by:

LP =

(N-s)λg Ps
Nλg P0 + N-1 λg P1 +…+ N-k λg Pk +…+ N-s+1 λg Ps-1 +(N-s)λg Ps

(5.18)

Similarly, substitute (5.15) in (5.18) and simplify:

LP =

N-1
s

∑sk=0

ρg s
N-1
k

ρg k

(5.19)
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Chapter 6: Development of PTT over LTE Models
In this Chapter, the model of PTT over Cellular network discussed in Chapter
5 will be further enhanced. The enhancement based on the idea of that in public safety
most likely calls are made during emergencies and failed attempts will be retried
again and again until they pass through. In the previous model, the lost traffic is
ignored and not considered. As in [14], during emergencies, public safety members
try again on calling failure. Unlink Erlang-B, the users of the network who are
simultaneously in one cell site are finite.
Furthermore, the Push-To-Talk application is an instant group call, and all
group members share one channel during the entire group call session. The model
will have two random variables which are interarrival times and service times. In the
following section, the impact of the retrial traffic will be discussed and analyzed.

6.1

Group-Call Sessions Retrial Model
A portion of the offered traffic generated by the network users will experience

network congestion. A percentage of this traffic will be considered as input to the
system as users retrying failed attempts. The scenario is as follows: The arrival
process is a random counting process follows the Poisson process with mean λg.
Therefore, the statistical distribution of the interarrival times is exponential with an
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average of 1/ λg. The system does not have queues to hold the service requests when
all system channels are busy. The model Kendall’s notation is M/M/s/s/N, where N
is the total number of pre-defined Push-To-Talk groups resides in one cell site. The
recall factor δ is the percentage of the blocked traffic that overflows to the next group
calling attempt. This factor must be chosen carefully. In general, 50% is acceptable
when the application is not considered a mission critical. However, as in the scenario
of mission-critical Push-To-Talk for public safety, δ will be chosen to be 100%. `

6.1.1 Proposed Method
Model M/M/s/s/N is mathematically described in section (5.3), and its grade
of service in terms of call blocking and call loss probability were derived. The
proposed method of involving the retrying traffic in the model can be expressed in
the following criteria:
•

Step 1: Let the initial iteration indicator be i, calculate the offered traffic
ρi=λg/µ, choose an appropriate recall factor δ.

•

Step 2: Calculate the ith blocking probability BPi by using equation (5.16).

•

Step 3: Evaluate the blocked traffic B = ρi x BPi

•

Step 4: Calculate the retrial traffic R = B x δ

•

Step 5: Evaluate the next iteration offered traffic ρi+1 = ρi + R
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•

Step 6: Perform Step 2 to Step 5 repeatedly until the BP in two consecutive
iterations are close enough to a certain decimal accuracy.

The Blocking Probability BP evaluated by the above procedure is considering the
contribution, and the impact of the overflow traffic generated as a result of call
blocked retrial attempts. Therefore, it leads to a more accurate estimation of Blocking
probability in the scenario of public safety Push-To-Talk. Appendix A includes a
MATLAB code to automatically calculate the system Blocking probability through
several iterations that satisfies a predefined accuracy.

6.1.2 Performance Analysis of The Model
In this section, the model of Push-To-Talk based on call failure retrial
consideration is investigated. The impact of overflow traffic will be monitored under
various traffic load. The network traffic load is classified to be either low, medium
or high traffic load. Offered traffic range [0-0.05] Erlang will be considered low
traffic load; (0.05-0.1) Erlang is medium traffic load and [0.1-0.15] Erlang is a high
traffic load. Table 6.1 shows some results drawn from the M/M/2/2/5 model derived
in equation 5.16 and by following the method proposed in section 6.1. These results
obtained at the beginning of the high offered traffic range ρg = 0.1 Erlang, and the
recall factor is 100% and the accuracy of 10-3.
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Table 6.1 PTT M/M/2/2/5 model with retrial traffic consideration

Iteration i

ith Offered Traffic ρi

BP

Overflow Traffic B

Effective Traffic ρg

0

0.100

0.0625

0.0063

0.1063

1

0.1063

0.0687

0.0073

0.1073

2

0.1073

0.0697

0.0075

0.1075

3

0.1075

0.0699

-

-

Similarly, Table 6.2 and Table 6.3 depict the results drawn from the M/M/2/2/5
model at offered traffic ρg = 0.15 Erlang and ρg = 0.25 Erlang, respectively.
Table 6.2 PTT M/M/2/2/5 performance at high offered traffic

Iteration i

ith Offered Traffic ρi

BP

Overflow Traffic B

Effective Traffic ρg

0

0.150

0.1139

0.0171

0.1671

1

0.1671

0.1320

0.0221

0.1721

2

0.1721

0.1373

0.0236

0.1736

3

0.1736

0.1389

0.0241

0.1741

4

0.1741

0.1395

0.0243

0.1743

5

0.1743

0.1397

-

-

Table 6.3 PTT M/M/2/2/5 performance results at very high offered traffic

Iteration i

ith Offered Traffic ρi

BP

Overflow Traffic B

Effective Traffic ρg

0

0.2500

0.2174

0.0543

0.3043

1

0.3043

0.2686

0.0818

0.3318

2

0.3318

0.2928

0.0971

0.3471

3

0.3471

0.3058

0.1061

0.3561

51
4

0.3561

0.3133

0.1116

0.3616

5

0.3616

0.3177

0.1149

0.3649

6

0.3649

0.3204

0.1169

0.3669

7

0.3669

0.3220

0.1181

0.3681

8

0.3681

0.3230

0.1189

0.3689

9

0.3689

0.3236

0.1194

0.3694

10

0.3694

0.3240

-

-

As Figures 6.1-3 show, Blocking Probability converge more quickly when the
offered traffic is lower. For example, the number of iterations is 3, 5, and 10 for
offered traffic ρg = 0.1, 0.15 and 0.25 Erlang, respectively.

Figure 6.1 Group Call Blocking Probability for ρg = 0.1 Erlang
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Figure 6.2 Group Call Blocking Probability for ρg = 0.15 Erlang

Figure 6.3 Group Call Blocking Probability for ρg = 0.25 Erlang

Also, it can be noticed that as the average offered traffic per Push-To-Talk group
increases the impact of the overflow traffic becomes increasingly significant. For
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example, the negative contribution of the overflow traffic on the system performance
is 0.74%, 2.58% and 10.66% for average offered traffic per Push-To-Talk group of
0.1, 0.15 and 0.25 Erlang, respectively. Figure 6.4 describes the behavior of the
model for different average offered traffic per Push-To-Talk group ρg. It can be seen
that the Blocking probability of the model M/M/2/2/5 with 100% recall factor
converge to 6 % when ρg is 0.1 Erlang and jumps to about 14% when ρg is 0.15
Erlang giving that the number of groups is 5 and total uplink channels available at
the cell site is two.

Figure 6.4 Group Call BP for different various offered traffic ρg

Table 6.4 illustrates the results obtained from model M/M/1/1/5 over the average
offered traffic per Push-To-Talk group range (0.01-0.1) Erlang.
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Table 6.4 PTT M/M/1/1/5 model results over ρg (0.01-0.1) Erlang

ρg

BPT

BPT %

Iteration

BPm

BPm %

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

0.048
0.091
0.130
0.167
0.200
0.231
0.259
0.286
0.310
0.333

4.760
9.090
13.040
16.670
20.000
23.080
25.930
28.570
31.030
33.330

2
3
3
4
5
6
8
9
10
12

0.0500
0.0999
0.1496
0.1995
0.2493
0.2991
0.3492
0.3987
0.4477
0.4972

5.00
9.99
14.96
19.95
24.93
29.91
34.92
39.87
44.77
49.72

It is clear that the model blocking probability increases as the offered traffic per PushTo-Talk group increases. The shaded area in Fig 6.5 shows the impact of the
overflow traffic in M/M/1/1/5 model. The increase of the blocking probability of the
Push-To-Talk model based on the blocked requests reattempts is proportional to the
actual average offered traffic per PTT groups. The impact of the retrial traffic is
slightly affecting the blocking probability of the system as the offered traffic is low
( < 0.02 Erlang). However, it becomes significant as the traffic load increases. For
example, the contribution of the overflow traffic when average offered traffic ρg is
0.1 Erlang is about 16%.
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Figure 6.5 BPT and BPm versus ρg in M/M/1/1/5 model

The study also investigates the response of M/M/2/2/5 and M/M/3/3/5 models over
average offered traffic per Push-To-Talk group ρg (0.05-0.2)Erlang. Tables 6.5 and
6.6 present the results of the two models in terms of BPT and BPm.
Table 6.5 BPT and BPm over ρg (0.05-0.2) in M/M/2/2/5 model

ρg

BPT

BPT %

Iteration

BPm

BPm %

0.05

0.0196

1.96

1

0.0203

2.03

0.06

0.0269

2.69

2

0.0283

2.83

0.07

0.035

3.50

2

0.0373

3.73

0.08

0.0437

4.37

2

0.0473

4.73

0.09

0.0529

5.29

2

0.0581

5.81

0.10

0.0625

6.25

3

0.0699

6.99

0.11

0.0724

7.24

3

0.0824

8.24

0.12

0.0826

8.26

3

0.0956

9.56
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0.13

0.0929

9.29

3

0.1094

10.94

0.14

0.1034

10.34

4

0.1243

12.43

0.15

0.1139

11.39

4

0.1395

13.95

0.16

0.1245

12.45

4

0.1553

15.53

0.17

0.1351

13.51

5

0.1720

17.20

0.18

0.1457

14.57

5

0.1890

18.90

0.19

0.1562

15.62

5

0.2064

20.64

0.20

0.1667

16.67

6

0.2249

22.49

Figure 6.6 BPT and BPm versus ρg in M/M/2/2/5 model
Table 6.6 BPT and BPm over ρg (0.1-0.25) in M/M/3/3/5 model

ρg

BPT

BPT %

Iteration

BPm

BPm %

0.10

0.0062

0.6200

1

0.0063

0.63

0.11

0.0079

0.7900

1

0.0081

0.81

0.12

0.0098

0.9800

1

0.0100

1.00
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0.13

0.0119

1.1900

1

0.0123

1.23

0.14

0.0143

1.4300

1

0.0148

1.48

0.15

0.0168

1.6800

1

0.0175

1.75

0.16

0.0195

1.9500

1

0.0204

2.04

0.17

0.0225

2.2500

2

0.0237

2.37

0.18

0.0256

2.5600

2

0.0272

2.72

0.19

0.0288

2.8800

2

0.0309

3.09

0.20

0.0323

3.2300

2

0.0348

3.48

0.21

0.0358

3.5800

2

0.0390

3.90

0.22

0.0396

3.9600

2

0.0434

4.34

0.23

0.0434

4.3400

2

0.0480

4.80

0.24

0.0474

4.7400

2

0.0528

5.28

0.25

0.0515

5.1500

2

0.0579

5.79

Figure 6.7 BPT and BPm versus ρg in M/M/3/3/5 model
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It can be seen from the result of the M/M/2/2/5 and M/M/3/3/5 models, that the
influence of the average offered traffic per Push-To-Talk group on the blocking
probability BPm is relatively smaller than in model M/M/1/1/5. This is basically
because the more uplinks available in the cell site, the more traffic can be supported.
For example, from Figures 6.5-7, the increase of the blocking probability as a result
of the retail traffic is neglected in M/M/3/3/5 and raised to 0.74% and 16.39% in
M/M/2/2/5 and M/M/1/1/5 at ρg = 0.1 Erlang, respectively.

Figure 6.8 BPm in M/M/1/1/5 M/M/2/2/5 and M/M/3/3/5 models

Push-To-Talk over LTE for public safety is a mission-critical application, and it
should be designed to be highly available. From Figure 6.8, the average offered
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traffic per Push-To-Talk group should be about 0.01 Erlang or lower to maintain a
highly available (GOS < 5%) Push-To-Talk over LTE site that has 5 PTT groups and
one uplink channel. Similarly, the average offered traffic of up to 0.057 Erlang and
0.24 Erlang can be supported with GOS of 5% or less if the cell site has two and
three uplink channels, respectively.

6.2

Group-Call Sessions Timeout Model
A Public Safety communication system is considered a mission-critical and

its grade of service has to satisfy a strict requirement. Traffic planning engineers
specify system resource needed to fulfill the system grade of service requirements.
They also monitor the system performance to identify bottlenecks and plan for future
developments. In the case of the system development is not an available alternative,
two options are suggested to improve the system grade of service. First, broadcast a
message to all users indicating that the network is busy and they have to shorten their
call sessions or, secondly, impose a timeout to terminate long group call sessions.

6.2.1 Modeling Group Call Sessions Timeout
Group Call Session Timeout is developed to help traffic planning engineers
estimating Timeout period T0 in order to achieve the desired grade of service. Fig 6.9
represents the state transition diagram of group call session timeout model. Where
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γ(t) is a function that represents the average active group call sessions terminated
because they exceed the timeout period T0.

Figure 6.9 Group Call Sessions Timeout Model State transition

γ(t)h is defined to be the probability that an active Push-To-Talk group call session
terminated during the interval (t, t+h), where h is a very short period (h→0). When
the process is in state k, k+1 active sessions may be served with rate µ. And k+1
active sessions may be terminated during the interval (t, t+h) with probability γ(t)h.
Therefore, the transition rate from state k to k-1 is k(µ+ γ(t)). Following the same
mathematical method used in section 5.3 to describe the model, one will end up with
a Blocking Probability BP as given in Eq. 6.1.

BP =

N
s

∑sk=0

s

λg
μ+γ(t)
N
k

The Timeout rate γ(t) is derived as follows:

λg
μ+γ(t)

k

(6.1)
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Let p(τ,t)h be the probability that the elapsed group call session service time. Also,
the group has talked for the period τ, and the talk has not been finished yet is between
(τ-h) and τ. Where ( h ≤ τ ≤ T0 ) and h → 0 at time t. The probability that the session
is finished in any interval h is µh. Since the elapsed group call session service time
can advance from interval (τ-h, τ) to interval (τ, τ + h) only if the session is not
finished with probability (1-µh) during the interval (t, t + h). [27], [28] Therefore,

p τ + h, t+h h = p τ , t h (1-µh)

(6.2)

p τ + h, t+h - p τ , t
= -µp τ , t
h

(6.3)

From Eq. 6.2

Let h → 0, then Eq. 6.3 can be expressed as
∂p(τ,t) ∂p(τ,t)
+
= -µp τ , t
∂τ
∂t
At statistical equilibrium t → ∞,

,

(6.4)

= 0, and Eq. 6.4 can be expressed as

∂p(τ,∞)
= -µp τ , ∞
∂τ

(6.5)

The general solution of Eq. 6.5 is
p(τ,∞) = A e-µτ
From Eq. 6.6, Since

(6.6)
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T0

(6.7)

p(τ,∞) dτ = 1
0

Therefore, from Eq. 6.7, A in Eq. 6.6 can be found, and it is given as

A=

µ
1-e-µT0

(6.8)

Substitute Eq. 6.8 in Eq. 6.6
µe-µτ
p(τ,∞) =
1-e-µT0

(6.9)

For any interval h in statistical equilibrium, the probability of timeout the PTT
session γh is equal to p(T0,∞)h. Therefore, the timeout rate γ = p(T0,∞).

γ=

µe-µT0
1-e-µT0

(6.10)

From Eq. 6.10, Eq. 6.1 can be re-written as
s
λg

N
s

BP =

∑sk=0

µe-µT0
1-e-µT0

μ+

k
N
k

(6.11)

λg
µe-µT0
μ+ -µT
0
1-e

6.2.2 Performance Enhancements of The Model
As mentioned earlier, the Timeout model can be used to enhance the system
performance if the system upgrade is not an option. Uplink channels are shared
resources between all PTT groups. Some Push-To-Talk group call sessions are too
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long and applying timeout can help to share this scarce resource fairly. Table 6.7
presents some results of M/M/2/2/5 model by applying different timeout T0 values.
The average service rate µ of the model is two per minute. Therefore, the average
service time is 30 seconds.
Table 6.7 BP of M/M/2/25 Timeout model results

Offered Traffic
ρg (Erlang)

Service
Time Ts

0.075

No
Timeout T0

Timeout T0
60 sec

Timeout T0
45 sec

4.22%

3.08%

2.56%

6.99%

4.9%

4.17%

30 sec
0.1
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Chapter 7: Push-To-Talk over LTE Simulation Model
SimEvents is a discrete-event simulation engine works perfectly with
Simulink and MATLAB. It can be used to model communication systems to analyze
and optimize end-to-end delay, resource utilization, packet loss, and other system
performance. It has rich libraries of predefined blocks such as entity generators,
queues, servers, and switches. These blocks and others can be customized to
represent any queue system accurately. SimEvents can also be used to simulate
event-driven processes, such as the allocation of cellular network resources to
determine resource requirements and identify bottlenecks. Built-in statistics
aggregation can help to collect very useful statistics information from the model.
SimEvents, Simulink and MATLAB, have been used to analyze the Push-ToTalk over LTE network performance. This study considers one LTE cell site that
carries Push-To-Talk over LTE traffic among each PTT group. SimEvents models
have a hierarchal architecture with many layers. These layers can be represented by
subsystems. These subsystems can be either virtual or non-virtual. The virtual
subsystem is mainly used to simplify the model architecture. However, non-virtual
is a set of blocks, functions, and scripts to perform a specific system functionality.
Hierarchal architecture is useful to analyze and debug very complicated models
easily. Figure 7.1 represents the top layer of Push-To-Talk over LTE M/M/2/2/5
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model based on failure calls retrial. A brief description of the model will be
introduced in the following subsections.

7.1

Group-Call Sessions Generating and Control
Push-To-Talk over LTE users are organized in groups based on their

missions. Each individual group is allocated one uplink channel during the entire
group call session. Push-To-Talk is a half-duplex communication that only one
member is speaking at a time while other members are listeners. Push-To-Talk group
call requests is a random variable that follows a Poisson process. P2T GRs Entity
generator blocks will be used to generate entities that represent Push-To-Talk group
call sessions. The Simulink function IntgenTime directs the entity generator blocks
to generate entities interarrival times according to an exponential distribution. The
Entity gate blocks are there to disconnect entity generators which PTT groups still
have active sessions in the system.

7.1.1 Entity Generator
Entity Generator block can generate entities on Time-based or Event-based.
In the model, entities represent Push-To-Talk group call sessions that are generated
based on time. Entities can be Anonymous, Structured or Bus object. Attributes are
data carried by Structured entities. Attributes can be modified as a result of event
actions, for example, as an entity exits the block.
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Figure 7.1 PTT over LTE model based on retrial calls
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Table 7.1 shows Entity Generator block P2T GR1 parameters and Table 7.2 shows
its Event Actions.
Table 7.1 Entity Generator block P2T GR1 parameters

Name

P2T
GR1

Generation
Method

Time
Source

Time-based

MATLAB
action

Intergeneration
Time Action

dt=IntgenTime();

Attribute
Name
ServiceTime
P2T_GR
CallTag

Attribute
Initial
value
0
1
0

Entity
Type
Structured

Table 7.2 Entity Generator block Event Actions

Generate Action
persistent idx;
if isempty (idx);
idx=10000;
end
entity.ServiceTime=SrvTime();
entitySys.priority=100;
entity.CallTag=idx;
idx=idx+1;

Exit Action
GetCallTagIn1(entity.CallTag);
GetTraffic1(entity.ServiceTime);

Service Time, Group number and Call Tag are three attributes added to each entity
generated in the block. Service Time will be assigned to the entity according to the
value supplied from Simulink function SrvTime. A unique call tag number will be
attached to each entity generated to be tracked in the model. First Push-To-Talk
group call session generated will have a call tag of 10000 and incremented by one
for every subsequent session generated.

68

7.1.2 Entity Gate
Entity interarrival times and service times are two independent random
variables. One of the assumptions of the model is that Push-To-Talk group shares
one uplink channel during the entire session. Therefore, Entity Gate block is required
to disconnect the Entity Generator while the corresponding group still has an active
session. The Entity Gate block is open only if the control signal is positive. A
Stateflow discrete-event chart is used to precisely control the Entity Gates.
Subsystem 2 has 5 Stateflow Charts to control 5 Entity Gates control signals as
shown in Fig 7.2.

Figure 7.2 Subsystem 2 Stateflow Charts

Each Stateflow Chart has three inputs, in1, in2, and in3. The inputs in1 and in3 have
the CallTag, and ServiceTime attribute values of the last group call session departed
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the Entity Generator and passed through the Entity Gate before it is closed,
respectively. Also, the input in2 has the CallTag attribute value of the last group call
session served and departed the system or blocked and returned to the system. The
Entity Gate initial state is open as shown in Fig 7.3.

Figure 7.3 Stateflow Chart logic

The Stateflow Chart switches from state Open to state Close as first group call
session generated and passed through the Entity Gate. The Stateflow Chart sends a
control signal to Entity Gate to close. The Entity Gate will stay closed until the
Stateflow Chart detects the same group call session either served or blocked. If the
CallTag is not detected after the corresponding service time, the Stateflow Chart will
send a message to the Entity Gate to open.

7.1.3 Intergeneration Time
The arrivals of the Push-To-Talk group call request is assumed to be a
Poisson process. Therefore, the interarrival times is a random variable that follows
an exponential distribution of average value 1/λ. The Simulink function IntgenTime
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is called by Entity Generators to supply them by the intergeneration time of the next
group call session. Figure 7.4 shows the implementation of the Simulink function
Intgen Time.

Figure 7.4 The Simulink function IntgenTime Block

The constant block lambda is to set the arrival rate per minute value. The MATLAB
function (fcn) has one output dt and two inputs d and seed. The constant block seed
is to change the random generator r2 in order to have a different outcome every
simulation run. Moreover, the d is the average intergeneration time of an
exponentially distributed random variable. The output dt is the time between two
consecutive group call sessions.

7.1.4 Actual Traffic Generated Measurement
The exact traffic generated on each simulation run is measured by subsystem
Read Actual. Each Push-To-Talk group call session service time is sent to MATLAB
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workspace by using To Workspace Simulink block. Then the actual traffic generated
is calculated by dividing the sum of all group call sessions service times by the
overall simulation time.

7.2

Group-Call Sessions Serving and Blocking
All Entity Generator paths merge into a single path using the Path Combiner

block. Merging entity paths does not change the entities attributes. Then Entities pass
to an Entity Output Switch. It selects an entity output port for departure. The criterion
of which entity output port is selected set to First port that is not blocked. The first
output port is connected to the Entity Server block. Therefore, whenever there is at
least one server available, the group call session will proceed to the Entity Server to
be served. Otherwise, the session will proceed to the second port to be counted as a
blocked group call session. Blocked group call sessions are replicated and passed to
the path combiner again as shown in Fig. 7.5.

Figure 7.5 Entity Path Combiner and Output Switch
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7.2.1 Entity Server
Entity Server represents uplink channels that are available in the cell site
eNodeB and allocated for Push-To-Talk service. Each group call session occupies
one server for a period of the ServiceTime attribute value and then leave the system.
The Entity Terminator block is required to accept and destroy served entities.

7.2.2 Group-Call Session Holding Time
The group-call session service time is assumed to be a random variable that
follows an exponential distribution. The Simulink function SrvTime is configured to
supply Entity Generators with random service times according to an exponential
distribution of average value 1/µ set to 30 sec. Figure 7.6 shows the implementation
of the Simulink function Srv Time.

Figure 7.6 The Simulink function SrvTime Block
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7.3

Simulation Model Performance Measurements
Blocking Probability BP and Loss Probability LP are two performance

measure of the Push-To-Talk over LTE based on retrial call model. To validate the
accuracy of the model, a comparison between theoretical and simulation results has
to be performed.

7.3.1 Theoretical Blocking and Loss Probabilities
The Simulink function TheoBlkProb shown in Fig 7.7 has been implemented
to measure the theoretical results corresponding to the same simulating parameters.

Figure 7.7 The Simulink function TheoBlkProb Block

The MATLAB function (fcn) has five inputs and two outputs. The inputs are the
number of Push-To-Talk groups, number of servers, the offered traffic, the service
rate, and the correction factor m. The correction factor m is designed to compensate
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for the impact of the retrial traffic. The MATLAB function executes the following
script to calculate the two outputs of the function, the theoretical Blocking
Probability BPT, and the theoretical Loss Probability LPT.
function [BPT,LPT] = fcn(N,s,rho,m)
Num1=(factorial(N)/(factorial(N-s)*factorial(s)))*(rho/(1m.*rho))^s;
Num2=(factorial(N-1)/(factorial(N-1-s)*factorial(s)))*(rho/(1m.*rho))^s;
Den1=0;
Den2=0;
for i=0:s
sum1=(factorial(N)/(factorial(N-i)*factorial(i)))*(rho/(1m.*rho))^i;
sum2=(factorial(N-1)/(factorial(N-1-i)*factorial(i)))*(rho/(1m.*rho))^i;
Den1=Den1+sum1;
Den2=Den2+sum2;
end
BPT= Num1/Den1;
LPT= Num2/Den2;

7.3.2 Simulation Blocking and Loss Probabilities
The Blocking Probability BP is defined as the probability of the system is in
the state s. Where s is the total capacity of the system. In order to estimate the
simulation Blocking Probability BPs, the time in which the Entity Server has s PushTo-Talk group call sessions is measured by MATLAB script Timer.m. For more
details on Timer.m script, See Appendix A. The simulation Loss Probability LPm is
measured by the model using Simulink function SimBlkProb. Figure 7.8 shows the
way the function calculates the LPm. It is calculated by dividing the number of Push-
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To-Talk group call sessions lost by the total number of Push-To-Talk group call
sessions generated by all PTT groups. Nodes from one to five are connected to Entity
Generators’ port (d). Port d on Entity Generator sends the number of entities departed
the block. Moreover, node six connected to the port (a) of Entity Terminator at the
end of the path of blocked entities. Port (a) on Entity Terminator counts the number
of entities arrived.

Figure 7.8 The Simulink function SimBlkProb Block
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Chapter 8: Simulation Performance Measurement and
Results
A major issue in the design of modern telecommunication systems is the
prediction of the network’s grade of service in the user’s perspective. Traffic
planning engineers design the network such that the service offered will satisfy the
application requirement. In a public safety communication system, the performance
requirements are very strict. Discrete-Event stochastic simulation is adopted in this
study to verify the validity of the Push-To-Talk over LTE model mathematically
derived in previous Chapters. The major advantage of simulation is its generality.
Also, a very complicated queue model can be simulated in order to study the quantity
of interest at any desired accuracy. The more the simulation runs with many different
and independent random variables samples, the more accurate the estimation of the
performance measure.
Obviously, simulation can be very time-consuming if parameters need to be
inserted manually every simulation run. For example, interarrival times and service
times are two different independent random variables. The parameters r1 and r2 in
the model are the initial seeds of the random generators of the service times and
interarrival times, respectively. It is obvious, due to the randomness assumption of
interarrival times and service times variables, r1 and r2 need to be different every
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simulation run in order to have different simulation outcome. A MATLAB script is
coded to automatically call the simulation model and run it with different parameters
each time without user intervention. See Appendix A for RunAutomatically.m code.
Many important events will be observed and recorded in order to make sure that the
simulation operates according to the model assumptions. Statistical equilibrium is
assumed, and the steady state of the model has reached when sufficient time elapsed.
Therefore,

the estimation of Blocking and Loss probabilities required long

simulation runs. The simulation time set up to be 5x104 seconds.

8.1

Simulation Operation Behavior
In this section, one simulation run observation will be presented and validated

against the model assumption. The M/M/2/2/5 simulation model has been set up and
runs for the following parameters: M: Poisson Arrival (λ), M: Exponential
Distribution Service Time (1/µ), 2 Uplink Channels, No Queue, and 5 PTT Groups

Simulation
Time
(sec)

Arrival
Rate
(/min)

Interarrival
Time
(sec)

Service
Rate
(/min)

Service
Time
(sec)

Offered
Traffic
ρg
(Erlang)

Random
Seed
r1

Random
Seed
r2

5x104

0.2

300

2

30

0.1

5413

3095

Figure 8.1 illustrates the group call session generation events that generated by each
individual PTT group during one simulation run of 5x104 seconds time duration.
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Figure 8.1 PTT Group Call Sessions Generated by 5 PTT Groups
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One can notice that some sessions are of duration passed 200 seconds even though
the model was set up to generate sessions of 30 seconds average duration. All Entity
Generators are configured to get interarrival times and service times durations from
IntgenTime and SrvTime Simulink functions, respectively. The average Interarrival
Times is set to be 300 seconds for each Push-To-Talk group. Table 8.1 shows the
number of Push-To-Talk group call sessions each group generated.
Table 8.1 PTT Group Call Sessions generated by each group

PTT Group Id
GR 1
GR 2
GR 3
GR 4
GR 5
Total

# of PTT Sessions Generated
153
176
188
164
177
858

Then all group call sessions generated by PTT groups combined in one bath to be
served in order. Each PTT group call session arrives at the system when all servers
are busy will be counted as blocked. However, it will wait in the Entity Replicator
Block until one system resource becomes available. This behavior resembles the user
reattempts failed requests. Figure 8.2 shows that all 858 PTT group call sessions
generated are served and 52 sessions have been blocked and then served immediately
after resources become available.
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Figure 8.2 All PTT Generated, Served and Blocked Sessions

81

The service time is set up to be a random variable exponentially distributed with an
average of 30 seconds. One can verify the accuracy of this assumption by collecting
all PTT group call sessions service time attributes in a data set and then take its
histogram by using the MATLAB distribution fit tool (dfittool). The results of the
histogram, as illustrated in Figure 8.3, proves that the above assumption has been
achieved.

Figure 8.3 The Histogram of all PTT Service Time durations

Moreover, one very important assumption is that the interarrival times should be a
random variable that follows an exponential distribution with an average of 300
seconds for each PTT group. Therefore, five PTT group altogether will generate
interarrival times of 60 seconds. Figure 8.4 shows that the interarrival times is an
exponential distribution random variable with an average of 58.2035 seconds.
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Figure 8.4 The histogram of the interarrival times

To understand the behavior of the model, one needs to zoom in on Fig. 8.2. Figure
8.5 shows how exactly in details the model deals with PTT group call sessions
generated by PTT group one (GR:1) during about 15 minutes of simulation time. The
PTT GR:1 generated session (CallTag:10077, ServiceTime:90.710) at second 28180
of simulation time. At this time, there was no active session of group 1, and the Entity
Gate was open. This session is allocated one uplink channel to serve it. The next
group call session (CallTag:10078, ServiceTime:48.809) was generated at time
28189 seconds of simulation time. At that instance, the previous session was still
active, and the Entity Gate was closed. This session was delayed at Entity generator
until session (CallTag:10077, ServiceTime:90.710) is served and leave the system.
It was delayed for 83 seconds and then proceeds to be served at second 28272 of
simulation time.
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Figure 8.5 PTT GR1 group call sessions during about 15 minutes of simulation time
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Similarly, long session (CallTag:10079, ServiceTime:163.876) was generated at
time 28457 of simulation time and immediately proceeds to be served with no delay
because there was no GR:1 active session at generation time. The next session
(CallTag:10080, ServiceTime:42.075) was generated at time 28608 of simulation
time and delayed for 14 seconds until the previous session is completed. The session
(CallTag:10079, ServiceTime:163.876) was served and left the system at time 28621
of simulation time, and the pending session (CallTag:10080, ServiceTime:42.075)
was released a second later. The one-second delay is because of the time required for
the Entity Gate to close and open again. When the session (CallTag:10080,
ServiceTime:42.075) released at time 28622 of simulation time, the two uplink
channels were busy serving two sessions generated by PTT GR:3 and GR:4. This
session has been counted as blocked. However, it is kept in the Entity Replicator for
6 seconds until one uplink channel becomes available. Then, it proceeds to Entity
Server at time 28628 and eventually served at 28670 of simulation time. From this
simulation run, the Loss Probability LP (calculated by the ratio of blocked to the
served sessions) is 6%. Also, the Blocking Probability BP (calculated by the ratio of
the sum of time durations of the system being in state 2 to the simulation time) is 9%.
As mentioned earlier, unlike Erlang-B model the Loss Probability LP and the
Blocking Probability BP are not the same performance measures because the system
is state dependent and the arrival rate changes whenever a PTT group enters the
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system. The Loss Probability LP is lower than the Blocking Probability because the
arrival rate at system state 2 is lower than the arrival rate at system state 1.

8.2

M/M/1/1/5 PTT Model Simulation Results
The time congestion of the model is defined as the time duration of the system

being in the state of blocking to the overall observation time. Figure 8.6 is plotted to
compare the mathematical time congestion without the impact of retrial traffic
derived in Eq. 5.16 to the simulation time congestion observation. The results have
been collected over the offered traffic per PTT group range (0.01-0.1) Erlang.

Figure 8.6 M/M/1/1/5 PTT model Blocking Probability BP
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Similarly, Figure 8.7 illustrates the mathematical Loss Probability LP derived in Eq.
5.19 without the effect of failed PTT sessions retrial and the observation of the
simulation over the same offered traffic per PTT group (0.0-01)Erlang.

Figure 8.7 M/M/1/1/5 PTT model Loss Probability LP

Basically, the most important performance measure in the model is the actual traffic
loss or in other words the Loss Probability LP. Figure 8.8 depicts the two
mathematical models BP and LP along with the actual PTT session loss. It can be
noticed that the BP model is in more agreement with the actual PTT session loss. It
can be noticed that the negative impact of the retrial traffic becomes more significant
as the offered traffic per PTT group increases. Consequently, the system becomes
more congested.
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Figure 8.8 Comparing the actual M/M/1/1/5 model loss with BP and LP models

The effective offered traffic ρG is proposed to be modified as a function of actual
offered traffic and a correction factor m, and it is given by:

ρG =

ρg
1-mρg

(8.1)

By plugging Eq. 8.1 in Eq. 5.16, and a correction factor m equals to 1; the model
extends its validity beyond ρg = 0.7 Erlang as shown in Fig. 8.9.
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Figure 8.9 M/M/1/1/5 PTT model with correction factor m = 1

8.2.1 R-squared and the Goodness of the Model
The R2 measure is the most widely used measure of error and goodness of
models. Measuring R2 value is a way to determine how well the model fits the data
collected. The model equation must produce the smallest different values between
the model and the observed data. In other words, R2 value measures the strength of
the relationship between the model and the dependent variable on a 0 – 100% scale.
R2 value can be calculated by Eq. (8.4) in 4 steps
Step 1. Generate M/M/1/1/5 simulation model data set (ŷi) of Loss
Probability LPs and Theoretical model data set (yi) of Blocking Probability for
offered traffic range (0.01-0.15).
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Step 2. Calculate the Sum of Squared Errors SSE

(yi -ŷi )2

SSE =

(8.2)

i

Step 3. Calculate the Total Sum of Squares SST

SSE =

(yi -ӯ)2

(8.3)

SSE
SST

(8.4)

i

Step 4. Calculate the R2 value

R2 = 1-

The R2 value of the M/M/1/1/5 model in the previous section is about 0.897 over
offered traffic per PTT group between (0.01-0.15) Erlang. The validity of the model
extends to (ρg = 0.12) by applying the correction factor (m = 1). Consequently, the
R2 value of the model is about 0.96 over offered traffic per PTT group between (0.010.12) Erlang.

90

8.4

M/M/2/2/5 PTT Model Simulation Results
Figure 8.10 and Fig. 8.11 illustrate the Blocking Probability BP and Loss

Probability of M/M/2/2/5 PTT model, respectively. Like the previous model, the
impact of the retrial traffic increases as the offered traffic per PTT group increases.

Figure 8.10 M/M/2/2/5 PTT model Blocking Probability BP
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Figure 8.11 M/M/2/2/5 PTT model Loss Probability LP

Figure 8.12 Comparing the actual M/M/2/2/5 model loss with BP and LP models

By comparing the actual M/M/2/2/5 retrial traffic model results with the two
theoretical models BP and LP, one can notice that the BP model is in more agreement
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over offered traffic per PTT group ρg (0.01-0.12) Erlang. Also, by using a correction
factor (m =1), the validity of the model extends to (ρg = 0.2 Erlang) as shown in Fig.
8.13. The R2 value of the model is about 94% when applying the correction factor
(m = 1).

Figure 8.13 M/M/2/2/5 PTT model with correction factor m = 1

8.5

M/M/3/3/5 PTT Model Simulation Results
Figure 8.14 and 8.15 show the M/M/3/3/5 Blocking and Loss Probabilities.

The impact of the retrial traffic becomes negligible as the network becomes more
relaxed. In M/M/2/2/5 model, the Loss probability increases from 4% to 6% at
offered traffic per PTT group ρg = 0.1 Erlang. However, in M/M/3/3/5, the Loss
Probability LP does not increase at the same offered traffic (ρg = 0.1 Erlang), and it
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is almost the same value LP = 0.4%. Therefore, the model needs the correction factor
to be applied only when the system becomes congested.

Figure 8.14 M/M/3/3/5 PTT model Blocking Probability BP

Figure 8.15 M/M/3/3/5 PTT model Loss Probability LP
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Figure 8.16 Comparing the actual M/M/3/3/5 model loss with BP and LP models

Figure 8.16 shows that the LPm1 is in more agreement with the actual PTT group
call session lost than LPm2. The goodness of the model or the R2 value is measured
to be 89.6% over the extended range of offered traffic ρg (0.05-0.25) Erlang.

8.6

The M/M/2/2/5 model with timeout results
As mentioned, the Push-To-Talk over LTE for public safety is a mission-

critical system, and its GOS has to be as required. As the probability of session loss
becomes higher than the desired, system upgrade should be executed. The upgrade
of the system can be done by increasing the uplink channels in the congested cells.
However, if upgrade the system is not an option, traffic engineers can setup timeout
for long sessions to improve system GOS.

95

Figure 8.17 The Loss Probability of M/M/2/2/5 model at ρg = 0.1 Erlang

Figure 8.17 shows the Loss Probability LP of M/M/2/2/5 model. The theoretical
model Loss Probability LP is 7%. Three simulation runs outcomes are between (6%7%) with an error of less than 1%. Let the system GOS requirement should be less
than 5%, and the system upgrade is not an alternative. The system traffic engineers
need to configure long sessions timeout that makes the system works as required in
terms of GOS. Table 8.2 and Fig. 8.18 present a comparison between the theoretical
timeout model, derived in Chapter 6 in Eq. 6.11, and the simulation results.
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Table 8.2 The M/M/2/2/5 model with different Timeout values

M/M/2/2/5
ρg = 0.1 E
m=1
LP

No Timeout

Timeout 60 sec

Timeout 45 sec

Theo.

Simu.

Theo.

Simu.

Theo.

Simu.

0.0735

0.0715
0.0608
0.0746

0.0496

0.0427
0.0498
0.0473

0.0417

0.0324
0.0396
0.0383

Figure 8.18 The M/M/2/2/5 model with different timeout values

Figure 8.18 illustrates the simulation model Loss Probability LP for various timeout
values. It is obvious, the longer timeout, the better Loss Probability LP. However,
the longer timeout leads to more PTT group-call sessions terminated before finished.
Figure 8.19 shows that the number of blocked sessions is 34 and 25 for timeout
values of 60sec and 45sec, respectively. Therefore, the timeout of 60sec can maintain
the desired system grade of service (GOS < 5%).
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Figure 8.19 M/M/2/2/5 PTT model timeout simulation results
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Chapter 9: Conclusion and Future Work
9.1

Summary and Conclusion
In this dissertation, proper traffic analysis of Push-To-Talk over LTE for

public safety is presented. The assumptions of the Erlang-B model for traffic
planning in cellular networks are so general. These assumptions were designed for
regular phone calls that can not describe the actual operation nature of the Push-ToTalk over LTE application.
Mainly, two major assumptions have been implemented to capture the
scenario of Push-To-Talk over LTE for public safety. Firstly, at the time of
emergency, the network activity spikes up, causing traffic congestion in public safety
networks. The emergency first responders, who are trying to access the network
during emergy, are most likely retrying again until their requests pass through. Recall
factor is introduced to determine the percentage of the retrial or overflow traffic. For
public safety, the recall factor is chosen to be 100%. Secondly, the assumption of
infinite population size in the Erlang-B model is not a suitable assumption for PushTo-Talk over LTE application. This is because Push-To-Talk over LTE is a multicast
group-call half-duplex communication where one user is a speaker, and the rest of
the group are listeners. All group members share one uplink channel during the entire
session and release the channel only when all members release their talk buttons.
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Therefore, the new model will deal with the network users as groups and no group
can occupy more than one uplink channel at a time.
The new model is derived based on previous assumptions by using queueing
theory principles. The model derived is a system-state dependent. Therefore, the
Blocking Probability BP and the Loss Probability LP are not the same performance
measure as seen in Erlang-B model. The Blocking Probability BP (Time congestion)
is higher than the Loss Probability LP (call congestion) because the model is state
dependent and the lower arrival rate is at the state of blocking. The overflow traffic
is measured and considered in the model to study its impact on the performance of
the network.
The work presented in this dissertation achieved two major contributions.
Firstly, the Erlang-B model has been customized to be adequate to Push-To-Talk
over LTE networks for public safety. The theoretical model has been validated
against the simulation results. The model shows high accuracy for estimating the
Grade Of Service GOS (Loss Probability LP) over offered traffic per Push-To-Talk
group ρg rang (0-0.08) Erlang. The R2 value of the model has been measured to be
90%. Furthermore, the theoretical model is further enhanced to extend its validity up
to about ρg (0.12) Erlang. This enhancement is achieved by introducing a correction
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factor to the model to compensate for the impact of the overflow traffic in congested
networks. The enhanced model has achieved an R2 value of 94%.
Secondly, during an emergency the network becomes congested, and long
Push-To-Talk group-call sessions lead to higher sessions loss and consequently
degrade the system performance. The study proposes timeout of long Push-To-Talk
group-call sessions in order to maintain the desired system Grade Of Service GOS if
immediate system upgrade is not available. The relationship between the Grade Of
Service GOS and the timeout is mathematically derived through the fundamentals of
queueing theory and validated against the simulation results.
As a final comment, the proposed model and the enhanced version of the
model might be used to predict the Grade Of Service GOS of the Push-To-Talk over
LTE networks for public safety. The models are valid for any offered traffic per PushTo-Talk group ρg between (0 – 0.12) Erlang. The timeout model helps to find out the
more appropriate timeout period T0 to maintain the desired system Grade Of Service
GOS if system upgrade is not an alternative option.

9.2

Future Work
The presented work in this dissertation proposed some assumptions that

might be suitable to be used for modeling Push-To-Talk over LTE for public safety.
As it is known, traffic planning and modeling help engineers predicting the Grade Of
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Service GOS of cellular networks and identifying the future bottlenecks. Therefore,
the more proper assumptions in the model the more accurate prediction will be.
Additionally, Proximity Service is one distinct Push-To-Talk over LTE
feature that has not been considered in the model. In practice, Push-To-Talk users
can communicate directly without the support of cellular network infrastructure
when they are close enough to do so. Furthermore, Proximity Service may be used
to ease and relax a congested network and consequently may influence its
performance. Therefore, an extension of this research work might be done by
implementing Proximity Service in the model and study its impact on the overall
system Grade Of Service GOS.

102

Appendix A
MMssN.m
% PoC Grade of Service GOS Calculation by using Queuing Theory
% Model M/M/s/s/N
% M Poisson Process Arriving
% M Exponential Distribution Service Time
% s Number of Servers
% s System Capacity (No Queue)
% N Population Size (Total Number of PTT Groups)
clear all
clc
N=5;
s=2;
B=0; % B is the Blocked Traffic
a_i=0.15; % a_i is the initial Offered Traffic per PTT Group
% Initial Calculation of Blocking Probability BP
P0_inverse=0;
Rho_g=a_i+B;
% Finding P0
for i=0:s
den=factorial(N)/(factorial(i)*factorial(N-i))*Rho_g^i;
P0_inverse=P0_inverse+den;
end
P0=1/P0_inverse;
% Finding the 1st blocking probability BP
BP=factorial(N)/(factorial(s)*factorial(N-s))*Rho_g^s*P0
B=BP*Rho_g;
Rho_g=a_i+B;
for j=1:15
BP_old=BP;
P0_inverse=0;
for i=0:s;
den=factorial(N)/(factorial(i)*factorial(N-i))*Rho_g^i;
P0_inverse=P0_inverse+den;
end
P0=1/P0_inverse;
% Finding the blocking probability BP
BP=factorial(N)/(factorial(s)*factorial(N-s))*Rho_g^s*P0
B=BP*Rho_g;
Rho_g=a_i+B;
error=abs(BP-BP_old);
while error < 1*10^-3;
iteration = j
return
end
end
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Timer.m
px=SrvAva.time;% convert timeseries to vector
py=SrvAva.Data;
P=[0 0;px py;SimTime py(end)];
sum0=0;
sum1=0;
sum2=0;
sum3=0;
for q=2:length(P(:,:))
if P(q,2)==0
if P(q-1,2)==0
sum0=sum0+(P(q,1)-P(q-1,1));
else
sum1=sum1+(P(q,1)-P(q-1,1));
end
elseif P(q,2)==1
if P(q-1,2)==1
sum1=sum1+(P(q,1)-P(q-1,1));
elseif P(q-1,2)==0
sum0=sum0+(P(q,1)-P(q-1,1));
else
sum2=sum2+(P(q,1)-P(q-1,1));
end
elseif P(q,2)==2
if P(q-1,2)==2
sum2=sum2+(P(q,1)-P(q-1,1));
elseif P(q-1,2)==1
sum1=sum1+(P(q,1)-P(q-1,1));
else
sum3=sum3+(P(q,1)-P(q-1,1));
end
else % P(i,2)==3
if P(q-1,2)==3
sum3=sum3+(P(q,1)-P(q-1,1));
else
sum2=sum2+(P(q,1)-P(q-1,1));
end
end
end
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RunAutomatically.m
close all
clear all
clc
k=1;
mu=2; %Service Rate per minute
N=input ('N number of P2T Groups:
'
);
s=input ('s number of P2T ULs (1 , 2 or 3)
: ');
m=input ('Time correction
: ');
% rho range (a,b,c)
% a starting rho
% b step of rho
% c ending rho
a = input (' a starting rho:
'
);
b = input (' b rho step:
'
);
c = input (' c ending rho:
'
);
syms rho; % rho is symbolic variable
Num1=(factorial(N)/(factorial(N-s)*factorial(s))).*(rho/(1m*rho)).^s;
Num2=(factorial(N-1)/(factorial(N-1-s)*factorial(s))).*(rho/(1m*rho)).^s;
Den1=[0];
Den2=[0];
for j=0:s
Denx=(factorial(N)/(factorial(N-j)*factorial(j))).*(rho/(1m*rho)).^j;
Deny=(factorial(N-1)/(factorial(N-1-j)*factorial(j))).*(rho/(1m*rho)).^j;
Den1=Den1+Denx;
Den2=Den2+Deny;
end
y1= Num1/Den1;
y2= Num2/Den2;
rho=linspace(a,c);
BPT= y1
LPT= y2
BPT= subs(y1);
LPT= subs(y2);
BPT=double(BPT);
LPT=double(LPT);
plot(rho,BPT,'r--')
hold on
plot(rho,LPT,'k-.')
title(['P2ToLTE Blocking & Loss Probability s =', ...
int2str(s),'& N =',int2str(N)]);
xlabel('Traffic Intensity Per P2T Group \rho_{g} (Erlang)');
ylabel('GC Session Blocking & Loss Probability');
ax.XTick =a:b:c;
grid on
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set_param('mymodel_All_In_One/eNodeB','Capacity','s');
set_param('mymodel_All_In_One/Theo Blk Prob/N','value','N');
set_param('mymodel_All_In_One/Theo Blk Prob/servers','value','s');
set_param('mymodel_All_In_One/Theo Blk Prob/m','value','m');
for i=2*a:2*b:2*c
set_param('mymodel_All_In_One/Intgen Time/lambda','value','i');
for k = k:k+4
set_param('mymodel_All_In_One/Sim Run/itration','value','k')
sim('mymodel_All_In_One.slx')
Timer
P0=sum0/SimTime;
P1=sum1/SimTime;
P2=sum2/SimTime;
P3=sum3/SimTime;
rho_g = (sum(SrvTime1)+sum(SrvTime2)+ sum(SrvTime3)+ ...
+sum(SrvTime4)+sum(SrvTime5))/N/SimTime;
LPs = mean(LPs((end-3):end));
rho=rho_g;
BPT =subs(y1);
LPT =subs(y2);
BPT=double(BPT);
LPT=double(LPT);
Result(it,:)=[rho_g P0 P1 P2 P3 BPT LPs LPT ]
hold on
scatter(rho_g,Result(it,s+2),'r+');
scatter(rho_g,LPs,'k^');
end
k=k+1;
end
close all
rho=linspace(a,c);
BPT= subs(y1);
LPT= subs(y2);
BPT=double(BPT);
LPT=double(LPT);
plot(rho,BPT,'r-.')
hold on
plot(rho,LPT,'k--')
f1=fit(Result( :, 1),Result( : ,7),'poly2');
f2=fit(Result( :,1),Result( : ,s+2),'poly2');
plot(f1,'k-',Result( :,1),Result( : ,7),'k^');
hold on
plot(f2,'r-',Result( :,1),Result( :, s+2),'r+');
title(['P2ToLTE Blocking & Loss Probability s = ', ...
int2str(s),' & N =',int2str(N)]);
xlabel('Traffic Intensity Per P2T Group \rho_{g} (Erlang)');
ylabel('GC Session Blocking & Loss Probability');
ax.XTick =a:b:c
grid on
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legend({'BP_{T} Prob. of Blk (Theoretical)', ...
'LP_{T} Prob. of Lost (Theoretical)', ...
'LP_{s}(sim)','','BP_{s}(sim)',''},'Location', ...
'northwest','Orientation','vertical')
lgnd=legend;
set(lgnd,'color','none');
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Appendix B
M/M/1/1/5
ρg
0.009748127
0.00942944
0.009278124
0.009090731
0.009211249
0.023296619
0.016243307
0.019395597
0.02100464
0.020990662
0.033943062
0.028058984
0.027531412
0.031488361
0.029935297
0.041221291
0.04370395
0.038887845
0.044237615
0.034199947
0.048796353
0.051498464
0.049042714
0.04995592
0.04339666
0.062793645
0.056915274
0.056159848
0.062765644
0.062494168
0.064918626
0.07317289
0.070358216
0.065535794
0.06785004
0.076122834
0.074310696
0.077085561

P0
0.951259367
0.952852801
0.953609381
0.954546346
0.953943757
0.883516906
0.918783467
0.903022013
0.894976799
0.895827474
0.830284688
0.859705078
0.86234294
0.842558195
0.85054989
0.793893544
0.781480251
0.805560776
0.778811924
0.831320926
0.756912616
0.742507678
0.754786428
0.750220399
0.783016698
0.686031775
0.71542363
0.719200758
0.686171779
0.687529162
0.675406868
0.635109293
0.648208918
0.672321029
0.660749802
0.619385828
0.629511949
0.615142175

P1/ BPs
0.048740633
0.047147199
0.046390619
0.045453654
0.046056243
0.116483094
0.081216533
0.096977987
0.105023201
0.104172526
0.169715312
0.140294922
0.13765706
0.157441805
0.14945011
0.206106456
0.218519749
0.194439224
0.221188076
0.168679074
0.243087384
0.257492322
0.245213572
0.249779601
0.216983302
0.313968225
0.28457637
0.280799242
0.313828221
0.312470838
0.324593132
0.364890707
0.351791082
0.327678971
0.339250198
0.380614172
0.370488051
0.384857825

BPT
0.046475393
0.045024424
0.04433394
0.043477445
0.044028457
0.104330369
0.075115881
0.088404679
0.095041626
0.094984386
0.145091126
0.123033892
0.121000488
0.136025677
0.13019009
0.170885791
0.179332136
0.162787038
0.181125316
0.14602884
0.196129694
0.204766516
0.196924911
0.19985892
0.178296039
0.238946589
0.221533244
0.219237514
0.238865489
0.238078309
0.245051196
0.267862927
0.260240718
0.246805876
0.253313532
0.275684677
0.270899739
0.278201292

LPs
0.0484938
0.068043
0.0132479
0.0134258
0.0425639
0.1178069
0.0224735
0.0634953
0.0906386
0.0771379
0.1397559
0.1533565
0.1241998
0.1461699
0.1408479
0.1589223
0.1657885
0.1826235
0.1527182
0.1517219
0.1852309
0.212819
0.2116223
0.1978037
0.1737193
0.2389102
0.2115195
0.2057379
0.2541611
0.2568936
0.2591168
0.2941716
0.2750329
0.2576163
0.2773344
0.3251679
0.2884619
0.3278105

LPT
0.037529151
0.036346838
0.035784445
0.035087055
0.035535682
0.085242982
0.061009258
0.071996713
0.077506571
0.077458987
0.119541792
0.100910188
0.099201066
0.111863812
0.106936486
0.141546282
0.148802731
0.134612257
0.150346567
0.120337625
0.163309733
0.17080838
0.163999028
0.166544205
0.147911228
0.200751025
0.185442951
0.183433094
0.200679472
0.199985069
0.20614413
0.22642026
0.219623574
0.207696862
0.213465569
0.233417677
0.229134274
0.235673996
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0.076346423
0.079501851
0.087877242
0.090737475
0.091056441
0.08539544
0.082607915
0.092243477
0.105434494
0.096437677
0.098853935
0.089099562
0.098446389
0.10823534
0.103312418
0.103921332
0.096798642
0.110377214
0.110430812
0.106606225
0.111932321
0.124032383

0.618267886
0.602490744
0.560613788
0.546312623
0.544717794
0.573022798
0.587616711
0.538782614
0.473652237
0.518896243
0.506818144
0.555346769
0.507768057
0.459884464
0.484197233
0.480637364
0.517744744
0.449249307
0.44784594
0.46820951
0.440338394
0.379838086

0.381732114
0.397509256
0.439386212
0.453687377
0.455282206
0.426977202
0.412383289
0.461217386
0.526347763
0.481103757
0.493181856
0.444653231
0.492231943
0.540115536
0.515802767
0.519362636
0.482255256
0.550750693
0.55215406
0.53179049
0.559661606
0.620161914

0.276270711
0.284441233
0.305259428
0.312094185
0.312848054
0.299217956
0.292305738
0.315639131
0.345195111
0.32532193
0.330776756
0.308196808
0.329862891
0.351145136
0.340613874
0.341934971
0.326142468
0.355622801
0.355734057
0.347697524
0.358835278
0.382777739

0.3051519
0.3272308
0.3487258
0.3070401
0.3687748
0.3709626
0.3123562
0.3580175
0.3784604
0.3693505
0.3782341
0.3534026
0.3647961
0.4170289
0.3958811
0.3666577
0.3754455
0.4532925
0.3757576
0.3958953
0.4045942
0.4441113

P0
0.780221338
0.795968247
0.751506336
0.767052649
0.741585013
0.740220351
0.753510298
0.735183479
0.746885294
0.717300776
0.722741497
0.689450489
0.72714191
0.716268081
0.662195037

P2/ BPs
0.020872965
0.0190097
0.027331154
0.03046015
0.032574316
0.034100733
0.030138651
0.026351653
0.03238008
0.036973459
0.034862509
0.054131014
0.04378663
0.04540332
0.048399611

BPT
0.018329619
0.016046734
0.023430211
0.021494923
0.025564913
0.026005404
0.023457008
0.025592092
0.02473482
0.030043939
0.028841783
0.037518589
0.029612178
0.031611995
0.041263563

LPs
0.009535229
0.010450771
0.018369811
0.029312475
0.019618639
0.010422171
0.017946251
0.020986474
0.022380584
0.019550436
0.017969524
0.035087842
0.034561414
0.046795309
0.020117422

0.233942882
0.241278921
0.260086302
0.266297317
0.266983496
0.254611214
0.248364249
0.269525888
0.296635515
0.278369484
0.283367694
0.262753399
0.282529513
0.302134737
0.292410944
0.293628336
0.27912059
0.306282445
0.306385604
0.298946619
0.309263126
0.331608675

M/M/2/2/5
ρg
0.048130325
0.044666095
0.055345964
0.0526815
0.058197861
0.058776076
0.055382305
0.058233635
0.057098957
0.063934536
0.062424202
0.072936105
0.06339438
0.065875758
0.077240915

LPT
0.011520999
0.010053764
0.014824653
0.013567167
0.016217165
0.016505203
0.014842098
0.01623493
0.015675008
0.019156792
0.018365485
0.024113438
0.018872397
0.020191447
0.026619573
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0.075823325
0.080451898
0.079681488
0.077476264
0.083076439
0.081124909
0.090088435
0.087810957
0.091083604
0.091921064
0.101809289
0.097349991
0.093040915
0.089277098
0.101682912
0.111903406
0.105719299
0.108653967
0.103557955
0.114983928
0.119967977
0.115772515
0.121274079
0.127407634
0.119314592
0.130948762
0.129908359
0.120910909
0.130401358
0.121550656
0.126762022
0.131340918
0.143000375
0.139285042
0.140412633
0.148223216
0.152065533
0.142331136
0.143855704
0.140401591

0.677440746
0.651068993
0.655883966
0.656946279
0.646480989
0.651492114
0.617867835
0.628439835
0.624493894
0.621673129
0.581057225
0.601406256
0.601142382
0.625932485
0.582234858
0.552527193
0.568145251
0.560067596
0.568205928
0.540433203
0.527675762
0.528972838
0.525072051
0.505642
0.52234852
0.495389365
0.496102923
0.520941522
0.504774746
0.513199905
0.500424844
0.48841951
0.459532174
0.460946007
0.470728299
0.440438733
0.420110305
0.462414209
0.453035281
0.465250829

0.056557369
0.053328483
0.053612083
0.044327599
0.061863185
0.057116661
0.067721898
0.066867615
0.079911916
0.080515342
0.090103672
0.088156214
0.066346956
0.072317974
0.090285207
0.112044224
0.09660956
0.102970162
0.085995701
0.115352843
0.127499688
0.106455649
0.131442448
0.141720275
0.118449087
0.149807975
0.14564472
0.125496066
0.15564394
0.120134908
0.134234951
0.145124098
0.174534048
0.156987069
0.172791466
0.181175543
0.17908993
0.173100926
0.170815033
0.166330982

0.040019094
0.044121172
0.043430773
0.041471206
0.046494871
0.04472669
0.052989805
0.050857111
0.053928299
0.054721075
0.064272002
0.05992349
0.05578538
0.052227607
0.064147902
0.074328186
0.068134771
0.071061788
0.065994074
0.077447429
0.082535959
0.078249237
0.083877209
0.09021351
0.081866147
0.093896585
0.092812783
0.083503961
0.093326177
0.084161614
0.089543851
0.094305446
0.106533901
0.102623947
0.103809485
0.112045737
0.11610921
0.105828851
0.107435442
0.10379787

0.047437017
0.012237142
0.020155136
0.02753357
0.037626746
0.03484329
0.047936255
0.043335615
0.062970716
0.050548781
0.061648004
0.066441265
0.030779131
0.046311707
0.055164433
0.081743991
0.073128388
0.066857117
0.075133277
0.069527533
0.094377558
0.064449204
0.090932691
0.096023369
0.088110785
0.086235542
0.10965016
0.080054628
0.112218891
0.073256677
0.093479923
0.104447943
0.125055953
0.123290802
0.138375616
0.114840369
0.12000008
0.129382529
0.10699163
0.126172345

0.025785139
0.028541695
0.028076543
0.026758957
0.030144637
0.028950057
0.034559158
0.033105049
0.035200427
0.035742785
0.042323129
0.039316612
0.036471842
0.034038973
0.042237087
0.049341218
0.045008238
0.047051784
0.043518522
0.051536219
0.055135022
0.052101811
0.056087288
0.060606477
0.054660038
0.063248726
0.062470037
0.055822135
0.062838779
0.056289407
0.060127272
0.063542735
0.072399199
0.069554233
0.070415556
0.076430505
0.07941792
0.071885281
0.07305692
0.070407112
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M/M/3/3/5
ρg
P0
P3/ BPs
0.050190646 0.771236368 0.000748175
0.048757279 0.776454272 0.001283472
0.060753718 0.727194632 0.002175135
0.053461908 0.758022593 0.001448655
0.062890046 0.727512818 0.003390906
0.064922517 0.717512968 0.00482372
0.081910034 0.646781707 0.005435843
0.083288444 0.649880589 0.006739566
0.085739525 0.645421335 0.006905767
0.098063287 0.594611736 0.008538868
0.093606357 0.604562143 0.004994375
0.093682994 0.607695943 0.005402386
0.10551248
0.586060348 0.011998777
0.109044656 0.56774871
0.011356992
0.121668562 0.525462495 0.013215277
0.115824592 0.549000818 0.018837178
0.126667935 0.515919935 0.021364994
0.137476302 0.475709932 0.018668771
0.146435915 0.457429053 0.031707614
0.137602191 0.481789105 0.022791883
0.152888896 0.451750796 0.034077199
0.158398428 0.427425661 0.031764207
0.15155511
0.440344242 0.028838014
0.154768378 0.435847612 0.032747842
0.159223027 0.417623039 0.033591571
0.173616363 0.385643514 0.04115402
0.170740779 0.39538506
0.042517869
0.167033327 0.403271264 0.040301893
0.183370536 0.366464823 0.049214586
0.186035312 0.355166519 0.054065248
0.191131654 0.336333835 0.055095878
0.190760056 0.340763937 0.050470328
0.202835216 0.322552416 0.062515061
0.192242314 0.340105085 0.052404579
0.225179675 0.274935536 0.081723861
0.217157944 0.292496127 0.078877718
0.212828546 0.283691933 0.062408598
0.224251397 0.279825671 0.090985739
0.238656397 0.26952502
0.103690057
0.233173838 0.251315198 0.075734154

BPT
0.00098978
0.000913594
0.001669814
0.00117775
0.001833705
0.001998134
0.003707854
0.003873512
0.004178247
0.005908956
0.005244686
0.00525574
0.007116389
0.007731344
0.01015049
0.008987811
0.011203049
0.013658106
0.015874979
0.013688126
0.017570791
0.019082683
0.017213587
0.018079993
0.019313951
0.023553694
0.022676532
0.021567547
0.026636861
0.027507372
0.029204895
0.029079689
0.033259912
0.029580446
0.04156304
0.038501954
0.036886396
0.041204424
0.046892533
0.044697189

LPs
0
0.002416935
0.002026353
0.002114174
0
0.005371552
0.002899612
0.004652985
0
0.001290326
0.005007834
0.001223244
0.012607471
0.004435828
0.006116224
0.011943284
0.014238269
0.011272911
0.017647078
0.009446119
0.018597156
0.010048319
0.017705938
0.015879037
0.014695085
0.021201419
0.019528624
0.020458567
0.021293781
0.03903711
0.031954893
0.026188638
0.028078393
0.033903463
0.048632237
0.047860376
0.03291516
0.056851723
0.061072707
0.040128428

LPT
0.000415775
0.000383248
0.000708476
0.000496273
0.000779575
0.000851099
0.001604431
0.001678236
0.001814335
0.002594762
0.002293798
0.002298793
0.003145958
0.003428606
0.004551945
0.004009858
0.005045982
0.006209645
0.007273096
0.006223968
0.00809417
0.008831462
0.007920692
0.008341945
0.008944668
0.011039143
0.010602915
0.010053531
0.012583925
0.013023228
0.01388375
0.013820108
0.015959411
0.014074809
0.020292907
0.018682701
0.017838733
0.020103526
0.023129953
0.021956229

111
0.2388295
0.226220011
0.053461908

0.253033814
0.274840778
0.758022593

0.100237319 0.046962435 0.060222703 0.023167442
0.087972794 0.041966284 0.050117466 0.020506088
0.000748175 0.00098978
0
0.000415775
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