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For

any

photonic-on-chip

applications

long

propagation

waveguides are critical. The use of plasmon polaritons for near-infrared
and optical networks has been extensively studied for the purpose of
achieving long propagation lengths, however, due to plasmonic polariton
effects being negligible in mid- to long-wave infrared (IR) applications,
phonon polaritons are required. In recent years, extensive research has
been carried out on hexagonal boron nitride (h-BN), and it has been
found that h-BN has naturally occurring sub-range phonon volumeiii

constrained hyperbolic phonon polaritons (HPhPs). The numerical
results in this thesis show both the long-range and short-range phonon
volume polaritons modes in h-BN. A hybrid long-range phononic
waveguide consisting of two identical dielectric cylinder wires
symmetrically placed on each side of the h-BN slab is coupled to the
long-range HPhP mode. Based on the analysis of coupled-mode theory
and computational finite element analysis, the modal characteristics of
hybrid

long-range

phonon-polariton

waveguides

are

studied.

Subwavelength confinement can be achieved due to the strong coupling
between the high index cylindrical-waveguide mode and the HPhPs in
the h-BN thin film. The modal area ranges from 10−2 λ20 to 10−1 λ20 ,
while exhibiting propagation distances 7λ0 -370λ0 .
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Chapter 1
Introduction
1.1 Background of Terahertz technology
Terahertz technology has a lot of human-centered applications. For
example, it is important to accurately detect changes in the content of the
atmosphere around the earth and the density of gases. Detecting the
density of carbon dioxide in the atmosphere directly affects the study and
understanding of global warming. These technologies are related to the
sensitivity of infrared sensors and infrared imaging. Biochemical sensing
and biomolecular detection is another area that requires terahertz-based
sensors. For these applications, terahertz and mid-infrared studies need
to be promoted. However, due to the lack of terahertz laser sources and
high efficiency low-loss waveguide system techniques for optical
subsystems, there are significant technical limitations in the mid-infrared
region. Recently, mid-infrared waveguides have gained much attention.
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Surface plasmon polariton (SPP) waveguides have been studied but with
limited performance in the mid-infrared region. For this thesis, the
surface phonon polariton (SPhP) waveguide was studied which has
similar performance with SPP but it can be applied in mid-infrared
region.

1.2 Hexagonal Boron nitride

Boron nitride is a compound of boron and nitrogen. It has four
main structures which are amorphous, hexagonal, cubic and wurtzite
[1]. For our design, we only have the particular interest for hexagonal
boron nitride (h-BN), a typical van der Waals (vdW) material that
exhibits natural hyperbolic dispersion that can support subdiffractional volume confined polaritons and compensates the
shortcomings of artificial hyperbolic metamaterials, such as high
plasmonic losses and complex nanofabrication [2, 3]. Another
fascinating property of h-BN is that single-atom thick flakes can be
achieved through standard exfoliation techniques [4]. It has been
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experimentally demonstrated that h-BN nanotubes can support onedimensional surface phonon polaritons with deep-subwavelength
field confinement in the mid-IR [5]. Being a typical low loss and
anisotropic material, h-BN exhibits two reststrahlen bands in the midIR spectrum as shown in figure 1 : (1) at lower frequency (Type I:
reststrahlen band, ω = 746 − 819 𝑐𝑚−1 ), where the real part of outof-plane permittivity is negative ( 𝜀‖ < 0 ) and the in-plane
permittivity is positive (𝜀⊥ > 0); (2) at higher frequency (Type II:
reststrahlen band, ω = 1370 − 1610 𝑐𝑚−1 ), the real part of out-ofplane permittivity is positive (𝜀‖ > 0) and the in-plane permittivity is
negative (𝜀⊥ < 0) [6, 7, 8, 9, 10].
Recent research has studied insulator-hyperbolic boron nitrideinsulator (IHI) structures in the Type II reststrahlen band [11]. The
IHI structure has been shown to support long-range propagating
polariton modes with propagation lengths higher than a Ag/MgF2
hyperbolic metamaterial waveguide [11]. H-BN has been considered
as an alternative to hyperbolic metamaterials due to its naturally
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occurring hyperbolic dispersion and low loss characteristics in the
infrared spectral region [11].
In addition, measured dispersive material properties of h-BN
provided by the US Naval Research Laboratory are imported in the
model [12].

Figure 1: Permittivity of h-BN with the two reststrahlen bands [12].

1.3 Literature review on surface plasmon polaritons and
surface phonon polaritons

5

Polaritons are quasiparticles that arise from the coupling effects
between photons or electrons with material resonances such as those
of plasmons, phonons, exitons etc. [13] The wave formed during the
coupling between photons and surface plasmons on metals is termed
as a surface plasmon polariton (SPP). These electromagnetic surface
waves are produced by coupling the electromagnetic field with the
oscillation of the conductor’s electron plasma [14]. SPP can be
excited by electrons and photons. Electron excitation is generated by
emitting electrons into bulk of a metal. As the electrons scatter,
energy is transferred to a large amount of plasma. The formation of
surface plasmons caused by component of the scattering vector
parallel to surface [15]. The sub-diffraction limitation of the optical
field can be achieved by adjusting the structure of the metal surface.
The SPPs works very well between near infrared to ultraviolet
spectral range. And they have already been used for applications such

6

as chemical molecular detection and biosensing. Due to the high
optical loss in metals and the negative permittivity of SPP’s fields
constrains the way in which the metal behaves like a perfect electric
conductor in mid-IR to long-IR and limits many applications. As a
solution to this limitation, the study of the potentially low-loss
plasmonic materials such as graphene and conductive oxides has been
done [16]. For these kinds of materials, electromagnetic fields still
need to maintain a large proportion of free electrons or holes in order
to provide plasmons which is essential for SPPs. Unfortunately, due
to the fast plasmon decay, it still shows the trend for high loss. Optical
loss can be quickly reduced by using a dielectric material. But using
positive dielectric constant materials cannot achieve a resonance with
a sub-diffraction limited optical constraint. The polar dielectric
material supports the coupling between the mid-IR fields and the
polar lattice of the material such that SPhPs are enabled. In the
reststrahlen bands the permittivity becomes negative and the polar
material behaves effectively like a metal. The surface phonon
polariton is using the polar material to produce a surface excitation
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induced by atomic vibrations. By using surface phonon polaritons,
the sub-diffraction confinement of light with low optical loss and
operation in the long-wave IR can be achieved. Figure 2 shows that
SPhPs have combined electromagnetic wave and surface wave
between the dielectric and polar dielectric interface.

Figure 2: Surface wave excitation at the interface between dielectric and polar
dielectric.

Unlike the SPP produced by free electron motion, SPhP is
essentially a polar material producing phonon oscillations between
the longitudinal (LO) and the transverse optical (TO) phonon
frequencies, known as the reststrahlen band producing surface
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excitation. Polar optical phonons or polar lattice vibration interacting
with long wavelength incident fields from the mid-IR produce surface
phonon polariton. The strong confinement can be achieved by
electromagnetic fields decaying exponentially away from the
interface [17]. The SPhP has been used due to the infrared materials
supporting SPhP coupling in the dielectric material and removing the
metal loss in SPP waveguides.

1.4 Finite Element Method and HFSS’s Eigenmode solver

Figure 3. Mesh configuration of hybrid long-range h-BN HPhPs waveguide
from cross-section view
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The finite element method (FEM) is a numerical method for
solving engineering problems with complicated structures. The
solutions of these problems usually require the enforcement of
boundary conditions of partial differential equations (PDE). Due to
the extreme difficulty of directly solving PDEs, FEM can take the
advantages of approximating those equations by transforming the
complicated structure into simple elements. The FEM formulas of
these problems result in an algebraic system [18]. When FEM is
implemented to analyze the waveguide, it sums up all the subdomain
solutions to find the final solution for those complex PDEs. The
propagation characteristics, from the Maxwell equations:
𝐸(𝑥, 𝑦, 𝑧) = 𝐸(𝑥, 𝑦)𝑒 −𝑖𝛽𝑧

(1)

where β is the propagation constant and the wave is propagating in
the z direction.
The vector wave equation can be written in:
⃗ 2 𝐸 + [𝑘 2 𝑛2 (𝑥, 𝑦) − 𝛽 2 ]𝐸(𝑥, 𝑦) = 0
∇

(2)
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2
2
where ⃗∇= 𝜕 ⁄𝜕𝑥2 𝑖̂ + 𝜕 ⁄𝜕𝑦2 𝑗̂ is the del operator, 𝑘 is the wave

number 𝑘 = 2𝜋⁄𝜆 , 𝜆0 is the vacuum wavelength and n(x,y) is the
0

index distribution of the waveguide. For Eq. (2), FEM reduces it into
the equivalent simple elements equation with appropriate boundary
conditions. Solving for the electric fields that satisfy the stationary
condition of the form below we can find the wave equation solution.
1 ∞ ∞ 𝜕𝐸 2
𝜕𝐸 2
ψ[𝐸] = ∫ ∫ [( ) + ( ) − (𝑘 2 𝑛2 − 𝛽 2 )𝐸 2 ] 𝑑𝑥𝑑𝑦
2 −∞ −∞ 𝜕𝑥
𝜕𝑦

(3)

The FEM will divide the complex structure into N independent
elements to solve the differential equation. Fig. 3 shows the mesh
configuration of hybrid long-range h-BN HPhPs waveguide from the
cross-section view. The electric field E(x,y) in the ith element is
approximated by a linear function of x and y :

E(x, y)𝑖 = 𝑎0𝑖 + 𝑎1𝑖 𝑥 + 𝑎2𝑖 𝑦

(4)

where

𝑎0𝑖 ,

𝑎1𝑖 ,

𝑎2𝑖

11
th

are the constants for the i element and they can be

determined based on the properties of the specific elements. Because
it divides the structure into tetrahedron shaped elements, it gives each
elements four nodal points. FEM enforces Maxwell’s equations at
each node of the tetrahedral elements. Equation 4 provides a spatial
function in order to interpolate to locations that are not nodes. The
basic solutions are the E, and H values at each node and field values
at other locations are interpolated. For other quantities, such as
propagation constants, are found in post-processing using the field
solutions.
From the relation 𝑛𝑒𝑓𝑓 = 𝛽𝜆0 ⁄(2𝜋), we can get effective index
(𝑛𝑒𝑓𝑓 ) for the TM mode in the waveguide. Meshes are refined at
sharply curved edges, abrupt changes in thickness and structure with
different material properties. So, there is a trade-off between the
accuracy and mesh density. For a more accurate solution, more mesh
elements are required.
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In our simulation, we used Ansys High Frequency Structure
Simulator (HFSS). This is a software for designing and simulating the
high frequency electromagnetic structures. We solved our hybrid
waveguide simulation in an eigen modal solution type simulation.
The eigenmode solution is used to determine natural electromagnetic
resonances of the structure, field solutions and quality factor of these
resonances.
Three-dimensional (3-D) simulations based on FEM using Ansys
HFSS eigenmode solver are performed to calculate the field
distributions. To avoid the effect of the unwanted (nonphysical)
cavity modes that result from the model cell boundaries, sufficiently
large dimensions in both the horizontal and vertical directions are 9λ0
and 6λ0, respectively.

1.5 Theory Review

Maxwell’s equations are:
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⃗ = 𝑗𝜔𝜀𝐸⃗
𝛻×𝐻

(5)

⃗
𝛻 × 𝐸⃗ = −𝑗𝜔𝜇𝐻

(6)

𝛻 ∙ (𝜀𝐸⃗ ) = 0

(7)

⃗)=0
𝛻 ∙ (𝜇𝐻

(8)

⃗ is the magnetic
Where 𝐸⃗ is the electric field intensity (volt/meter), 𝐻
field intensity (amperes/meter), 𝜀̂ is the time-varying permittivity of
the medium (farads/meter) and 𝜇̂ is the time-varying permeability of
the medium (henries/meter).
Geometrically, as the figure 4 shows that the wave is uniform on the
x axis and propagating in z direction, so the field and the structure
don't change in the x direction, and it gives the result that the
derivative in the x direction is equal to zero. We expand our curl
equation and set the derivative of x to be zero, we can generate two
independent modes.
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Figure 4: Interface of polar dielectric material and dielectric with SPhP wave
propagation

TE mode:
𝜕𝐻𝑍 𝜕𝐻𝑦
−
= 𝑗𝜔𝜀𝐸𝑥
𝜕𝑦
𝜕𝑧

(9)

𝜕𝐸𝑥
= −𝑗𝜔𝜇𝐻𝑦
𝜕𝑧

(10)

−

𝜕𝐸𝑥
= −𝑗𝜔𝜇𝐻𝑧
𝜕𝑦

(11)

TM mode:
𝜕𝐸𝑍 𝜕𝐸𝑦
−
= −𝑗𝜔𝜇𝐻𝑥
𝜕𝑦
𝜕𝑧

(12)

𝜕𝐻𝑥
= 𝑗𝜔𝜀𝐸𝑦
𝜕𝑧
−
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𝜕𝐻𝑥
= 𝑗𝜔𝜀𝐸𝑍
𝜕𝑦

(13)
(14)

Due to there being no free charge and the permittivity is different on
either side of the interface, 𝐸𝑦 must be discontinuous across the
interface. Thus the boundary condition at the interface between the
two media requires the magnetic flux density continuous (𝐷(𝑦) =
𝜀𝐸𝑦 ). From above, only the TM mode has an electric field component
which is normal to the interface. So TM polarization is the
requirement for the excitation of surface phonon polaritons. The
surface wave must be confined on the surface. If there exists a surface
wave, the surface wave will decay exponentially. Now we can write
the general electric field that is decaying away from the interface and
with the direction of the propagation in the z direction as follows.
𝐸⃗𝑖 (𝑧) = [

𝐸𝑦,𝑖 −𝜅 |𝑦| 𝑗𝛽𝑧
]𝑒 𝑖 𝑒
𝐸𝑧,𝑖

⃗ 𝑖 (𝑧) = 𝐻𝑥,𝑖 𝑒 −𝜅𝑖 |𝑦| 𝑒 𝑗𝛽𝑧
𝐻

(15)

(16)
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Where i is media 1, media 2 and 𝜅𝑖 is the decay parameter.

Substituting this solution into the TM mode equations gives the
general dispersion curve,
𝜔
𝜀𝑆𝑃ℎ𝑃 𝜀𝑎
𝑘 = 𝑘𝑠𝑝ℎ𝑝 = ( ) √
𝑐
𝜀𝑆𝑃ℎ𝑃 + 𝜀𝑎

(17)

Here, 𝜀𝑆𝑃ℎ𝑃 is the permittivity of the phonon-polariton material and
𝜀𝑎 is the permittivity for surrounding medium. 𝑘0 = 𝜔⁄𝑐 is the wave
number for light.
From the electric field boundary conditions,

𝐸𝑧,1 = 𝐸𝑧,2

−

𝑗
𝑗
(𝑘02 𝜇𝑟,1 𝜀𝑟,1 − 𝛽 2 )𝐻𝑥,1 =
(𝑘 2 𝜇 𝜀 − 𝛽 2 )𝐻𝑥,2
𝜔𝜀0 𝜀𝑟,1 𝜅1
𝜔𝜀0 𝜀𝑟,1 𝜅2 0 𝑟,2 𝑟,2
𝜅1
𝜅2
+
=0
𝜀𝑟,1 𝜀𝑟,2

(18)
(19)

(20)

From the magnetic field boundary conditions,
𝐻𝑥,1 = 𝐻𝑥,2

(21)
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−

𝑗𝜔𝜀0 𝜀𝑟,1
𝑗𝜔𝜀0 𝜀𝑟,2
𝐸𝑧,1 =
𝐸𝑧,2
𝜅1
𝜅2
𝜀𝑟,1 𝜀𝑟,2
+
=0
𝜅1
𝜅2

Transforming Eq.23 we can get 𝜀𝑟,2 = −𝜀𝑟,1 𝜅2 ⁄𝜅1 , this shows
that surface waves only exist at the interface between materials with the
opposite sign of the real part of the dielectric permittivity. This means
that SPhP requires negative real part permittivity of polar materials and
only can be excited in TM mode.

1.6 Propagating modes analysis
Hybrid waveguides support hybrid modes which are formed by
the coupling of multiple modes. For our research, the dielectric
cylinder mode couples with other modes, combining properties of
both the cylinder mode with the polariton modes. Many potential
geometries have been developed for the SPP waveguide. But there

(22)
(23)
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only a few studies considering the SPhP waveguide. Similar to the
SPP, the coupling between the SPhP and waveguide modes allows
for limitation within the dielectric gap.
The dispersion relation for the SPhP is given by Eq.17 and it can
be split into real part and imaginary parts,

𝑘𝑆𝑃ℎ𝑃 (𝜔) =

𝜔
𝑐

1⁄
2

′
(𝜔)𝜀𝑎
𝜀𝑠𝑝ℎ𝑝

(𝜀′

𝑠𝑝ℎ𝑝 (𝜔)+𝜀𝑎

)

𝜔

′
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2

Propagation constant 𝑘 can be described as 𝑘 = 𝛼 + 𝑗𝛽. Where 𝛼
is also related with propagation distance by
𝐿𝑝 =

1
1
=
2𝛼 2𝐼𝑚{𝑘𝑠𝑝ℎ𝑝 }

(25)

Besides the propagation distance, the model area Am is defined as
the ratio of the total mode energy to the peak energy [19]
𝐴m =

∞
𝑊𝑚
1
=
∬ 𝑊(𝑟)𝑑 2 𝑟
𝑚𝑎𝑥{𝑊(𝑟)} 𝑚𝑎𝑥{𝑊(𝑟)} −∞

where 𝑊𝑚 is the electromagnetic energy. 𝑊(𝑟) is the energy density
(per unit length along the direction of propagation) given by,

(26)
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1
𝑑(𝜔𝜀(𝑟)
1
𝑊(𝑟) = 𝑅𝑒 {
} |𝐸(𝑟)|2 + 𝜇0 |𝐻(𝑟)|2
2
𝑑𝜔
2

(27)

Where 𝜀 and 𝜇 represents the electric permittivity and magnetic
permeability, respectively. The normalized mode area is defined as
𝐴𝑚 ⁄𝐴𝑜 to characterize the mode confinement. Where 𝐴𝑜 = 𝜆0 2 ⁄4 is the
diffraction-limited area in free space. The complex effective index of the
mode 𝑁𝑒𝑓𝑓 is given by,

𝑁𝑒𝑓𝑓 =

𝛾
𝛼 𝑗𝛽
= + = 𝑘𝑒𝑓𝑓 + 𝑗𝑛𝑒𝑓𝑓
𝛽0 𝛽0 𝛽0

where 𝛽0 = 2𝜋⁄𝜆0 is the phase constant for plane waves in free space.
𝜆0 is free space wavelength.

(28)

Chapter 2
Previous SPhP, HPhP waveguide designs
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In [20] the hybrid surface phonon polariton waveguides on SiC
substrate in long-IR were designed. Figure 5 below shows their model
design. It consists of 3 layers which are a Si wire on the top, BCB
dielectric slab spacer in the middle and SiC substrate at the bottom.

Figure 5. Hybrid waveguide structure design
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Figure 6: Electromagnetic fields distribution for different Si thickness h and
BCB thickness d (a)d=0.25 μm, (b) d=2 μm with different wavelength λ.

The hybrid waveguide was simulated and modal properties and
performance were characterized at different frequencies. Figure 6
presents the magnetic field distribution of the waveguide. At the lefthand side (a), Si wire width is held constant at 2.25μm. The first row
shows the Si wire thickness and BCB spacer thickness both very
small. The field distribution is not confined. The strongest field is in
the BCB spacer. And at λ =12μm, the fields are more unbounded from
the structure. When increasing the silicon thickness, the fields are
bounded and the propagation distance increases with increasing
wavelength.
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Fig. 6 (b) shows the results of similar simulations with much
thicker Si wire thickness. The SPhP mode domain and the phonon
mode strength increases by increasing wavelength. From the bottom
row, the field is more confined at higher frequency but give shorter
propagation distance. So it shows a tradeoff between the propagation
distance and the field confinement. The best performance of field
distribution and propagation distance, which is λ=12μm.
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Figure 7. Modal area and propagation distance versus the Si thickness h for
different thickness of the BCB layer d.

Based on λ=12μm, on the left of the Figure 7 the Si thickness
varies from very short to high. The different colors represent different
BCB spacer thicknesses. The trend is from high modal area
decreasing to the lowest point and increasing again. On the right side,
the figure shows that the propagation distance increases with
increasing Si wire thickness.
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Figure 8. (a) Magnitude of H for [h,d]=[1.35,1]μm. (b) [h,d]=[1.35,1.5]µm. (c)
[h,d]=[1.35,2]µm. (d)[h,d]=[1.35,2.5]µm. (e) [h,d]=[2.65,1]µm. (f)
[h,d]=[2.65,1.5]µm. (g) [h,d]=[2.65,2]µm. (h) [h,d]=[2.65,2.5]µm.

As dimensions of h and d are varied, mode coupling results in a
new hybrid mode show both Si and SiC phonon polariton modes. At
the top row, the Si wire thickness was fixed at 1.35μm then the
thickness of the BCB spacer was increased, showing that the two
modes are interacting with each other. In 7(a), propagation distance
is 151μm. The propagation distance increases to 223μm as shown in
7(d). At the bottom row, the wire mode is dominant since the
thickness of Si wire has increased. After all of that, the best
propagation distance is 223um.
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Paper [21] designed a hybrid surface phononic waveguide using
hyperbolic boron nitride. The structure, shown in figure 9, consists of
one Si cylinder placed on h-BN slab on a dielectric substrate. The
operating frequency is 42THz, which is in the upper reststrahlen band.

Figure 9. Model structure for hybrid surface phononic waveguide using
hyperbolic boron nitride
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Figure 10. Hybrid h-BN HPhP waveguide Modal Area and Propagation
Length versus cylinder diameter d.

The cylinder diameter, d, and the air gap, h, are adjusted in order
to control the propagation distance and modal area while maintaining
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a transverse magnetic field distribution. Different colors represent
different heights of the air gap between the cylinder and h-BN slab.
We see this hybrid waveguide can propagate larger distance with
modal confinement as low as between 10-2λ2 and 10-3λ2.

Figure 11. Electromagnetic energy density distribution of hybrid phononic
mode for different Si waveguide diameter d and air gap h
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In figure 11 (a), for large d and h, the hybrid phononic waveguide
supports a low-loss cylinder like mode with optical energy confined
in the dielectric cylinder. For 10 (b) and 10 (c), mode coupling results
in a hybrid mode that has both cylinder and HPhP features. For 10(d),
the h is ultra-small that the cylinder mode is strongly coupled to the
HPhP mode. Most of the optical energy is concentrated inside the air
gap with ultra-small modal area. This design of hybrid surface
phononic polariton waveguide can propagate distances up to more
than 100 times of the operational wavelength with normalized modal
area of as low as 10-3 𝜆2 .
In [21], Xu et al. claims to achieve a hybrid waveguide using hBN resulting from the coupling between type II surface phononpolaritons in h-BN and a single high index dielectric cylinder. With
the use of volumetric LRHPhP in h-BN, the proposed design in this
thesis can achieve three orders of magnitude longer propagation
length while maintaining a similar degree of modal confinement as
compared with the work by Xu et al. in [21]. This approach allows
for ultra-compact and sensitive mid-IR waveguides with applications
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in sensing, spectroscopy, and lab-on-chip systems [22].The hybrid
waveguide approach utilizing field enhancement [23] results in the
shrinking of the polariton wavelength from the phonon polaritons to
reducing modal area. The following shows the properties of short and
long-range h-BN HPhPs can be analyzed. The hybrid LRHPhP
waveguide properties are characterized in terms of the guide
geometry parameters in chapter 3. In chapter 4, the hybridization
analysis through coupled-mode theory is discussed. The conclusions
are presented in chapter 5.

Chapter 3
Geometry and modal properties for the proposed
hybrid long-range phononic polariton waveguide
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Figure 12 illustrates the structures of the hybrid long-range phonon
polariton waveguide. Two identical high refractive index dielectric
cylinder wires are symmetrically placed on each side of a thin h-BN slab
with a small gap distance h. The LRHPhP mode that exists in this
structure is a transverse magnetic (TM) mode that propagates in the z
direction. The cylindrical wires with diameter d are gallium arsenide
(GaAs) which has a negligible material loss in the window around 6.6μm
with refractive index n = 3.5 [19] and the h-BN slab has thickness t =
0.5µm with in-plane permittivity 𝜀⊥ = −3.38 + 0.19𝑖 and out-of-plane
permittivity 𝜀∥ = 2.77 + 0.0003𝑖 at mid-infrared wavelength 6.6μm.
Using the HFSS eigen-mode solver, a thin cross-sectional slice of the
geometry under consideration is taken. Master and slave boundaries are
placed on the cross-sectional faces to extend the waveguide to infinity.
Resulting resonant modes with a given complex eigen frequency are
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determined for a given phase delay between the master and slave
boundaries. The quality factor, Q, of the eigen mode is used to determine
the propagation length. Similarly, the phase delay between the master
and slave boundaries is used to determine the real part of the complex
index. The h-BN based hybrid phononic waveguide embedded in
uniform dielectric medium air proposed here can be achieved in
suspended waveguide techniques analogous to those seen in [24]. For
easily realizable fabrication, the air gap can also be substituted with a
low-index and low-loss dielectric spacer similar to that reported in [25]
by Oulton et al. The diameter of the dielectric nanotube d, the gap height
h and h-BN film thickness t can be controlled with high accuracy [25, 6,
26]which indicates the fabrication tolerance requirements are feasible.
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Figure 12: Schematic illustration of the proposed hybrid long-range phonon
polariton waveguide which includes two identical GaAs cylinder wires with
diameter d symmetrically placed on each side of a thin h-BN slab are separated
with a spacer height h. The h-BN slab has thickness of t and this waveguide is
embedded in air at mid-infrared wavelength λ_0=6.6μm.

Before conducting hybrid waveguide analysis, we characterized
the hyperbolic phonon polaritons that exist in an h-BN thin slab. Both
the hybrid long-range and hybrid short-range HPhP refractive indices
and propagation lengths are shown in Fig. 13. The propagation length
of the hybrid phononic mode as a function of the wire diameter d and
−1

the air spacer height h is given by Lm = [2Im(k hyb (d, h))] , where
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k hyb (d, h) is the wavenumber of the hybrid mode [19]. The long- and
short-range HPhPs are akin to the respective long- and short-range
modes in thin metal slabs that support SPPs [27, 28, 29, 30]. For this
thin hyperbolic h-BN slab surrounded by uniform dielectric medium
in the Type II reststrahlen band there exists a symmetric mode and an
anti-symmetric mode. The symmetric mode is the so-called longrange hyperbolic phonon-polariton (LRHPhP) mode providing long
propagation distance with weak mode confinement and the antisymmetric mode represents the short-range hyperbolic phonon
polariton (SRHPhP) mode which provides shorter propagation
distance with stronger mode confinement [11]. The dielectric
cylinder wire mode couples with both modes, compensating the weak
modal confinement of the pure LRHPhP mode and reducing the pure
SRHPhP mode’s modal area. Here the diameter of both cylinders are
kept constant at d =1µm. Figure 13(a) shows the effective index
varying with the thickness of the h-BN slab. As the h-BN slab
thickness t increases, tending toward bulk behavior, the short- and
long-range phonon polariton modes start to converge. Different
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colors of the effective index curve represent different spacer heights
h in each waveguide. The dashed curves with increasing effective
index as t decreases represent the SRHPhPs and solid curves
represent LRHPhPs in Fig. 13(a). Figure 13(b) shows the propagation
lengths for this waveguide for h-BN slab thickness less than 3µm.
The LRHPhP modes in each case of the waveguide consistently has
several orders of magnitude longer propagation length than that of
SRHPhP modes. Therefore, the symmetric mode is of interest in this
study since it supports much longer propagation lengths.
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Figure 13: (a) The effective indices as a function of h-BN slab thickness t for
hybrid and non-hybrid LRHPhP and SRHPhP waveguides. (b) The
propagation distance for hybrid and non-hybrid LRHPhP and SRHPhP
changing with t. The solid lines and broken lines represent long- and shortrange HPhPs, respectively. The colored curves (red and green) represent hybrid
waveguides for different spacer heights h. The black lines represent a h-BN thin
slab embedded in low dielectric material exhibiting long and short range
HPhPs.

In the following study, we choose h-BN slab thickness t = 0.5µm
and we vary the cylinder wire diameter d and the dielectric spacer
height h between the cylinder and the h-BN slab to manipulate the
propagation distance Lm and modal area Am while maintaining the
electromagnetic field distribution of a single hybrid mode at
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wavelength 6.6μm. The modal area, Am , is defined as the ratio of the
total mode energy to the peak energy [19],
Am =

∞
Wm
1
=
∬ W(r)d2 r
max{W(r)} max{W(r)} −∞

(29)

where Wm and W(r) are the electromagnetic energy and the energy
density respectively (per unit length along the direction of
propagation) given by,
W(r) =

1
d(ωε(r))
1
Re {
} |E(r)|2 + 𝜇0 |H(r)|2
2
dω
2

(30)

The normalized mode area is defined as Am ⁄A0 to characterize the
mode confinement, where A0 = λ0 2 ⁄4 is the diffraction-limited area
in free space.
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Figure 14: (a) Normalized modal area (𝐀 𝐦 /𝐀 𝟎 ) versus cylinder wire diameter d
for different spacer height h (colored lines), compared with a pure cylinder
mode (black line). (b) Hybrid propagation distance versus cylinder wire
diameter d for different spacer height h (colored lines), compared with LRHPhP
modes in Air-hBN-Air is denoted by the black dashed line.
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Figure 15: The cross-sectional electromagnetic energy density distribution for
(a) [d,h] = [2.5, 0.25] μm, (b) [d,h] = [1, 0.25] μm, (c) [d,h] = [1, 0.01] μm and (d)
[d,h] = [1.5, 0.01] μm. The lower right-hand corner shows the magnetic field
vectors for the hybrid LRHPhP waveguides.

40

Figures 14(a) and (b) show the normalized mode area and
propagation distance, respectively, as a function of d and for various
values of h. For a large cylinder wire diameter d and spacer height h
(d ˃ 1μm, h ≥ 0.25μm), the hybrid LRHPhP waveguide supports a
low–loss cylinder-like mode in which the electromagnetic energy is
confined into the two high-permittivity cylinder wires [Fig. 15(a)].
Conversely, a small cylinder diameter (d < 1µm) leads to a single
LRHPhP-like mode with very weak localization on both sides of hBN/air interface and sustaining loss comparable to that of uncoupled
LRHPhPs. At a specific value of d = 1μm, both the uncoupled mode
indexes are equal to each other. As a result, the mode area is at its
smallest as can been seen in Fig. 14(b). In addition, at d = 1μm, the
mode character possesses equal contribution of both dielectriccylinder mode and LRHPhP mode characteristics [Fig. 15(b)]. When
h = 0.25μm and d = 1μm, the propagation distance is 2.46mm ≈
370λ0 , while confining the energy within the spacers between the
dielectric cylinders and h-BN slab to a modal area of
approximately 10−1 λ2o . If the spacer height h is reduced to nanometer
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scale, the electromagnetic field is strongly confined in the nanometer
air gap between the cylinder and the h-BN interface [Figs. 15(c) and
14(d)]. The minimum modal area can be achieved at cylinder
diameter d = 1μm for different spacer heights h but at the cost of the
shortest propagation distance [Figs. 14(a) and 14(b)]. For the case of
d = 1μm and h = 0.01μm, the field has the highest confinement in the
nanometer gap region with a modal area of approximately 10−2 λ20
while still maintaining a relatively long propagation distance that is 7
times longer than the free-space wavelength. This explicitly shows
the known trade-off between modal area and propagation distance.
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Figure 16: Normalized energy density along x = 0 [dashed line in inset in (a)]
for h = 0.01μm (a), 0.05µm (b), 0.1μm (c), 0.25µm (d) shows the confinement in
the air spacer. The shaded grey and blue areas represent the two dielectric
wires and h-BN slab regions, respectively. The energy density along y = (𝐭⁄𝟐)
+ h [dashed line inset in (e)] for h = 0.01μm (e), 0.05µm (f), 0.1μm (g), 0.25μm
(h).
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Normalized energy densities along x= 0 and y = (t⁄2) + h at d =
1μm for different spacer heights, h, are plotted in Fig 16. This
confirms that the stored electromagnetic energy is confined in the
low-permittivity dielectric medium (here air) between the cylinder
wire and the h-BN slab since the continuity of the displacement field
at the material interfaces gives a strong normal electric-field
component in the gap [19]. As h increases the electromagnetic energy
in the gap region decreases, since the hybrid waveguide behaves as
an effective optical capacitance.
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Chapter 4
Coupling characteristics between long-range phonon
polaritons and dielectric waveguide
For the purpose of gaining a deeper understanding, we analyzed

the dependence of the hybrid LRHPhP mode’s effective index,
nhyb (d,h) on cylinder wire diameter and air spacer height. Figure 17
shows the variation in d of hybrid mode effective index for different
air spacer heights h. In the limit of large d, the effective index
approaches that of the pure dielectric cylinder wire mode, nwire (d),
whereas for small d it converges to the pure LRHPhP mode, nLRHPhP ,
in agreement with the electromagnetic energy density analysis in
chapter 2. At the same time, the hybrid LRHPhP mode’s effective
index is always larger than the index of both the pure dielectric
cylinder wire mode and the pure LRHPhP mode, indicating that the
dielectric cylinder wire waveguide mode is coupling with LRHPhP
mode. The mode’s effective index can be increased by increasing the
diameter of the cylinder wire, d, for a fixed spacer height, h, or by
reducing the spacer height for a fixed d. This is because, as d
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increases, or h reduces, the dielectric cylinder wire mode more
effectively couples with the LRHPhP mode.

Figure 17: Effective index of the hybrid LRHPhP waveguide for a range of
spacer height h versus cylinder wire diameters d, 𝐧𝐡𝐲𝐛 (colored lines). For
comparison, the effective indices of pure cylinder wire, 𝐧𝐰𝐢𝐫𝐞 (black solid line),
and pure LRHPhP, 𝐧𝐋𝐑𝐇𝐏𝐡𝐏 (black dashed line) are plotted.

In order to explain the hybrid LRHPhP mode characteristics,
coupled-mode theory is applied in which the hybrid mode is
described as a superposition of the cylinder wire waveguide mode
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(without h-BN slab) and the LRHPhP mode (without cylinder wires)
[19]. The hybrid mode can be expressed as
(31)

ψ± (d, h) = a± (d, h)ψwire (d) + b± (d, h)ψLRHPhP

where a± (d, h) and b± (d, h) = √1 − |a+ (d, h)|2

are

mode

amplitudes of the cylindrical wire modes ψwire (d) and LRHPhP
mode ψLRHPhP . The square norm of the cylindrical wire mode
amplitude, |𝑎+ (𝑑, ℎ)|2 , is also known as the mode character and
describes the degree to which the guided mode is cylinder-like or
LRHPhP-like. It can be expressed in terms of the uncoupled mode
indexes as follows,
|a+ (d, h)|2 =

nhyb (d, h) − nLRHPhP
[nhyb (d, h) − nwire (d)] + [nhyb (d, h) − nLRHPhP ]

(32)

Figure 18(a) shows that when |a+ (d, h)|2 > 0.5 , the mode is
cylinder-like and LRHPhP-like otherwise. At the critical coupling
diameter, dc , the cylinder mode amplitude |a+ (d, h)|2 = 0.5, which
means the cylinder and LRHPhP characteristics contribute equally
towards the hybrid mode. In other words, the cylinder mode and
LRHPhP mode propagate in phase and maximize the effective optical
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capacitance of the hybrid waveguide. As the cylinder wire diameter
d increases, for each different value of h, the cylinder mode character
increases which is consistent with Fig. 15(a), large h and d leads to a
cylinder-like mode. At moderate values of h and d, the hybrid
waveguide features both cylinder mode and LRHPhP-like mode [Fig.
15(b)].
According to the coupled-mode theory, for the hybrid LRHPhP
waveguide, the coupling strength κ(d, h) between the dielectric
cylinder mode and LRHPhP mode can be computed as [31]:
𝜅(d, h) = √(nhyb (d, h) − nLRHPhP )(nhyb (d, h) − nwire (d))

(33)

Based on the tenets of coupled-mode theory, the hybrid mode is
considered to be a superposition of the two uncoupled cylinder-wire
and LRHPhP modes. The field enhancement in the spacer regions is
a result of the field distribution overlay from these uncoupled modes
that comprise the hybrid mode. As such, high energy confinement
characterized by the reduction of the mode area and increase in field
enhancement in the spacer regions corresponds to the maximum

49

phase/index matching condition of the two uncoupled modes and thus
the location of the maximum coupling strength as seen in Figs. 14(a),
17, and 18(b). Therefore, when the energy concentration or field
enhancement in the gap between the cylinders and the h-BN slab is
proportional to the coupling strength.
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Figure 18: (a) The cylinder mode character |𝐚+ (𝐝, 𝐡)|𝟐 depends on wire
diameter d from Eq. (33) for different spacer height h. (b) The dependence of
coupling strength κ on cylinder wire diameter d and spacer height h from Eq.
(34).

The dependence of coupling strength κ on cylinder wire diameter
d and spacer height h are plotted in Fig. 18(b). It is shown that the
coupling strength increases with decreasing spacer height h, which
conveys the fact that the two modes couple more effectively as h
reduces. Also the maximum coupling strength occurs at d ≈ 1.25μm
which is slightly shifted from d𝑐 ≈ 1μm. From Eq. (33), if nhyb (d, h)
did not change with the cylinder diameter d for a fixed spacer height
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h, the dielectric cylinder mode and LRHPhP mode satisfy the phasematched condition and nLRHPhP = nwire gives the maximum values
of the coupling strength at d ≈ 1μm. In fact, both nhyb and nwire are
changing with d which causes the shifting of the coupling strength.
The coupling strength between the dielectric cylinder mode and the
LRHPhP mode determines the optical energy concentration in the gap
region. The field enhancement in the gap regions allows for efficient
trapping of nanoscale particles.

Chapter 5
Conclusion
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We have proposed a hybrid long-range phononic waveguide
consisting of two identical dielectric cylinder wires symmetrically
placed on each side of a h-BN slab at mid-IR wavelength: 6.6μm. The
hybrid short-range and long-range h-BN based hyperbolic phonon
polariton modes are shown to exist, however the hybrid LRHPhP
mode provides propagation lengths that are significantly longer when
compared with the hybrid SRHPhP mode while achieving
comparable modal areas. The strong coupling between the LRHPhP
mode and the dielectric cylinder wire waveguide mode results in a
hybrid mode that can propagate distances up to 370λ0 and maintain
sub-wavelength modal area within the spacers between the dielectric
cylinder wires and h-BN slab of approximately 10-1λ02. For easy
comparison, the figure 19 (table) below shows the improvement
between our newest design and previous design where we achieved
much longer propagation distance with same modal area confinement.
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Figure 19. Comparison of our newest waveguide design and previous design

The relationship between the parameters d and h for the physical
geometry of the hybrid structure and the propagation length and mode
area are characterized. A hybrid mode with a mode character at 50%,
where the two uncoupled modes are index matched, results in a
hybrid mode with the most confined hybrid mode, however, the
hybrid mode suffers from a reduction in the propagation length.
Hybrid modes with mode character equal to 50% are useful for
applications where physical device footprint is the fundamental
limiting requirement or when high field enhancement is needed for
applications like sensing or particle trapping in nano-capacitive
spacer region between the high index dielectric waveguide and h-BN.
Given the numerous examples of molecular fingerprints in the midto long-wave IR spectrum, hybrid waveguide designs for enhancing
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and sensing such molecules have great potential for impact in lab-onchip technologies. The region where the hybrid waveguide’s mode
character is above 50% is used to achieve sub-diffractional long-haul
energy

transport

for

integrated

polaritonic

devices

like

interferometers in the mid-IR spectrum wherein mode area is traded
off for longer propagation length stemming from the high index
waveguide attributes. [32]
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