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ABSTRACT
An Approach to Improve Single Photon Detectors for Highly Sensitive
Applications
Author:
Ahmed C. Kadhim,
Advisor:
Susan Earles, Ph.D.

The problem of detecting a single photon is receiving considerable attention
with the development of new single photon detectors in biophotonics, stressed freespace optical communication, low probability of intercept (LPI) optical
communication, quantum communication, and remote sensing. The theoretical
modeling of the waveforms of the single photon detector output produced in
particular systems will expedite the search for and analysis of detected signals.
Since SNSPDs require cooling to very low temperature, 4K, and PMTs work
on the visible wavelength, current photon detection focus on research developing
SPADs and using InGaAs/InP materials. However, SPADs can work over the
infrared range of wavelength, and can work at moderate temperature, about 200K,
SPAD performance is affected by several parameters: afterpulsing
probability (AP), dark count rate (DCR), jitter time (tj), photon detection efficiency
(PDE), and temperature (T). The parameters are dependent on each other, and there
iii

are no obvious mathematical models to show their dependency. A mathematical
model of a single photon detector avalanche photodiode (SPAD) gated with a soliton
signal is introduced and developed, this model will enable the use of SPAD in single
diffuse optical tomography (DOT) and photon LIDAR (SPL) applications. This
mathematical model will be combined with existing circuit and physical model to
produce a compact model of the SPAD using Riccati nonlinear differential equation.
Compact modeling of single photon detectors will allow the performance of single
photon detectors to be further improved. This compact model will allow the
unambiguous calculation of the output current, dark count rate, after-pulsing
probability, photon detection efficiency, and jitter time produced by a single photon
detector.
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1

INTRODUCTION

A single photon avalanche photodiode (SPAD) is an optoelectronic device
used for single photon detection. SPADs are necessary for applications working at
near infra-red range such as lidar systems, optical quantum information, and remote
sensing [1-3]. In these applications, SPAD is of interest to help improve detection
efficiency which will improve system performance [4]. The overall system
performance will depend upon SPAD photon detection efficiency (PDE) and
sensitivity to upset by spurious detection events. To relate the incident photon to the
electrons counting functions with high efficiency in such SPAD applications, it has
generally been necessary to understand the function of SPAD and its limitations.
The function of single photon avalanche photodiode (SPAD) converts the
incident photon into an electron-hole pairs in the semiconductor. When the incident
photon is absorbed, it will form an electric field in the semiconductor, and this field
will accelerate electrons and holes. If the field is strong enough, electrons will gain
enough energy and excite other electrons causing an avalanche of electrons resulting
in an output current.
To relate the incident photon to the electrons, it is essential to measure the
output current shortly after the onset of avalanche build-up. The output current
associated with such avalanches can be furthered distinguished by evaluating the
time response of the SPAD using circuit analysis. The SPAD circuit configuration is
subdivided into two topologies: free running mode and gated mode.
1

In the free running mode, the SPAD is biased in the breakdown region
without gating signal. However, in the gated mode, the SPAD is biased in the
breakdown region with gating signal in order to reduce dc biasing and have reliable
control between Gieger and linear mode operation. As a result, gated mode becomes
one of the possible solutions to enhance SPAD performance. Current research has
the SPAD gated with a square wave, sinusoidal wave, and gaussian wave to fulfill
high-performance requirements.

1.1

Background
Single photon detectors are optoelectronic devices that are capable of

detecting very weak signals of light, which push researchers to develop these devices
to reach detecting a single photon, the light unit [5, 6]. Avalanche photodiodes
(APDs) have been developed from the release of Ge-APD to the SNSPDs according
to wavelength of operation. The goal of these developments is to construct new
optical quantum devices that can use in many optical quantum information and
remote sensing applications. The second generation of photodetectors uses single
photon avalanche photodiodes developed for single photon counting [7]. In The last
decade, Gol’tsman et al have developed the third generation of single photon
detectors. This generation introduces two types of single photon detectors:
superconducting nanowire single-photon detector (SNSPD) and quantum dot-based
detector [8, 9].

2

Semiconductor single photon detectors represent the second
generation of single photon devices. Beginning with the development of solid state
avalanche photodiodes biased above breakdown voltage in the 1960s[10, 11]. The
aim of semiconductor photodetector development is having high sensitivity to
incident photon at 1550 𝑛𝑚. Semiconductor photodetectors have high gain
comparable to PMTs and were called silicon photon multiplier SiPM before
obtaining the commercial name, avalanche photodiode APD. APDs were also known
as Geiger- mode avalanche photodiodes G-APD. After that, Geiger-modes followed
by the abbreviation APD become a key word for single photon avalanche
photodiodes or single photon counting using APD. On the other hand, the
abbreviation APD alone refers to a normal photodetector.
Furthermore, the single photon
avalanche photodiode (SPAD) can be classified
based on the width of the active region thick SiSPAD or thin Si-SPAD, as shown in (b)
Fig 1.1 [7]. In the thin Si-SPAD, the length of the active region is between
10 𝑡𝑜 100 𝜇𝑚. Hence, thin Si-SPAD is compatible with array detectors and
integrated circuits because of with low noise, low bias voltage, and low cost of
fabrication. Moreover, thin Si-SPAD is

robust and rugged, and cooling is not

necessary due to low power operation. On the other hand, the length of a thick SiSPAD is between 100 𝑡𝑜 500 𝜇𝑚. Consequently, thick Si-SPAD is not agreeable
with array detectors and ICs due to high biasing voltage, high heat dissipation
(cooling required), and high cost design. Furthermore, thick Si-SPAD has efficiency
3

comparable with thin Si-SPAD. However, thick Si-SPAD is more susceptible to
noise.

(a)

(b)
Fig 1.1 SPAD structure (a) thin SPAD (b) thick SPAD
In general, in the Geiger mode, SPADs are reserve biased beyond the
breakdown voltage (𝑉𝐵𝐷 ) by a particular excess voltage called (𝑉𝑒𝑥 ) as shown in Fig
1.2. The current-voltage characteristics of SPAD shown in Fig 1.2 are located beyond
4

breakdown voltage. Hence, the electric field is extremely high within the depletion
region, and a single charge carrier injected into the depletion layer can cause a selfsustaining avalanche.

𝐼𝑆𝑃𝐴𝐷

𝒉𝒗

Geiger mode region
𝑉𝐵𝐷

𝑉𝑎 = 𝑉𝐵𝐷 + 𝑉𝑒𝑥

𝑉𝐷

Fig 1.2 Current-voltage characteristic of a SPAD
In the Geiger region, the current increases quickly to a macroscopic steady
level in the milliampere range due to the photogeneration of primary carriers which
indicates photon detection. The device remains in avalanche and the current
continues until the avalanche is quenched by reducing the applied voltage, 𝑉𝑎 to, or
below, 𝑉𝐵𝐷 . Since, the lower electric field is unable to sustain avalanche, the SPADs
current decreases substantially. In order to be able to detect another photon, the bias
voltage must be raised again above breakdown.

5

Fig 1.3 illustrates the electric field is divided into four regions. First, the
electric field in the absorption layer is suitably low in order to reduce field-induced
leakage currents. Second, the electric field in grading layer is gradually increased to
prevent the free carriers from accumulating at the junction. Third, the electric field
in the charge region is rapidly increased to maximum value to provide high
acceleration for the carriers before entering the multiplication layer. Fourth, the
electric field in the multiplication region is extremely high in order to build up the
required avalanche mechanism [12].

Fig 1.3 Electric field distribution
SPADs have been developed from the release of Ge-APD to the quantumdot-based detectors according to their performance and wavelength of operation. The
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goal of SPAD development is to construct new optical quantum devices for use in
many optical quantum information and remote sensing applications [13].
Germanium avalanche photodiode (Ge-APD), silicon avalanche
photodiode (Si-APD), indium gallium arsenide avalanche photodiode (InGaAsAPD), indium gallium arsenide/ indium phosphor single photon avalanche
photodiode (InGaAs/InP SPAD), and quantum-dot-based detectors represent the
family of semiconductor single photon detectors in the research aspect[12, 14]
The work on near infra-red single photon detection started with a GeAPD. The quantum efficiency of Ge-APD in near infrared applications is acceptable,
but Ge-APDs have two major problems: low sensitivity in the telecom bandwidth
range and the noise at high frequencies [15, 16]. As a result, Si- APD matches the
operation requirements for single photon detection in visible spectrum range (400 –
700) nm. However, in the wavelength range near infrared Si-APD photon detection
efficiency is unacceptable [17]. Thus, a solution is needed for near infra-red
applications. Therefore, InGaAs is investigated to achieve high performance. The
results of research in this area led to a new generation of single photon detection
called InGaAs/InP SPAD [18].
However, InGaAs/InP SPAD has very low photon detection
efficiency (PDE) and is the main problem in this kind of detectors. Photon detection
efficiency is strongly related to three SPAD parameters: dark count rate (DCR), after
pulsing probability (AP), and jitter time (𝑡𝑗 ). The first parameter in SPAD is the dark
7

count rate. Dark count rate means the single photon detector is registering photons
without incident light. This is considered a complicated problem which strongly
affects efficiency improvements. Unfortunately, dark count rate increases with an
increase in photon detection efficiency and decreases with a decrease of photon
detection efficiency. The second parameter, after-pulsing probability, is results from
three factors: trapping and de-trapping of carriers are caused by previous avalanche,
the off time between gating pulses, and operating temperature[19]. The third
parameter is the jitter time. Jitter time is described by the time variation of SPAD
response. This process varies from photon to photon according to the nature of light.
Therefore, a single photon detector has a variable response according to each incident
photon.

1.2

Single Photon Detector Types
The main single photon detector categories are photomultiplier tubes (PMTs),

single photon avalanche detectors (SPADs), and superconducting single photon
detectors (SSPDs). Each category has different types of detectors.

1.2.1

First Generation: Photomultiplier Tubes (PMTs)
Light in a single photon level was detected initially by a photomultiplier tube

(PMT), which was invented in 1935 by Iams et al. [5, 20].
That tube contains a photocathode and only single stage dynode. A year later,
Zworykin et al. enhanced a PMT making more than one dynode stage. In 1939,
8

Zworykin and Rajchman improved a PMT using an Ag-O-Cs photocathode, which
is used these days. The reason of naming this type a multiplier is that the total gain
M is achieved by multiplying the gain of the first dynode by the gain of the second
one, etc. using the following equation [5]:
N

(1.1)

M = ∏ gi
i=1

Where N is the number of stages and g is the gain of the dynode and it can be
determined by [5]:
(1.2)

g i = δi ni

Where δi is the secondary emission factor of dynode i, and ni is collection
efficiency of dynode i [21]. Fig 1.4 shows this type of photodetectors.

Fig 1.4 PMT structure [5]
Mostly, PMTs are classified based on the materials the photocathode,
dynodes and the anode made of. More than ten materials, commercially available,
9

are used in the fabrication of PMTs. Most popular materials used to fabricate PMTs
are Cs-I, Cs-Te, Sb-Cs, alkali (bialkali and multialcali), Ag-O-Cs, GaAsP, InGaAs,
… etc. Every material has a wavelength range that works over and its sensitivity
varies over that window of wavelength

1.2.2

Second Generation: Single Photon Avalanche Detectors (SPADs)
An avalanche photodiode (APD) is a p-i-n photodiode with very large width

of intrinsic area (i) compared to other areas (p and n). If an external voltage, called
excess voltage (VE), is applied to this APD, it became a single photon avalanche
detector (SPAD). Excess voltage makes the detector works in the region after the
breakdown voltage and this called Geiger mode.

1.2.3

Third Generation: Superconducting Nanowire Single Photon Detectors
(SNSPD)
This type of detectors is made of Niobium Nitride (NbN) and consists of

several superconducting nanowires made of cooper. The device is operated below
the critical temperature and biased below the critical current. When a photon hits the
device, a resistive hotspot is created as shown in Fig 1.5. The hotspot breaks the
nanowires and prevents the current from flowing which creates a voltage pulse in the
output of the device[22].

10

Fig 1.5 Superconducting nanowire single photon detector principle of operation. (a)
a photon hit the device, (b) a resistive hotspot is created, (c) preventing the current
from flowing, (d) and a voltage pulse is appeared on the output of the device[22].

11

2

2.1

DEVELOPMENTS OF SPAD

Introduction
There are several parameters affect the performance of any single photon

detector. Those parameters vary from type to another type depending on either
physics matter or the circuitry connected to the detector. SPAD development passed
through various methods. Free running mode and gated mode are most common
methods to improve SPAD performance. However, in this chapter, efforts that have
been done with free and gating modes are discussed.

2.2

Free Running Mode
In 2006, Sara Pellegrini et al. studied a single photon avalanche device with

planar geometry operating at wavelength of 1550 nm and at a temperature of 200 K.
They considered some changes in the design to reach the desired results of photon
detection efficiency, jitter time, and afterpulsing probability. Using grading layer
between the absorption layer (InGaAs) and the multiplication layer (InP) enhanced
the electric field and ensured that holes transfer across the valence band [23]. Fig 2.1
shows the layers and overall structure.
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Fig 2.1 Schematic cross section of a planar SPAD[23]

Pellegrini’s design resulted in a Photon detection efficiency of 10 % with jitter time
of 460 ps at 200 K (best jitter time was 450 ps at 150 K). Acceptable noise equivalent
power is also achieved which is 10−15 𝑊. 𝐻𝑧 −1/2.

2.3

Gating Mode
Gated mode operation of a SPAD is a method designed to reduce dark count

rate by essentially turning the detector off when no photon is expected. In this
technique, photon pulses are clocked to arrive within a time interval in which the
detector is biased above breakdown voltage and turning on [24]. The speed of
detector switching ON/OFF depends on gating frequency. In gated mode operation,
with the increase of the gating pulse amplitude, the DCR increases due to the increase
in probability of triggering unwanted avalanche [25, 26]. Therefore, one option to
enhance the performance of SPAD, is to reduce the DCR.
13

2.3.1

Square Wave Gating
Guang Wu et al. in 2006 designed a model of InGaAs/InP SPADs using a

square gate mode quenching circuit. This circuit works at a very low temperature and
at a repetition rate of 100 KHz. The circuit was biased 5 V above the breakdown
voltage to allow the APD to work in Geiger Mode, which make it suitable for
detecting single photon. Photon detection efficiency of 10% was obtained at dark
rate probability of 1.3 × 10−5 , and 20 % at 1.6 × 10−5 [27].
In 2007, Mingguo Liu et al. described high photon detection efficiency (PDE)
with low dark current of indium gallium arsenide/ indium phosphide single photon
avalanche detectors (InGaAs/InP SPAD). They operated their circuit on square pulse
gated mode. The circuit was biased with 0.6 V below the breakdown point and a
capacitor of 30 ns was connected to the AC pulse generator to make it biased above
the breakdown point [28]. Fig 2.2 below shows that circuit.
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Fig 2.2 Square pulse gated circuit [28]

Results obtained from this circuit showed good performance over the
wavelength range of 1310 nm at acceptable operating temperature (200 K). The DCR
was 12 KHz with a good timing resolution of 140 ps. The photon detection efficiency
(PDE) achieved was 45 % compared to the PDE calculated by
𝑃𝐷𝐸 =

1
1 − 𝑃𝑑
ln (
)
𝑛
1 − 𝑃𝑎

(2.1)

Where, n is average photons per pulse, 𝑃𝑑 is dark count probability, and 𝑃𝑎 is
avalanche probability [28].
A new observation of high speed InGaAs/InP detector with high photon
detection efficiency was realized by Lilin Xu et al. in 2009. They experimentally
implemented a square pulse gated circuit with the self-differencing method. This
experiment operated over the wavelength of 1550 nm and at temperature of -30 °C

15

(243 K). The authors obtained great photon detection efficiency, 30%, and low
afterpulsing probability, error of 6% [29].

2.3.2

Sinusoidal Gating

In the same year, 2006, Joe Campbell at al. used a sinusoidal gated mode on
InGaAs/InP SPAD to gain high photon detection efficiency and low dark count rate.
The method used is to have two APDs to provide two opposite phase signals to
eliminate the total noise; Fig 2.3 shows the receiver output.

Fig 2.3 The output of the receiver [30]

This experiment was implemented at temperature of 240 K and at the wavelength of
1310 nm. The repetition rate of the laser source is 1 MHz. Jitter time was obtained is
240 ps, with photon detection efficiency of 43%, and dark count rate of 58 KHz.
Afterpulsing probability was lower than that in single sinusoidal-gated SPAD.
16

Photon detection efficiency of about 10% was attained at DCR of 9.6 KHz and dark
count probability of 2.8 × 10−5 [30].
In July 2011, a team of researchers led by Yan Liang demonstrated a new
way to achieve as low as possible of jitter time using sin-wave gated InGaAs/InP
single photon avalanche photodiode. Two techniques were implemented as shown in
Fig 2.4: differencing and low-pass filtering. This detector works at the wavelength
of 1550 nm and temperature of -25 °C (248 K). Best jitter time observed was 60 ps,
with photon detection efficiency of 10.4%. Dark count rate was 6.1 × 10−6 𝐻𝑧, and
afterpulsing probability was 3%. They also realized the fast recovery time of 10 ns
[31].

Fig 2.4 Self-differencing and low-pass circuit [31]
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Fabio Acerbi et al. in 2011 characterized an InGaAs/InP SPAD that has photon
detection efficiency up to 30% and few thousands of counts per second. This detector
operated at 1550 nm wavelength and at temperature of 225 K, with excess voltage of
5 V. Jitter time calculated as full width half maximum was 47 ps, and the circuit was
biased at 7 V over breakdown voltage [32].
In 2015, Carmelo Scarcella et al. use the same material (InGaAs/InP) to
present their SPAD using sinusoidal gated mode (with 1.3 GHz gating frequency)
operated at temperature of 240 K and wavelength of 1550 nm. The differencing
method and low-pass filtering are used to demonstrate this experiment. Fig 2.5 shows
the setup of the experiment implemented. The main aim they worked on in this work
is to reduce the avalanche charge, which leads to reducing afterpulsing, and keep
low-jitter observation and high photon detection efficiency unchanged. Results
obtained from this experiment are 30% photon detection efficiency, dark count rate
of 2.2 × 10−5 , afterpulsing probability of 1.5%, less than 70 ps jitter time, and count
rate of 650 Mcps [33].

Fig 2.5 Setup of experiment block diagram [33]
18

2.3.3

Gaussian Gating
In 2013, Y. Zhang et al. came up with a new technique to control SPAD gating.

He used Gaussian gating signal for noise cancellation. The techniques were
implemented as shown in Fig 2.6. Because of the differential effect of junction
capacitor, the shape of the capacitive response output in their method is the firstorder derivative of the Gaussian function that can be matched by the rising edge of a
delayed and attenuated version of the gating pulse itself. With matching signal, the
avalanche pulse is raised onto a flat platform that can be easily discriminated from
the background. For 1550 nm optical signal the detection efficiency could reach
10.2% with 9.7 × 10-6 per gate dark count probability and 3.4% afterpulse
probability at 80 MHz gating frequency. Experimental results have shown that the
proposed method can decrease the afterpulse probability sharply while maintaining
the detection efficiency and dark count performance [34]

Fig 2.6 SPAD gated with Gaussian Signal [34]
19

2.4

2.4.1

Performance parameters

Photon Detection Efficiency (PDE)
All devices are assessed based on the functioning efficiency. Simply, the

definition of efficiency is output power divided by input power, and in ideal case,
where there are no losses, the result should be one. In single photon detectors, output
power is the photons that are detected (electrical pulses) and input power is the power
of the incident light that hits sensing area of the detector. Photon detection efficiency
as shown in Fig 2.7 mainly depends on three probabilities: i) the probability that an
incoming photon generates an electron-hole pairs, ii) the probability that electronhole pairs generated are injected to the multiplication layer, and iii) the probability
that injected electron-hole pairs trigger an avalanche at output of the device.

Multiplication layer

Grading layer

Absorbing layer
hν

Fig 2.7 Photon detection efficiency description
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When avalanche probability increases, PDE increases. However, at the same
time, dark count rate (DCR), which must be low for the device to have good
performance, increased as well. In addition, PDE is affected by electric field;
increasing electric field result in increasing in photon detection efficiency [19].

2.4.2

Dark Count Rate (DCR)
The dark count rate is an average rate of registered counts without any

incident photon. This circumscribes the minimum count rate at which the signal is
predominated by real photons. Dark count rate is a result of three expected reasons.
First, false detection events are mostly of thermal generation effects. The thermal
generation appears from either carrier band-to-band generation or center gap
generation. In band-to-band generation, the carriers transferred from the valence
band to the conduction band in one step. On the other hand, in center gap generation,
the carriers transferred from valence band to conduction band in two steps. In the
first step, the carriers jump from valence band to mid gap, after a while it completes
its next step by moving from mid gap to conduction band. Fig 2.8 shows the photo
generation mechanism in single photon detectors using energy band diagram.

21

−𝑉𝑝

𝑃+

𝑃

𝐸(𝑒𝑣)

+𝑉𝑛

𝑛+

𝑛

Multiplication Region

𝐸𝑐𝑝
𝐸𝑔
𝐸𝑣𝑝

Output Current

ℎ𝑣
𝐸𝑐𝑛
𝐸𝑔

Absorption
Region

𝐸𝑣𝑛
𝑥𝑗

𝑥𝑝

𝑥𝑛

Fig 2.8 Visualization of dark count rate using energy band diagram
Second, a mysterious count is registered in a detector output due to random
photon incident on absorption layer. There are various sources of random photons
depend on the application environments. Third, Active area is one of the possible
reasons for dark count rate because it is considered the main gate of external effects
on the depletion region. Hence, the single photon detector with a thin active area is
found to reduce dark count rate, but unfortunately, photon detection efficiency
reduced with dark count because of narrow absorption region construction.
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𝑥

The reading on output of SPAD when there is no light hitting the device
called dark count rate. The reason of DCR occurrence is the carriers created due to
heat of the device in the junction of the single photon detector. DCR is mainly
affected by excess bias voltage, 𝑉𝑒𝑥 ; Increasing of 𝑉𝑒𝑥 causes increasing in DCR.
When the circuit is operated in gated mode, the DCR can be calculated by the
following equation [35]:

𝐷𝐶𝑅 = −

1
𝑇𝑐𝑜𝑢𝑛𝑡𝑒𝑟
ln (1 −
)
𝑇𝑂𝑁
𝑓𝐺𝑎𝑡𝑒

(2.2)

Where, 𝑇𝑐𝑜𝑢𝑛𝑡𝑒𝑟 is the avalanche rate, and 𝑓𝐺𝑎𝑡𝑒 is the gate frequency and it
is calculated by:

𝑓𝐺𝑎𝑡𝑒 =

1
(𝑇𝑂𝑁 + 𝑇𝑂𝐹𝐹 )

(2.3)

Dark count rate is affected by avalanche probability and excess voltage;
increasing of avalanche probability and / or excess voltage results is increasing of
DCR. The most important factor that can effectively reduce dark count rate is
Temperature. Cooling the device diminishes the movement of carriers that may cause
DCR in absence of incident light.
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2.4.3

Afterpulsing Probability (AP)
After incident light triggers an avalanche on the output of SPAD, some

carriers in the multiplication region or between layers are trapped for some time and
then trigger a new avalanche. This unwanted new avalanche is called afterpulses
avalanche. Afterpulsing is the main reason of using gated mode circuits instead of
free running mode and it is a most annoying factor for researchers in term of
developing SPADs performance. First, when optimizing DCR, temperature needs to
be reduced but that increases afterpulsing because releasing carriers from trapped
levels become slower. Second, to reduce afterpulsing, simply, you reduce the
populated trapped carriers which can be done by reducing the flowing of avalanche
charges which requires reducing excess voltage applied to the circuit. Conversely,
this process leads to lower photon detection efficiency of the detector.
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3

3.1

SPAD GATED WITH SOLITON SIGNAL

Introduction
Chapter 3 illustrates the method used in this work, results obtained, and data

analysis of all SPAD parameters such as photon detection efficiency, dark count
rate, and afterpulsing probability are achieved.

3.2

Soliton Signal
The electrical soliton oscillator invented by D. S. Ricketts et al generates

solitary waves with a Gaussian shape and propagating through the detection circuit
as particle [12]. A soliton is defined as a solitary wave that behaves like particle.
Chaotic communications, optics, particle physics, astrophysics and neuroscience are
the major field of soliton research [22]. However, in the last decade, the soliton
became one of the most important topics in wave/particle systems, because the
soliton can manage nonlinearity and dispersion. Thus, the soliton represents the
desired solution for nonlinearity problems in the dynamic behaviour systems. Also,
solitary waves possess the property of maintaining when it propagates through
physical medium, because it has particle likes quality [36].
As a result, the work in this field has shown solitons can preserve their shape
as they propagate through two different physical mediums. Thus, the soliton
maintains its shape when it transforms between frequency domain and time domain
[4]. The soliton is not just type of signal but also used to explain the behaviour of
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system reaction and as a mathematical definition for many physical mediums. For
example, when a single photon hits the surface of a detector, the collision reaction
generates a shock wave dependent on photon momentum. This shock wave appears
as a compact noise in the detector output and has shape and behaviour of a soliton
signal.
Therefore, a soliton signal could be the desired solutions to improve the
performance of single photon detectors which operate in gated mode. In this proposal
will investigate the use of a soliton signal to improve the performance of a single
photon detector. The InGaAs/InP Geiger mode SPAD can be operated with a soliton
signals as gate signal to control and improve the detection process.

3.3

SPAD Gated with Soliton Signal
The process of detecting single photon is accompanied by distortions due to

a background noise and detector non-idealities. Distortions of a signal wave-form
introduced by the SPAD are a function of numerous effects including nonlinearity of
the detector response, after-pulsing, and internal detector noise, along spectral,
temporal, and spatial characteristics of device. Therefore, the output current of the
SPAD should be mathematically derived as a function of numerous effects to
describe the time response and find the actual behavior of SPAD in the detection
circuit.
The derivation of the SPAD output response is achieved based on circuit
analysis theory, starting from the output of gating oscillator. The output signal of
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electrical soliton oscillator can be described in equation (3.1) [37].Where, 𝐴 is the
amplitude, 𝑡 is the time, 𝑛 is the soliton order, 𝜔𝐵 is the Bragg frequency in 𝐻𝑧/𝑣𝑜𝑙𝑡,
and 𝑡𝐹𝑊𝐻𝑀 is the soliton pulse width. Fig 3.1 illustrates the soliton signal various
with time.

𝑉(𝑡, 𝑛) = 𝐴2 𝑠𝑒𝑐ℎ2 [𝐴𝜔𝐵 (𝑡 −

sinh−1 (𝐴)
𝐴𝜔𝐵

𝑡𝐹𝑊𝐻𝑀 =

(3.1)

𝑛)]

1.76
𝐴𝜔𝐵

Soliton Signal
4
3.5
3
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2
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Fig 3.1 Soliton signal

One of main advantages of a soliton signal is the amplitude pulse width
dependence. Therefore, this dependence will help to control the avalanche and nonavalanche region depends on the variations in pulse width due to variations in
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amplitude value. The exponential term powered to soliton gated signal in addition to
dc biasing voltage. Therefore, the operation region of SPAD on I-V curve will be
determined using the property of amplitude pulse width dependence of soliton signal.
The schematic diagram of SPAD circuit gated with soliton signal is shown in
Fig 3.2.

Fig 3.2 Schematic of SPAD detection circuit

Now by applying the circuit analysis rules in order to find the output response
of SPAD, we will start with AC circuit analysis which results in:
1
𝐶

∫ 𝑖𝑖 (𝑡)𝑑𝑡 = 𝑉(𝑡, 𝑛) − 𝑉𝑑 (𝑡) − 𝑖𝑖 (𝑡)𝑅𝑠 − 𝑉𝑜 (𝑡)

𝑖𝑖 (𝑡) = 𝐶

𝑑𝑉(𝑡,𝑛)
𝑑𝑡

−𝐶

𝑑𝑉𝑑 (𝑡)
𝑑𝑡

− 𝐶𝑅𝑠

𝑑𝑖𝑖 (𝑡)
𝑑𝑡
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−𝐶

𝑑𝑉𝑜 (𝑡)
𝑑𝑡

(3.2)

(3.3)

But
(3.4)

𝑖𝑖 (𝑡) = 𝐼𝑑𝑐 + 𝑖𝑑 (𝑡)
And

(3.5)

𝑉𝑜 (𝑡) = 𝑖𝑜 (𝑡)𝑅𝑜

Where, 𝑖𝑑 (𝑡) is the diode current, and 𝐼𝑑𝑐 is the DC source current. 𝑖𝑑 (𝑡) can
be determined from reference. On the other hand, 𝑉𝑜 (𝑡), 𝑖𝑜 (𝑡), and 𝑅𝑜 are the output
voltage, current, and resistor respectively.

𝑖𝑑 (𝑡) = 𝐼𝑆𝑃𝐴𝐷 +

𝑖𝑜 (𝑡) = 𝐼𝑆𝑃𝐴𝐷 +

𝑑𝑄𝑗
𝑑𝑡

𝑑𝑄𝑗
𝑑𝑡

+

−

𝑑𝑄𝑘𝑠

(3.6)

𝑑𝑡

𝑑𝑄𝑎𝑠

(3.7)

𝑑𝑡

Combine equations (3.6) and (3.7) then substitute them in equation (3.3)
results in equation (3.8):

𝑖𝑖 (𝑡) = 𝑖𝑜 (𝑡) +

𝑑𝑄𝑘𝑠
𝑑𝑡

+

𝑑𝑄𝑎𝑠
𝑑𝑡

(3.8)

− 𝐼𝑑𝑐

Now, substitute equation (3.8) in equation (3.3) results in equation (3.9):
(𝑅𝑜 𝐶+𝑅𝑠 𝐶)
𝐶

𝑑𝑉𝑑 (𝑡)
𝑑𝑡

− 𝐼𝑑𝑐 = 𝐶

𝑑𝑖𝑜 (𝑡)
𝑑𝑡

+ 𝑖𝑜 (𝑡) + 𝑅𝑠 𝐶

𝑑2 𝑄𝑘𝑠
𝑑𝑡 2

𝑑𝑉(𝑡,𝑛)

+

𝑑𝑄𝑘𝑠
𝑑𝑡

+ 𝑅𝑠 𝐶

𝑑2 𝑄𝑎𝑠
𝑑𝑡 2

+

𝑑𝑄𝑎𝑠
𝑑𝑡

+
(3.9)

𝑑𝑡
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𝑄𝑘𝑠 =

𝑑𝑄𝑘𝑠
𝑑𝑡
𝑑𝑄𝑘𝑠
𝑑𝑡

𝐴𝐷 ∅𝑖 𝐶𝑘𝑠
1−𝑚𝑖

𝑑𝑄𝑘𝑠
𝑑 (𝑡)

=

𝑑𝑡 2

𝑑𝑄𝑎𝑠
𝑑𝑡

1−𝑚𝑖

𝑑𝑄𝑎𝑠

𝑑2 𝑄𝑎𝑠
𝑑𝑡 2

(𝑅𝑜

𝐴𝐷 ∅𝑖 𝐶𝑎𝑠

= 𝑑𝑖

=

𝑑𝑄𝑘𝑠

+ 𝑑𝑖
(

𝑑𝑖𝑜 (𝑡)
𝑑𝑡

[1 +

𝑑𝑉𝑑 (𝑡)
𝑑𝑡

𝑑𝑡 2

𝑑𝑉𝑑 (𝑡)
𝑑𝑡

)

+ 𝑅𝑜

+

𝑑𝑖𝑜 (𝑡)
𝑑𝑡

𝐴𝐷 𝐶𝑘𝑠

𝑖𝑜 (𝑡)𝑅𝑜 +𝑉𝑑 (𝑡) 𝑚𝑖
[1+
]
∅𝑖

2

(3.10)

)

𝑑2 𝑉𝑑 (𝑡)
𝑑𝑡 2

−

(3.11)

𝑖𝑜 (𝑡)𝑅𝑜 1−𝑚𝑖

]

∅𝑖

𝑑𝑡

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑜
𝑖 (𝑡)𝑅𝑜
[1+ 𝑜
]
∅𝑖

𝑚𝑖

𝑑𝑖𝑜 (𝑡)

𝑑𝑄𝑎𝑠 𝑑2 𝑖𝑜 (𝑡)
𝑜 (𝑡)

𝑑𝑡

𝑑𝑖𝑜 (𝑡)

𝑜 (𝑡)

= 𝑑𝑖

+

𝑑𝑖𝑜 (𝑡)

𝑜 (𝑡)

𝑑2 𝑖𝑜 (𝑡)

𝑖𝑜 (𝑡)𝑅𝑜 +𝑉𝑑 (𝑡) 𝑚𝑖
[1+
]
∅𝑖

3
𝑖𝑜(𝑡)𝑅𝑜 +𝑉𝑑 (𝑡) 2
2∅𝑖 [1+
]
∅𝑖

𝑑𝑡

𝑑𝑡

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜

𝐴𝐷 𝐶𝑘𝑠

]

∅𝑖

𝐴𝐷 𝐶𝑘𝑠
𝑖𝑜 (𝑡)𝑅𝑜 +𝑉𝑑 (𝑡) 𝑚𝑖
[1+
]
∅𝑖

=

𝑄𝑎𝑠 =

𝑖𝑜 (𝑡)𝑅𝑜 +𝑉𝑑 (𝑡) 1−𝑚𝑖

𝑑𝑉𝑑 (𝑡)

= 𝑑𝑉

𝑑2 𝑄𝑘𝑠

𝑑𝑄𝑎𝑠

[1 +

𝑑𝑡 2

(3.12)

𝑑𝑡

𝑑2 𝑄𝑎𝑠 𝑑𝑖𝑜 (𝑡)

+ 𝑑𝑖

2
𝑜 (𝑡)

𝑑𝑡

30

𝑑2 𝑄𝑎𝑠
𝑑𝑡 2

𝑑𝑉(𝑡,𝑛)
𝑑𝑡

=

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑜
𝑖 (𝑡)𝑅𝑜
[1+ 𝑜
]
∅𝑖

𝑚𝑖

𝑑2 𝑖𝑜 (𝑡)
𝑑𝑡 2

−

= −2𝐴3 𝜔𝐵 𝑠𝑒𝑐ℎ2 [𝐴𝜔𝐵 (𝑡 −

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑜 2 𝑚𝑖

(

1+𝑚𝑖
𝑖 (𝑡)𝑅𝑜
2∅𝑖 [1+ 𝑜
]
∅𝑖

𝑠𝑖𝑛ℎ−1 (𝐴)
𝐴𝜔𝐵

𝑑𝑖𝑜 (𝑡) 2
)
𝑑𝑡

(3.13)

𝑛)] 𝑡𝑎𝑛ℎ [𝐴𝜔𝐵 (𝑡 −

𝑠𝑖𝑛ℎ−1 (𝐴)
𝐴𝜔𝐵

𝑛)]
(3.14)

Substitute equations (3.10), (3.11), (3.12), (3.13), and (3.14) in equation (3.9)
results in equation (3.15) which is the mathematical model of output current of single
photon detector.
1

(𝑅𝑖 + 𝑅𝑜 )𝑖𝑜′ (𝑡) + 𝐶 𝑖𝑜′ (𝑡) + 𝑉𝑑′ (𝑡) +
𝑖

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑖
2∅𝑖

2

3
𝑅 𝑖 (𝑡)+𝑉𝑑 (𝑡) 2
(1+ 𝑜 𝑜
)
∅𝑖
𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 𝑅𝑜
𝑖𝑜 (𝑡)
𝐶𝑖
𝑅 𝑖′ (𝑡)
√1+ 𝑜 𝑜
∅𝑖

+

𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
√1+
∅𝑖

(𝑅𝑜 𝑖𝑜′ (𝑡) + 𝑉𝑑′ (𝑡)) +

𝐴𝐷 𝐶𝑘𝑠 ′
𝑉𝑑 (𝑡)
𝐶𝑖
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
√1+
∅𝑖

+

𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 𝑖𝑜′′ (𝑡)
√1+

−

𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
∅𝑖

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜 ′
𝑖𝑜 (𝑡)
𝐶𝑖
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)

√1+

𝑖𝑜′′ (𝑡) +

∅𝑖

1

−

𝐼𝑑𝑐
𝑐𝑖

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑖 𝑉𝑑′′ (𝑡)
√1+

𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
∅𝑖

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 2 𝑅𝑜 2
2∅𝑖

(𝑖𝑜′ (𝑡))
3

−

2

+

𝑅 𝑖 (𝑡) 2
(1+ 𝑜 𝑜 )
∅𝑖

=

𝑑𝑉𝑖 (𝑡)
𝑑𝑡

(3.15)

1

Where 𝑚 = 2 for abrupt junction and 𝑚 = 3 for graded junction, 𝐴𝐷 the
device area, ∅𝑖 the built in potential, 𝐶𝑗0 the junction capacitance per unit area, 𝐶𝑘𝑠
the cathode to substrate capacitance per unit area, 𝑄𝑗 the accumulated charge at the
junction, 𝑄𝑘𝑠 the accumulated charge between the cathode and the substrate, 𝑄𝑎𝑠 the
accumulated charge between the anode and the substrate, and 𝑉𝑜 (𝑡) the anode
voltage which is equal to output voltage 𝑉𝑜𝑢𝑡 .
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The output current in equation (3.15) has two possible solutions according to
act of SPAD in a receiver circuit.

𝐴1
𝑅 𝑖 (𝑡) + 𝑉𝑑 (𝑡)
√1 + 𝑜 𝑜
∅𝑖
+

𝑖𝑜′′ (𝑡) +

𝐴2
𝑅 𝑖 (𝑡) + 𝑉𝑑 (𝑡)
√1 + 𝑜 𝑜
∅𝑖

𝐴4 𝑖𝑜′ (𝑡)
𝑅 𝑖 (𝑡) + 𝑉𝑑 (𝑡)
√1 + 𝑜 𝑜
∅𝑖
𝐴6 (𝑖𝑜′ (𝑡)) 2

−

+

𝑖𝑜′′ (𝑡) + 𝐴3 𝑖𝑜′ (𝑡)

𝐴8 𝑖𝑜 (𝑡)
𝑅 𝑖 ′ (𝑡)
√1 + 𝑜 𝑜
∅𝑖

+ 𝐴7 𝑖𝑜 (𝑡) −

2
3

𝑅 𝑖 (𝑡) 2
(1 + 𝑜 𝑜 )
∅𝑖

𝐴12 𝑖𝑜′ (𝑡)𝑉𝑑′ (𝑡)

3−

𝐴5 (𝑖𝑜′ (𝑡))

3

𝑅 𝑖 (𝑡) + 𝑉𝑑 (𝑡) 2
(1 + 𝑜 𝑜
)
∅𝑖
𝐴11 (𝑉𝑑′ (𝑡))2

𝑅 𝑖 (𝑡) + 𝑉𝑑 (𝑡) 2
(1 + 𝑜 𝑜
)
∅𝑖
𝐴10 𝑉𝑑′ (𝑡)
′ (𝑡)
−
+
𝑉
+
𝑑
3
𝑅 𝑖 (𝑡) + 𝑉𝑑 (𝑡)
𝑅𝑜 𝑖𝑜 (𝑡) + 𝑉𝑑 (𝑡) 2
√1 + 𝑜 𝑜
(1 +
)
∅𝑖
∅
𝑖

𝐴9 𝑉𝑑′′ (𝑡)

+
√1 +

𝑅𝑜 𝑖𝑜 (𝑡) + 𝑉𝑑 (𝑡)
∅𝑖

−

𝐼𝑑𝑐 𝑑𝑉𝑖 (𝑡)
=
𝑐𝑖
𝑑𝑡

Rearranging the equation results in second order nonlinear ordinary differential
equation (3.16):

(

𝐴1
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
√1+
∅𝑖

(

𝐴5

3
𝑅 𝑖 (𝑡) 2
(1+ 𝑜 𝑜 )
∅𝑖

+

𝐴9
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
√1+
∅𝑖

+

𝐴2
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
√1+
∅𝑖

𝐴6
3
𝑅 𝑖 (𝑡)+𝑉𝑑 (𝑡) 2
(1+ 𝑜 𝑜
)
∅𝑖

𝑉𝑑′′ (𝑡) + (1 +

) 𝑖𝑜′′ (𝑡) + (𝐴3 +

𝐴4
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
√1+
∅𝑖

2

𝐴8

) (𝑖𝑜′ (𝑡)) + 𝐴7 +
(

𝐴10
𝑅𝑜 𝑖𝑜 (𝑡)+𝑉𝑑 (𝑡)
√1+
∅𝑖

𝑅 𝑖′ (𝑡)
√1+ 𝑜 𝑜
∅𝑖

) 𝑉𝑑′ (𝑡) −

32

) 𝑖𝑜′ (𝑡) −

𝑖𝑜 (𝑡) +
)
𝐴11

3
𝑅 𝑖 (𝑡)+𝑉𝑑 (𝑡) 2
(1+ 𝑜 𝑜
)
∅𝑖

(𝑉𝑑′ (𝑡))2 −

𝐴12
3
𝑅 𝑖 (𝑡)+𝑉𝑑 (𝑡) 2
(1+ 𝑜 𝑜
)
∅𝑖

𝑖𝑜′ (𝑡)𝑉𝑑′ (𝑡) −

𝐼𝑑𝑐
𝑐𝑖

−

𝑑𝑉𝑖 (𝑡)
𝑑𝑡

=0

(3.16)

Where,
𝐴1 = 𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠
𝐴2 = 𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠
𝐴3 = 𝑅𝑖 + 𝑅𝑜

𝐴4 =

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜
𝐶𝑖

𝐴5 =

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 2 𝑅𝑜 2
2∅𝑖

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜 2 𝑅𝑖
𝐴6 =
2∅𝑖
𝐴7 =

1
𝐶𝑖

𝐴8 =

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 𝑅𝑜
𝐶𝑖

𝐴9 = 𝐴𝐷 𝐶𝑘𝑠 𝑅𝑖
𝐴10 =

𝐴𝐷 𝐶𝑘𝑠
𝐶𝑖
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𝐴11 =

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑖
2∅𝑖

𝐴12 =

𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜 𝑅𝑖
∅𝑖
1

𝑓(𝑡) =
√1 +

𝑅𝑜 𝑖𝑜 (𝑡)
∅𝑖

The mathematical model is expressed based on the gating SPAD circuit with soliton
gating signal. The gating frequency is set to 10GHz with 10 𝑉 gating voltage. The
transient analysis is applied to find out the circuit response in very short gating time.
After the simplifications of all the mathematical steps the final differential equation,
which is a second order, nonlinear Riccati ordinary differential equation.

Case 1: (𝑽𝒅 = 𝟎)
Solution (1):
In this case, it is assumed that a photon is detected, and an electron-hole pair
is generated. As a result, the SPAD will appear as a short circuit and the voltage
across it approached to 𝑅𝑏𝑟 𝑖𝑑 (𝑡), where 𝑅𝑏𝑟 is the SPAD equivalent resistance in
breakdown region but the SPAD's current is in its maximum value and is a function
of a photocurrent (𝑖𝑑 (𝑡)= 𝑓(𝐼𝑝ℎ )). Therefore, the output current in equation (3.16) is
simplified as in equation (3.17) which represents second-order ordinary nonlinear
34

Riccati differential equation. Hence, the actual count (output current pulse due to
photon absorption (𝐼𝑎𝑐𝑡 (𝑡))) is a function of photocurrent (𝐼𝑝ℎ (𝑡)), photon
characteristics, pulse width of gating signal (𝑡𝑤 ), and the excess.

(𝐴1 + 𝐴2 )𝑖𝑜′′ (𝑡) + (𝐴3 𝑓(𝑡) + 𝐴4 )𝑖𝑜′ (𝑡) +
(−

𝐼𝑑𝑐
𝑐𝑖

−

2
𝐴5 +𝐴6 ′
(𝑖𝑜 (𝑡))
𝑓(𝑡)

+ (𝐴7 𝑓(𝑡) + 𝐴8 )𝑖𝑜 (𝑡) =

𝑑𝑉𝑖 (𝑡)
) 𝑓(𝑡)
𝑑𝑡

(3.17)

Let:
𝑖 ′ (𝑡) = 𝑢

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛

⇒

𝑖𝑜 (𝑡) =

1 2
𝑢
2

𝑖 ′′ (𝑡) = 𝑢′

Rewrite the equation in the forms of second order nonlinear Riccati equation
𝐴5 + 𝐴6 2 1
𝑢 + (𝐴7 𝑓(𝑡) + 𝐴8 )𝑢2
𝑓(𝑡)
2
𝐼𝑑𝑐 𝑑𝑉𝑖 (𝑡)
= (−
−
) 𝑓(𝑡)
𝑐𝑖
𝑑𝑡

(𝐴1 + 𝐴2 )𝑢′ + (𝐴3 𝑓(𝑡) + 𝐴4 )𝑢 +

𝐼
𝑑𝑉𝑖 (𝑡)
(− 𝑑𝑐 −
)
𝐴
𝑓(𝑡)
+
𝐴
𝐴
+
𝐴
𝐴
𝑓(𝑡)
+
𝐴
𝑐
𝑑𝑡
3
4
5
6
7
8 2
𝑖
𝑢′ +
𝑢+
𝑢2 +
𝑢 =
(𝐴1 + 𝐴2 )𝑓(𝑡)
(𝐴1 + 𝐴2 )
𝐴1 + 𝐴2
2(𝐴1 + 𝐴2 )
𝐼
𝑑𝑉𝑖 (𝑡)
(− 𝑑𝑐 −
)
𝐴
𝑓(𝑡)
+
𝐴
𝐴
+
𝐴
𝐴
𝑓(𝑡)
+
𝐴
𝑐
𝑑𝑡
3
4
5
6
7
8
𝑖
𝑢′ +
𝑢+(
+
) 𝑢2 =
(𝐴1 + 𝐴2 )𝑓(𝑡) 2(𝐴1 + 𝐴2 )
(𝐴1 + 𝐴2 )
𝐴1 + 𝐴2
Let:
𝑎(𝑡) =

𝐴3 𝑓(𝑡) + 𝐴4
𝐴1 + 𝐴2

𝑏(𝑡) =

𝐴5 + 𝐴6
𝐴7 𝑓(𝑡) + 𝐴8
+
(𝐴1 + 𝐴2 )𝑓(𝑡) 2(𝐴1 + 𝐴2 )

𝐼
𝑑𝑉𝑖 (𝑡)
(− 𝑐𝑑𝑐 −
)
𝑑𝑡
𝑖
𝑐(𝑡) =
(𝐴1 + 𝐴2 )
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𝑢′ + 𝑎(𝑡)𝑢 + 𝑏(𝑡)𝑢2 = 𝑐(𝑡)

(3.18)

First order Riccati equation
Case 2: (𝒊𝒐 = 𝟎)
Solution (2):
In this case, the mathematical model of the output current is derived in the
absence of a photon (there is no incident light). When the photon is absent, SPAD
will act as an open circuit in a receiver circuit. Therefore, the current through the
SPAD approached to dark current, but the voltage across the SPAD and equal to
photo voltage (𝑉𝑑 (𝑡) = 𝑉𝑝ℎ (𝑡)). Thus, the output current is a function of the dark
current and the photo voltage as shown in equation (3.18).
𝑉𝑑 (𝑡) = 𝑉𝑝ℎ (𝑡) =

𝐴9
𝑉 (𝑡)
√1+ 𝑑∅
𝑖

𝑉𝑑′′ (1 +

𝐴10
𝑉 (𝑡)
√1+ 𝑑∅
𝑖

1
𝑉 (𝑡)
𝑉𝑑′′ (𝑡) + 𝐴 (√1 + 𝑑∅ +
9
𝑖

(3.19)

𝐾𝑇
𝑞

𝐼

(𝑡)

ln( 𝑝ℎ𝐼

) 𝑉𝑑′ (𝑡) −

𝑆

𝐴11
3
𝑅 𝑖 (𝑡)+𝑉𝑑 (𝑡) 2
(1+ 𝑜 𝑜
)
∅𝑖

𝐴10 ) 𝑉𝑑′ (𝑡) −

(3.18)

+ 1)

𝐴11

(𝑉𝑑′ (𝑡))2 −

′
2
𝑉 (𝑡) (𝑉𝑑 (𝑡))
𝐴9 (1+ 𝑑 )
∅𝑖

Let:
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𝐼𝑑𝑐
𝑐𝑖

−

𝑑𝑉𝑖 (𝑡)
𝑑𝑡

𝑉 (𝑡)
√1+ 𝑑∅
𝐼
− 𝐴 𝑖 ( 𝑐𝑑𝑐
9
𝑖

=0

+

𝑑𝑉𝑖 (𝑡)
)
𝑑𝑡

=0

𝑎(𝑡) =

𝑏(𝑡) =

1
𝑉𝑑 (𝑡)
(√1 +
+ 𝐴10 )
𝐴9
∅𝑖
𝐴11
𝑉 (𝑡)
𝐴9 (1 + 𝑑 )
∅𝑖
𝑉𝑑 (𝑡)
∅𝑖 𝐼𝑑𝑐 𝑑𝑉𝑖 (𝑡)
( +
)
𝐴9
𝑐𝑖
𝑑𝑡

√1 +
𝑐(𝑡) =

𝑉𝑑′′ (𝑡) + 𝑎(𝑡)𝑉𝑑′ (𝑡) − 𝑏(𝑡)(𝑉𝑑′ (𝑡))2 = 𝑐(𝑡)

second order nonlinear Riccati equation
Let:
𝑉𝑑′ (𝑡) = 𝑦

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛

⇒

𝑉𝑑 (𝑡) =

1 2
𝑦
2

𝑉𝑑′′ (𝑡) = 𝑦 ′

𝑦 ′ + 𝑎(𝑡)𝑦 + 𝑏(𝑡)𝑦 2 = 𝑐(𝑡)

3.4

(3.20)

Riccati Differential Equation
Most of the problems in mathematical physics, electronics circuit analysis,

and nonlinear mechanics whose dynamics can be described by nonlinear ordinary
diﬀerential equations (ODEs). In truthful investigations of the dynamics of a
nonlinear physical system can be in the form of the well known Riccati equation
(3.21) [38].
𝑦 ′ + 𝑎(𝑡)𝑦 + 𝑏(𝑡)𝑦 2 = 𝑐(𝑡)

(3.21)
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Where, 𝑎(𝑡), 𝑏(𝑡) and 𝑐(𝑡) are arbitrary functions of time.

The Riccati equation is used in different areas of physics, engineering, and
mathematics such as quantum mechanics, thermodynamics, and control theory. It
also appears in many engineering design simulations. In general, the term” Riccati
equation” refers to matrix equations with an analogous quadratic term in both
continuous and discrete-time systems. These equations play a key role in many areas
of engineering and science especially in control, optimization and systems
theory[39].

The classical method for solving Riccati equation makes the transformation
1

𝑦 ′ = 𝑦0 + 𝑦, where 𝑦0 is a known solution of the equation. Transform the equation
into a first order linear equation. For the case of 𝑐(𝑡), several methods are available
in the literature. The equation in this case is also known as Bernoulli equation.
However, it is not possible to see a proper solution to the equation at every time.
Therefore, this method has a limited usage.
The analytical solution of Riccati equation to the problem for arbitrary values
of 𝑎(𝑡), 𝑏(𝑡) and 𝑐(𝑡) is presented in equation (3.22):
𝑡

𝑦(𝑡) = 𝑦𝑝 +

𝑒 ∫0 𝑃(𝑡)𝑑𝑡
𝑡

𝑡

∫0 𝑄(𝑡)𝑒 ∫0

𝑃(𝑡)𝑑𝑡

(3.22)
𝑑𝑡
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4

4.1

SPAD PERFORMANCE USING RICCATI EQUATION

Introduction
This section introduces a mathematical model to evaluate output current,

dark count rate, of single photon InGaAs/InP avalanche photodiode. The model
evaluates design criterion based on a soliton gating signal and device parameters.
Also, the model shows how the output current and dark count rate depend on the
SPAD operating condition.
Since physics shows there is link between material properties and circuit
level parameters. A compact model will be introduced based on SPAD circuit
analysis with soliton gating signal to investigate the dependence of SPAD
parameters on each other. Using this compact model will determine the false count
from the actual count in the output of the single photon detector. Furthermore,
compact modeling will be used to show the average values of after pulsing
probability.
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4.2

Mathematical Model of Output Current of SPAD 𝑰𝒐𝒖𝒕
Equation (4.1) shows that the DC characteristics will change with any small

change in soliton amplitude or pulse width.
𝐼𝑆

𝑛𝑜 𝑎𝑣𝑎𝑙𝑎𝑛𝑐ℎ𝑒

𝐼𝑆𝑃𝐴𝐷 = {
−𝐼𝑝ℎ + 𝐼𝑆 [𝑒

𝑉(𝑡,𝑛)+𝑉𝐷𝐶 −𝑉𝐵𝐷
𝑉𝑇

− 1] 𝑎𝑣𝑎𝑙𝑎𝑛𝑐ℎ𝑒

}

(4.1)

Where 𝐼𝑝ℎ detected photocurrent, 𝐼𝑆𝑃𝐴𝐷 the single photon avalanche
photodiode current, 𝐼𝑆 the saturation current,𝑉𝑇 is the thermal voltage, 𝑉𝐵𝐷 is the
breakdown voltage, 𝑉𝐷𝐶 the DC bias voltage, and 𝑉(𝑡, 𝑛) is the soliton gated signal.

Recall equation (3.18) for actual counts and solve it using the analytical
solution of Riccati equation results in equation (4.2):

𝑡

𝑢(𝑡) = 𝑢𝑝 +

𝑒 ∫0 𝑃(𝑡)𝑑𝑡
𝑡

𝑡

∫0 𝑄(𝑡)𝑒 ∫0

𝑃(𝑡)𝑑𝑡

(4.2)
𝑑𝑡

Where,
𝑃(𝑡) = 2𝑎(𝑡) + 𝑏(𝑡)
𝑄(𝑡) = −𝑎(𝑡)
Then, SPAD output current 𝑖𝑜 (𝑡) is equal to the integration of the equation
(4.2) output.
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𝑃(𝑡) = 2

𝐴3 𝑓(𝑡) + 𝐴4
𝐴5 + 𝐴6
𝐴7 𝑓(𝑡) + 𝐴8
+
+
(𝐴1 + 𝐴2 )𝑓(𝑡) 2(𝐴1 + 𝐴2 )
𝐴1 + 𝐴2

1
𝐴 𝐶 𝑅
+ 𝐷 𝐶𝑘𝑠 𝑜
𝑖
𝑅 𝑖 (𝑡)
√1 + 𝑜 𝑜
∅𝑖
(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 + 𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

(𝑅𝑖 + 𝑅𝑜 )
𝑃(𝑡) = 2

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 2 𝑅𝑜 2 𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜 2 𝑅𝑖 2
+
2∅𝑖
2∅𝑖
+
1
(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 + 𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )
𝑅 𝑖 (𝑡)
√1 + 𝑜 𝑜
∅𝑖
1
𝐶𝑖

1
𝐴 𝐶 𝑅𝑖 𝑅𝑜
+ 𝐷 𝑎𝑠
𝐶𝑖
𝑅 𝑖 (𝑡)
√1 + 𝑜 𝑜
∅𝑖
+
2(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 + 𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

1
𝐴 𝐶 𝑅
+ 𝐷 𝐶𝑘𝑠 𝑜
𝑖
𝑅 𝑖 (𝑡)
√1 + 𝑜 𝑜
∅𝑖
(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 + 𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

(𝑅𝑖 + 𝑅𝑜 )
𝑄(𝑡) =

𝑡
∫0 𝑃(𝑡)𝑑𝑡
1 𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 𝑅𝑜
+
𝐶𝑖
𝐶𝑖

𝐴 𝐶 𝑅𝑜
(𝑅𝑖 +𝑅𝑜 )+ 𝐷 𝑘𝑠

= 2((𝑅 𝑅

𝐶𝑖

𝑖 𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

)𝑡

2(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )
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+

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 2 𝑅𝑜 2 𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜 2 𝑅𝑖 2
+
2∅𝑖
2∅𝑖

(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

+

𝑡
𝑡
∫0 𝑄(𝑡)𝑒 ∫0 𝑃(𝑡)𝑑𝑡 𝑑𝑡

𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 2 𝑅𝑜 2 𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜 2 𝑅𝑖 2
+
2∅𝑖
2∅𝑖

(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

1 𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 𝑅𝑜
+
𝐶𝑖
𝐶𝑖

𝐴 𝐶 𝑅𝑜
(𝑅𝑖 +𝑅𝑜 )+ 𝐷 𝑘𝑠
𝐶𝑖

= ((𝑅 𝑅

𝐴 𝐶 𝑅𝑜
(𝑅𝑖 +𝑅𝑜 )+ 𝐷 𝑘𝑠

) 2((𝑅 𝑅

𝑖 𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

𝐶𝑖

𝑖 𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

+

+
𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 2 𝑅𝑜 2 𝐴𝐷 𝐶𝑘𝑠 𝑅𝑜 2 𝑅𝑖 2
1 𝐴𝐷 𝐶𝑎𝑠 𝑅𝑖 𝑅𝑜
+
+
2∅𝑖
2∅𝑖
𝐶𝑖
𝐶𝑖
2(
+
+
)𝑡
(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )
(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )
2(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )
𝐴 𝐶 𝑅𝑜
(𝑅𝑖 +𝑅𝑜 )+ 𝐷 𝑘𝑠
𝐶𝑖

)𝑒

2(𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑘𝑠 +𝑅𝑖 𝑅𝑜 𝐴𝐷 𝐶𝑎𝑠 )

𝑡

𝑖𝑜 (𝑡) = ∫(𝑢𝑝 +

𝑒 ∫0 𝑃(𝑡)𝑑𝑡
𝑡

𝑡

∫0 𝑄(𝑡)𝑒 ∫0

𝑃(𝑡)𝑑𝑡

(4.3)

)𝑑𝑡
𝑑𝑡

The general solution of SPAD output current in terms of Riccati equation has a lot
of cases depends on the coefficients𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡) and on the particular solution.
Therefore, two cases are going to be discussed in the following sections.

Case 1: if the coefficients of the Riccati equation satisfy the following specific
condition
𝑎(𝑡) + 𝑏(𝑡) + 𝑐(𝑡) = 0
Then the solution of Riccati equation is given by

𝑢=

𝑡

𝑡

𝑡

𝑡

𝐾 + ∫[𝑐(𝑡) + 𝑎(𝑡)]𝑒 ∫0 [𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡 𝑑𝑡 − 𝑒 ∫0 [𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡
𝐾 + ∫[𝑐(𝑡) + 𝑎(𝑡)]𝑒 ∫0 [𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡 𝑑𝑡 + 𝑒 ∫0 [𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡

where 𝐾 is an arbitrary constant of integration.
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Case 2: if 𝑎(𝑡) and 𝑏(𝑡) are polynomials and satisfy the condition
𝑏(𝑡)2 − 2

𝑑𝑏(𝑡)
− 4𝑎(𝑡) = ∆≡ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝑑𝑡

Then the particular solution is given by
𝑢𝑝 (𝑡) = −

(𝑏(𝑡) ± √∆)
2

And the general solution has the form

𝑡

[𝑏(𝑡) ± √∆]
𝑒 ∫0 [𝑏(𝑡)+2𝑐(𝑡)𝑢𝑝 (𝑡)]𝑑𝑡
𝑢(𝑡) = −
+
𝑡
2
𝐾 − ∫ 𝑐(𝑡)𝑒 ∫0 [𝑏(𝑡)+2𝑐(𝑡)𝑢𝑝 (𝑡)]𝑑𝑡 𝑑𝑡

From the algebraic point of view, the Riccati equation has a particular
solutions take the form
𝑑𝑦 𝑝
−𝑏(𝑡) ± √𝑏 2 (𝑡) − 4𝑎(𝑡)𝑐(𝑡) + 4𝑐(𝑡) 𝑡
𝑢𝑝 (𝑡) =
2𝑐(𝑡)
This form can help with finding the general solution if satisfy the differential
condition given by
𝑏

2 (𝑡)

𝑑𝑦 𝑝
+ 4𝑐(𝑡)
= 𝑓1 (𝑡)
𝑡

Where, 𝑓1 (𝑡) is a generating function satisfying the differential conditions.
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Using the first case, the output response of SPAD can be described as in
equation (4.4)
𝑡
[𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡

𝑖𝑜 (𝑡) =

𝐾+∫[𝑐(𝑡)+𝑎(𝑡)]𝑒 ∫0

𝑡
[𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡

𝐾+∫[𝑐(𝑡)+𝑎(𝑡)]𝑒 ∫0

𝑡
[𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡

𝑑𝑡−𝑒 ∫0

𝑡
[𝑐(𝑡)−𝑎(𝑡)]𝑑𝑡

𝑑𝑡+𝑒 ∫0

Table 4.1 Coefficients of NHODE and circuit components
Circuit and Device
Range Value
Components

𝜔

2𝜋𝐺𝐻𝑧

𝐶𝑖

1 − 10𝑛𝐹

𝑉𝑑𝑐

10 − 30𝑉

𝑅𝑑𝑐

1 − 3𝑘Ω

𝑅𝑠

10 − 100𝐾Ω

𝑅𝑜

1 − 10𝐾Ω

𝐶𝑎𝑠

1 − 100𝑝𝐹

𝐶𝑘𝑠

1 − 100𝑝𝐹

𝑅𝑑

100 − 500𝐾Ω

𝛽

1 − 50𝐾𝐻𝑧

𝛼

1 − 10𝐾𝐻𝑧
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(4.4)

1 𝑚 −𝑛
𝑛 𝑒
𝑚!

𝑃(𝑚) =
𝑃(𝑚; 𝑡) =

1
(𝑖 (𝑡))𝑚 𝑒 −𝑖𝑜(𝑡)
𝑚! 𝑜

𝑃(𝑡) = 1 − 𝑒 −𝑖𝑜 (𝑡)
𝑃(𝑚) Probability that a pixel detects a number of photons
𝑛 number of incident photons
𝑃(𝑚; 𝑡) number of photons detected by pixel (𝑟, 𝑐) pixel at a certain time 𝑡
𝑃(𝑡) probability that at least one photon is detected
𝑃𝐷𝐹 probability density function
𝐶𝐷𝐹 cumulative distribution function
𝑘

𝐶𝐷𝐹 = ∑ 𝑃𝐷𝐹(𝑡𝑖 )
𝑖=1

𝐼𝑎𝑐𝑡 = 𝑃𝐷𝐹(𝑡𝑖 )
Where, 𝐼𝑎𝑐𝑡 is the total actual counts
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4.3

Dark Count Rate (DCR)
The mathematical model of the dark count rate (DCR) is a function of excess

voltage, on/off time of gating signal (𝑡𝑂𝑁 , and 𝑡𝑂𝐹𝐹 ), gating frequency (𝑓𝐺𝑎𝑡𝑒 ),
temperature (T), probability of thermal generation (𝑁𝐸𝐻𝑃 (𝑇)), and the time response
of electrons and holes concentrations (𝑁𝑒 (𝑇), 𝑁𝑝 (𝑡)) as shown in equation (4.3).

𝐷𝐶𝑅 = 𝑓(𝑡𝑂𝑁 , 𝑡𝑂𝐹𝐹 , 𝑓𝐺𝑎𝑡𝑒 , 𝑇, 𝑁𝑝ℎ (𝑇), 𝑉𝐸𝑥 , 𝑁𝑒 (𝑇), 𝑁𝑝 (𝑡)) (4.3)
𝐷𝐶𝑅 = − 𝑇

1
𝑂𝑁

𝐼

ln (1 − 𝑓 𝑎𝑐𝑡 )

(4.4)

𝐺𝑎𝑡𝑒

Where, 𝐼𝑎𝑐𝑡 is the total actual count, and 𝑓𝐺𝑎𝑡𝑒 is the gate frequency:

𝑓𝐺𝑎𝑡𝑒 = (𝑇

1

(4.5)

𝑂𝑁 +𝑇𝑂𝐹𝐹 )

Dark count rate is affected by avalanche probability and excess voltage;
increasing of avalanche probability and / or excess voltage results is increasing of
DCR.
In Soliton signal, 𝑇𝑂𝑁 and 𝑇𝑂𝐹𝐹 are unknown values like that in conventional
signal gates but depends on other factors. Soliton 𝑇𝑂𝑁 , which is Full Width Half
Maximum time (𝑡𝐹𝑊𝐻𝑀 ), depends on the Bragg frequency and the amplitude of the
soliton pulse based on the following relationship
𝑡𝑂𝑁 = 𝑡𝐹𝑊𝐻𝑀 =

1.76
𝐴𝜔𝐵
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Where, 𝜔𝐵 is the Bragg frequency in Hz/volt. Pulse spacing, 𝑡𝑂𝐹𝐹 , of the
soliton is also affected by Soliton Repetition Rate, SRR, and the signal propagation
speed,
𝑡𝑂𝐹𝐹 = 𝑃𝑢𝑙𝑠𝑒 𝑆𝑝𝑎𝑐𝑖𝑛𝑔 =

𝑃𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛 𝑆𝑝𝑒𝑒𝑑
𝑆𝑅𝑅

Where SRR is given by

𝑆𝑅𝑅 =

1

3
𝑛
√
√𝐿𝐶𝑠 3 − 2𝑏𝑉𝑒𝑥 𝑁

Where, 𝑛 is the Soliton order, 𝐿 is the single inductance in NLTL in soliton
oscillator, 𝐶𝑠 is the varactor capacitor in pF, and b is nonlinearity factor.
Plugging 𝑇𝑂𝑁 and 𝑇𝑂𝐹𝐹 values into equation (4.5), 𝑓𝐺𝑎𝑡𝑒 of the soliton signal
gate frequency can be calculated

3
3 − 2𝑏𝑉𝑒𝑥

𝑛𝑟 𝑛𝑉𝑒𝑥 𝜔𝐵 √
𝑓𝐺𝑎𝑡𝑒 =

3
+ 𝑁𝐶𝑉𝑒𝑥 𝜔𝐵 √𝐿𝐶𝑠
3 − 2𝑏𝑉𝑒𝑥

1.76𝑛𝑟 𝑛 √

Where, 𝑛𝑟 is the refractive index of the material of the InGaAs/InP SPAD.
And therefore, DCR can be written
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𝐷𝐶𝑅 = −

4.4

𝑉𝐸𝑋 𝜔𝐵
1.76

𝑙 𝑛 (1 −

3
+𝑁𝐶𝑉𝐸𝑋 𝜔𝐵 √𝐿𝐶𝑠 )
3−2𝑏𝑉𝐸𝑋
3
𝑛𝑉𝐸𝑋 𝜔𝐵 √
3−2𝑏𝑉𝐸𝑋

𝐼𝑎𝑐𝑡 (1.76𝑛 √

)

(4.6)

Afterpulsing Probability (AP)
After-pulsing probability represents the amounts of total charge flowing

through device when the incident photons are absent. Therefore, reducing afterpulsing probability means decreasing the total charge flowing through the device.

Fig 4.1 process to reduce afterpulsing
Afterpulsing probability can be determined using the equation:
𝑃𝑎𝑝 =

𝐼𝑎𝑐𝑡 − 𝐷𝐶𝑅 − 𝑆𝑅𝑅
𝐼𝑎𝑐𝑡 − 𝐷𝐶𝑅

Using values of DCR and SRR discussed in section 4.3, the probability of
afterpulsing that contribute in the output of SPAD using is shown in equation (4.7)
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𝑃𝑎𝑝 =

4.5

𝑉
𝜔
3
+𝑁𝐶𝐴𝜔𝐵 √𝐿𝐶𝑠 )− 𝐸𝑋 𝐵 −1.76𝑆𝑅𝑅
3−2𝑏𝑉𝐸𝑋
1.76
𝑉
𝜔
3
1.76𝐼𝑎𝑐𝑡 − 𝐸𝑋 𝐵 𝐼𝑎𝑐𝑡 (1.76𝑛𝑟 𝑛 √
+𝑁𝐶𝑉𝐸𝑋 𝜔𝐵 √𝐿𝐶𝑠 )
1.76
3−2𝑏𝑉𝐸𝑋

1.76𝐼𝑎𝑐𝑡 (1.76𝑛𝑟 𝑛 √

(4.7)

Photon Detection Efficiency (PDE)
The probability of a single incident photon initiating current pulse registered

by a digital counter is given by:
𝑇𝑜𝑡𝑎𝑙𝐶𝑅 − 𝐷𝐶𝑅 − 𝑃𝑎𝑝
× 100%
𝑇𝑜𝑡𝑎𝑙𝐶𝑅

𝑃𝐷𝐸 =

where, 𝑃𝐷𝐸 is the photon detection efficiency and 𝑇𝑜𝑡𝑎𝑙𝐶𝑅 is the total count
rate of SPAD.

𝑃𝐷𝐸 =

1.76+𝐴𝜔𝐵
1.76

3
3
− 𝑁𝑐𝑜𝑢𝑛𝑡𝑒𝑟 (1.76𝑛𝑟 𝑛 √
+𝑁𝐴𝐴𝜔𝐵 √𝐿𝐶𝑠 )
3−2𝑏𝐴
3−2𝑏𝐴

𝑛𝑟 𝑛𝐴𝜔𝐵 √

𝑙𝑛(

3
3−2𝑏𝐴

) ×

𝑛𝑟 𝑛𝐴𝜔𝐵 √

100%
(4.8)
The mathematical model of 𝑃𝐷𝐸 also shows that there are a links between
the characteristics of the receiver, the transmitter, and the material so that to improve
the efficiency of the SPAD, it is necessary to take all of those parameters in the design
considerations.
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5

5.1

SYSTEM TESTING AND RESULTS

Introduction
Operating over the telecommunications wavelength range (near infrared

window) is the main reason for choosing indium gallium arsenide (InGaAs) as the
absorbing layer and indium phosphide (InP) as the multiplication layer of the single
photon avalanche detector (SPAD). Over this range of wavelengths, many
applications which require high sensitivity are operated.
This chapter illustrates the method used in this work, result obtained, and data
analysis of all SPAD parameters (dark count rate and afterpulsing probability).

5.2

SPAD Response

5.3

Dark Count Rate
A mathematical model for dark count rate of soliton pulse gated InGaAs/InP

SPAD is developed. The results compared with experimental counts of Gaussian
gating. Simulation results show that DCR is not affected by increasing 𝑉𝐸𝑥 .
Single photon detection nowadays becomes the important technology of a
wide range of applications and devices that require highly sensitive results. Single
photon avalanche photodiodes (SPADs) are detectors that are capable to detect very
weak signal of light down to single photon. The most challenging issue with those
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detectors is the attenuation that accompanies the desired signal. This attenuation in
most cases totally disarrays the signal and thus loses it [7, 25, 40].
Excess voltage, 𝑉𝐸𝑥 , is the difference between the supply voltage and diode
breakdown voltage. 𝑉𝐸𝑥 has the most effect on the total performance of the detector.
When increasing 𝑉𝐸𝑥 , photon detection efficiency is increased but on the other hand,
dark count rate and afterpulsing probability is also increased because of the high
electric field applied to the device due to increasing of excess voltage. Dark count
rate occurs when some electrons trigger a new avalanche after the true one. When
high electric field applied to the device (because of high excess voltage), the
probability of electrons in the multiplication region to be released is very high, which
leads to having high dark count rate[7, 35].
The dark count rate (DCR) is the reading on the SPAD output when there is
no light radiating to the device. DCR is accrued for the carriers in the junction of the
single photon detector that are created due to the increase of device temperature or
detects random photons. One reason of increasing of DCR is the increase of excess
voltage, 𝑉𝐸𝑥 .
In this work, a soliton pulse replaces the Gaussian pulse operated at the same
conditions in the experiment by Zhang et al. [41]. The excess voltage is varied from
1.1V to 1.5V. In Fig 5.1, the log of DCR is plotted vs 𝑉𝐸𝑋 . In comparing the Gaussian
(experimental via Zhang [41]) top curve to the soliton (simulated) lower curve, the
soliton gating gives a noticeable improvement in dark count rate. While Gaussian
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curve increases rapidly with increase in excess voltage, the soliton curve is relatively
stable over this 𝑉𝐸𝑥 range. The curve expresses that Soliton has less DCR than
Gaussian gate and the difference is getting larger as excess voltage goes higher.

Fig 5.1 DCR as a function of 𝑽𝑬𝒙 for gaussian and soliton gating

Fig 5.2 and Fig 5.3 demonstrate the output of DCR equation when swapped
with 𝑇𝑂𝑁 and 𝑇𝑂𝐹𝐹 respectively. At 𝑇𝑂𝑁 = 1 𝑛𝑠𝑒𝑐, DCR in both Gaussian and Soliton
gates are almost remain the same, 1 × 105 𝑐𝑜𝑢𝑛𝑡𝑠/𝑠𝑒𝑐.
However, when 𝑇𝑂𝑁 increases, DCR of Soliton gate decreases reaching 3 ×
104 𝑐𝑜𝑢𝑛𝑡𝑠/𝑠𝑒𝑐 at 𝑇𝑂𝑁 = 3 𝑛𝑠𝑒𝑐 while DCR of the Gaussian gate slightly reduces,
9𝑥104 𝑐𝑜𝑢𝑛𝑡𝑠/𝑠𝑒𝑐 at the same time. DCR also swapped with 𝑇𝑂𝐹𝐹 and the
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compression results show how great is the Soliton gate when 𝑇𝑂𝐹𝐹 is fewer than 4
𝑛sec.

Fig 5.2 DCR with various gating pulse width for soliton (proposed method) and
Gaussian (conventional method)

Fig 5.3 DCR with various gating pulse spacing for soliton (proposed method) and
Gaussian (conventional method)
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Fig 5.4 illustrates the behavior of DCR, in counts/sec, versus gating
frequency, in Hz, with various values of excess voltage using the proposed
mathematical model of the Soliton gate. One advantage of using Soliton is that with
increasing of both excess voltage and gating frequency, dark count rate will
decrease in response to it.

Fig 5.4 DCR with various gating pulse amplitude and frequency

Single photon detectors (SPADs) are used in many fields of great importance,
like astronomy for deep space communications and biological imaging for
fluorescence detection [25, 42, 43]. Specifically, InGaAs/InP SPADs are one of the
best solutions for applications requiring high performance and ease of
implementation. Even though SPADs are used in these and many more applications,
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SPADs still have limitations of operation and low efficiency due to afterpulsing
probability, dark count rate, and jitter time[24, 44-46].
According to literature, research has been done to reduce dark count rate and
increase the detection efficiency [1-5]. In 2017, Y. Liang and his research group
introduced room-temperature single photon detection based on InGaAs/InP SPAD
gated with 1.5 GHz sinusoidal signal [42]. The outcomes of their experimental work
show DCR changing with gating amplitude variation. However, in this article, a new
mode of operation is characterized by using electrical soliton as a gating signal. Here,
the DCR model using soliton gating signal is simulated and compared to Y. Liang
et.al., 2017 experiment data [1].
Liang et al [1] use a sinusoidal gating pulse of 1.5 GHz frequency in their
experiment to control the operation of SPAD. In this work, a soliton pulse replaces
the sinusoidal pulse and operation is at the same conditions as Y. Liang’s experiment.
The experimental work (upper curve) and simulated results (lower curve) of DCR vs
VEX are shown in Fig 5.5. The excess voltage is varied from 10V to 22V. While the
sinusoidal curve fluctuates with variation in amplitude, the soliton curve steadily
increases while retaining a lower DCR.
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Fig 5.5 Dark count rate as a function of excess voltage for sinusoidal and soliton
signals

However, increasing the voltage level of soliton oscillator minimizes the
gating on interval. Therefore, the probability of captured random photons and carrier
trapped will decrease. On the other hand, when the amplitude of the sinusoidal signal
starts increasing, it doesn’t affect the gating frequency because it is independent of
voltage. Fig 5.6 illustrates the comparison between sinusoidal and soliton gated
InGaAs/InP SPAD.
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Fig 5.6 Dark count rate as a function of excess voltage for sinusoidal and soliton
gating signals

The simulation of results showed that; The DCR of InGaAs/InP greatly varies
depending on the gating voltage. In general, raising the gating voltage increases the
electric field inside the multiplication region and so improves the gain, photon
detection efficiency, and time resolution. But, this also increases the dark count rate.
Therefore, increasing gating voltage must carefully set in order to obtain the desired
characteristics.

Hence, we introduced soliton gating signal instead of using

sinusoidal gating signal for gating voltage.
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5.4

Afterpulsing Probability
The output of equation (4.7) is compared with Zhang et al study and plotted

versus 𝑇𝑂𝑁 as shown in Fig 5.7. Afterpulsing probability, 𝑃𝑎𝑝 , using Soliton gate
performs fewer counts per second than that using Gaussian gate and getting fewer
with increasing gate on period, 𝑇𝑂𝑁 .

Fig 5.7 AP as a function of pulse width for soliton (proposed method) and Gaussian
(conventional method)

Afterpulsing probability is also graphed with excess voltage for both Soliton
and Gaussian gate signals. Fig 5.8 indicates this relationship and how Soliton gate
can give more efficient numbers than old conventional methods. The results indicate
that 𝑃𝑎𝑝 with Soliton signal is 1200 counts/sec at excess voltage of 1 .1 V, same as

58

𝑃𝑎𝑝 with Gaussian signal. When excess voltage increases to 1.5 V, 𝑃𝑎𝑝 of proposed
method is 1280 counts/sec while in the Gaussian method is 1500 counts/sec.

Fig 5.8 AP as a function of 𝑽𝑬𝒙 for Gaussian and soliton gating

59

6

6.1

APPLICATIONS

Introduction
Single photon detectors based on InGaAs/InP avalanche photodiodes

(SPAD) become one of the best solutions for many applications requiring high
performance and ease of implementation. Besides that, SPADs are more used in
many field of great importance, like astronomy and deep space communications,
biological imaging and fluorescence detection [42, 46]. Even though SPADs are used
in these important applications, SPADs still have limitations of temporal response
and low efficiency in time diffuse tomography (DOT) because of after pulsing
probability, dark count rate and jitter time.
A proposed approach for single photon avalanche photodiode-based timeresolved DOT is introduced. It is supported by a mathematical model of dark count
rate as a function of gating voltage to further improve DOT features.

6.2

Diffuse Optical Tomography (DOT)
InGaAs/InP single photon avalanche photodiode (SPAD) is one of the

convenient solutions for time resolved diffuse optical tomography (DOT) due to high
resolution and ease of implementation [1-3]. Moreover, SPADs are considerable for
applications requiring precise and fast time response, such as astronomy, biological
imaging, deep space communications and fluorescence. The improvement of SPAD
60

operation and performance will lead to significant advances in DOT, especially in
detecting deep inclusions in biological tissues [4, 5]. In this article, a new
mathematical model of SPAD output is introduced in terms of ordinary differential
equation to describe the output current.
The mathematical model is expressed based on the gating SPAD circuit
with sinusoidal gating signal. The gating frequency is set to 10GHz with 10 𝑉𝑝−𝑝
gating voltage. The transient analysis is applied to find out the circuit response in
very short gating time. After the simplifications of all the mathematical steps, we
got the final differential equation which is a second order, linear nonhomogeneous
ordinary differential equation, which describes the detector response in the case of
losing photon due to absorbent in biological tissues. The differential equation and
the resultant output current are described in equations (6.1) and (6.2).

𝐾1

𝑑𝑣𝑖 (𝑡)
𝑑𝑡

+ 𝐾2 = 𝐾3

𝑑2 𝑖𝑜 (𝑡)
𝑑𝑡 2

+ 𝐾4

𝑑𝑖𝑜 (𝑡)
𝑑𝑡

+ 𝐾5 𝑖𝑜 (𝑡) + 𝐾6

𝑑2 𝑣𝑑 (𝑡)
𝑑𝑡 2

𝑖𝑜 (𝑡) = 𝐴𝑒 −𝛼𝑡 sin(𝛽𝑡) + 𝐵𝑐𝑜𝑠(𝜔𝑡) + 𝐶𝑠𝑖𝑛(𝜔𝑡)
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+ 𝐾7

𝑑𝑣𝑑 (𝑡)
𝑑𝑡

(6.1)
(6.2)

Table 6.1 Coefficients of NHODE and circuit components
Coefficients of NHODE

Circuit and Device
Components

Range Value

10(𝐾5 − 𝐾3 𝜔2 )
(𝐾5 − 𝐾3 𝜔 2 )2 + 𝐾42 𝜔 2

𝜔

2𝜋𝐺𝐻𝑧

𝑉𝑑𝑂𝐶
𝑅𝑑

𝐶𝑖

1 − 10𝑛𝐹

10𝐾4 𝜔
(𝐾5 − 𝐾3 𝜔 2 )2 + 𝐾42 𝜔 2

𝑉𝑑𝑐

10 − 30𝑉

𝑅𝑑𝑐

1 − 3𝑘Ω

𝑅𝑠

10 − 100𝐾Ω

𝐾3 = 𝑅𝑠 𝑅𝑜 𝐶𝑖 (𝐶𝑎𝑠 + 𝐶𝑘𝑠 )

𝑅𝑜

1 − 10𝐾Ω

𝐾4 = 𝑅𝑠 𝐶𝑖 + 𝑅𝑜 𝐶𝑎𝑠 + 𝑅𝑜 𝐶𝑘𝑠

𝐶𝑎𝑠

1 − 100𝑝𝐹

𝐾5 = 1

𝐶𝑘𝑠

1 − 100𝑝𝐹

𝐾6 = 𝑅𝑠 𝑅𝑑 𝐶𝑖 𝐶𝑘𝑠

𝑅𝑑

100 − 500𝐾Ω

𝐾7 = 𝐶𝑖 + 𝐶𝑘𝑠

𝛽

1 − 50𝐾𝐻𝑧

𝛼

1 − 10𝐾𝐻𝑧

𝐴=

𝐵=

𝐶=

𝐾1 = 𝐶𝑖
𝐾2 =

𝑉𝑑𝑐
𝑅𝑑𝑐
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(a)

(b)
Fig 6.1 (a and b) SPAD output current and DCR at the detection circuit
Fig 6.1 shows the distortion output and the dark count rate increase with the
increasing of excess voltage. Therefore, it becomes more complicated to seek a
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single photon at higher gating voltage due to distortion and nonlinearities of SPAD
output.

According to literature, there are a lot off research work has been done to
improve diffuse optical imaging systems. The trend of most previous work is to
reduce the cost and minimize the size of DOT systems. Hence, SPAD detectors are
a potential alternative which are capable of ignoring early photons and detecting
desire photons with low dark count rate within selected gating ON/OFF picoseconds
resolution. Therefore, the ultrafast gating time of turning the SPAD ON and OFF is
one of the most useful features of SPAD models used in DOT [47]. The improvement
of SPAD operation and performance will lead to significant advances in DOT,
especially in detecting deep inclusions in biological tissues. However, in this work,
a new mode of operation is characterized by using electrical soliton as a gating signal.

6.2.1

Experimental Setup
The explanation of the proposed method is summarized in the schematic

diagram of DOT system shown in Fig 6.2. The driver and gating signal controller
unit is added to achieve the desirable synchronization between laser source and
SPAD operation. For instance, if the driver controller excite the laser source at time
t=𝑇𝐿𝑆 , then the gating controller should initiate the SPAD gating signal at time
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t=𝑇𝐿𝑆 + 𝜏 to prevent early photons from being detected. Where, 𝜏 is the delay time
required for photons to complete its journey from laser source to SPAD through a
biological tissue. The mathematical model of dark count rate that represents the
unwanted and early photons is described in equation (6.3) for SPAD gated with
soliton signal.

𝐷𝐶𝑅 = −

𝑉𝐸𝑋 𝜔𝐵
1.76

𝑙 𝑛 (1 −

3
+𝑁𝐶𝑉𝐸𝑋 𝜔𝐵 √𝐿𝐶𝑠 )
3−2𝑏𝑉𝐸𝑋
3
𝑛𝑉𝐸𝑋 𝜔𝐵 √
3−2𝑏𝑉𝐸𝑋

𝐼𝑎𝑐𝑡 (1.76𝑛 √

)

Fig 6.2 Schematic diagram of proposed DOT system
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(6.3)

(a)

(b)
Fig 6.3 (a) and (b) show the temporal response of the SPAD and the dark
count rate of a noisy system for a photon scatter in biological tissues
66

7

CONCLUSIONS

Soliton signal is used to take place of conventional methods of gating signals
that control the stream of light photons approaching the single photon detectors.
Since most published studies are based on experiments or simulations, mathematical
models are derived to explain the output of SPAD when gated by Soliton signal. The
effect of dark count rate and afterpulsing probability are modeled in this study and
compared to a previous study that was conducted when the SPAD is gated by
Gaussian signal. The results show that DCR is reduced by considerable amount of
counts/sec when controlling the SPAD circuit by Soliton
In this work, the effect of dark count rate, jitter time and afterpulsing
probability on photon detection efficiency is shown by collecting data from previous
experiments and applying some statistical methods. It is found that PDE is increased
when DCR is increased. The same effect is observed with afterpulsing probability
where PDE decreases by reducing AP. Jitter time also affected PDE where PDE is
reduced by reducing jitter time. Limits of the SPAD parameters, in addition to
temperature, are calculated based on statistics of data collected.
Single-photon detectors based on III–V compound semiconductor avalanche
photodiodes are the most practical tools for the ultra-weak optical signal at 1550 nm.
A mathematical model to study and characterize single photon avalanche photodiode
detectors SPAD was developed. The mathematical model was derived for the output
current of the single photon detector avalanche photodiode (SPAD) gated with a
67

soliton signal. This mathematical model of the output current is shown to be a
second-order nonlinear ordinary differential equation and has two possible solutions.
The first solution is derived in presence of photon and strongly related to actual
count. On the other hand, the second solution is derived in absence of photon and
strongly related to thermal generation. Therefore, the mathematical model of dark
count rate is expected to be the solution of the second-order nonlinear differential
equation of the output current in the absence of photon.
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