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ABSTRACT
Title:

Generalized Random Measures on
Topological Spaces
Author:
Ali Hussein Mahmood Al-Obaidi
Major Advisor:
Jewgeni H. Dshalalow, Dr.rer.nat.
Our work deals with classes of random measures on -compact
Hausdorff spaces perturbed by stochastic processes. We render a rigorous
construction of the stochastic integral of functions of two variables and
show that such an integral is a random measure. We establish a new
Campbell-type formula that, along with a rigorous construction of
modulation, leads to the intensity of a modulated random measure. We
further introduce and study a marked Poisson random measure on a compact Hausdorff space. The underlying parameters of this measure are
changing in accordance with the evolution of a stochastic process. This
generalized random measure has properties resembling those of the conventional Poisson random measure. We obtain an explicit formula for the
probability distribution of such measure in the form of the FourierStieltjes functional, show other notable properties including continuity in
probability and quasi-independent increments, and discuss various
applications of the generalized Poisson measure (modulated by a semiMarkov process) to astrophysics and finance.
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Introduction
Motivation. This work was inspired by various real-world scenarios of
stochastic processes impacted by other stochastic processes. Such a phenomenon occurring in physics and signal processing was referred to as
modulation. Various political events, ambushes, and wars have been known
to influence stock markets throughout the world. Furthermore, in the
universe, the paths of numerous spatial objects, like asteroids, small planets,
comets, particles, light and electromagnetic waves are being impacted by
gravitational forces. Modeling of modulation has been an attraction area for
mathematicians, beginning with a seminal paper by Neuts [54] in 1975,
although some believe that such efforts were undertaken much earlier.
Our focus was on random measures, which are literally random variables,

say       , parametrized by sets instead of traditional stochastic
processes parametrized by a time variable running in one-dimensional
Euclidean space. The latter is not only perfectly structured, but also linearly
ordered. Further strong difference of stochastic processes from random

measures is that a random measure  for a fixed , that is   , is a
deterministic measure. One classic example is the Poisson (counting)
process that is often formalized as a random measure. Now the ordinary
Poisson random measure on , say , is always identified with rate  and
that  can be changed subject to various external events, best expressed by
the evolution of a third-party stochastic process, say , that assumes
different values and making  change accordingly. That being said, 
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becomes modulated by . One famous application is the Cox measure,
which is the Poisson random measure where  is a stochastic process itself.
The modeling of modulated measures is not only significant due to different
needs arising in control theory, but also in its very formalism. The latter
pertains to the construction of such modulation in abstract spaces that would
allow one to associate the above situation in the universe with changes of its
structure from one extreme to the other. For this very reason we chose to
abandon the Euclidean space, even the -dimensional Euclidean space that
loses its linear order of points, but preserves the usual topology and
geometry. A closest equivalent to the Euclidean spaces in an abstract space
topology would be locally compact Hausdorff spaces that mimic the
Euclidean structure in the vicinities of their points. However, we pursued
our goals by trading local properties of associated random measures on
neighborhoods of their points for their boundedness on compact sets,
perfectly resembling such property of the ordinary Poisson measure. We
found this property most appealing and as the result, made all formations on
-compact Hausdorff spaces instead.
Our efforts to retain a relative arbitrage of the carrier space was fully
rewarded after noticing that very little if anything got lost through such
loose assumptions. Indeed, by considering modulated Poisson random
measures in the second half of our dissertation, we found out that the
distribution of such generalized Poisson measure appeared stunningly
similar to that of the ordinary Poisson measure. Next, we established
continuity in probability, and finally, a weaker but very practical substitute
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for the independent increments property (that unfortunately does not hold
for modulated measures).
Now the structural formalism of modulated random measures is built on
stochastic integrals of functions of two variables. That was a very
problematic construction, because both variables of the functions and
measures coincided creating a serious challenge to prove that such a
stochastic integral is a random measure itself. The proof was successful and
it was a turning point of this work. Another core result was a generalization
of the well-known Campbell theorem playing the same pivotal role in the
theory of random measures as the Fubini's theorem in the context of
multiple integration. Such more general version of Campbell's type theorem
is established with respect to the conditional expectation, in a proof, far
more complex compared to the classical case. (For comparison, we brought
the original version of Campbell's theorem.)
From numerous named applications of modulated random measures that we
could deal with, we focused on a specific construction in stochastic finance
that we found to be least technical. There we considered prices of a generic
financial instrument driven by plunges of other large stocks or indexes in
the form of an embedded semi-Markov process.

Preliminaries.

Let

   

be

a

probability

space

and

        be the Borel  -algebra induced by a -compact
_
topological space . A mapping      is a random measure (r.m.)
_
if for each          is  -  -measurable and for each   
   is a measure on  . The set of all such r.m.'s is denoted by .
3

A r.m.    is a.s. compact-finite (c-finite) if    -a.s. on  for
each compact set  The set of all c-finite r.m.'s is denoted by . A r.m. 
is called a.s. finite on a family    of Borel sets if there is an  measurable subset    of probability 1 such that for each    

     holding true for each    . A r.m.  is called a.s.  -finite if
there is a monotone increasing countable family     of Borel sets
such that  is a.s. finite on  .

Let  denote the set of all deterministic Borel measures on  . If  is a

r.m., the deterministic Borel measure        is called the
intensity of . A r.m.    is said to have the independent increments
property if for any -tuple of mutually disjoint Borel sets       
   the r.v.'s      are independent.

Let      be a r.v. and  be a Dirac point mass at point   . Then,
   defined as         is called a point r.m..

Let            be a sequence of  - measurable r.v.'s on

probability space     and let   
  . Then  is a counting r.m.
or a point process. A counting r.m.   
  is called Poisson directed

by a c-finite deterministic measure    if   has the independent
_
increments property,           . In particular, it
follows that  is the intensity of  and that   .
Let      be a sequence of integrable and iid (independent and
_
identically distributed) r.v.'s on probability space    , valued in ,

with a common Fourier-Stieltjes transform (FST),    , Re
   and (finite) common mean . Assuming that the “marked” counting
4

r.m. measure   
   is with position independent marking,  is
called a marked Poisson measure directed by a c-finite measure , if
 has the independent increment property 

  .

 

The

associated counting measure   
  is referred to as the support
Poisson counting measure. Since   , where    , the intensity
   . Thus,    .
Stochastic Integral and Campbell's Theorem. In this work, we introduce
the stochastic integral
      

(1.1)



_
of measurable functions          ,  of two variables with

respect to a r.m.   . While the stochastic integral     of a
function  of just one variable is obviously a r.m., it is far from obvious that
 is  -measurable, because the variable  is present in  and  and it
alters simultaneously. However, in one of our core theorems we show that
 is indeed a r.m. which is foundational for our all forthcoming results.
Another central result in our dissertation needed for our constructions is a
generalized Campbell's theorem with respect to the stochastic integral and
conditional expectation stating that
     -a.s.

(1.2)

holding for any sub- -algebra  independent of  and being somewhat
reminiscent to the Fubini's theorem for deterministic integrals.
Modulation of Random Measures. In various applications occurring in
many areas such as physics, electrical engineering, finance, and queueing,
5

parameters of an underlying r.m. may change subject to an impact of a thirdparty stochastic process. It stands for reason, to make a rigorous
construction of the resulting stochastic outcome that is referred to as
modulation. For example, gaseous molecules and other particles may
typically change its course under a variable gravitation that occurs in
diffusion phenomena. Another example is an impact of political events,
rumors, and speculations on stock pricing and financial markets. More
specifically, if  is a Poisson r.m. directed by a Borel measure  and  is a
stochastic process, then as  evolves in time, measure  changes
correspondingly. If     is a family of Poisson r.m.'s, then modulation
can be understood as selecting some     as soon as  falls into a set
  .
We manage to render a rigorous construction of such modulation and show
that it is a r.m., in notation  . The general result of modulation is made for
an arbitrary family   of r.m.'s with respect to process , in notation  . It

is significant in various applications, in particular, in control theory, to find
the intensity  and stationary intensity rate
R

 
,
 

 lim

(1.3)

where     is a monotone sequence of compact sets.
Modulated Poisson Measures. The following construction is considered as
a canonical form of modulation. Given a sub--algebra    , let
U              be pairwise disjoint measurable sets and
   ,  ,   - a sequence of an independent marked Poisson r.m.'s
6

directed by compact-finite Borel measures        , respectively.
Let us define the r.m. modulated by    as

 U   
   .

(1.4)

We further assume that  and  are independent. Another core result is that
the conditional Laplace-Fourier functional of

 U  satisfies the

following formula
U     U L1  



     

a.s.

(1.5)

implying that
 U    a  U    a  U .

(1.6)

(1.5) resembles the Fourier-Stieltjes transform    being the
principal part of the marked Poisson measure and thus preserves a major
Poisson property as regards the distribution of  U . Equation (1.6) says
that the intensity of  U  is  a  U  and it is a Borel measure on  .
Thus, analogous to the Poisson measure, we can say that  U  is directed
by  a  U .
If  is a  -measurable stochastic process and if   is a countable

measurable partition of , then      U in the above canonical
construction and in this case we abbreviate  U  by  and call the latter
the Poisson r.m. modulated by process  . So in essence  is nothing else as
 U  and thus all results regarding  U  apply to  .
It therefore stands for reason to call  (and for that matter also  U ) the
modulated Poisson r.m. As the common Poisson measure, the modulated
Poisson measure turns out to be continuous in probability meaning that
7

lim       as    Ø.
Further, even though the modulated Poisson measure  fails to have the
independent increments property, we show the validity of a weaker, but very
useful, property as follows. Let      be disjoint Borel subsets of 
and let B    . Then it holds that




 B         a.s.




Now if  U  is modulated by an independent stochastic process , in
notation   we have from 1.6


    
        .

(1.7)

If  is the  dimensional Euclidean space and  's are translation-invariant
Borel measures, that is, for each  there is a positive constant  such that
    , where    is the Borel-Lebesgue measure, we have
R

 lim



 


     

(1.8)

called the stationary intensity rate of   where
  lim       


(1.9)

is the stationary distribution of .

Applications to Stochastic Finance. We first introduce a signed marked
Poisson measures run by real-valued marks and then a generalized Poisson
measure  as a financial instrument modulated by a semi-Markov process
 embedded in a financial index process driven by a queueing process. We
then consider the exponential return rate of the asset in the form of
8



      . We show then that the overall mean exponential return
rate of the asset modulated by such  is


lim      R 

(1.10)



where
R

    pc

(1.11)

is the stationary intensity rate of the modulated Poisson r.m., where the
underlying directed Borel measures  's are translation-invariant, that is,

      ( is a positive constant and    is the Borel-Lebesgue measure

on  ,  is the length of the th service cycle in the queue,

c       T and p        is the invariant probability measure
of the Markov chain embedded in the queueing process over the successive
departure epochs of processed units, and  's are the means of the associated
marks.
For comparison, if  is a marked Poisson r.m. of intensity rate  and the
common mean  of its marks, the mean exponential return rate is .
We further introduce the following asset process
           

(1.12)

still in the context of the modulation by semi-Markov process . Given a
partition of interval    we set
    

    
  

(1.13)

known as the return of   on interval    . Then using the a.s.
additivity of  and continuity in probability, the above returns can be
approximated by so-called logreturns defined as
9


    ln  
 .

  

(1.14)

^ 
Now the sampled return of the asset 


 
   


is proposed to be

     

(1.15)

estimated by the sampled logreturn
^ 



 
   





    






in a similar context as for the geometric Brownian motion. Finally,
assuming  and  large we have

    



^

  

(1.16)

R

where R if of (1.11).
Related Literature. Random measure were intensively studied by many,
most significantly, by O. Kallenberg who authored several foundational
monographs [39-43] and numerous articles. Among other books and papers
directly or indirectly related to random measures, we mention those of
Brémaud [7], Breuer [8], Çinlar [12], Crauel [15], Daley and Vere-Jones
[16], Dshalalow [17-23, 27], Grandell [36,37], Jacobsen [38], Karr [45],
Kingman [46], König and Schmidt [48], Last and Brandt [49], Li [51],
Møller [53], Reiss [60], Sigman [61], Snyder and Miller [63], and Streit
[67].
Dshalalow [17,19-23] introduced a rigorous notion of a modulated random
measure in abstract spaces that in particular relates to Poisson and Cox
processes in which underlying parameters (intensities) are driven by another
process (such as Markov, semi-Markov, or semi-regenerative). He further
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used modulation in the context of stochastic games. (See Dshalalow and Ke
[28,29].)
Finally, Al-Obaidi and Dshalalow [3] set a most rigorous formalism of
modulated random measures and stochastic integrals of functions of two
variables, as the core tool for the studies of intensities of modulated measure
that was not available in the past literature. In [4], Al-Obaidi and Dshalalow
focused on modulation applied to Poisson measures and established
property close to regular and much simpler Poisson measures.

Layout of the Dissertation. In Chapter I, we provide the general formalism
of random measures previously known from the literature, but on different
or more general spaces that it has previously been known, namely on compact Hausdorff spaces. (Note that some previous formalism related to
random measures on locally compact Hausdorff spaces and Polish spaces,
but the assumption on -compactness serves different purposes.) We
brought all major theorems and constructions for this setting. Some results
may have not been known. We then make an informal introduction to
modulation and its applications to science and stochastic analysis. In
Chapter 2, we introduce the new stochastic integral of functions of two
variables where the integrand and random measure share same variables
(“deterministic” and “stochastic” variables), whereas the integration is
formed with respect to the deterministic variable. We manage to prove that
not only such stochastic integral is a measure, but also that it is a random
variable, thus - a random measure. We further prove the generalized
11

Campbell's formula for the conditional expectation, which is somewhat
reminiscent to the Fubini's theorem. Chapter 3 renders a rigorous formalism
of modulation by a stochastic process parametrized by points from the
general  -compact topological space . Chapters 4-5 focuses on general
modulation applied to Poisson random measures. It turns out that the
modulated Poisson measures follow principal properties of the conventional
Poisson measure as far as its distribution, continuity, and to some extent,
independent increments property. Chapter 6 discusses applications of the
modulated Poisson measure by a semi-Markov process in stochastic finance.

12

CHAPTER I.
RANDOM MEASURES AND
THEIR MODULATIONS
1.1 FORMALISM OF RANDOM MEASURES ON
TOPOLOGICAL SPACES
1.1.1 PRELIMINARIES. Let    be a topological space. For brevity,
 is a topological space. We assume that  is Hausdorff and -compact.
Recall that a topological space  is  -compact, if  is a countable union of

compact sets. Let         be the Borel -algebra. Since  is
Hausdorff, all compact sets, in notation   are closed and therefore Borel.
We say that a Borel measure  on  is compact-finite or c-finite, for short,
if  is finite on  . (In some sources [43], a c-finite measure is referred to
as locally finite1, although that notion was used for a locally compact
Hausdorff space.) Let  and  denote the set of all Borel measures and cfinite measures, respectively, on  . Obviously, any c-finite Borel measure
   is  -finite.
We proceed with more definitions and notations. Let    and    be

two measurable spaces and let      be an  -measurable function (i.e.

     ). For a subset     denote     the preimage of  under
 . If  is a system of subsets of       is the family of all preimages of
1Kallenberg [40]

defines a locally finite measure as being finite on all bounded Borel sets
in the context of a compact metric space.
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those sets in  . A function      is  -measurable if and only if
     .

_
By  we denote the usual topology in  or  . Correspondingly,   denotes
the Alexandrov compactification of  in  .

1.1.1.1 Definition.
Let    be an abstract measurable space and    be a Borel
measurable space induced by a -compact Hausdorff topological space. A

mapping     is called a kernel from  to  if for each fixed

    the function      is  -measurable and for each   ,   
is a measure on  .
If    is endowed with a probability measure  the kernel  is referred
to as a random measure. In other words, for each fixed          is
a random variable.
 Here is another way to define a random measure. For a fixed    
_
define map      as     where  is the set of all Borel
_
_
_

measures on  . Then, given     
       (  is the
_
compactified usual topology) is a -algebra in , namely, for a    


        

_
or for a Borel set     



        

Denote
14

_
_

     
      


the  -algebra in  generated by all maps       . Then
  is a measurable space. Let     be a probability space. A
random measure r.m.  is a measurable map from     to  .
Denote  the set of all such random measures (r.m.'s).
_
 In a nutshell, a r.m.    is a measurable map       
such that
 for each fixed   , ,   is a measure on  .

 for each fixed    ,        is a random variable (r.v.)
with p.d. (probability distribution)  , so that
              
is a family of r.v.'s parametrized by all elements of   along with the
associated parametric family of p.d.'s  .

 Let       be an arbitrary indexed family of Borel sets. A r.m.
   is called a.s. finite on   if there is a measurable subset 

  of probability 1 such that      for each    and

each    . A r.m.    is called a.s. -finite if there is a monotone
increasing sequence     of Borel sets such that  is a.s. finite
 

on  .

A r.m.    is called compact-finite or c-finite for short, if   
a.s. for each    . The set of all c-finite r.m.'s is denoted by . 
15

1.1.1.1 Remark. Note that    a.s. and    a.s. means that just
for these two compact sets  and   there are two different measurable
subsets  and   each of probability 1 and that being said,  in general is
not a.s. finite on all compact sets combined. However, it is a.s. finite on any
sequence of compact sets, in particular, if  is -compact, there is a
monotone increasing sequence     of compact sets. Now if    

for each      ,  is (a.s.) finite, i.e. there is a set    such that

    and      for each    . Let     . Then,


   . Indeed,




        
    .




Therefore, from Definition 1.1.1.1, if  is finite on   then  is a.s. 

finite.

Throughout the rest of this paper (as in Definition 1.1.1.2 below) we will
often use a r.m. as a r.v. and thus a function to be integrated with respect to
probability measure , as well as a measure with respect to which we will
integrate other functions forming stochastic integrals.

1.1.1.2 Definition. The deterministic measure

     on 

(explicitly,       ) is called the intensity of  and   . 


Note that even when    ,  need not belong to   but on occasion it
does. We will discuss some special cases related to these situations. In light
of forthcoming main constructions, compact-finiteness is a very desirable
feature of a Borel measure as well as random measure.
16

1.1.1.1 Examples (of r.m.'s).


Let      be a r.v. and  be a Dirac point mass at point   .

Then,    defined as         is a totally finite r.m.. 
is called a point r.m.. Indeed, for each        is a r.v.
because     1    where 1 is the indicator function.

 Let            be a sequence of  - measurable
r.v.'s on probability space     and let
  
  .

(1.1.1.1)

Then  is a r.m.  is called a counting r.m. or a point process.
 Under the conditions of Example let   be a sequence of r.v.'s,
_
     . Define
  
   .

(1.1.1.1a)

Then  is a r.m. and it is called a marked counting r.m. or marked
point process. The underlying r.m.  of (1.1.1.1) is called the support

counting measure. The r.v.'s   are referred to as marks. If   are
independent of   then  is called a r.m. (or marked point process)
with position independent marking.
A position dependent marking is not opposite of position independent
marking. It is defined in a more restrictive way, that is, in the special
case when  is a linear space. Then,  is a r.m. with position
17

dependent marking if for each        depends only on
   (where    in our case) and not on any other random
elements involved in  .
 A r.m.    is said to have the independent increments property if
for any -tuple of mutually disjoint Borel sets       
   the r.v.'s      are independent.
 

Let   
  be a counting r.m. introduced in Example. R.m.
 is called Poisson directed by a c-finite deterministic measure
   if
 
 

 has the independent increments property,
_
         

where       is an open ball centered at   with radius  and
_
    is the associated compact ball.

In particular, it follows that  is the intensity of . Property  means

that      , i.e., for each      is a Poisson r.v. with
parameter  .
We show that    . Let    . Then,
lim    lim    

18

since by our assumption,  is finite on  . The latter implies that

     or that  is a.s. finite on  . Thus  is a.s. finite
on a sequence     making    .

 Under the conditions of Example let      be a sequence
of integrable and iid (independent and identically distributed) r.v.'s on
_
probability space    , valued in , with a common LaplaceStieltjes transform (LST),
   , Re   
and (finite) common mean . Furthermore, we assume that the marked
counting measure
  
  
is with position independent marking.
The marked counting measure  is called a (stationary) marked
Poisson measure directed by a c-finite measure , if
 
 

 has the independent increment property
   .

The associated counting measure   
  is referred to as the
support Poisson counting measure. Since   , where    ,
the intensity    . Thus,    .

19



1.1.1.2 Example (Randomization). Now we make a construction of a
simple r.m. Let    be the product -algebra in   . Then
       is the associated product space. Let      and for

a fixed   , let           denote the corresponding section of  which is  -measurable.

G
w

Gw

X

For some     consider the map     . Since by Remark
_
1.1.1.1,  is  -finite, by Lemma 9.10, Chapter 6 [25],  is  -  measurable. Therefore,  is a r.v. on probability space    , with
_

the p.d. 
on   .
Furthermore, given a    , the set    belongs to  . Define
         .

(1.1.1.2)

1.1.1.1 Proposition. The mapping  defined in 1.1.1.2 belongs to  . The
intensity  belongs to  , and furthermore,   .
Proof. Indeed, for a fixed   ,
          Res    .
On the other hand, fixing 
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is a r.v. on probability space    . One can show (as in Lemma
_
9.10, p. 506, Chapter 6 [26]) that indeed  is  -  -measurable.
Now, the intensity of  is

                




                  .




Consequently,    . Furthermore,    and thus there is a RadonNikodym derivative (the class of equivalent densities modulo )  

 
 .


1.1.2. STOCHASTIC INTEGRATION OF FUNCTIONS ON . Denote
_
_
_


        the set of all measurable functions     . Given
a r.m.    define the integral
      
in the sense of
         for each   
and
      1     


in the sense of
        for each   


and call it the stochastic integral of  w.r.t. .
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1.1.2.1 Definition. We say that  is -integrable in notation   
or
_
equivalently, that          if there is an  -measurable subset

   such that    and
           for each    .

Alternatively, we say that the function  is   -integrable on   that
_
is,            for all    . Recall that the set of all 's
for which the integral  does not exist need not be measurable, but it is a
subset of a -null set. [In the above case, it is a subset of .]
If         we have         . Then  is -integrable, in
_
notation        , if     on  and     on  . It
obviously implies that      such that    and     and
all
_
         .
   

for

   .

Consequently,

we

say

that

We say that the integral of  with respect to r.m.  exists, in notation
_
      , if at least one of the integrals   or   is finite -a.s.
(Notice that for some 's either   and    can be infinite.)

Stochastic integration is analogous to the deterministic integration. (See
proofs to assertions below in [2].)
_
1.1.2.1 Proposition. Let    and        and suppose that
there are two nonnegative -integrable functions  and  such that
_
    . Show that         and that
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            -a.s.
Proof.  Let        . Then,
                  .

(1.1.2.1)

Furthermore,
    
and
     
Then, from           .

Since    
 then    w.r.t.  and    w.r.t.  and

    . Thus,    where      and either   
and    on  .
Consequently, by Proposition 1.8, Chapter 6 [26],      for each

   implying that     
w.r.t.  . Again, by same Proposition

1.8, for each        
w.r.t.  .

Since         and      and     , by same Proposition 1.8,

      
w.r.t.   Thus, by the definition of the stochastic integral,

   or more specifically,    w.r.t.  .

 Now, since by Proposition 1.8, Chapter 6 [26], 
is a semivector


space, we have      
and      
w.r.t.  and
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Because of (1.1.2.1), the left-hand sides of the above two equations are
identical on  ; so are the right-hand sides and thus we get
                       on  .
In other words, this equation holds surely for all    and therefore it


holds -a.s. on .
_
1.1.2.2 Proposition.       is a.s. a vector space over  .
Proof.  Let      . Then,
             .

Because  and  are -integrable, so are          w.r.t. to measurable
sets         and thus all of them are -integrable w.r.t.
         .

Consequently,

      

and

       are -integrable w.r.t.  due to Proposition 1.8. We can
thus apply Proposition 1.1.2.1 to        concluding that     
w.r.t.  and that
                    
        .
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 Let    and    w.r.t.  . Then, by Problem 7.19, Chapter 1
[26],
     and      , if   
      and       , if   
or in short
  

     
      


  .

Therefore, by Proposition 1.1.2.1,
                    , if   ,
                   

                    , if   .

The above equations hold on . Furthermore, we used Proposition 1.8,
Chapter 6 [26], applied for each    to each positive part of the integral,
and each instance of a nonnegative constant multiplicator.



1.1.2.3 Proposition. The stochastic integral is a.s. a linear monotone non_
decreasing functional on the space      .
Proof. The linearity of the integral is due to Proposition 1.1.2.2. Let us
prove monotonicity. Suppose      such that    meaning that

    for all   . Then, by Proposition 1.1.2.2, the function
25

_
~
           w.r.t. some measurable    and thus by
Proposition 1.8, Chapter 6 [26],     is a nonnegative real for all
~
  . Using again Proposition 1.1.2.1, we have
            
validating monotonicity.



_
1.1.2.4 Proposition. For any         it holds     

-

a.s.
Proof. Obviously,     and     . Thus, by Proposition 1.1.2.3, we
have
    a.s. and           a.s.

and consequently,
       



a.s.

_
1.1.2.5 Proposition. Any function         is finite -a.e. on 
-a.s. on .
Proof. Obviously, the set         . Then, for each   
      1 .

hence,
           
a.s.
(since
_
       ). Suppose   is a monotone nondecreasing
26

sequence. Then,   is also monotone nondecreasing bounded by
    for almost all 's. Specifically, if    then lim  is
finite a.s. The latter is possible if and only if    a.s. In other words,
       for almost all   .



1.1.2.2 Definition. We say that    (mod ) if    -a.e. on  for all
  . We say that    (mod ) a.s., if    -a.e. on  -a.s. on . 

1.1.2.6 Proposition. Denote 0
          -a.e. on . Let 

be a r.m. and let   
. Prove that    for all    if and

only if   0
.
Proof. Denote      (which is an element of  ).
()

Let   0
 . Then      . Let   1   

     . Therefore,
    , for all  and for all   .
Denote   sup .

Then, by Proposition 5.6 , Chapter 5 [26],


  
and

  sup   for all   .
Furthermore,      on   . Although  is arbitrary on  and, in
particular, not necessarily , we have that    pointwise on  .
Consequently,    on  which, by monotonicity (Proposition 1.8,
Chapter 6 [26], yields
       for all   
and hence    for all   .
27

() Now let   . Denote

      (       )      .

Obviously,    and    , where

          .




By continuity from below of  (for each   ),
lim    for each   .



(1.2.2)

Clearly,   1 . Again, by monotonicity (Proposition 1.8, Chapter 6
[26]), we have that

      1  




 

which leads to         . From (1.2.2 it follows that   
and hence    . Therefore,   0
.



Then, the following proposition (an analog of Proposition 1.16, Chapter 6
[26]) holds true (in light of Proposition 1.1.2.6):


1.1.2.7 Proposition. Let     
such that    (mod ). Then   

for all   .

Here is a converse of Proposition 1.1.2.7 in a certain sense.
1.1.2.8 Proposition. Let      and  or    . Then the condition

 1  1 a.s. for each   

(1.1.2.3)
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implies that    (mod ) -a.s.. In other words, there is a measurable
subset

  

such

that

          .

   

and

for

each

  


Proof. Let     . Then, the function (  )1  
. From
_
condition (1.1.2.3) it follows that         if  does. Further-

more, condition (1.1.2.3) and a.s. linearity of      (Proposition
1.1.2.3) imply that
(  )1   a.s.

By Proposition 1.2.6, (  )1  0
 a.s. Similarly,    1  0

a.s. where      . Therefore,   1   0 a.s. implying that
   is a -null set a.s. or that     0 a.s.



_
1.1.2.9 Theorem. Let    be finite on  and          such
that  1  1 a.s. for each    . Then,    -a.e. on  and a.s.. In other words, there is a measurable subset    such that 
   and            for all    .

Proof. Let            . Then, by the assumption of the
theorem,

1   1       1    a.s.

(1.1.2.4)

Furthermore, by Proposition 1.1.2.4 and the assumption that  is finite,
1   1     a.s.
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implying that 1 is a.s. finite. Thus, from (1.1.2.4) and the latter we have

   a.s. for each  w.r.t.  . So, if      then    and




   a.s. on  good for all .

Therefore,

         for all    .




On the other hand, due to

                













           
we have that          a.s. Obviously,
         .
Altogether we proved that      a.s.



_
1.1.2.10 Corollary. Let    and          such that
 1  1 a.s. for each    . Then,    -a.e. on  and -a.s. on
. In other words, there is a measurable subset    such that    
and            for all    .
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Proof. Since  is  -finite, there is a monotone increasing sequence   of
compact sets on which  is a.s. finite. Let   Res . Then, we have by
the assumption

  1   1   1  1

good for any    . Therefore, by Theorem 1.1.2.9,     -a.e. on 
(-a.e.

on

 )

-a.s.

on

some

       .

Now,

if

         ,    a.s. on  of probability one.
Therefore,    a.s. on     and     as well. On the other




hand,
      and
Thus

     .




              
    a.s. on  .






Obviously, we have.
_
1.1.2.11 Corollary. Let    and          such that
 1  1 a.s. for each    . Then,    -a.e. on  and -a.s. on
. In other words, there is a measurable subset    such that    
and            for all    .

1.1.2.12 Theorem (Campbell's Theorem). Let    of intensity   
_
and let function        . Then,
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    .

(1.1.2.5)

_
Furthermore, (1.1.2.5) holds even if       .
Explicitly, Campbell's formula reads as follows:
             .

(1.1.2.5a)

Proof.  Let   1 . Then, 1      1 .


 Let   
 1
  1 . Then,   

 
  1    .

 Let   sup , where    is a sequence of simple functions.
Then, by the definition of stochastic integral, monotonicity of stochastic
integral, and the monotone convergence theorem
  sup  sup   sup 
by 
sup   .
 Let        . Then,        


      .

1.1.2.1 Examples.
 Let     where      is a r.v. on    . Then,
_
        is a r.m. Let       . Then the stochastic
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integral of  w.r.t.  is      holding for each   . We will directly
verify Campbell's formula. Firstly,
              
  1         .

Therefore, the intensity    is    . Now, if     then
         . On the other hand,
             .


 We have for   
and a counting r.m.   
  of Example

1.1.1.1  the expression for the stochastic integral  as
   
   .

Then,     
  implying

 

  
    .
   

On the other hand,
  
   
since   , by the monotone convergence theorem


 
    
    .



_
1.1.2.13 Proposition. Given a Borel-measurable function      , the
integral  defines a r.m. on    .
Proof. Obviously,  is a measure for each   . It remains to show that
 is a r.v.. If   1 , then
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   1      .

Therefore,  is a r.v. for this special case. If   
  1 , we have
   
   

_
which is a r.v. as a linear combination of r.v.'s. If        , then
there is a monotone nondecreasing sequence   of simple functions such
that   sup  in the topology of pointwise convergence and
  sup 
must be measurable according to Proposition 5.6, Chapter 5 [26].



1.2. INFORMAL INTRODUCTION TO MODULATION
As various stochastic processes are perturbed by other stochastic processes
“spontaneously” changing their parameters, so do random measures being
influenced by some stochastic processes that change their intensities to say
the least. There are numerous real-world scenarios when random
perturbations take place. We note that the word modulation we use in this
work is meant to be synonymous to perturbation and we will use them
interchangeably.
1.2.1. PERTURBATIONS IN SPACE. Suppose that a cloud of celestial
bodies or particles are moving in space whose location or speed or mass can
be formalized by a random measure. If such a cloud passes by some matters
of high mass like planets, their further position can be perturbed (or
modulated) by the gravitation of those matters. Intensities of such
34

modulated random measures and their ergodic properties are of interest in
stochastic control theory.
An asteroid is always subject to the gravitational forces exerted by the
planets and even other asteroids. The term “asteroid” refers to the minor
planets of the inner Solar System including those co-orbital with Jupiter.
These perturbations, as they are known, cause its orbit to change gradually
over time [31].
Asteroids are of high significance to the human life on earth, simply because
they can threaten it as they allegedly did in the past. An anxiety about
asteroids occurs when they pass the earth in a relatively close proximity and
when impacted by gravitation of underlying objects or even sunlight, they
can change their trajectories for bad. For example, sunlight falling on a
particular rotating asteroid exerts a force that cause it to slowly spiral
outwards from its original location in the Main Belt. Here it came under the
gravitational influence of the gas giant planet Jupiter, which caused the
eccentricity of its orbit to change significantly over a few tens of thousands
of years. This change in eccentricity caused the asteroid to become a Marscrosser and then to arrive in the vicinity of Earth – a near-Earth object, or
NEO. Further planetary perturbations circularized the orbit to ensure it
remained in the vicinity of Earth. This particular asteroid, Apophis, is not
only an NEO but also a near-Venus object [31].
Earth’s gravity, being much weaker than that of Jupiter, does not usually
affect the orbits of asteroids to such a great extent, but the proximity of
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Apophis to Earth in 2029 will cause a significant change in that asteroid’s
orbit [31].
Quasi-satellites are so called because they spend part of their time in orbit
around Earth and part in orbit around the Sun. Asteroid (3753) Cruithne is
one of three known asteroids of this type, and 2002 AA29 follows a
horseshoe-shaped orbit around the Sun at an almost identical distance to that
of Earth. A simplified version of such an orbit is shown in Fig. 1.2.1. At
point A the asteroid is traveling slightly faster than Earth and, as it
approaches, it is pulled into a larger orbit at B and falls behind Earth until it
reaches point C. Here it is switched into a smaller orbit by Earth’s
gravitational attraction and speeds up until it again approaches Earth at
point A [31].

Figure 1.2.1
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The gravitational forces exerted by the giant planets on the belt of smaller
bodies caused their nearly circular orbits to become more eccentric [31]. In
addition to the Earth-crossing-orbits asteroids, there is another population of
interesting Earth-approaching asteroids. These move on extremely Earthlike orbits and their motion is dominated by close approaches with the
Earth. These objects are referred to as Natural Earth Satellites.
An asteroid's orbit can be altered by various gravitational and nongravitational mechanisms that have the potential of transforming a nonthreatening asteroid into a threatening one and vice-versa. For example,
Asteroid 1999 RQ36 has a one-in-1,000 chance of hitting the Earth before
the year 2200. According to Badecu [cf. 5], an analysis of its orbit has
predicted that it is most likely to hit us on September 24, 2182.
Einstein's theory of relativity predicts that gravity not only bends the paths
of stars as they travel in orbits about black holes, it also bends the path of
massless light particles themselves. This prediction was first demonstrated
by Sir Arthur Eddington on 29 May 1919 during a solar eclipse: positions of
stars on the opposite side of the sun appeared to shift as the sun moved in
front of them [52].
1.2.2. MARKOV-MODULATED PROCESSES. Modulated processes are
those perturbed by other processes. The processes that are driven by Markov
process are called Markov-modulated processes. One of the basic cases of
modulated processes is a piecewise constant Markov process itself. Namely,
a Markov-modulated process is the Poisson process (and for that matter, the
Poisson random measure) of unit intensity  driven by a finite-state space
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Markov chain  . The Poisson process is supposed evolve in a normal
pace moving from state  to state    with probability 1, and with a
sojourn time at state  exponentially distributed with constant parameter .

Alternatively, driven by some Markov chain  , its sojourn time in state 
is exponential with some parameter  and it lands at some other state 
with probability  , which is a belonging of  . This interpretation of
any piecewise constant Markov process is serves as typical manifestation of
modulation.
Now if we assume that such modulated Poisson process evolves until it
reaches some particular state in which it will get absorbed and thus stay
forever, then the distribution of time from a start at any state until
absorption is called the PH-distribution. This distribution was introduced by
Neuts in 1977 and 1979 [54,55]. It was aimed to be a single phase that
generalized the gamma distribution and was supposed to accurately approximate any arbitrary continuous distribution on the positive real axis. At the
same time, it carried a finite number of different exponential phases, with
the memoryless property that lead to a useful generalization of the known
phase method in stochastics. Notice that the infinitesimal generator  of
such absorbing Markov process has a peculiar form carrying a whole row of
zero elements in contrast with conventional generators tacitly requiring at
least one non zero element in each row.
This led Neuts to further generalizations starting with birth-death processes
in which the elements of infinitesimal generators were replaced with block
matrices and the zero row is replaced with a zero-block matrix. The notion
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of modulation has become more complex. This invention by Neuts, led to
innovative computational procedures, known as matrix-geometric methods.
The Markov-modulated Poisson process (MMPP) is a special case of the
MAP. In MMPP, the occurrence of Poisson events has a rate that changes
immediately with the changes of state of the modulating Markov chain. The
same takes place with another process known as the Markov-modulated
compound Poisson process. If    is a MAP defined on the state space
   , where  is a doubly stochastic Poisson process (simple Cox
process) with a rate dependent on the state of  , then    is an MMPP.
Storkey et. al. [65,66] developed probabilistic methods referred to as
renewal strings by combing the concepts of Hough transform, renewal
processes, and hidden Markov models to remove spurious records in large
astronomical databases gained from sky surveys. They indicated to the
direct link between the MMPP, the renewal process, and hidden Markov
models (see also [62]).
1.2.3. MARKOV-ADDITIVE PROCESSES. Markov-additive processes
(MAP's), specifically, Levy processes with a Markov component, are the
one of the most pertinent modulated processes. Semi-regenerative
phenomena are regenerative phenomena that, in addition, have a Markov
component. Such phenomena are important in the study of Markov-additive
processes and arise in numerous important applications (cf., Pacheco, Tang,

and Prabhu [57]). Let ,  ,  be probability space,      ,
and



be

any

countable

set.

The

bivariate

process

            on the state space    is called a
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Markov-additive process if, given    , the conditional distribution

           depends only on  . Clearly,    is a
two-dimensional Markov process. Therefore from the above definition, the
increments
                     

0         

for

are conditionally independent given           In general,  is

referred to as the additive component of MAP   , because  alone is
not Markov while  is called the Markov component. If the state space of 

contains one element and  has independent increments then MAP   
is a Levy process (because Levy process has stationary independent
increments). See Çinlar [10,11]. Recently, Breuer [8,9] generalized MAP's
on general state spaces. Another important MAP is the Markov-modulated
Brownian motion. This commonly occurs in risk and queueing models
[5,32,34,35,44,59,64, 68].

40

CHAPTER II.
RANDOM MEASURES AS STOCHASTIC
INTEGRALS OF FUNCTIONS OF TWO
VARIABLES
2.1. STOCHASTIC INTEGRALS OF FUNCTIONS OF
TWO VARIABLES

For the forthcoming constructions related to modulated random measures
we are in need of the integral of a function of two variables in a special
sense. One of the variables we previously had was in   . The other one
we will deal with is   .
2.1.1.

CONSTRUCTION OF STOCHASTIC
_
         ,  and   . Recall,

INTEGRAL.

Let

_
Definition 2.1.1.1 ([26], D9.15). Let  :      be a function Denote
_
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(2.1.1.1)



and call it the -section of  .

_
By Proposition 9.16 ([26]), for each     is  - -measurable. We
informally define the stochastic integral of  as
        

(2.1.1.1a)

meaning that
  

   .

(2.1.1.1b)



Then, for each Borel set    

    1                   (2.1.1.1c)




Let us elaborate this definition.
1 With      and   1  the -section of  is
  1   1 

and the integral     reduces to

        1   
     1   .

[In Example 1.1.1.2 we discussed the randomization of a deterministic
measure through section  . Applying  to the section makes  “doubly
stochastic.”]

2 Let    
  1   such that         is an

   -measurable

partition

of

   
  1 and thus we define,

   with
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  .

Then




          
   
    

_


3 If   
      ,    
 then there is a monotone
increasing sequence of simple functions   convergent pointwise to  on
  . Next, by [26] (Problem 9.15),
  sup .
Then define

4




  sup   sup 
     .

For

   ,

we

have

    

and

correspondingly,

     . Then define
     .
_
2.1.2. INTEGRABILITY. Given an          ,  and
that

is
-integrable,
in
notation
_
_
         ,     if there is a measurable subset   
   

we

say

such that    and
_
             
and
_
             .
In the integral   where    we wonder if

 is a r.m.. That

      is a measure for each  is obvious. Is however,
  a r.v. for each Borel set  ? The answer is in the following theorem.
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_
Theorem 2.1.1.1. Given that          ,   the stochastic
integral  is a r.m.
Proof. We start with special cases.
 Let   1  where      and let    . We show that the
integral  is  -measurable. Let


       :  1     is  -  -measurable.

1 We show that     . Let          . Then
1  1  1 implying that for each  1  1  1 and further on,
1   1   1  

 1      1   


implying that     .

2 Let    and    . Then using the property of a section operator
(cf. [26], Ch. 6, section 9),
 1       1  





      1         1  
(2.1
 .1.1)






is the difference of two r.v.'s. The figure below illustrates this case, provided
that  crosses  . If it does not, then   Ø and       
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W
w
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6444744444448
14444442444443
Uw

X

Another trivial case takes place when  does not cross   implying that
1    Ø.

Note that if        for some 's then     and
2.1.1.1 is undefined. This can be remedied by taking a sequence
    of compact sets on which , by our assumption, is finite and then
replace  with     .

3 Let      be a pairwise disjoint sequence and   
   Then

1   1 1   1   
  sup1   


 sup   1  
 




implying that 1 is  -measurable according to Proposition 5.6 (),
Chapter 5, [26].
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With 1-3 holding,  is a Dynkin system that contains    . If the latter
is a generator of , then because it is  -stable,  would be a -algebra. If
   were not a generator of , then there would exist a smaller Dynkin
system, say , generated by    . Since    is  -stable,  is a algebra induced by    . However,    is the smallest -algebra
generated by    , and therefore we arrive at the following chain of
inclusions:
            .
Thus      and we conclude that, for each       the
integral 1 is a r.m..
 Let

  

and

   
  1   

where

         is a measurable partition of   . Then,  is a r.v.
, because due to   is a convex linear combination of r.v.'s and thus it is
a r.m.
_
 Let          ,  . Then there is a monotone non
decreasing sequence   of measurable simple functions such that
  sup and thus, by the property of a section operator, Chapter 6, section
9, and Proposition 5.6 Chapter 6 [26], we have
  sup   sup  sup



and thus  is a r.v..
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Remark 2.1.1.1. From Theorem 2.1.1.1, it follows that for any
_
         ,   the stochastic integral  is a r.m. from .
However, does    ? Consider some special cases.
Let   1  such that  is a measurable subset of    and let   
Then
          -a.s.,
because     and thus    for this special case of  . The same
obviously holds if  is a simple function. However, the condition
    -a.s. need not hold for an arbitrary measurable function  
_

       ,  . It is obvious when taking   sup  

where    is a monotone non decreasing sequence of simple functions. 

2.2. CAMPBELL'S-TYPE THEOREM

In this subsection we derive a new formula reminiscent to Campbell's
formula of Theorem 1.2.12, section 1.2, now obtained for stochastic
integrals of functions of two variables.

Theorem

2.2.1.1.

Let
 
be
a
sub- -algebra,
_
_
            , and    such that for each
   , .  is independent of  in notation, .     Then
     -.

(2.2.1.1)

The latter implies that
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(2.2.1.1a)

Proof.  Let   1 where      and let   . We show the
validity of formula (2.2.1.1) for this special case of  . Define

 

           , 1 1    1 1 -a.s.
If           then for an    
1   1    1 1 1  
 1    


 1      
 1     

(since    

(since    

 1 1 1 -a.s.
Hence,     .
 

Let      be a sequence of pairwise disjoint sets and   

   Then by the monotone convergence theorem and because     


   1  1       
   1 1 
 
 1 1  1 1 .

(2.2.1.1b)
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Now, 1 1    1 1 -a.s. holds for all 's from some  such

that   . Therefore, 2.2.1.1b holds true for all       and




clearly,   . Consequently,  is closed under the formation of all
countable disjoint unions.
 

Let    . Then, because 1  1  1 and because    
1   1    
     1 1
1

 1 1 -a.s.
[We can ensure the validity of the above expressions first by assuming that
     implying that there exists a sequence of compact sets
    such that     and thus

1   1    sup 
1   1    sup 1 1 -a.s.]


Therefore,  is a Dynkin system that contains     If    is a
generator of , then because    is  -stable,  would be a -algebra.
If    is not a generator of , then there would exist a smaller Dynkin
system, say , generated by    . Since    is  -stable,  is a algebra induced by    . However,    is the smallest -algebra
generated by    , and therefore we arrive at the following chain of
inclusions.
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implying that      . Part  therefore, proves that formula
(2.2.1.1) holds true if   1 for any      .

 Let   
  1   where      . Then from part 

     1      
  1 1    1 -a.s.
_
 Let          ,  . Then   sup and (2.2.1.1)
holds by part  and the monotone convergence theorem.

_
 For an                , , formula (2.2.1.1)
holds due to part  applied to   and  .
_



50

CHAPTER III.
THE FORMALISM OF MODULATED
RANDOM MEASURES
3.1. MODULATED RANDOM MEASURES AND THEIR
INTENSITIES

3.1.1. MODULATION. Let    and  be the Borel -algebra
(induced by the usual topology). Let     be a probability space,

   be a sub- -algebra, and let  :         be a stochastic
process on   ,  (i.e. parametrized by   ), that is,  is    measurable. Next, let    such that    .
W

Y

h (w ,.)

Y0

w
U

w

X

Given    

let        (see the figure above). Then

     . Define
    1              ,
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explicitly
              
  1      .

(3.1.1.1)



We call  the r.m. modulated by  with respect to set   . Note that by
Theorem 2.1.1.1 (precisely case ), whose conditions are met,  must be a
r.m.; consequently, the term “modulated r.m.” is warranted.

3.1.2. INTENSITY OF MODULATED R.M.  . According to Remark
2.1.1.1, with the choice of   1      i.e., it is a c-finite r.m..

Example 3.1.2.1.


Let  be the Poisson r.m. directed by a c-finite Borel measure

   , i.e.    such that         for each    
Using

Campbell's

          

formula (2.2.1.1a),

theorem

since

  1        
  1       1    


      .



(3.1.2.1)
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 Suppose   
   is a marked Poisson measure with position
dependent marking. As in , using Campbell's theorem, with   ,
where    
  1        
  1           .

(3.1.2.1a)




5.3. INTENSITY RATE. In the context of the Poisson r.m. of Example
3.1.2.1, suppose  is continuous w.r.t. some c-finite measure   . Then
there is a Radon-Nikodym density  such that       Furthermore,
suppose   constant. For example, if    and     is a


translation-invariant Borel measure, we know that there is a positive
constant, say  such that    and  is the Borel-Lebesgue measure on

  . In the latter case, the Poisson random measure  is called
stationary. Then using (3.1.2.1) and the assumed translation-invariance of
,

        .

(3.1.3.1)



 


We call

the intensity rate of  on set  w.r.t. measure   Let

    such that     If the limit
R



 
lim 


 lim

     



 

exists, we call its value the stationary intensity rate of  . The number
   lim

  



 

 lim 
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(3.1.3.2)

(obviously,   ) is referred to as the stationary probability of  w.r.t.
Borel-Lebesgue measure  .

3.1.4. STOCHASTIC INTENSITIES OF MODULATED RANDOM

MEASURES. According to Campbell's theorem,     , but
     even if    . Here is why. Let    , then
       for almost all 's. That is,        on some  of
probability 1. In other words,       1   for all 's.
However,   does not have to be finite.

It stands for reason to require        for almost 's (a.s. compact
bounded or a.s. c-bounded). Then,    . In general,      
In the context of the randomized measure of Example 1.1.1.2, we have
shown that      (Proposition 1.1.2.1) where      


implying that ,     Furthermore, if  is c-bounded , then
   and so is     .

Again, we call  a.s. c-bounded if     an  such that
        2

for

almost

all

  .

If

sup          then  is called a.s. uniformly c-bounded.

Remark 3.1.4.1. Recall that in the Campbell theorem, sub--algebra
   implying that the section  is  -measurable, i.e.,    (recall
        , since         by Proposition 1.17, Chapter 6, [25], we
have       .
2If
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that    ). By taking only one set , we can choose    Ø     
and then set       





In the context of modulation of  by  w.r.t. , if  is    -measurable

and      is  -independent, we have all conditions of Campbell's
theorem met. Thus the above applies to      

Remark 3.1.4.2. In the context of the modulated Poisson measure of
Example 1.1.1.2, we took    and used  as the directed measure  that
was required to be from  , in order for    , not the other way around.
However, if  is an arbitrary random measure, we may want that   
and, in addition, a.s. c-bounded to ensure that     . Other than
that, everything else remains the same, with    replaced with   .
Namely, using Campbell's Theorem 2.2.1.1 formula (2.2.1.1a), because
          

   1        
  1    


  1   


      .

(3.1.4.2)
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3.1.5. GENERAL MODULATION. Let   be a countable partition of

W
h (w ,.)
Y

h * (Yi )

w

Yi

h * (Yi )w

Then     is a countable measurable partition of    (see the above
figure). Let   be a sequence of c-finite r.m.'s and    . Define
         .

(3.1.5.1)

where      is thought to be

         1      .


and it is a r.m. from  .

Recall that  is a.s. c-bounded if         such that

        -a.s. If  is a.s. c-bounded, then    and also
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Next, we claim that  defined in (3.1.5.1) is a r.m. Firstly, 
        

is clearly a r.m. Also,     is a measure   . That  is measurable


follows from [26], Chapter 5, Proposition 5.6, because   sup  .


While        , because it is finite a.s. at each    ,  does not
have to be a.s. c-finite. Clearly, we need to impose conditions of the
convergence for that series, taking into account that they somehow must
hold on compact sets.
Let    a.s. on  , where    c-finite deterministic Borel measure,
i.e.  ,      a.s.. Then    and
     1        1     




               a.s.


Hence,

                a.s.

The latter is due to the fact   is countable, so that   such that
  1 as usual. Let     . Then all reduces to the convergence of

the series 
   In conclusion, for    , it is sufficient that there

exists a c-finite Borel measure  such that

          a.s.,

(3.1.5.2)
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  converges.

(3.1.5.3)

Remark 3.1.5.1. In some applications,

 is defined with   

      Then some other sufficient conditions must be imposed on 's.
For example,         a.s. a.s. c-uniformly bounded  

   and    For now we assume that conditions  and 




are met.

3.1.6. INTENSITY OF  . By Fubini or using the MCT (monotone
convergence theorem),
        

(3.1.6.1)

From Remark 3.1.4.1, with     for any compact set 
            


(3.1.6.2)



Note that,
          .


(3.1.6.3)



Indeed, since      a.s., by using Campbell's Theorem 2.2.1.1,
            .

(3.1.6.4)

Now,
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         a.s. by (5.5.2)

(3.1.6.5)

and further by Campbell,
                .

(3.1.6.6)

Therefore,  by (3.1.5.3),     and thus    .
3.1.7.

STATIONARY

INTENSITY

RATE.

Now,

suppose

      and let  be an associated Radon-Nikodym density Then
           ,


where  

 


( is rate). If  is constant (we call  a stationary rate),

then by the MCT,
R

(3.1.7.1)



 
 

 lim

    

   lim 




.

(3.1.7.2)

We call R the stationary intensity w.r.t.   where   is any
monotone nondecreasing sequence of compact sets such that    .
Again if  is stationary, i.e.     then
         .

(3.1.7.3)



Call

    

lim 

 

(3.1.7.4)

 
59

the stationary distribution of  with respect to    
From (3.1.7.2), in light of (3.1.7.3),
 
R  lim 



   

   lim 


       .





(3.1.7.5)



So in this special case, the stationary intensity rate reduces to a compact
formula.
Example 3.1.7.1. Suppose   is a sequence of marked Poisson measures
in

light

of

Example

3.1.2.1

such

that

for

   
      . Given process  , we call

each








   
  

a marked Poisson r.m. modulated by  with respect to partition  . From
Example 3.1.2.1     (where    ) formula (3.1.2.1a),
          

and formula (3.1.7.2) for the stationary intensity rate of  

 
R  lim 



   

    lim 

 

     .

3.2. APPLICATIONS
Example 3.2.1.1. Suppose we have two parallel queueing systems, QS1 and
QS2 so that the input to the second queue depends upon the status of QS1
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upon some reference points        (such as completion of service
cycles). Let  be the queueing process in QS1 which is semi-

regenerative with respect to the sequence   (meaning   is a sequence

of locally strong Markov times and that       is the associated
renewal Markov process). We thus assume that the input to QS2 is

modulated by the minimal semi-Markov process  defined as

    where   is the counting process of   defined as
     
   . See the figure below.

Q (t )

h (t )

TC ( t )1

t

TC (t )

TC (t )1

We assume that the input flow to QS2 is the marked Poisson r.m.  of
Example 3.1.7.1 modulated by the semi-Markov process . The stationary
intensity rate is then

 
R  lim 



    lim

  



     .

 

(3.2.1.1)
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In the context of this model,    and  is an ergodic semi-Markov

process. Let p        be the invariant probability measure of the
embedded Markov chain     (which is often known) where
    is the associated Markov renewal process. Then, from Çinlar [10],
  lim         


 
pc 

(3.2.1.1a)

where       is the length of the th service cycle in QS1 and
c       T . Note that the same limit will be obtained by
lim       .
Then from (3.2.1.1) and (3.2.1.1a),

R

        

 
pc .

Such a complex system is difficult to analyze. We can largely relax it by
using a much simpler input to QS2 as a marked Poisson process with
constant intensity rate equal R. Probabilities 's, cycles 's, and the
stationary mean cycle    pc can be found from a separate analysis of
QS1. For example, for a queueing system   -  with a marked
Poisson input of intensity  and N-Policy, the stationary mean service
cycle equals  


 .

The probabilities  's can be found from a an

associated Kendall's-type formula (cf. Dshalalow [25]).
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Example 3.2.1.2. Consider the stock price or the price of a financial
instrument in its monotone phase. Various earning reports about the
underlying stock company, general financial and economic news, oil and
precious metals indexes, political news, including wars, cold wars, and
economic embargoes, all can modulate the stock price even in its monotone
phase. As in Example 6.1.1, it is convenient to model such events and
cataclysms by semi-Markov or semi-regenerative processes. Modeling the
stock price by a marked Poisson or Cox process (cf. Dshalalow [17-20]),
subject to an external modulation offers a new avenue of modeling not
explored in stochastic finance. The associated stochastic intensity or total
intensity rate of the modulated r.m. would be a valuable information about
stock's well being and even a future performance. The monotonicity of stock
prices should be relaxed in light of subsection  of the next section.



Example 3.2.1.3. (War or economic games.) Antagonistic games of two
players A and B can be modeled by two “hostile” atomic r.m.'s   


  and   
   that represent mutual attacks at times   and
  exerting respective casualties   and  . The game ends when a
player sustains irreversible damages exceeding its predefined threshold (
for player A and  for player B). The determination or rather prediction of
the time when the game ends (exit or first passage time) and the status of the
players upon this time is dealt in the theory of fluctuations. (Cf., [1,28-30].)
In a more realistic scenario, either of r.m.'s  and  can be modulated by
external factors, such as involvement of other players or new coalition
partners, economic reports, and political campaigns, to name a few. Of
63

interest would be to calculate the intensities of the attacks and their changes


subject to modulations.
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CHAPTER IV.
MODULATED POISSON MEASURES ON
TOPOLOGICAL SPACES
4.1. INTRODUCTORY NOTIONS

Let    be a  -compact Hausdorff space. Recall that a topological space
 is  -compact, if  is a countable union of compact sets. Let
        be the Borel -algebra. Since  is Hausdorff, all
compact sets, in notation   are closed and therefore Borel.
We say that a Borel measure  on  is compact-finite or c-finite, for short,
if  is finite on  . Let  and  denote the set of all Borel measures and
c-finite measures, respectively, on  . Obviously, any c-finite Borel
measure    is -finite.
We proceed with more definitions and notations. Let    and    be

two measurable spaces and let      be an  -measurable function (i.e.

     ). For a subset     denote     the preimage of  under
 . If  is a system of subsets of       is the family of all preimages of

those sets in  . A function      is  -measurable if and only if
     .
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_
By  we denote the usual topology in  or  . Correspondingly,   denotes
the Alexandrov compactification of  in  .
4.1.1 Definition.


Let    be an abstract measurable space and    be a Borel
measurable space induced by a -compact Hausdorff topological

space. A mapping     is called a kernel from  to  if for each
fixed     the function      is  -measurable and for each
  ,    is a measure on  .

 If    is endowed with a probability measure  the kernel  is
referred to as a random measure. In other words, for each fixed
         is a random variable.

 Let       be an arbitrary indexed family of Borel sets. A r.m.
   is called a.s. finite on   if there is a measurable subset 

  of probability 1 such that      for each    and

each    . A r.m.    is called a.s. -finite if there is a monotone
increasing sequence     of Borel sets such that  is a.s. finite
on  .

 A r.m.    is called a.s. compact-finite or c-finite for short, if
   a.s. for each    . The set of all c-finite r.m.'s is denoted
by  .
 

The deterministic measure      on  is called the intensity of


 and   .
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4.1.1 Remark. Whereas a r.m.  in general is not a.s. finite on all compact
sets combined, it is a.s. finite on any sequence of compact sets.
Furthermore, because  is -compact, there is a monotone increasing
sequence     of compact sets. Therefore, it is easily seen that because
 is finite on   then  is a.s.  -finite.



4.1.1 Counting r.m.'s


Let      be a r.v. and  be a Dirac point mass at point   .

Then,    defined as         is a totally finite r.m.. 
is called a point r.m.. Indeed, for each        is a r.v.
because     1    where 1 is the indicator function.

 Let            be a sequence of  - measurable
r.v.'s on probability space     and let
  
  .

(4.1.1)

Then  is a counting r.m. or a point process.

 Under the conditions of Example let   be a sequence of
_
r.v.'s,      . Define
  
   .

(4.1.1a)

Then  is a r.m. and it is called a marked counting r.m. or marked
point process. The underlying r.m.  of (1.1) is called the support

counting measure. The r.v.'s   are referred to as marks. If  
are independent of   then  is called a r.m. (or marked point
process) with position independent marking.
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 A r.m.    is said to have the independent increments property if
for any -tuple of mutually disjoint Borel sets       
 

   the r.v.'s      are independent.

A counting r.m.   
  is called Poisson directed by a c-finite
deterministic measure    if
 
 

 has the independent increments property,
_
          (the compact unit ball in ).(4.1.1b)

In particular, it follows that  is the intensity  of  and that
   .
 Under the conditions of  let      be a sequence of
integrable and iid (independent and identically distributed) r.v.'s on
_
probability space    , valued in , with a common FourierStieltjes transform (FST),
   , Re   
and (finite) common mean . Assuming that the marked counting r.m.
  
  
is with position independent marking,  is called a marked Poisson
measure directed by a c-finite measure , if
 
 

 has the independent increment property
   .

(4.1.1c)
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The associated counting measure   
  is referred to as the
support Poisson counting measure. Since   , where    ,
the intensity    . Thus,    .
Note that a Poisson measure need not have the stationary increments
property that is a rather exclusive property. For example,  must be a vector
space to begin with, and if this condition is met, the directed measure 
must be translation invariant. For example, if    and  is a translation
invariant Borel measure, then there is a positive constant, say , such that

     where    is the Borel-Lebesgue measure. Then, from 4.1.1b 
we easily conclude that  has the stationary increments property. Indeed,
with

a

Borel

set



and

a

point

   

we

have

that

        . Observe that    if  is a unit set under
the Borel-Lebesgue measure. It makes sense to name  the rate of  and
thus of . However, in the literature, constant  and not measure  is often

_
4.1.2 Stochastic Integral of a Section. Let          , 
referred to as the intensity of  and this is confusing.

and   . Recall that
_
             

(4.1.2)

_
is the -section of  and that for each     is  - -measurable. In
[3] we defined the stochastic integral of  as
        

(4.1.2a)


meaning that for   
,

  sup 
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where   sup  and   is a monotone increasing sequence of simple
functions   convergent pointwise to  on    and
    
for    .
_
Given an          ,  and     we say that  is _
_
integrable, in notation          ,     if there is a
measurable subset    such that    and
_
             
and
_
             .
Given the integral   where    we proved in [3] that  is a r.m..
That       is a measure for each  and   a r.v. for
each Borel set .
4.1.3 Campbell's-Type Theorem. In [3] we proved the following theorem.

Theorem

4.1.3.

Let
 
be
a
sub- -algebra,
_
_
            , and    such that for each
   , .  is independent of  in notation, .     Then
     -.

(4.1.3)

The latter implies that
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(4.1.3a)

4.2. CONDITIONAL FOURIER-STIELTJES
EXPONENTIAL
In this section we introduce a versatile Poisson process driven by another
process that exhibits some properties of a conventional Poisson process and
yet being far more general.

We recall that if  is a marked Poisson random measure directed by
   , then from (4.1.1c), it follows that for each    ,
   . The following result is a useful generalization of
(4.1.1c).

Theorem 4.2.1. Let  be a sub- -algebra of  such that, for each
     is independent of  in notation,    . Then, for each
     and -section  
      a.s.

(4.2.1)

Proof. Define the following family of sets
           , 1 1  

 1 1  a.s. 
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Let      such that    , then 1  1 1 . So, we have
1    1 1     1 1   
 1  1     1 1  
 1 1  1     1 1    1 
 1 1   1   1   1 

 1 1   1  a.s.

Thus,     .
 From  we have that if  is a rectangle, then formula (4.2.1) holds.
Now suppose  is the union of two disjoint rectangles,   and  , that is,
suppose
          
and thus        implying that
1  1 1  1 1 .

(4.2.2)

Since   and   are disjoint, there are only three possibilities regarding 's
and  's:
1.  and  are disjoint, but  and  are not. In this case, it is easy to
verify that formula (4.2.2) holds.
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2.  and  are disjoint, but  and  are not. Formula ( 4.2.2) still holds.
3. Respective pairs of  's and  's disjoint. Formula (4.2.2) holds.
However, bottom line, if   and   are disjoint, so are  and   even in
the most general case when   and   are not rectangles. For this reason, it
would not matter whether or not  and  are disjoint, because if they are
not, then  and  are disjoint and then dependent on , 1 is either
1 1 or 1 1 or .
Then we have
1  1 1 1 1
 1 1 +1 1 1 +1 
 1      1  
 1    1 

Suppose     Ø. Then         and because 
and  are independent of  ,
1    1        1    
 1      1 
 1      1   
 1     1 
 1   1  
 1   1  
 1   1    1 1
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 1    1 1    1 

 1 1  1 1     a.s.
The same result holds if  and  are not disjoint, because in the end, only
that   and   were disjoint was essential.
 If  is a finite union of pairwise disjoint rectangles, formula ( 4.2.1) is
valid by induction.
 Suppose  is a union of not necessarily disjoint rectangles. Such a
construction is referred to as a figure [26]. Then [26]  can be partitioned
by a finite union of disjoint rectangles and thus formula (4. 2.1) still holds
for such  . Consequently, the validity of (4.2.1) is obviously extended to
the smallest ring and thus algebra containing the product     in
notation     .
 

Let        be a monotone increasing sequence of subsets of

     and let      .




Let     . Then, by the Monotone Convergence theorem for
conditional expectations,
1    lim 

1




 

 lim      a.s.


The same result holds for      and in either case, for monotone

decreasing sequences from      If       then we can
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combine the previous arguments for Re and Lebesgue Dominated
Convergence theorem for   all applied to conditional expectations.
This concludes that formula (4.2.1) holds for      being the

smallest monotone class containing     . The latter is the smallest
 -algebra containing      (c.f. [69], Proposition 23.14, p. 533), and
obviously,
           .
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CHAPTER V.
MAIN PROPERTIES OF THE
MODULATED POISSON MEASURE
5.1. DISTRIBUTION OF THE MODULATED POISSON
MEASURE
As various stochastic processes are perturbed by other stochastic processes
“spontaneously” changing their parameters, so do random measures being
influenced by some stochastic processes that change their intensities to say
the least. There are numerous real-world scenarios when random
perturbations take place. The word modulation is meant to be
synonymous to perturbation.
Suppose that a cloud of celestial bodies or particles are moving in space
whose location or speed or mass can be formalized by a random measure. If
such a cloud passes by some matters of higher mass like planets, their
further position can be perturbed (or modulated) by the gravitation of those
matters. For example, minor planets are often subject to the gravitational
forces exerted by large planets (and even other minor planets) that gradually
alter their orbits [31]. Intensities of such modulated random measures and
their ergodic properties are of interest in stochastic control theory.
Following the construction of a modulation proposed in [3], let
           be pairwise disjoint measurable sets like a
measurable partition of    and    , ,   be a countable family
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of an independent marked Poisson r.m.'s directed by c-finite measures
          , respectively. Let us define the r.m. modulated by
  


 U   
   .

(5.1.0)

It was shown in [3] that  U  indeed is a r.m.. Now if  is a conventional
marked Poisson measure, then, form (4.1.1c),    . In
Theorem 4.2.1, we generalized the latter equation to the case when  is
applied to random sets like   under the conditional expectation with
respect to a sub--algebra  . The corresponding formula established in
Theorem 4.2.1 looked very similar to (4.1.1c) implying such a conditional
distribution of  is still very analogous to Poisson. Theorem 5.1.1 (a main
result of this paper) further generalizes (4.1.1c) and Theorem 4.2.1
regarding the modulated measure  U  and establishes a formula for the
conditional Fourier-Stieltjes exponential that again resembles the Poisson
distribution and other characteristics of the Poisson measure.

Theorem 5.1.1. Under the condition of Theorem 4.2.1, the following
formula holds for the conditional Fourier-Stieltjes exponential of  U :
U     U L1 a.s.
where
L           1     
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(5.1.1)

symbol

stands



for

the

Hadamard


 U  L  1  
      ).

product.

(That

is

Proof.  Suppose   and   are two disjoint rectangles, that is, suppose
          
and with        
1  1 1  1 1 .

(5.1.2)

Since   and   are disjoint, there are only three possibilities regarding 's
and  's:
1.  and  are disjoint, but  and  are not. In this case, it is easy to
verify that formula (5.1.2) holds.
2.  and  are disjoint, but  and  are not. Formula ( 5.1.2) still holds.
3. Respective pairs of  's and  's disjoint. Formula (5.1.2) holds.
However, bottom line, if   and   are disjoint, so are  and   even in
the most general case when   and   are not rectangles. For this reason, it
would not matter whether or not  and  are disjoint, because if they are
not, then  and  are disjoint and then dependent on , 1 is either
1 1 or 1 1 or 0.
Then we have


  1   1  




  1 1  1 1

 1  1 +1 1  1 +1 

 1        1   
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 1     1 
 

  1   1  




 

because  and  are independent of 
 1          1     
 1       1 
by independence of   and  
 1          1     
 1       1 

 1     1 1      1 
  1 1    1 1  
        a.s.




Now the same result holds, by induction, for any finite -tuple of disjoint
rectangles       

and independent marked Poisson measures

     . Finally, it holds true for a countable pairwise disjoint family
        of rectangles and independent marked Poisson measures
     . using various convergence theorems as in Theorem 4.2.1.
 Now suppose  and  are two disjoint figures from     .
Without loss of generality, let        and        such that
           are rectangles. Then,
 1  1   

  1   1     1   1  








  1 1  1 1  1 1  1 1
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 1        1     1     1  

 1        1     1     1  

After multiplication we arrive at eight summands, each one of which carries
r.v.'s as multiples, independent of  . Thus, applying the conditional
expectation for one of the summands, we have
1       1        

 1  1             

by independence of      from      (notice that here 
and  are disjoint or else  and  disjoint and then the whole term is
zero; same applies to  and  )
 1  1              

 1  1            a.s.
Notice that since  and  are independent of  , the latter could be
dropped from the conditional expectation.
Finally, collecting all terms and processing the expression in the inverse
order we arrive at
 1  1            a.s.
Obviously, the same holds for arbitrary disjoint figures  and  and this
can further be extended for  disjoint figures      and  independent
measures      and then further extended for countable families of
figures and measures implying that formula (5.1.1) holds true on
    .
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 Now let           be disjoint measurable subsets of   
such that   is the union of a monotone increasing sequence of figures from
    . Then formula

U        


    

a.s.

holds after using convergence theorems like those in Theorem 4.2.1. The
same applies to   being the intersection of a monotone decreasing
sequence of figures from     . Then we continue for a finite
disjoint set of such constructions,        and thus validating the variant
of formula (5.1.1)
U     

     

a.s.

thereby claiming its validity for a finite modulation of  independent
marked Poisson measures by  disjoint measurable subsets of    . The
validity of (5.1.1) is finally due to a combination of convergence theorems.

Remark 5.1.1. From (5.1.1),
U   U L1
implying that
 U    a  1U    a  1U    a  U 
Therefore, we see that the modulated measure  U  behaves like Poisson
measure  directed by . Here we can say that  U  is directed by
 a  U  Consequently, it makes sense to name  U  a modulated
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Poisson measure. Further resemblances of  U  with the Poisson


measure are to follow.

5.2. MODULATION BY INDEPENDENT PROCESSES
Next, we elaborate the notion of modulation previously developed in [3]
and pertaining to the effect of a stochastic process on r.m.'s
Definition 5.2.1. Let    and  be the Borel  -algebra (induced by
the usual topology). Let     be a probability space,    be a sub-

 -algebra, and let  :         be a stochastic process on

  ,  (i.e. parametrized by   ), that is,  is    -measurable.
Next, let    such that    .
W

Y

h (w ,.)

Y0

w
U

w

X

Given    

let        (see the figure above). Then

     . Define
    1              ,
explicitly
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  1      .

(5.2.1a)



We call  the r.m. modulated by  with respect to set   . Note that by
Theorem 5.1.1.1 [3], whose conditions are met,  is a r.m.; consequently,
the term “modulated r.m.” is warranted.
Example 5.2.1 [3]. Let  be the Poisson r.m. directed by a c-finite Borel
measure    , i.e.    such that     Using Campbell's theorem
formula (4.1.3a), since           

  1           1    


  1          .

(5.2.1b)



Now let   be a countable partition of  

W
h (w ,.)
Y

Yi

h * (Yi )

w

h * (Yi )w
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Then     is a countable measurable partition of    (see the above
figure). Let   be a sequence of c-finite r.m.'s and    . Define
         .

(5.2.1c)

where      is thought to be

         1       .


and it is a r.m. from  . Then  defined in (5.2.1c) is a r.m. Firstly, 
        


is clearly a r.m. Also,     is a measure   . That  is measurable


follows from [26], Chapter 5, Proposition 5.6, because   sup  .


Let    a.s. on  , where    c-finite deterministic Borel measure,
i.e.  ,      a.s.. Then    and

     1        1     




               a.s.


Hence,

                a.s.

The latter is due to the fact   is countable, so that   such that
  1 as usual. Let     . Then all reduces to the convergence of

the series 
   In conclusion, for    , it is sufficient that there

exists a c-finite Borel measure  such that

          a.s.,

(5.2.1d)
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  converges.

(5.2.1e)

Now let        , then we define the  -modulation of  by  as
follows:





     U     
   
         Y .

The probability distribution of a modulated Poisson measure. By
Theorem 5.1.1,
    



Y L 1




  1 

 

  

a.s.

(5.2.1f)

implying that all moments and probability distribution of  can be derived
from
  



Y L 1

.

(5.2.1g)

In a nutshell, formulas (5.2.1f) and (5.2.1g) reveal that  , in a sense, has
the Poisson-type distribution.

5.3. CONTINUITY
Preliminaries. Let  be a marked Poisson measure directed by    and
with marks having a common mean  and the second moment . Then
    and Var  .

(5.3.1)

Therefore, from Markov's inequality,
     

(5.3.2)
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implying that     can be made arbitrarily small with  being
small. In particular, if    Ø by continuity of any measure from above,
     as   .

(5.3.3)

We can even relax this condition by assuming that    instead of
   Ø.

Modulated Poisson Measure
Let  U  be a Poisson measure modulated by an at most countable
measurable partition   of    and an at most countable family of
mutually independent marked Poisson r.m.'s  . According to Theorem
5.1.1,
  ^    U L1  
or



     

   ^  U L1

a.s.

(5.3.4)

(5.3.5)

implying that


 U   
     
   1



 
   1 
    

  a  U    a  1U    a  U .

(5.3.6)

Equation (5.3.6) says that the intensity of  U  is  a  U  and it is a
Borel measure on  . Thus, analogous to the Poisson measure, we can say
that  U  is directed by  a  U .
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Now if  U  is modulated by an independent stochastic process , in
notation   we have from 5.3.6


    
        .

(5.3.7)

If  is the  dimensional Euclidean space and  's are translation-invariant
Borel measures, that is, for each  there is a positive constant  such that
    , where    is the Borel-Lebesgue measure, we have

    
        

(5.3.8)

By continuity of  from above, using Markov's inequality,
lim  U     lim    U 
 lim  a  U    as    Ø

that is, we proved
Proposition 5.3.1. The modulated Poisson measure  U  is continuous
in probability.
Remark 5.3.1. From (5.3.8) for the choice of the time set    

    
        .


(5.3.9)

From formulas (5.7.4-5.7.5) and Example 5.7.1 of [3] we thus have

R

 lim



 


     

(5.3.10)

called there the stationary intensity rate of   where
  lim       


(5.3.11)


is the stationary distribution of .
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Remark 5.3.2. With all of its resemblance with a conventional Poisson
measure, including the distribution and continuity, a modulated Poisson
measure fails to exhibit the independent increments property. However,
from (5.3.4), we can derive a weaker, but useful, property. Let     

be disjoint Borel subsets of  and denote B    . Then, from (5.4) it




follows that

U B     U    a.s.


(5.3.12)
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CHAPTER VI.
APPLICATIONS AND EXAMPLES
6.1. APPLICATION TO STOCHASTIC FINANCE

Consider a queueing system of M/G/1-type, meaning that the input is a
marked Poisson r.m.  with position independent marking and a group
service rendered by a single server driven by a sequence of independent and

identically distributed r.v.'s from a general equivalence class  , with a
random number of units in a single servicing batch. We assume that the
server rests or performs some maintenance (a.k.a. vacations) whenever the
queue length drops below some specified threshold  thereby reducing the
periods of time when the queue is exhausted. When the buffer becomes
filled with incoming units in total quantity of some  or more, the server
resumes his conventional duties.
Such a queueing system can reasonably well approximate stock prices or
indexes observed over epochs of a point process. Our efforts to impose the

  -policy, also known as the hysteretic control, significantly reduces the
odds for the queue to get exhausted and thus an associated stock to drop
down to zero, although some low caps stocks can exhibit such plunges and
even recover thereafter.
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Consider the minimal embedded semi-Markov process  (that linearly
interpolates the state of the system upon successive epochs of departing
units. See the figure below.)

Q(t)

Q(t)

N

η
r

η

η

Suppose now that we have a stock or an option contract formalized by a
marked Poisson r.m.  modulated by . For example, energy stocks or
select energy mutual funds are driven by oil indexes or by future contracts
modulated by various political events. As always, we assume that  is
independent of  's that forge   but  “elects”  's according to its status.
We can assume that sub--algebra  is generated by .
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We further upgrade the associated marks of  from nonnegative to real
valued. More specifically, if   
    is the th component of  


then


    



obviously implying that  is a signed r.m. with the Jordan-Hahn
decomposition of  as




      
  
    






(6.1.1)



and correspondingly of      . Note that if not for an atomic point
nature of  's their Jordan-Hahn decompositions would have been more
complex. We also note that the Jordan-Han decomposition is exclusive
being used for deterministic signed measures. It would not be difficult at all
to validate formulas (5.2.1f) and (5.2.1g) also in this case.

To make our next point, let  be a geometric Brownian motion defined as
   ,     
where  is constant drift of stock,    is a constant volatility,  is
Brownian motion and  is the initial asset price. Somewhat analogous to
the geometric Brownian motion but in a rate form, define


(6.1.2)

     

and call it the exponential return rate of an asset modulated by  in interval

 . Note that the rate is applied to the exponent of   and not  
itself. So with the special case of  




and     we have

            


 

        

 

1

1



  1  1   

a.s.



(6.1.3)
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or in the form of

 

        

      


1

1

.

(6.1.4)

Then, with  being translation invariant, i.e.,       ( is a positive
constant and    is the Borel-Lebesgue measure on  ), we have
lim

   









  lim           

(6.1.5)



(where in the general case of real-valued marks,  is also real-valued) and
since  is a semi-Markov process, then by Çinlar12 Ch10, C5.21, we have
lim   1     lim   1     pc a.s.






(6.1.6)

where
 pc         


(6.1.7)

is the stationary distribution of  mentioned in formula (5.3.11) of Remark
5.3.1. Here  is the length of the th service cycle in the queue,

c       T and p        is the invariant probability measure
of the Markov chain embedded in the queueing process over the successive
departure epochs.
Also, from (5.3.10), the stationary intensity rate of the Poisson measure
modulated by the minimal semi-Markov process embedded in the above
queueing process is

R

 lim



 


    pc .


(6.1.8)
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On the other hand, from (6.1.3), the conditional functional      


converges to 


 

 
pc 

a.s. as   . That is,

lim        



  

 
pc

 R a.s.

(6.1.9)

In particular, the overall mean exponential return rate of the asset
modulated by  is



lim      


  

 
pc



 R .

(6.1.10)

For the ordinary Poisson measure  with intensity rate , the mean
exponential return rate is

  




lim     lim 

 

obtained directly, agrees with (6.1.10). If  is a marked Poisson measure of
intensity rate  and the common mean  of its marks, the mean exponential
return rate is

lim     lim      




which also agrees with (6.1.10) because     and R  .

6.2. LOGRETURNS

Introduce the following process
           .

We partition the interval    with  subintervals
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such that               . Let
    

    
  

(6.2.1)

known as the return of   on interval    . Then due to the a.s.
additivity of  ,
    

     
       a.s.
  

(6.2.2)

Because  is continuous in probability,      can be made arbitrarily
small with  small, implying that the logreturn is

    ln      ln  
       

  

     o  a.s.

(6.2.3)

                   a.s.

(6.2.4)

that is,              with  very small, and thus

The latter implies that


     
 ln     
     

  

 
    a.s.

(6.2.5)

On the other hand, from (6.2.4) and (5.3.8)
        


 
            

(6.2.6)

that in the general case could be difficult to compute. Instead we propose
the estimator
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^ 



 
   





    

^ 



 
   


of the sampled return so that
^ 



 



       .


(6.2.7)

^ would be unbiased if        were identically
The estimator 



distributed and which they are not.
Finally, it would be interesting to see how the stationary intensity rate
R

 
 lim      
   pc



(6.2.8)

of the generalized Poisson measure modulated by the semi-Markov process
^ and in turn 
^ . With
of section 6.1 represents 


^ 






     

(6.2.9)

from (6.2.7), assuming  and  large we have

    



^

  

 
 
   pc  R



(6.2.10)

or
^ 




R.

(6.2.11)

The number  of partitions must be taken large to assure that  is very
small and thus the logreturn    approximates the genuine return   .
Now from (6.1.10),





^

      R      .
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