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Abstract 

Title:  Three Dimensional Nonlinear Simulation of Quench Phenomenon in 

Superconducting Tapes Using Mesh-Free Monte-Carlo Method 

Author: Reza Bahadori 

Advisor: Hector Gutierrez, Ph. D. 

Performing quench propagation simulations of full size superconducting coils is a 

challenging problem due to complex coil structures and internal arrangements of 

superconducting wires. In addition, superconducting wires and cables themselves constitute 

complex 3D arrangements comprised of superconductor, matrix, stabilizer, insulation and 

other materials. Modelling quenches in complete coils is therefore a complex multi-scale 

and multi-physics problem that is difficult to solve with conventional techniques like finite 

element or finite difference methods. Monte-Carlo methods have been successfully used to 

simulate various multi-scale and multi-physics problems, but to our knowledge have not 

been applied to quench propagation simulations. In the first chapter, the application of the 

Monte-Carlo method for quench propagation problems has been studied and first results are 

presented. A mesh free Monte-Carlo method has been used that lends easily to 

parallelization.  

A novel mesh-free Monte-Carlo method for two-dimensional transient heat conduction in 

composite media with temperature dependent thermal properties is presented in the second 

chapter. The proposed approach is based on expressing the solution of the transient 

conductive heat transfer equation, in domains with temperature-dependent material 
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properties, as a combination of two solutions: Bessel functions and integrals of peripheral 

temperature. The proposed approach is used to solve transient conduction in composite 

layered materials with temperature dependent thermal diffusivity. Results are compared 

against others obtained using a conventional finite element approach. Experimental results 

for heat transfer in a nonhomogeneous domain (composite layered material) are presented 

to demonstrate the performance of the proposed approach. 

A new solution for the three-dimensional transient heat conduction from a homogeneous 

medium to a non-homogeneous multi-layered composite material with temperature 

dependent thermal properties using a mesh-free Monte-Carlo method is proposed in chapter 

three. The novel contributions include a new algorithm to account for the impact of thermal 

diffusivities from source to sink in the calculation of the particles’ step length (particles are 

represented as bundles of energy emitted from each source), and a derivation of the three-

dimensional peripheral integration to account for the influence of material properties 

around the sink on its temperature.  Simulations developed using the proposed method are 

compared against both experimental measurements and results from a finite element 

simulation.  

Finally, in chapter four, a state-of-the-art method is established to undertake the immense 

and complex Multiphysics problems involving heat conduction, electrical current sharing 

and joule heating. The innovative improvement includes an algorithm that eliminates the 

requirement of particles scattering from conventional Monte-Carlo methods. This algorithm 

encapsulate a volume around each point that the solution for the point is affected by in 

corresponding time span. This volume consists of other points of geometry that can slightly 

move to reconcile along the path of energy transfer. The proposed method benefits from high 

parallelizability of Monte-Carlo method while its performance is escalated substantially by 

dispose of interpolation steps. The accuracy and simulation time of the method is examined 

and compared against Finite Element Method. The results are within strict margin of error 

and the speed up performance is promising. 
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 Chapter 1 

Monte Carlo Method Simulation for Two-

Dimensional Heat Transfer in Homogenous 

Medium and Proposed Application to Quench 

Propagation Simulation 

1.1 Introduction 

During a quench of a superconducting coil heat is generated when a section of 

superconductor becomes normal conducting. The heat conduction along the 

conductor and in the transverse direction into the surrounding insulating material 

determines how the quench propagates and what peak temperature is finally reached 

in the coil. While the heat transfer along the conductor can be fairly easily described, 

the transverse quench propagation is more complex, in particular for a fully three 

dimensional case. However, since transverse quench propagation can spread the 

quench into a neighboring turn of the winding, this effect is important for the 

determination of the peak temperature reached in the winding. For simple geometries 

the quench propagation in longitudinal and transvers direction are well understood 

[1] ; however, for more complicated situations, such as multi-layer material or multi 

filament superconducting wires and tapes with different arrangement and geometry, 
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some variables cannot be treated as are presented in [1]. For Instance, highly 

nonlinear behavior of material properties with respect to temperature like thermal 

conductivity, heat capacity and electric resistivity needs to be taken into account. 

This requires an accurate simulation of the heat transfer in the complex geometry. 

Numerical methods such as finite element method (FEM) or finite difference method 

(FDM) are conventionally used for quench simulations. Although, one can achieve 

accurate results using FEM and FDM, these methods have significant limitations. 

These methods are very time-consuming, particularly when simulation is done for 

large geometries or when the thicknesses of winding layers or filaments get very 

small. Furthermore, due to this fact that iterations in these methods are dependent on 

each other, i.e., results of iteration t+1 is dependent on results of iteration t, it is not 

possible to employ parallel computing methods using CPU or GPU clusters.   

A powerful numerical method for simulating complex systems in many areas, from 

economy to electromagnetics simulation, is the “Monte-Carlo method” (MCM) [2]. 

The method is rooted in probability theory, using random numbers to describe 

relevant system parameters and to converge to the solution of the physical problem 

under consideration. Although, the application of the MCM to solve heat equations 

and heat transfer problems has been presented in the past, based on a method called 

”Floating Random Walk” [3] (FRWM), this method has not been used for quench 

simulation in superconducting magnets. 
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Beside ease of programming, lack of requiring a meshing algorithm and fast 

converging for multi-dimensional problems, the most important feature of MCM is 

the absence of mutual dependence of required iterations. Based on these advantages 

of the MCM, heat transfer simulations for full scale superconducting magnets 

consisting of different materials and complicated geometries become feasible 

without using super computers. The temperature at every point in a complex 

superconducting coil can be calculated for any desired time span, and the absence of 

dependent iterations enables use of parallel computing systems.  

1.2 Random Walk and Floating Random Walk Methods 

 

Following the original publication [3] the FRWM can be shown to represent a 

probabilistic interpretation of the finite difference method. The two- dimensional 

heat transfer equation for constant material properties is given by: 

𝛼 (
𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) =  

𝜕𝑇

𝜕𝑡
 

(1.1) 

Where 𝛼 is thermal diffusivity and 𝑇(𝑥, 𝑦, 𝑡) represents temperature as a function of 

time 𝑡 and position given by 𝑥 and 𝑦. The simplified finite difference equivalent of 

the above partial differential equation using backward-time method and central-

space method [2] is: 
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𝑇𝑥
𝑡 = 𝑃𝑥+𝑇𝑥+1

𝑡 + 𝑃𝑥−𝑇𝑥−1
𝑡 + 𝑃𝑦+𝑇𝑦+1

𝑡 + 𝑃𝑦−𝑇𝑦−1
𝑡 + 𝑃𝑡−𝑇𝑥

𝑡−1 (1.2) 

 

In which P is probability of walking in spatial or time domain as: 

𝑃𝑦+ = 𝑃𝑦− = 𝑃𝑥+ = 𝑃𝑥− =
𝜆

4𝜆 + 1
    ,  𝑃𝑡− =

1

4𝜆 + 1
 (1.3) 

Notice that 𝑃𝑥+ + 𝑃𝑥− + 𝑃𝑦+ + 𝑃𝑦− +  𝑃𝑡− = 1 and for isotropic material when 𝑑𝑥 =

𝑑𝑦 

𝜆 =  𝛼
𝑑𝑡

𝑑𝑥2
= 𝛼

𝑑𝑡

𝑑𝑦2
 (1.4) 

Figure 1-1 shows graphical presentation of grids for the 2D case. Packages of energy 

are emitted from each point on this grid and randomly move in this grid to be 

absorbed by other points of the region. Therefore, a random number generator can 

be employed to generate a random numbers RN and use them in following algorithm 

to determine the geometrical progression direction for each energy package. Fixed 

time step associated with every iteration is given by equation (4). The MCM method 

is stable for arbitrary 𝜆 , while for the 2D case in the finite difference method stability 

criterion 𝜆 ≤ 1/4 is required. 
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(𝑥, 𝑦, 𝑡) 𝑡𝑜 (𝑥 + 1, 𝑦, 𝑡)   𝑖𝑓    (0 < 𝑅𝑁 < 𝑎) 

(𝑥, 𝑦, 𝑡) 𝑡𝑜 (𝑥 − 1, 𝑦, 𝑡)   𝑖𝑓    (𝑎 < 𝑅𝑁 < 𝑏) 

(𝑥, 𝑦, 𝑡) 𝑡𝑜 (𝑥, 𝑦 + 1, 𝑡)   𝑖𝑓    (𝑏 < 𝑅𝑁 < 𝑐) 

(𝑥, 𝑦, 𝑡) 𝑡𝑜 (𝑥, 𝑦 − 1, 𝑡)   𝑖𝑓    (𝑐 < 𝑅𝑁 < 𝑑) 

(𝑥, 𝑦, 𝑡) 𝑡𝑜 (𝑥, 𝑦, 𝑡 + 1)   𝑖𝑓    (𝑑 < 𝑅𝑁 < 1) 

(1.5) 

In which 𝑎 = 𝑃𝑥+ ,  𝑏 = 𝑃𝑥+ + 𝑃𝑥−,  𝑐 = 𝑃𝑥+ + 𝑃𝑥− + 𝑃𝑦+, 𝑑 = 𝑃𝑥+ + 𝑃𝑥− + 𝑃𝑦+ +

𝑃𝑦−. 

 

 

Figure 1-1 Process of random walk in an arbitrary two-dimensional meshed 

region. 
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The presented algorithm can be easily extended for a 3D case. Green line on the grid 

shows walking path of a particle emitted from boundary and absorbed after five 

iterations by the point(𝑥, 𝑦), while red path depicts movement of another particle 

emitted from a point inside the region and absorbed by point (𝑥, 𝑦) after 7 iterations. 

For more convenient calculation and coding, the approach can be treated inversely. 

In other words, N numbers of particles are emitted from point (𝑥, 𝑦) and each one 

adopts its own path randomly. If a particle reaches a boundary, temperature of that 

particle would be boundary temperature; otherwise, the particle adopts temperature 

of last position when simulation time t is capped. Using the following equation, 

temperature of each point, independent of other points, can be calculated as [4]: 

𝑇(𝑥,𝑦)
𝑡 =

1

𝑁
∑ 𝑇𝑘

𝑁

𝑘=1

 (1.6) 

 

Where N is total number of particles absorbed by point (𝑥, 𝑦) and 𝑇𝑘 is respective 

temperature of particle k.  

 

1.3 Floating Random Walk 

Complicated geometries are difficult to be meshed, which calls for a meshless 

optimized MCM to simulate heat transfer in complex geometries. As shown in 

Figure 1-2, spatial steps are not fixed in the floating random walk method, but 
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the particle emitting from each point tends to walk as big as minimum distance 

to the boundaries; however, direction of movement is randomly chosen by a 

random number generator. Solution of temperature at the center of circle is 

presented in (1.7) and distribution functions are shown in (1.8) [2]: 

𝑇(𝑥, 𝑦, 𝑡) = ∫ ∫ 𝑇(𝑟, θ, 𝑡 − 𝜏)𝑑𝐹𝑑𝐻(2)

1

𝐹=0

𝑡

𝜏=0

 

 

(1.7) 

 

𝐹(𝜃) =
θ

2𝜋
   ,   𝐻(2) (

𝛼𝜏

𝑟2
) =  1 − 2 ∑

exp (−
Λ𝑘

2 𝛼𝜏
𝑟2 )

Λ𝑘𝐽1(Λ𝑘)

∞

𝑘=0

 (1.8) 

 

In which Λ𝑘 is root of Bessel function 𝐽0(Λ) .The probability function 𝐻(2) gives 

time step 𝜏 needed for each spatial step. Inverse distribution functions for 2D case 

are [2]: 

𝜃 = 2𝜋(𝑅𝑁) (1.9) 

𝛼𝜏

𝑟2
= 𝐷1 + 𝐷2(𝐻(2)) + 𝐷3(𝐻(2)) + ⋯    𝑖𝑓 𝐻(2) < 0.6 

(1.10) 
𝛼𝜏

𝑟2
=  −0.17292 ln[0.62423(1 − 𝐻(2))]    𝑖𝑓 𝐻(2) ≥ 0.6 

RN and 𝐻(2) are replaced by random numbers generated from 0 to 1 and Ds are 

coefficients presented in Table 1-1. Note that new location in floating random walk 
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can be calculated easily using geometrical relations [3], where 𝑖 is number of iteration 

step of the random walk. When 𝑟𝑖 becomes smaller than 𝑟𝑚𝑖𝑛, the iteration process 

for that particle stops and it adopts boundary temperature. 

Table 1-1: Inverse Probability Functions for Floating Random Walk 

𝑯(𝟐) 𝑫𝟏 𝑫𝟐 𝑫𝟑 𝑫𝟒 𝑫𝟓 𝑫𝟔 

0.0-0.1 0.013120 3.3082 -91.011 1348.1 -9524.2 25594 

0.1-0.3 0.052654 0.36498 -0.45109 0.66164 - - 

0.3-0.6 0.051155 0.35391 -0.33104 0.44125 - - 

 

𝑥𝑖+1 = 𝑥𝑖 + 𝑟𝑖 cos(𝜃𝑖) 

𝑦𝑖+1 = 𝑦𝑖 + 𝑟𝑖 sin(𝜃𝑖) 

 

(1.11) 
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Figure 1-2 Process of floating random walk in an arbitrary two-dimensional 

region. 

1.4 Verification of MCM 

A simple transient 2D heat conduction problem has been solved with FEM, FDM 

and MCM and results are presented and compared in the following. A heat 

conducting plate with square shape with 20-cm side length is assumed. A square area 

in the middle of the plate with a side length of 6 cm is heated up to a temperature of 

77 K as the initial condition, while the rest of the plate is assumed to be at 27 K. The 

plate is assumed to consist of copper with a fixed thermal diffusivity of  

0.000115 m2/s . 
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Figure 1-3 depicts results of transient thermal analysis for the aforementioned 

configuration after 1 second has elapsed. The meshed surface presents then result of 

FDM and yellow circles represent result of MCM calculation using the floating 

random walk. Both methods show good agreement and verify MCM as a reliable 

approach for thermal analysis for quench simulations. The more quantitative 

comparison is shown in Figure 1-4 where the same problem is solved also by FEM 

using ANSYS and highest temperature of every time step for all three methods 

mentioned above are compared. Note that the deviation of MCM compared to FEM 

is less than 1 percent. 

 

Figure 1-3 Thermal analysis comparison between MCM and FDM. 
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Figure 1-4 Comparison among FRW, FDM and MCM for the temperature in the 

center during 1 second simulation. 

1.5 Importance of Thermal Analysis in Quench 

Simulation 

The algorithm depicted in Figure 1-5 shows the necessary steps for quench 

simulations in superconducting coils. Among the steps required for quench 

simulation, thermal analysis which results in heat propagation and temperature 

update represents the most time consuming step. Therefore, attempts are made to 

find methods leading to accurate result while maintaining simulation time reasonably 

short. The method presented in this study can satisfy required characteristics, 

accuracy and short simulation time, for a proper thermal analysis approach for 

quench simulation. Accuracy of this method is validated in a previous step and 

capability of this method for solving problems in shorter time will be shown in next 

step. 
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Figure 1-5 Algorithm for Quench Simulation 

1.6 Parallelization 

The efficiency of parallel computing depends on code algorithm and the 

computing system used. As an example the temperature distribution in a square-

shaped copper plate is simulated using FDM and MCM to compare simulation 

times of the two methods. The thermal analysis is performed in a rectangular 

plate with 2 mm side length. 40,000 points are randomly distributed throughout 

the plate area, and in each point 1,400 energy packages are inserted and 

propagated. Total simulation time was found to be 0.5 second. For comparison, 

in the FDM simulation of the problem each side is divided into 200 elements, 

resulting in a total of 40,000 elements and an element size of 𝑑𝑥 = 𝑑𝑦 =

0.01 𝑚𝑚. The fine spatial division also requires small time steps, which follows 
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from equation (4) with 𝜆 = 1/5. FDM, based on the above mentioned condition, 

requires 3,125,000 iterations, which not only needs large storage capacity of the 

computer system, but also requires several hours of computation time. In contrast 

to FDM, in FRW the time steps are not restricted by a stability criterion and can 

be chosen depending on required precision and available computation time.  

Figure 1-6 shows the required simulation time for MCM-FRW as a function of 

the number of CPUs up to a maximum of 32.  

 

Figure 1-6 Elapsed time versus number of CPUs in MCM-FRW. 

1.7 Conclusion 

The Floating Random Walk Monte-Carlo method offers significant advantages over 

conventionally used Finite Difference and Finite Element Analysis and therefore 

enables heat transfer calculations in systems with multiple components and complex 
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geometry. The Monte Carlo method does not require any meshing and can easily 

describe the most complex geometries with even fine details. Based on these 

advantages we are currently developing computer code for the simulation of 

quenching in complex superconducting coils. Fine details of a coil geometry like 

varnish insulation of a given conductor or multi-filaments in the superconductor 

itself can be taken into account in the heat transfer simulation resulting from a 

quench. The code under development will be fully three dimensional using existing 

descriptions of the magnet geometry already developed with the help of other codes. 

Furthermore, parallelization can be performed in a cluster made of graphics 

processing units (GPU) with thousands of nodes, where due to simple algorithm for 

this method, considerable time saving can be achieved in comparison with FDM or 

FEM. 
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 Chapter 2 

Two-Dimensional Transient Heat Conduction in 

Multi-Layered Composite Media with 

Temperature Dependent Thermal Diffusivity 

Using Floating Random Walk Monte-Carlo 

Method 

2.1 Introduction 

As a numerical technique to simulate physical problems based on statistical methods, 

the Monte Carlo method has been used for solving complex boundary value problems 

since 1940.  The Monte Carlo approach was used in the late 1940s by Ulam and Von 

Neumann to solve neutron diffusion problems. Metropolis and Ulam [5] published a 

seminal paper on the basics of this method in 1949. Since then, the Monte Carlo 

method (MCM) has been used to solve various heat transfer problems, such as 

radiative heat transfer [6]–[8]. The comprehensive simulation of the thermal 

behavior of different materials, particularly in the nanoscale [9]–[13] is another 

application of this method. Study [3] describes the floating random walk Monte 

Carlo method as a mesh free approach to solve conduction in domains with complex 

geometries, providing computational advantage over finite element or finite 

difference methods. Another attractive feature of MCM is that it is very well suited 

to parallel computing. In [14], performance of the random walk method and floating 

random walk method are compared in solving heat conduction in a domain with 
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homogenous diffusivity, and the ability of using parallel computing and MCM  to 

solve this problem is shown. Haji Sheikh and Sparrow [3] introduced the Monte-

Carlo solution of transient heat conduction based on Bessel functions relating time 

and step length for each particle’s floating random walk. Their method calculates the 

temperature of each point by simply averaging the particles’ temperature receiving 

by the respective point, and is applicable to homogenous media. Burmeister [15] 

reported the floating random walk Monte-Carlo approach to tackle steady state heat 

conduction problems in composite media with temperature dependent material 

properties. The study presented in this paper introduced modifications in both 

methods and combine them to address transient heat conduction in composite media 

with nonlinear (temperature dependent) thermal diffusivities, such as composite 

structures with insulation layers that lead to abrupt changes of diffusivity between 

layers, as found when modeling superconducting coils. 

2.2 Conductive Heat Transfer in Non-Homogeneous 

Media 

Phonon heat transfer is described as the emission of energy particles (phonons) from 

the heat sources to the sinks - the step length from source to sink being therefore a 

critical parameter to calculate heat transfer. There are some methods [16], [17] that 

have simulated the direct process of phonon transfer (source to sink) using the 

source’s thermal properties. It is possible to use the sink’s known thermal properties 
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to estimate the location of the sources that can transfer the phonon in the defined time 

span to the sink. In this paper, the latter approach is used. 

The concept of heat transfer between source and sink follows the potential theory 

and consequently can be solved using polar coordinate system. Therefore, an infinite 

cylinder with radius 𝑟 and initially kept at the zero temperature is set as initial version 

of problem [18]. For 𝜏 > 0, the temperature of the boundary is set to 𝑇(𝑟, 𝜃, 𝜏). The 

temperature at the centerline of a cylinder can be obtained by solving the convolution 

integral [3][2]: 

(𝑥, 𝑦, 𝑡) = ∫ ∫ 𝑇(𝑟, θ, 𝑡 − 𝜏)𝑑𝐹𝑑𝐻(2)

1

𝐹=0

𝑡

𝜏=0

 (2.1) 

𝐹(𝜃) =
θ

2𝜋
   ,   𝐻(2) (

𝛼𝜏

𝑟2
) =  1 − 2 ∑

exp (−
Λ𝑘

2 𝛼𝜏
𝑟2 )

Λ𝑘𝐽1(Λ𝑘)

∞

𝑘=0

 (2.2) 

Where Λ𝑘 is the root of the Bessel function, 𝐽0(Λ) and 𝛼 is the thermal diffusivity of 

the material. As described in [3], the step length (or radius) is the minimum distance 

to the boundary and the elapsed time 𝜏 is accordingly calculated; therefore, the time 

step is floating in this algorithm. The time step 𝜏 needed for each spatial step can be 

calculated using probability function 𝐻(2). Inverse distribution functions for 2D case 

are [2]: 
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𝛼𝜏

𝑟2
= 𝐷1 + 𝐷2(𝑅𝑁) + 𝐷3(𝑅𝑁) + ⋯         𝑅𝑁 < 0.6      

(2.3) 𝛼𝜏

𝑟2
=  −0.17292 ln[0.62423(1 − 𝑅𝑁)]           𝑅𝑁 ≥ 0.6   

Ds are coefficients presented in Table 2-1 and RN is replaced by random numbers 

generated from 0 to 1. Having fixed radius, minimum distance to the boundary, 

thermal diffusivity 𝛼 and 
𝛼𝜏

𝑟2 from (3), floating time step 𝜏 can be calculated.  

The first proposed modification to the method presented above is fixing the time step 

and using  𝐻(2) to obtain the radius of each circle for the next step. This is necessary 

to calculate the temperature at the desired time step for all points - in other words, it 

is not mandatory for the generated circle to touch the closest boundary. The next step 

is the generation of a random number to use in the angular distribution function 𝐹(𝜃), 

and pass the particles from the source aligning the generated angle and as far as the 

calculated step length. Figure 2-1 and Figure 2-2 depict the particle propagation after 

one iteration using the floating random walk method from [3] before and after the 

modification. 

Table 2-1 Inverse Probability Functions For Floating Random Walk 

𝑹𝑵 0.0-0.1 0.1-0.3 0.3-0.6 

𝑫𝟏 0.013120 0.052654 0.051155 

𝑫𝟐 3.3082 0.36498 0.35391 

𝑫𝟑 -91.011 -0.45109 -0.33104 

𝑫𝟒 1348.1 0.66164 0.44125 

𝑫𝟓 -9524.2 - - 

𝑫𝟔 25594 - - 
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Figure 2-1 Floating random walk (FRW) with fixed step length for each iteration 

and floating time steps. 

 

Figure 2-2 Modified FRW with floating step length for each iteration and fixed time 

step. 

 

The second proposed modification allows consideration of non-homogenous thermal 

diffusivity in the calculations. Although α, the thermal diffusivity of the sink in 
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equation (2.1) affects the step length directly, it cannot consider the change of 

diffusivity along the path that the particle follows from source to sink. In [19]–[22], 

modifications to the original random walk Monte Carlo method have been proposed 

to account for the change of thermal properties in the medium; however, meshing is 

required in these approaches. In [23], [24], the random walk Monte-Carlo method 

for diffusion in spatially non-homogenous medium is studied – this can be adapted 

and used in a floating random walk method proposed in this paper. This is possible 

provided that the function describing the spatially dependent thermal diffusivity is 

available. For a linear change in thermal diffusivity and knowing the positions of 

both source and sink, this function can be calculated; however, in media with non-

linear thermal diffusivity, it may be difficult to extract the diffusivity function in each 

time step. In composite materials consisting of thermal insulators, the diffusivity 

function is similar to a step function. Modification methods for step length that use 

derivatives to calculate the rate of change of diffusivity can introduce significant 

errors in the numerical calculation of step function slopes. Hence, a new algorithm 

is required to adjust the step length. 

 

  As an example, consider a square shape copper plate with side length 0.2 and initial 

(uniform) temperature of 27 𝐾 at time 𝑡 = 0. The middle of the plate experiences a 

change in temperature of 77 𝐾 in a rectangular area with side length = 0.06 𝑚. For 
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> 0 , the borders of the plate are kept at the fixed temperature of 27 𝐾. Figure 2-3 

shows the diffusivity of the copper plate in the initial condition, where the diffusivity 

of each point has been interpolated based on the diffusivity of copper as function of 

temperature shown in Figure 2-4. The yellow dot near the hotter spot is the 𝑘𝑡ℎ point 

out of 𝐾 points distributed in the domain, in this case 𝐾 = 10000. The diffusivity 

around point k is not homogenous and experiences a step function change. This effect 

shall be included in the computation of step length to obtain accurate temperature 

distribution. 

 

Figure 2-3 Thermal diffusivity of the copper plate at initial condition. 
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Figure 2-4 Thermal diffusivity of Copper as function of temperature. 

The probability distribution function 𝐻(2) can be acquired from the fit functions in 

[2]. The result is: 

𝛼𝜏

𝑟2
= 𝐶 (2.4) 

where 𝐶 is a generated random number substituted into the fit functions. The 

steplength r can be calculated as: 

𝑟 =  √
𝛼𝑑𝑡

𝐶
 (2.5) 

This solution is accurate for media with homogenous diffusivity. To model domains 

with nonlinear diffusivity such as copper (Figure 2-3), the generated path 𝑟 is divided 

in 𝑀 smaller steps, and the total modified step length can be calculated as: 
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𝑟𝑗 = ∑ 𝑟𝑚

𝑀

𝑚=1

= ∑ √
𝛼𝑚𝑑𝑡

𝐶𝑀2

𝑀

𝑚=1

 (2.6) 

Where the index 1 ≤ 𝑚 ≤ 𝑀 denotes the location of the 𝑗𝑡ℎ particle after passing 

each sub step length: 

𝑥𝑚+1 = 𝑥𝑚 + 𝑟𝑚 cos(𝜃𝑗) 

𝑦𝑚+1 = 𝑦𝑚 + 𝑟𝑚 sin(𝜃𝑗) 

(2.7) 

 

For 𝑚 = 1, the diffusivity of the center point 𝑘 will be used in equation (2.6), 𝛼1 =

𝛼𝑘 ; and 𝑥1 = 𝑥𝑘, 𝑦1 = 𝑦𝑘 represent the particle location at 𝑡 = 0. For 𝑚 > 1, the 

thermal diffusivity is extracted by interpolation from Figure 2-4, relative to the 

temperature at the particle location .The final location of the particles after each time 

step can be calculated as: 

𝑥𝑗 = 𝑥𝑘 + 𝑟𝑗 cos(𝜃𝑗) 

𝑦𝑗 = 𝑦𝑘 + 𝑟𝑗 sin(𝜃𝑗) 

(2.8) 

The 𝑗 index accounts for the particle number (out of 𝐽 particles emitted from points 

denoted by the 𝑘 index), and 𝑡 is the corresponding time index. Figure 2-5 and Figure 

2-6 show all sub-step length locations of 𝐽 = 1000 particles emitting from the 

𝑘𝑡ℎpoint shown in Figure 2-3 as a yellow spot, when M is equal to 10 at time step 
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t=1, before and after applying the step length modification. The initial temperature 

of the mentioned point is 77 K. The length and width shown in Figure 2-5 and Figure 

2-6 are the copper plate dimensions. The effect of the change in thermal diffusivity 

along the path can be seen in Figure 2-6 as longer step lengths for particles moving 

towards the area with lower temperature (27 K), where points have higher thermal 

diffusivity. The color bar shows the thermal diffusivity at each sub step length.  

 

Figure 2-5 Step length with the central diffusivity of the sink. 
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Figure 2-6 Modified step length with path diffusivity. 

Using modified step lengths, each particle adopts the temperature of the domain at 

the particle’s location. The following boundary conditions apply to particles falling 

in or out of the boundary in each time step:  

1. Fixed temperature boundary condition: the particles adopt the pre-assigned fixed 

temperature of the boundary. 

2. Insulation boundary condition: the particles adopt the temperature of the sink.  
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The third kind of boundary condition (convection boundary condition) has not been 

addressed in this paper. The calculation of temperature at each point follows the same 

procedure as in homogenous medium: 

𝑇(𝑥𝑘,𝑦𝑘)
𝑡+1 =

1

𝐽
∑ 𝑇(𝑥𝑗,𝑦𝑗)

𝑡

𝐽

𝑗=1

 (2.9) 

2.3 Composite-Layered Materials with Non-

Homogeneous Thermal Properties 

The formulation presented above can tackle the problem of a single media with non-

homogenous material properties. When the media consists of composite layers where 

each layer has non-homogenous temperature dependent material properties, further 

modifications in equation (9) are required to calculate the temperature of the 

centerline in cylindrical coordinates. The third modification here proposed takes the 

thermal diffusivity of peripheral particles into account to calculate the centerline 

temperature of the cylinder; or in other words, the temperature at the point. [15] 

proposed a method to solve this problem as a steady state heat conduction problem. 

The steady state equation of heat conduction for infinite cylinder with non-

homogenous thermal conductivity can be written as: 
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1

𝑟

𝜕 (𝑘(𝑟, 𝜃)𝑟
𝜕𝑇(𝑟, 𝜃)

𝜕𝑟
)

𝜕𝑟
+

1

𝑟2

𝜕 (𝑘(𝑟, 𝜃)
𝜕𝑇(𝑟, 𝜃)

𝜕𝜃
)

𝜕𝜃
= 0 

(2.10) 

 

Since the same conditions apply at the beginning and end of the traverse, integration 

of this equation with respect to 𝜃 from 0 to 2𝜋, makes the second expression equal 

to zero. 

∫
1

𝑟2

𝜕

𝜕𝜃
(𝑘(𝑟, 𝜃)

𝜕𝑇(𝑟, 𝜃)

𝜕𝜃
) 𝑑𝜃

2𝜋

0

 

=
1

𝑟2
(𝑘(𝑟, 2𝜋)

𝜕𝑇(𝑟, 2𝜋)

𝜕𝜃
− 𝑘(𝑟, 0)

𝜕𝑇(𝑟, 0)

𝜕𝜃
) = 0 

(2.11) 

Integration from 0 to 𝑟 yields: 

∫
𝜕 (∫ 𝑘(𝑟, 𝜃)𝑟

𝜕𝑇(𝑟, 𝜃)
𝜕𝑟

2𝜋

0
𝑑𝜃)

𝜕𝑟
𝑑𝑟 = 

𝑟

0

 

∫ 𝑘(𝑟, 𝜃)𝑟
𝜕𝑇(𝑟, 𝜃)

𝜕𝑟

2𝜋

0

𝑑𝜃 = 0 

(2.12) 

In the steady state, time is not a variable in the partial differential equation and 

therefore particles have a perfect circular distribution around the center point. 

However, in the transient case there is a nonlinear relationship between the time step 
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and step length (2.2), so the distribution of particles does not follow a perfect circle 

and, unlike [15], 𝑟 cannot be omitted from (2.12). Introducing the coordinate 

transformation in (2.13) and (2.14),  𝑇(𝑟, 𝜃) will be defined in terms of 𝑇(𝜂, 𝑓). 

𝜂 =
∫

𝑑𝑟′

𝑘(𝑟′, 𝜃)𝑟
𝑟

0

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃)𝑟
𝑅

0

 

 

(2.13) 

𝑓 =

∫
𝑑𝜃′

∫ 𝑑𝑟′

𝑘(𝑟′, 𝜃′)𝑟⁄
𝑅

0

𝜃

0

∫
𝑑𝜃

∫ 𝑑𝑟′

𝑘(𝑟′, 𝜃)𝑟⁄
𝑅

0

2𝜋

0

 
(2.14) 

It should satisfy the total differential relationship: 

𝑑𝑇(𝑟, 𝜃) = 𝑑𝑇(𝜂, 𝑓)        ⇒ 

𝜕𝑇(𝑟, 𝜃)

𝜕𝑟
𝑑𝑟 +

𝜕𝑇(𝑟, 𝜃)

𝜕𝜃
𝑑𝜃 =

𝜕𝑇(𝜂, 𝑓)

𝜕𝜂
𝑑𝜂 +

𝜕𝑇(𝜂, 𝑓)

𝜕𝑓
𝑑𝑓 

(2.15) 

This implies: 

𝜕𝑇(𝑟, 𝜃)

𝜕𝑟
𝑑𝑟 =

𝜕𝑇(𝜂, 𝑓)

𝜕𝜂
𝑑𝜂 

 

(2.16) 

Using (2.13),  𝑑𝜂 can be defined as shown in (2.17). 𝐴, B, 𝐼2𝜋𝐵 and 𝐼𝑅𝐴 are used to 

simplify the representation of numerator and denominator in the next steps.  
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𝑑𝜂 =

1
𝑘(𝑟′, 𝜃)𝑟

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃)𝑟
𝑅

0

𝑑𝑟′ =
𝐴

𝐼𝑅𝐴
𝑑𝑟′ 

⇒  
𝜕𝑇(𝑟, 𝜃)

𝜕𝑟
=

𝜕𝑇(𝜂, 𝑓)

𝜕𝜂

𝐴

𝐼𝑅𝐴
 

(2.17) 

 

In the next step, 𝑑𝜃 is calculated as: 

𝑑𝑓 =

1

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′)𝑟
𝑅

0

∫
𝑑𝜃

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′)𝑟
𝑅

0

2𝜋

0

𝑑𝜃′ =
𝐵

𝐼2𝜋𝐵
𝑑𝜃′ 

⇒  𝑑𝜃 =
𝐼2𝜋𝐵

𝐵
𝑑𝑓 

(2.18) 

Substituting (2.17) and (2.18) in equation (2.12) yields: 

∫
1

𝐴

𝜕𝑇(𝜂, 𝑓)

𝜕𝜂

𝐴

𝐼𝑅𝐴

𝐼2𝜋𝐵

𝐵
𝑑𝑓 

2𝜋

0

= 0 (2.19) 

 

Note that, (𝑟, 𝜃)𝑟 =
1

𝐴
 , 𝐼𝑅𝐴 =  

1

𝐵
 and  𝐼2𝜋𝐵 = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡. Equation (2.12) can be 

written after transformation as: 

∫
𝜕𝑇(𝜂, 𝑓)

𝜕𝜂

1

0

𝑑𝑓 = 0 (2.20) 
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After integrating with respect to 𝜂 from 0 to the outer radius for each particle, 

equation (20) can be written as (21). 𝑇𝑐 is centerline temperature and 𝑇𝑅 is the 

peripheral temperatures: 

∫(𝑇𝑅 − 𝑇𝐶)𝑑𝑓

1

0

= 0 

 

(2.21) 

Substituting equations (18) in (21) yields the centerline temperature as presented in 

(2.22).  

𝑇𝐶 =

∫
𝑟𝑇(𝑅, 𝜃)

∫ 𝑑𝑟′

 𝛼 (𝑟′, 𝜃)⁄
𝑅

0

𝑑𝜃
2𝜋

0

∫
𝑟

∫ 𝑑𝑟′

𝛼(𝑟′, 𝜃)⁄
𝑅

0

𝑑𝜃
2𝜋

0

 (2.22) 

 

Discretizing the problem numerically allows the use of the method proposed in [15] 

for the transient case by the estimate of using thermal diffusivity instead of thermal 

conductivity. It should be noted that radius 𝑟 for each angle 𝜃 is constant and can 

come out of internal integral and result in (22). Figure 2-7 and Figure 2-8 depict the 

participating variables in the centerline temperature before and after the proposed 

modification, respectively. Due to the transient effect, there will be a contour shape 
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of particles around the centerline instead of a perfect circular shape as seen in the 

steady state. Equation (22) holds for both non-homogenous and composite media. It 

can be used instead of equation (2.9) for single non-homogenous media as well. 

 

Figure 2-7 Participating Variables in T_C before modification, equation (2.9) 

 

Figure 2-8 Participating Variables in T_C after Modification, equation (2.22) 
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The number of particles 𝐽 in Figure 2-7 and Figure 2-8 emanated from the sink is 10, 

and each particle path has been divided in ten sub-steplengths in Figure 2-8 (𝑀 =

10). 

2.4 Results for Single Material Non-Homogeneous 

Media compared to those obtained by Finite 

Element Methods 

To verify the proposed method (modified floating random walk, MCM) to model 

heat conduction in a medium with non-homogenous thermal diffusivity, the copper 

plate example described above has been implemented in commercial FEM software 

(ANSYS) to compare results. The number of nodes in the FEM model are adjusted 

to match the number of points used in MCM. Figure 2-9 shows the temperature 

change of the point at the middle of the plate starting at T= 77 K during 1 second 

using three methods:  

1. Monte-Carlo method before modification. Step length is calculated using 𝑟𝑗 =

√(𝛼𝑗)𝑑𝑡
𝐶

⁄ , and centerline temperature is calculated as shown in [3]. 

2. Modified MCM, where equation (2.6) is used for step length calculation and 

equation (2.22) is used to estimate centerline temperature. 

3. Finite element ANSYS model: nonlinear simulation of transient heat conduction, 

taking temperature- dependent material properties into account. 
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Figure 2-9 Comparison of floating random walk simulation (before and after 

modification) with FEM, for peak temperature during a 1-second simulation of a 

copper plate considering non-homogenous diffusivity. 

2.5 Verification of Results for Single Material Non-

Homogeneous Medium vs Measurements 

Figure 2-10 shows the test setup for measurement of temperature distribution in a 

copper plate using a thermal imager. The thermal imager is KEYSIGHT U5855A, 

and has a sensitivity of ±0.1℃ and accuracy of ±2℃. The resolution of the thermal 

imager screen is 320×240 pixels. The thermal imager was set to capture 8 frames per 

second during the test. The copper plate’s length and width are approximately 262 

mm and 109 mm, respectively. The thin copper plate has a thickness of roughly 0.6 
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mm, which makes the two dimensional simulation a reasonable approximation for 

comparison with this test.  

 

Figure 2-10 Test setup using a thermal imager. 

“VIEW A” shows the painted copper plate resting on plastic holders. The top surface 

of the holders is inclined to minimize the conduction heat transfer by contact between 

the copper plate and holders.  Flat black paint is used on both sides of the copper 

plate to minimize the reflectivity of the surface – the readings are therefore mostly 

given from emissivity of the copper plate. The emissivity is set to 0.95 in the thermal 

imager. The painting not only increases the measurement accuracy of the thermal 

imager but can also reduce the impact of convection heat transfer on the test. This 
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also makes insulation boundary condition more reasonable approximation in 

simulation. Using an inductive heating system, the center of the copper plate was 

heated up and then the induction coil was removed from the top of the plate. The 

induced heat transfers through the plate until the entire plate reaches a uniform 

temperature. The transient process is captured at 8 frames/sec by the thermal imager. 

The initial condition for the Monte Carlo simulation comes from the first image after 

removing the coil. Figure 2-11 shows the measurement image used as initial 

condition for the MCM simulation (yellow points). The captured image consists of 

253 × 101 = 25553 pixels. 

 

Figure 2-11 Initial condition for the MC simulation was extracted from a thermal 

image of the plate. 
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The measured temperature has been interpolated by 6000 randomly distributed points 

throughout the plate represented by yellow circles. These points are used as initial 

condition for the MCM simulation. One thousand particles are emitting from each 

point, and each step length has been divided into 𝑀 = 10 step lengths. A transient 

Monte-Carlo heat conduction simulation was done for a total time of 20 sec. The 

time step of the simulation was set to 0.125 sec to match the thermal imager’s frame 

rate (8 frames/sec). Figure 2-12 shows the temperature profile of the copper plate’s 

centerline drawn along the length of the plate, i.e., a line drawn from (0,0.055) to 

(0.262, 0.055) relative to the coordinates shown in Figure 2-11. Simulation results 

are compared to measurements at time equal to 𝑡 = 1, 𝑡 = 5, 𝑡 = 10, 𝑡 = 20 

seconds.  
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Figure 2-12 MCM Simulation vs measurements for copper plate. 

 

Figure 2-13 Comparison of MCM simulation vs measurement for the copper plate, 

close to the boundary. 
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As shown in Figure 2-13, the deviation of the simulation respect to the measurements 

is larger near the boundaries of the plate. Although painting the copper plate 

alleviates the effect of convection in the measurements, it cannot be fully eliminated. 

On the other hand, the simulation is done with insulation boundary condition, and 

for this reason the simulated temperature close to the boundaries is higher than the 

measurements. Furthermore, this deviation increases with time, which supports the 

fact that this is a convective effect. This test could be performed in a vacuum 

chamber, or a third kind of boundary condition (convection) could be introduced to 

address this deviation. 

The probabilistic error of MCM has direct relationship with the number of random 

walks. A low number of random walk results in higher error. The required number 

of random walks is related to both the number of points needed to describe the 

geometry and the number of particles emitting from each point when performing the 

integration presented in (2.22). Figure 2-14 (left y-axis) shows the convergence of 

MCM to the measured maximum temperature after 1 second as function of the 

number of points, while the right y-axis shows the simulation error, also as function 

of the number of points. After 10k points there are no significant changes, however, 

after 2k points the % error already falls very close to zero. The number of particles 

in this study was 1k, and 𝑀 = 10.   
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Figure 2-14 Percentage of error versus number of points. 

The impact of the number of particles on convergence and error propagation in the 

copper plate example is shown in Figure 2-15, using 10k points. This study suggests 

that 50 particles emitting from each point is sufficient to properly describe material 

properties and temperature profile, and leads to less than 0.1 percent error in the 

integration of (2.9) for the center point temperature.  
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Figure 2-15 Percentage of error versus number of particles, using 10k points. 

2.6 Verification of Results for Composite Non-

Homogeneous Medium 

To verify the simulation results of the proposed mesh free Monte-Carlo method for 

two-dimensional heat conduction in a composite layered structure with temperature 

dependent material properties, a test was designed to capture and measure the 

transient temperature distribution due to heat conduction in a composite plate shown 

in Figure 2-16. A frame made of G10 composite with side length of 207 mm inscribes 

a rectangular copper plate with side length of 200 mm, leaving 3.5 mm of G10 as 

thermal insulation layer around the copper plate. A second frame made of aluminum, 
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with side length of 246 mm, surrounds the assembly of G10 and copper leaving a 

19.5 mm strip of aluminum as outermost layer of the composite structure.  

The experiment using this composite assembly was similar to the copper plate 

example, and the setup is the same as shown in Figure 2-10. Using the inductive 

heating system, the middle of the copper plate in the innermost layer of the assembly 

was heated up, and after removing the inductor, the first image captured by the 

thermal imager was fed to the MCM simulation as initial condition. The surface of 

the assembly shown in Figure 2-16 was painted flat black to improve the emissivity 

reading of the test specimen and have a more accurate temperature reading by the 

thermal imager. 

 

Figure 2-16 Composite plate structure ad dimensions. 
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The material properties of copper, aluminum and G10 used in the MCM simulation 

are shown in Figure 2-4, as extracted from the Cryocomp software and NIST website. 

Figure 2-17 depicts 100 scattered particles from a point located in copper near the 

edge of G10. Each step length has been divided in 10 sub-step lengths using equation 

(2.6). The impact of the path’s thermal diffusivity can be seen in the figure, as longer 

step lengths are seen in copper (where thermal diffusivity is higher) than in the lower 

layer made of G10.  

 

Figure 2-17 Scattering of particles in the composite plate assembly using path’s 

diffusivity introduced in (2.6). 

 

The initial condition in the MC simulation of the composite assembly was obtained 

from measurement using the thermal imager. Figure 2-18 shows the initial condition 

captured by the thermal imager and fed to the simulation. 
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Figure 2-18 Initial condition for CM simulation captured by thermal imager. 

Time step is set to 0.125 sec to match the frame rate of the thermal imager (8 

frames/sec). The temperature profile of the composite plate’s centerline is presented 

for both simulation and measurement in Figure 2-19. The comparison is done at time 

steps  𝑡 = 1, 𝑡 = 5, 𝑡 = 10, 𝑡 = 20 secs. The agreement between simulation results 

and measurements confirms the ability of the proposed Monte-Carlo method in 

predicting transient thermal conduction in a composite layered structure with 

temperature dependent material properties.  
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Figure 2-19 MCM Simulation vs measurement for the composite plate. 

 

 

Figure 2-20 MCM Simulation vs measurement for the composite plate near the 

boundary. 
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Figure 2-20 is a zoomed plot of the area close to the right boundary of the composite 

plate. From left to right on the plot, the temperature profile when transitioning from 

copper to G10 to aluminum can be compared for both MC simulation and 

measurement. The MC simulation shows steep transitions in the temperature profile 

(similar to a step function) while the thermal imager shows a smoother transition 

between different layers.  The difference in transitions roots in the limitation of the 

thermal imager to capture accurately temperature changes when the temperature 

experiences a step function profile. G10, acting as insulation layer between copper 

and aluminum, prevents heat to transfer from copper to the aluminum and produces 

a slump in the temperature profile. The MC simulation correctly predicts the impact 

of G10 in the transient heat conduction, yielding approximately a step function 

temperature profile in the respective area. Due to the mixture of infrared waves from 

different materials (copper, G10 and aluminum) with very different frequencies due 

to a step temperature difference, the thermal imager produces an inaccurately smooth 

temperature transition profile in this area. Figure 2-21 illustrates the aforementioned 

limitation of the thermal imager. 
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Figure 2-21 Thermal imager artifact: reading a mix of infrared frequencies when 

trying to capture a step function temperature profile in a composite assembly. 

To verify this shortcoming on the thermal imager, an experiment was developed to 

assess the ability of the thermal imager to accurately measure a known step function 

temperature change between two materials. Figure 2-22 shows the experimental 

setup, consisting of two plastic pillars and one copper block in between. While the 

plastic pillars are at room temperature, the copper block is cooled down with ice to 

approximately 𝑇 = 0𝑜𝐶. The thermal imager is logging temperature data from the 

plastic pillars at 8 frames/sec when the copper block is added to the set up 
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immediately after removing it from an ice container and tightened between the plastic 

pillars. The resulting structure has a known step function in temperature profile. 

 

Figure 2-22 Experiment for assessing the accuracy of the thermal imager when 

reading a step function temperature profile. 

Figure 2-23 shows the result of the thermal imager’s measurement versus the 

predicted actual temperature profile at 𝑡 = 0 𝑠𝑒𝑐. The smooth transition at the 

boundaries of the plastic pillars and copper block shows the measurement artifact 

due to thermal imager inability to measure an abrupt change in temperature profile. 
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Figure 2-23 Experiment for assessing the accuracy of the thermal imager when 

reading a step function temperature profile - Results. 

Using the same geometry of composite assembly and material properties presented 

in Figure 2-4, a transient finite element analysis was performed using ANSYS 

MAPDL. The results are compared with those from the MC simulation for the 

transition area at 𝑡 = 20 𝑠𝑒𝑐. The initial condition is defined as a rectangular area in 

the middle of the copper plate with side length = 10 𝑐𝑚 at the temperature of 360 𝐾, 

while rest of the plate is at temperature= 300 𝐾. Figure 2-22 shows the agreement 

between results of both numerical methods and verifies the ability of the proposed 

MC simulation to predict the temperature profile transition in composite layered 

structures. 
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Figure 2-24 MC simulation vs. a finite element simulation for the composite 

assembly experiment. 

2.7 Conclusions 

 A novel mesh-free Monte-Carlo method for two-dimensional transient heat 

conduction in composite media with temperature dependent thermal properties has 

been presented. The transient conductive heat transfer is simulated by finding the 

temperature of any test point (sink) by receiving energy packages (particles) that are 

randomly arriving from the vicinity (source) of the point. The thermal diffusivities 

along the particle’s path from source to sink are taken into account. It has been shown 

that even small numbers of particles emitted from each point yields accurate result 

with less than one percent error.  
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Haji Sheikh and Sparrow [7] introduced the Monte-Carlo solution of transient heat 

conduction based on Bessel functions relating time and step length for each particle’s 

floating random walk. Their method calculates the temperature of each point by 

simply averaging the particles’ temperature emitting from the respective point, and 

is applicable to homogenous media. Burmeister [16] reported the floating random 

walk Monte-Carlo approach to tackle steady state heat conduction problems in 

composite media with temperature dependent material properties. The study 

presented in this paper proposes modifications in both methods and combines them 

to address transient heat conduction in composite media with temperature dependent 

thermal diffusivities. Results from the proposed approach have been successfully 

compared against both FEM results and measurements acquired in experiments using 

a thermal imaging device.  
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 Chapter 3 

A Mesh-free Monte-Carlo Method for Simulation 

of Three-Dimensional Transient Heat Conduction 

in a Composite Layered Material with 

Temperature Dependent Thermal Properties 

3.1 Introduction 

The Monte-Carlo method (MCM) is prominent for its ability to tackle complex 

simulation problems based on random number generation. Numerical solutions based 

on finite difference and finite element methods have been conventionally adopted for 

solving multi-dimensional heat conduction problems, although some issues remain 

problematic with these approaches. For instance, the stability criterion in the explicit 

finite difference method limits the time step to the grid size. Implicit approaches [25] 

are used in the majority of linear solvers and FEM packages due to their numerical 

stability. Implicit applications convert the problem’s geometry to a grid of small 

elements that lead to a matrix that must be solved by inversion to obtain the result at 

each time increment. Complex geometries that require small grid size lead to large 

matrices and therefore larger computational and memory requirements: inversion of 

large assembly matrices is time consuming. This becomes a significant practical 

consideration in problems with complex geometries and Multiphysics problems [14]. 
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By contrast, Monte-Carlo methods have significant advantages relative to these 

methods [26]. First, there is no requirement to build an assembly matrix and 

consequently no need for matrix inversion. Second, the solution at a desired point in 

the domain can be obtained independently from the solutions at other points within 

the domain. These features lead to a significant reduction in simulation time by 

solving for specific regions of interest, instead of solving for the entire domain, which 

requires inversion of the entire assembly matrix. Inverse heat conduction (the 

prediction of surface temperature and heat flux using the time history of temperature 

at internal points in the domain) is another important problem that benefits from this 

feature [27]. Third, the Monte-Carlo approach is stable and very well suited for 

parallel computing, which is particularly attractive with the advent of GPU engines 

[14]. Apart from the aforementioned general advantages, using random parameters 

in MCM makes it a powerful approach to model problems with inherited random or 

stochastic behaviors or parameters. For instance porosity in porous media can be 

defined as a random parameter [28]–[32], making MCM an excellent option for 

simulation. 

The Monte-Carlo method was first described in 1949 [5] by  Metropolis and Ulam 

as a statistical approach for solving integro-differential equations. In heat conduction, 

Haji-Sheikh and Sparrow [3] described the application of MCM to solve heat 

conduction problems with homogenous isotropic material properties for different 
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types of boundary conditions.  Other studies have used [3] to develop methods to 

solve conduction heat transfer problems where thermal properties are not isotropic, 

as in composite layered materials. The fixed random walk MCM was modified [19], 

[33] to solve transient heat conduction in anisotropic media. The necessity of a grid 

to define the geometry is a disadvantage of the fixed random walk method, compared 

to floating random walk. Non-homogeneity of thermal properties in a heat 

conduction domain has been shown in [17] by relating the impact of the non-

homogeneity on the temperature distribution in proportion to the thermal diffusivity 

of source and sink. In cases with abrupt changes in thermal diffusivity, such as at 

cryogenic temperatures or in composite layered materials, the aforementioned 

approach of proportion leads to significant error. This paper presents a novel solution 

for transient heat conduction in anisotropic materials with abrupt changes in thermal 

diffusivity based on MCM. 

3.2 Formulation 

 Heat transfer process describes the transmission of an energy bundle (particle in this 

study) from source to sink. In a reverse approach, one can use the known thermal 

properties of the sink to estimate the sources that can transfer energy to the sink in a 

corresponding time span. The domain is filled with 𝐾 uniformly generated points 

that represent sinks with known initial conditions that define the temperature at each 

point. The solution process starts by emitting 𝐽 particles from each sink to find the 
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location of the sources, which could be anywhere within or beyond the boundaries 

of the domain and not necessarily on the sink locations. If the source location falls 

inside the domain, the temperature at that location can be interpolated using the 

known temperatures of neighboring points from the previous time step. The scattered 

interpolation uses four closest neighboring points. Otherwise, the following 

boundary conditions apply for particles falling on or outside of boundaries at each 

time step. First, a fixed temperature boundary condition: particles adopt the pre-

assigned fixed temperature of the boundary. Second: Insulation boundary condition: 

particles adopt the temperature of the sink. Third: convection boundary condition, 

has not been considered in this paper. Other studies [34], [35] have proposed methods 

for taking the convective boundary condition into account.  Three-dimensional 

conductive heat transfer in a domain with homogeneous thermal diffusivity (as 

described in [3]) presents the method to estimate source locations. From the three 

dimensional heat conduction relation in spherical coordinates ([18], [36]) one can 

find the temperature at the sphere’s center as:   

𝑇(𝑥, 𝑦, 𝑧, 𝑡) = ∫ ∫ ∫ 𝑇(𝑟, 𝜑, θ, 𝑡 − 𝜏)𝑑𝐹𝑑𝐺𝑑𝐻(3)

𝑡

𝜏=0

1

𝐺=0

1

𝐹=0

 (3.1) 

𝐹(𝜑) =
𝜑

2𝜋
 (3.2) 

𝐺(θ) =  
1

2
(1 − 𝑐𝑜𝑠θ) (3.3) 
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  𝐻(3) (
𝛼𝜏

𝑟2
) =  1 + 2 ∑(−1)𝑘 exp (

−𝑘2𝜋2𝛼𝜏

𝑟2
)

∞

𝑘=1

 (3.4) 

Equation (1) illustrates the integral form for the temperature at the sphere’s center 

based on the known temperature of particles emitted from its vicinity. Equations (3.2) 

and (3.3) describe the probability functions of angles 𝜃 and 𝜑, respectively. The time 

step 𝜏 and steplength 𝑟 of each floating random walk are related to the thermal 

diffusivity 𝛼 at each point by the probability function (3.4): the higher the thermal 

diffusivity, the longer the step length (or the shorter the required time step). The 

inverse functions for equations (3.2-3.4) [2] are: Equation (3.7) is obtained from a fit 

function on inverse of equation (3.4). 

𝜑 = 2𝜋(𝑅𝑁1) (3.5) 

𝜃 = 𝑐𝑜𝑠−1[1 − 2(𝑅𝑁2)] (3.6) 

𝛼𝜏

𝑟2
= 𝐷1 + 𝐷2(𝑅𝑁3) + 𝐷3(𝑅𝑁3)2 + 𝐷4(𝑅𝑁3)3    𝑅𝑁3 < 0.6 (3.7) 

𝛼𝜏

𝑟2
= −0.10132𝑙𝑛[0.5(1 − 𝑅𝑁3)]    𝑅𝑁3 ≥ 0.6 (3.8) 

RN in equations (3.5) to (3.7) denotes uniform random numbers generated from a 

Halton sequence (uniformly distributed random numbers) in three different sets. 

Table 1 shows the values of the D coefficients in these equations [2]. 
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Table 3-1 Coefficients of the Inverse Probability Function. 

𝑅𝑁3 𝐷1 𝐷2 𝐷3 𝐷4 

0.0-0.1 0.079578 0.079621 0.058919 0.048997 

0.1-0.3 0.079515 0.081077 0.048261 0.074542 

0.3-0.6 0.070722 0.150740 -0.13699 0.240830 

 

Figure 3-1 depicts the inverse of the probability function   𝐻(3), where the random 

number 𝑅𝑁3 from the Halton sequence is the abscissa and the ordinate value is 
𝛼𝜏

𝑟2. 

With the known thermal diffusivity of sink 𝛼 and time step 𝜏, the steplength 𝑟 can 

be calculated. 

 

Figure 3-1 Inverse function of the probability function H^3 
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By calculating the angles and steplength as described above, one can calculate the 

location of the source using equation (3.8). Once the source location is defined, the 

temperature at that location is allocated to the particle emitted from the respective 

source. The sink’s temperature is simply the average of the temperature of particles 

as shown in equation (3.9), where  𝑗 is the index for the particle number of  𝐽 particles, 

𝑡 the time step and 𝑘 the index for point number out of a total of 𝐾 points [3]: 

𝑥𝑗 = 𝑥𝑘 + 𝑟𝑗 sin(𝜃𝑗) cos(𝜑𝑗) 

𝑦𝑗 = 𝑦𝑘 + 𝑟𝑗 sin(𝜃𝑗) sin(𝜑𝑗) 

𝑧𝑗 = 𝑧𝑘 + 𝑟𝑗 sin(𝜃𝑗) 

(3.8) 

𝑇(𝑥𝑘,𝑦𝑘)
𝑡+1 =

1

𝐽
∑ 𝑇(𝑥𝑗,𝑦𝑗)

𝑡

𝐽

𝑗=1

 (3.9) 

Figure 3-2 depicts  𝐽 = 20 particles emitted from the source and absorbed by the sink 

at the center of the sphere. The location of the sources is calculated using the 

aforementioned approach.  

The above equations cover the solution of diffusion problems in homogenous media. 

Tackling problems in non-homogenous media needs further modifications.  First, the 

thermal diffusivity of and between the source and the sink are not equal; therefore, 

the steplength calculated from the sink using its thermal diffusivity will not be equal 

to the steplength calculated from the source using its diffusivity. This affects the 
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reversibility of the particle transport described before: reversibility is not valid in 

non-homogenous media. 

 

Figure 3-2 Variables affecting T_C, before modification of equation (3.9) 

A new algorithm is needed that takes into account the change in thermal diffusivity 

between source and sink. One approach is to take very small time steps, leading to 

steplengths small enough to approximate the thermal diffusivity of source and sink 

as equal. This has some disadvantages: assuming equal thermal diffusivity introduces 

error, and the approximation is not applicable close to the boundaries in composite 

layered materials, where thermal diffusivity experiences an abrupt change. Also, 

acquiring results for desired times requires more iterations due to the smaller time 

steps, which increases simulation time.  
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Knowing the thermal diffusivity function enables methods to address the 

aforementioned issue for non-homogenous media [23], [24]; however this may lead 

to error in case of sharp changes in diffusivity due to the use of derivatives.  [37] 

shows the required modifications to the two-dimensional Monte-Carlo transient heat 

conduction equations in cylindrical coordinates that lead to a method that works for 

non-homogenous and multilayered composite domains. This paper presents the 

required modifications for the three-dimensional case in spherical coordinates. The 

inverse of the probability distribution function 𝐻(3) can be obtained from Eqs. (5-7) 

and expressed as 𝐶: 

𝛼𝜏

𝑟2
= 𝐶 (3.10) 

The steplength r can then be calculated as: 

𝑟 =  √
𝛼𝜏

𝐶
 (3.11) 

In the proposed algorithm, the steplength 𝑟 is divided in 𝑀 smaller steplengths, and 

the thermal diffusivity is updated at each new location:   

𝑟𝑗 = ∑ 𝑟𝑚

𝑀

𝑚=1

= ∑ √
𝛼𝑚𝜏

𝐶𝑀2

𝑀

𝑚=1

 (3.12) 

Where index  1 ≤ 𝑚 ≤ 𝑀 denotes the location of the 𝑗𝑡ℎ particle after passing each 

sub-steplength: 
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𝑥𝑚+1 = 𝑥𝑚 + 𝑟𝑚 sin(𝜃𝑗) cos(𝜑𝑗) 

𝑦𝑚+1 = 𝑦𝑚 + 𝑟𝑚 sin(𝜃𝑗) sin(𝜑𝑗) 

𝑧𝑗𝑚+1 = 𝑧𝑚 + 𝑟𝑚 cos(𝜃𝑗) 

(3.13) 

At the beginning of the process, the location of the 𝑘𝑡ℎpoint is:  𝑚 = 1, 𝑥1 = 𝑥𝑘, 

𝑦1 = 𝑦𝑘 and 𝑧1 = 𝑧𝑘. In the next step, the 𝑗𝑡ℎparticle is emitted from point 𝑘 along 

the direction generated by angles 𝜃𝑗  and 𝜑𝑗 with sub-steplength 𝑟𝑗 calculated from 

equation (3.12). New locations 𝑥2, 𝑦2 and 𝑧2 are calculated using equation (3.13) and 

the thermal diffusivity at the new location is used to calculate the next sub-steplength 

- this process is repeated for 𝑀 iterations. 𝑀 can be adjusted for each part of the 

domain separately; it can be larger for regions with larger variations in thermal 

diffusivity (or with thin layers of composite materials) or can be smaller for regions 

with smooth changes in thermal diffusivity within one material. The adjustability of 

𝑀 enables adjusting the solution within the domain to achieve a desired accuracy in 

reasonable simulation time. This modification not only corrects the size of the 

steplength but also provides information for the next modification: the calculation of 

temperature at each point using peripheral integration.   

A modified Bessel function method relates the time step and steplength in a transient 

solution, and gives the particles’ temperature, location and thermal diffusivity at each 

sub-steplength around each point in the solution. This information is then used to 

find the temperature at each point. The next modification requires derivation of the 
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steady state heat conduction equation in spherical coordinates to define the 

temperature at the center of the sphere based on the temperature of the particles in its 

vicinity forming a spherical region. The steady state heat diffusion in spherical 

coordinates is: 

1

𝑟2𝑠𝑖𝑛2(𝜃)

𝜕

𝜕𝜑
(𝑘(𝑟, 𝜃, 𝜑)

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝜑
) 

(3.14) +
1

𝑟2𝑠𝑖𝑛(𝜃)

𝜕

𝜕𝜃
(𝑘(𝑟, 𝜃, 𝜑)sin (𝜃)

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝜑
) 

+
1

𝑟2

𝜕

𝜕𝑟
(𝑘(𝑟, 𝜃, 𝜑)𝑟2

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝑟
) = 0 

By integration of (3.14) with respect to 𝜑 from 0 to 2𝜋, the first expression becomes 

zero due to having the same conditions at the beginning and end of the traverse: 

∫
1

𝑟2𝑠𝑖𝑛2(𝜃)

𝜕

𝜕𝜑
(𝑘(𝑟, 𝜃, 𝜑)

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝜑
) 𝑑𝜑

2𝜋

0

 

(3.15) 
=

1

𝑟2𝑠𝑖𝑛2(𝜃)
(𝑘(𝑟, 𝜃, 2𝜋)

𝜕𝑇(𝑟, 𝜃, 2𝜋)

𝜕𝜑
 

−𝑘(𝑟, 𝜃, 0)
𝜕𝑇(𝑟, 𝜃, 0)

𝜕𝜑
) = 0 

Multiplying both sides of the remaining terms of equation (3.14) by 𝑠𝑖𝑛(𝜃) and 

integrating from 0 to 𝜋 with respect to 𝜃 makes the second term in equation (3.14) 

equal to zero as well, since: 
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∫ (𝑘(𝑟, 𝜋, 𝜑) 𝑠𝑖𝑛(𝜋)
𝜕𝑇(𝑟, 𝜋, 𝜑)

𝜕𝜑

2𝜋

0

 

(3.16) 

−𝑘(𝑟, 𝜋, 𝜑)𝑠𝑖 𝑛(0)
𝜕𝑇(𝑟, 0, 𝜑)

𝜕𝜑
)𝑑𝜑 = 0 

From this it follows: 

∫ ∫ sin (𝜃)
𝜕

𝜕𝑟
(𝑘(𝑟, 𝜃, 𝜑)𝑟2

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝑟
) 𝑑𝜃

𝜋

0

𝑑𝜑

2𝜋

0

= 0 (3.17) 

Finally, integration with respect to 𝑟 from 0 to 𝑟 yields 

∫ ∫ sin (𝜃)𝑟2𝑘(𝑟, 𝜃, 𝜑)
𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝑟
𝑑𝜃

𝜋

0

𝑑𝜑 = 0

2𝜋

0

 (3.18) 

Burmeister [15] presented a similar derivation in two-dimensional cylindrical 

coordinates for the steady state condition – consequently, after integration, 𝑟 results 

to be a constant. In our derivation (Eq. (18)) 𝑟2 is not considered constant even 

though the derivation is for steady-state. Time and steplength in the previous 

modification are obtained from the modified Bessel function solution, so each 

particle has a different steplength, 𝑟. Hence, it cannot come out in the integration of 

(3.18). The following coordinate transformation is proposed:  

𝜂 =
∫

𝑑𝑟′

𝑘(𝑟′, 𝜃, 𝜑)𝑟2sin (𝜃)
𝑟

0

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃, 𝜑)𝑟2sin (𝜃)
𝑅

0

 (3.19) 
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𝑓 =

∫
𝑑𝜃′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑)𝑟2sin (𝜃)
𝑅

0

𝜃

0

∫
𝑑𝜃′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑)𝑟2sin (𝜃)
𝑅

0

𝜋

0

 

 

(3.20) 

𝑔 =

∫ ∫
𝑑𝜃′𝑑𝜑′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑′)𝑟2sin (𝜃)
𝑅

0

𝜋

0

𝜑

0

∫ ∫
𝑑𝜃′𝑑𝜑′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑′)𝑟2sin (𝜃)
𝑅

0

𝜋

0

2𝜋

0

 (3.21) 

This transformation aims at defining 𝑇(𝑟, 𝜃, 𝜑) in terms of 𝑇(𝜂, 𝑓, 𝑔). Therefore, it 

satisfies the total differential relationship: 

𝑑𝑇(𝑟, 𝜃, 𝜑) = 𝑑𝑇(𝜂, 𝑓, 𝑔)        ⇒ 

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝑟
𝑑𝑟 +

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝜃
𝑑𝜃 +

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝜑
𝑑𝜑 = 

𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝜂
𝑑𝜂 +

𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝑓
𝑑𝑓 +

𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝑔
𝑑𝑔 

 

(3.22) 

 This implies:  

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝑟
𝑑𝑟 =

𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝜂
𝑑𝜂 (3.23) 
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Using equation (3.19), 𝑑𝜂 can be expressed as shown below, where 𝐴 and 𝐼𝑅𝐴 are 

defined to simplify its representation in the next steps: 

𝑑𝜂 =

𝑑𝑟
𝑘(𝑟, 𝜃, 𝜑)𝑟2sin (𝜃)

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃, 𝜑)𝑟2sin (𝜃)
𝑅

0

=
𝐴

𝐼𝑅𝐴
𝑑𝑟 (3.24) 

The term 
𝜕𝑇(𝑟,𝜃,𝜑)

𝜕𝑟
 in equation (3.18) can be written as: 

𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝑟
=

𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝜂

𝐴

𝐼𝑅𝐴
 (3.25) 

The remaining terms in equation (3.18) can be defined as: 

𝑑𝑓 =

𝑑𝜃

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃, 𝜑)𝑟2sin (𝜃)
𝑅

0

∫
𝑑𝜃′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑)𝑟2sin (𝜃)
𝑅

0

𝜋

0

=
𝐵

𝐼𝜋𝐵
𝑑𝜃 

 

⇒ 𝑑𝜃 =
𝐼𝜋𝐵

𝐵
𝑑𝑓 

 

(3.26) 

𝑑𝑔 =

∫
𝑑𝜃′𝑑𝜑

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑)𝑟2sin (𝜃)
𝑅

0

𝜋

0

∫ ∫
𝑑𝜃′𝑑𝜑′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑′)𝑟2sin (𝜃)
𝑅

0

𝜋

0

2𝜋

0

=
𝐸

𝐼2𝜋𝐸
𝑑𝜑 (3.27) 
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⇒ 𝑑𝜑 =
𝐼2𝜋𝐸

𝐸
𝑑𝑔 

 

Substituting equations (3.25-3.27) in equation (3.18) yields: 

∫ ∫
1

𝐴

𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝜂

𝐴

𝐼𝑅𝐴

𝐼𝜋𝐵

𝐵

𝜋

0

𝐼2𝜋𝐸

𝐸
𝑑𝑓𝑑𝑔 

2𝜋

0

= 0 (3.28) 

Note that sin(𝜃) 𝑟2𝑘(𝑟, 𝜃, 𝜑) =
1

𝐴
 , 𝐼𝑅𝐴 =  

1

𝐵
 ,  𝐼𝜋𝐵 = 𝐸, 𝐼2𝜋𝐸 = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

Equation (3.18) can then be written after the proposed transformation as: 

∫ ∫
𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝜂

1

0

𝑑𝑓𝑑𝑔 = 0 

1

0

 (3.29) 

To define the temperature at the center in terms of the specified peripheral 

temperatures, integration with respect to 𝜂 from 0 to the outer radius of each particle 

is performed. 𝑇𝑐 represents the temperature at the center (𝜂 = 0) and 𝑇𝑅 the specified 

peripheral temperatures for 𝜂 = 1: 

∫ ∫(𝑇𝑅 − 𝑇𝐶)𝑑𝑓𝑑𝑔

1

0

= 0

1

0

 (3.30) 

Substituting 𝑑𝑓 and 𝑑𝑔 in equation (3.30) using the thermal diffusivity, 𝛼, instead of 

the thermal conductivity, 𝑘, the center temperature for the transient case is: 



66 
 

 
 

𝑇𝐶 =

∫ ∫
sin (𝜃)𝑟2 𝑇(𝑅, 𝜃, 𝜑)

∫
𝑑𝑟′

𝛼(𝑟′, 𝜃, 𝜑)
𝑅

0

𝑑𝜃𝑑𝜑
𝜋

0

2𝜋

0

∫ ∫
𝑟2sin (𝜃)

∫
𝑑𝑟′

𝛼(𝑟′, 𝜃, 𝜑)
𝑅

0

𝜋

0

2𝜋

0
𝑑𝜃𝑑𝜑

 (3.31) 

For each particle at angles 𝜃 and 𝜑, the radius 𝑟 is a known constant value and can 

come out of the most internal integration. Equation (3.31) and its variables are 

represented in Figure 3-4 Comparison with Figure 3-2 shows the effect of the 

proposed modifications on the calculation of each point’s temperature. Figure 3-3 

shows each particles’ steplength divided in 𝑀 sub-steplengths using equation (3.12) 

with 𝑀 = 4.  Equation (3.12) is applied to all particles’ steplength in Figure 3-4, but 

for clarity, sub-steplengths are shown for one steplength only. Compared to equation 

(3.9), equation (3.31) is suitable for multilayered composite structures with 

temperature dependent thermal properties. However, it is general form and if 

material properties are constant in whole domain, equation (3.31) can be simplified 

to equation (3.9). 
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Figure 3-3 Variables participating in T_C after proposed modification, Eq. (31), 

shown only for one particle. 

 

Figure 3-4 Variables participating in T_C after proposed modification, equation 

(3.31).



68 
 

 
 

Figure 3-4 shows the spherical geometry around point 𝑘 made by the total number 

of particles 𝐽 = 20. Clearly, having more particles allows finer representation of the 

volume around the sink, leading to a more accurate simulation of the temperature 

distribution. The square pyramidal shapes shown in Figure 3-3 and Figure 3-4 are 

not representing grid elements as known in methods such as FEM – they are just a 

schematic representation of the variables in equation (3.31). 

3.3 Performance Comparison with FEM 

Figure 3-5 shows a composite structure consisting of three cubic blocks made of 

copper, G10 composite and stainless steel SS304. One side of the structure is kept at 

a fixed temperature (350 𝐾) while the initial and the temperature at the other side is 

set at 300 𝐾. All other wall have insulation boundary condition in both FEM and 

MCM simulations. Each cube has a side length equal to 0.01 𝑚.  

 

Figure 3-5 Composite structure made of three materials. 
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The temperature-dependent material properties shown in Figure 3-6 are entered to 

both a finite element package (ANSYS) and used in the Monte-Carlo solver 

described in this paper. A transient heat conduction analysis with a time step equal 

to 0.02 𝑠𝑒𝑐 was done for a total time of 2 seconds. The number of nodes used in the 

FEM model was equal to the number of points in the Monte-Carlo simulation to make 

the comparison meaningful. 

 

Figure 3-6 Thermal diffusivity of materials used in the composite structure shown 

in Fig. 5 as function of temperature. 

Figure 3-7 shows the location of sources for two different sinks, each on the interface 

of two different materials in the composite structure. The sink on the interface 

between copper and G10 receives particles from farther distance in the copper, 

compared to the G10 side. This illustrates how the modified equations (3.12-3.13) 
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take thermal diffusivity of the path into account. The other sink, located on the 

interface between SS304 and G10 does not show substantial difference in steplengths 

as in the previous case – this reflects more similar values of thermal diffusivity for 

SS304 and G10 compared to the difference between Cu and G10. 

 

Figure 3-7 Distribution of sources for two sinks located on interfaces of composite 

structure. 

 Figure 3-8 compares simulation results for MCM versus FEM at different times. 

There is good agreement between both methods, but the proposed MCM method is 

very well suited for parallelization and GPU computing, where transient analysis in 

FEM is not. The number of points used in the MCM simulation is equal to number 

of nodes in FEM (𝐾 = 107𝑘, number of particles 𝐽 = 100, and path length is divided 

by 𝑀 = 10 substep lengths).
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Figure 3-8 Comparison of temperature distribution via MCM vs. FEM simulation, 

for three dimensional transient temperature propagation. 
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Figure 3-9 shows the three dimensional temperature distribution in the composite 

structure at  t =2 sec. 

 

Figure 3-9 Three-dimensional temperature distribution at t= 2 sec. 

For a quantitative comparison between FEM and MCM in the above example, two 

points at the middle of the top surface were chosen (in m): 𝑘1 = (0.005,0.005,0.01) 

and 𝑘2 = (0.025,0.005,0.01), located at the copper and SS304 blocks, respectively. 

Figure 3-10 shows the temperature at point 𝑘1  and its convergence against number 

of particles in MCM compared to FEM. Figure 3-11 shows the impact of number of 

particles in convergence for point 𝑘2, located on the top surface of the stainless steel 

block (SS304). The number of points in MCM is equal to number of nodes in FEM 

𝐾 = 107𝑘; the number of particles emitted from each source vary from 10 to 100. 

This illustrates the convergence of MCM to FEM by increasing the number of 
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particles; in this example 𝐽 = 100 particles is enough to reach accurate results with 

less than one percent error. 

 

Figure 3-10 Convergence of MCM and FEM for different numbers of particles at 

the middle point of the top of the copper block. 

 

Figure 3-11 Convergence of MCM to FEM versus number of particles at the 

middle point on the stainless steel block. 
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3.4 Experimental Verification 

An experiment was designed to verify the simulation results presented in this paper. 

Figure 3-12 shows the test article, in which a 200 mm-long stainless steel rod of 5 

mm diameter (SS304) is passed through three blocks of high-density polyethylene 

(HDPE). Both ends of the rod are attached to lugs filled with solder to ensure 

excellent electrical contact between rod and lugs. The middle block is the main 

component, where temperature measurements are acquired using embedded copper 

rods. Figure 3-13 shows the layout of the main component. Three copper rods of 

2 𝑚𝑚 diameter are tightly embedded in the material through holes in the HDPE 

block to ensure excellent thermal contact. The axial distances from the center of each 

copper rod to the center of the stainless steel rod are 4.5 𝑚𝑚, 5.5 𝑚𝑚 and 7.5 𝑚𝑚, 

as shown in Figure 3-13. The cross section of the main component is a square of 20 

mm length, and the height of the bock is 40 mm. Two HDPE blocks on either side of 

the main component act as thermal insulation to minimize the convective effect on 

the measurements. 
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Figure 3-12 Test article. 

 

Figure 3-13 Main component of the test article for 3D conductive heat transfer 

measurements. 
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Figure 3-14 Test setup and data acquisition system for experimental verification of 

MCM simulations.

Figure 3-14 shows the complete experimental set up. Both insulator blocks are 

compressed against the main component to provide a tight contact. A DC power 

supply provides 70 Amps of DC current to the steel rod.  A data acquisition system, 

NI 9214 set to its highest resolution (16-bit, or 0.15% error) is used to record the 

measured temperatures at a sample rate of 1 sample/sec. Three thermocouples are 

used to read the temperatures of the copper rods, and one is used for the temperature 

of the stainless steel rod, as is heated up by the current provided by the power supply. 

All measured temperatures are recorded to a file using LabVIEW. A finite element 

model is implemented in ANSYS to compare with the results of the MCM 

simulation. Figure 3-15 shows the material properties used in both the FEM and 

MCM simulations. 
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Figure 3-15 Thermal diffusivity of materials used in the experimental verification, 

as function of temperature. 

The measured temperature of the stainless steel rod is fed to the transient temperature 

profile of the rod in the middle of the main block for both FEM and MCM 

simulations. The number of nodes in the FEM model is set equal to the number of 

points in the MCM simulation to provide comparable conditions.  The transient 

simulations are done for t= 80 seconds.   All external walls of the HDPE blocks are 

considered insulated in both FEM and MCM simulations, and the time step for both 

simulations is set as 𝑡 = 0.05 𝑠. The results of both simulations are shown in Figure 

3-16. The proposed Monte-Carlo approach leads to predictions of the transient 

temperature profiles that agree with both the measurements and FEM results. As time 

passes, a small divergence between measurements and both numerical methods is 

found, due to convective heat transfer affecting the measurements. The divergence 
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is larger in the copper rods closer to the surface of the HDPE block, since the 

convective effect is more significant on them  

 

Figure 3-16 Simulation results using the proposed Monte-Carlo method (MCM) for 

transient conductive heat transfer in composite materials with temperature 

dependent properties, compared with experimental measurements and FEM 

simulation. 

3.5 Conclusion  

A novel three-dimensional Monte-Carlo method for the simulation of the transient 

conductive heat transfer in composite materials with temperature- dependent 

properties has been presented. The proposed method combines a transient Bessel 

function solution with a steady state peripheral integral method to simulate the 
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transient heat conduction in composite materials with temperature dependent 

material properties. The proposed method is mesh-free, which makes it well suited 

for modeling complex geometries and multi-scale problems, where conventional 

FEM tools may lead to large number of elements and hence prohibitive simulation 

times. The proposed method converges to correct results, as verified by both 

experimental measurements and FEM simulations, with a relatively small number of 

required particles. This fact, along with its suitability for parallelization, makes it a 

very promising approach for the simulation of complex problems such as the multi-

physics analysis of quench in superconducting magnets. Both first and second kinds 

of boundary conditions were developed and verified against FEM and measurements. 

The extension of the proposed approach to the third kind of boundary condition 

(convection) suggests a promising step for future development. 
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 Chapter 4 

Effective Floating Volume, A Highly Parallelizable 

Mesh-Free Method to tackle A Transient 

Multiphysics Problem in Complex Multi-Scale 

Geometries with Non-Linear Material Properties 

 

4.1 Introduction 

Nowadays, along with the development of modern mathematics and the intense 

support of computers, complex Multiphysics problems in many fields like fluid 

dynamics, heat transfer, meteorology, geology, structural analysis, etc. have been 

solved. In many cases, the conventional classical numerical methods including Finite 

Difference Method (FDM), Finite Volume Method (FVM) or Finite Element Method 

(FEM) have been adapted. However, these methods reveal their limitation about 

time-consuming and memory issues when the geometry becomes more and more 

complex, which may requires a smaller grid size and/or more elements led to the 

inversion of a larger matrix. Since then, Monte Carlo Method (MCM) has emerged 

as an effective solution when it seems prohibitive to use other approaches. The 

principle of this method relies on repeated random sampling to obtain numerical 

results [9], [10], [16], [26], [35], [38]–[45]. On the other hand, MCM also proved its 

efficiency and many outstanding strengths that the other methods could not provide. 
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First of all, this is a mesh-free method, it means that we can drop the meshing step, 

and consequently, there is no requirement to assembly a large matrix and inverse it. 

Secondly, all the points will be independent from its space. It means that MCM can 

help us to calculate independently some specific regions that we are interested in 

without having to mesh and calculate on the whole object [46]–[49]. Consequently, 

this characteristic makes this method to be adapted effectively and conveniently in 

parallel computing algorithms, which we will discuss more about in this study. 

Haji Sheikh et al. [3] provide both grid-based and greedless Monte-Carlo methods to 

address heat conduction in homogeneous medium.  The principle of method is 

finding probable sources around the sink that energy can be received from. We have 

introduced a new method to extend the work to nonlinear heat conduction in 

multilayer composite media [14], [37], [50]. All abovementioned methods requires 

scattering random particles and performing scattered interpolation to identify the 

value of carrier particle in the geometry and physics under study. The scattered 

interpolation process is very time-consuming step. In the present study, an attempt is 

made to introduce a novel approach to save considerable time by eliminating 

scattered interpolation in every step-length or iteration 

4.2 Formulation and Method 

The Multiphysics problem in this study consists of heat conduction, electrical current 

sharing and joule heating. In this section the governing equations and related 
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modifications will be presented. Each module can be independently applied in any 

other Multiphysics problem. 

4.2.1 Heat Transfer 

Monte-Carlo solution of three-dimensional transient heat conduction in homogenous 

medium has been addressed by Haji Sheikh et al [3]. Potential theory contributes in 

conveying energy between source and sink and therefor, in three-dimensional space, 

spherical coordinates conforms to the concept. Starting from transient heat 

conduction equation in spherical coordinate, the Monte-Carlo solution for center of 

sphere can be obtained as presented in equation (1) [18]. The equations (4.1)-(4.4) 

are probability functions in azimuth (𝜑), elevation (𝜃) and radial direction (𝑟), 

respectively. The parameter (𝜏) stands for the time step. 

𝑇(𝑥, 𝑦, 𝑧, 𝑡) = ∫ ∫ ∫ 𝑇(𝑟, 𝜑, θ, 𝑡 − 𝜏)𝑑𝐹𝑑𝐺𝑑𝐻(3)

𝑡

𝜏=0

1

𝐺=0

1

𝐹=0

 (4.1) 

𝐹(𝜑) =
𝜑

2𝜋
 (4.2) 

𝐺(θ) =  
1

2
(1 − 𝑐𝑜𝑠θ) (4.3) 

𝐻(3) (
𝛼𝜏

𝑟2
) =  1 + 2 ∑(−1)𝑘 exp (

−𝑘2𝜋2𝛼𝜏

𝑟2
)

∞

𝑘=1

 (4.4) 
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Calculation of steplengths, elevation angle and azimuth angle for probable sources 

around each point requires generating random numbers 𝑅𝑁1 to 𝑅𝑁3 and applying 

them to the inverse function of equations (4.2)-(4.4).  The inverse functions are 

provided in equations (4.5)-(4.8) and curve fit coefficients are presented in Table 1 

[2], [50]. 

𝜑 = 2𝜋(𝑅𝑁1) (4.5) 

𝜃 = 𝑐𝑜𝑠−1[1 − 2(𝑅𝑁2)] (4.6) 

𝛼𝜏

𝑟2 = 𝐷1 + 𝐷2(𝑅𝑁3) + 𝐷3(𝑅𝑁3)2 + 𝐷4(𝑅𝑁3)3    𝑅𝑁3 < 0.6     

 

(4.7) 

𝛼𝜏

𝑟2
= −0.10132𝑙𝑛[0.5(1 − 𝑅𝑁3)]    𝑅𝑁3 ≥ 0.6 (4.8) 

 

Table 4-1 Coefficients of the Inverse Probability Function. 

𝑅𝑁3 𝐷1 𝐷2 𝐷3 𝐷4 

0.0-0.1 0.079578 0.079621 0.058919 0.048997 

0.1-0.3 0.079515 0.081077 0.048261 0.074542 

0.3-0.6 0.070722 0.150740 -0.13699 0.240830 

 

The above equations enables us to solve for central temperature of a sphere in 

homogenous medium where thermal diffusivity is geometry and temperature 

independent. We have shown in [50] the governing equations that combines transient 

Monte-Carlo solution (4.1)-(4.8) to the steady state solutions for heat conduction in 
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composite material. Starting from three-dimensional spherical equation of steady 

state heat conduction, one can reach its integral form as shown in equation (4.9). 

∫ ∫ sin (𝜃)𝑟2𝑘(𝑟, 𝜃, 𝜑)
𝜕𝑇(𝑟, 𝜃, 𝜑)

𝜕𝑟
𝑑𝜃

𝜋

0

𝑑𝜑 = 0

2𝜋

0

 (4.9) 

 

While similar two-dimensional relations for steady-state heat conduction are 

proposed by Burmeister [15] , we  developed the following coordinate transformation 

(4.10)-(4.12) in three-dimensional coordinate and applied them to equation (4.9).  

𝜂 =
∫

𝑑𝑟′

𝑘(𝑟′, 𝜃, 𝜑)𝑟2sin (𝜃)
𝑟

0

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃, 𝜑)𝑟2sin (𝜃)
𝑅

0

 

 

(4.10) 

𝑓 =

∫
𝑑𝜃′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑)𝑟2sin (𝜃)
𝑅

0

𝜃

0

∫
𝑑𝜃′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑)𝑟2sin (𝜃)
𝑅

0

𝜋

0

 

 

(4.11) 

𝑔 =

∫ ∫
𝑑𝜃′𝑑𝜑′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑′)𝑟2sin (𝜃)
𝑅

0

𝜋

0

𝜑

0

∫ ∫
𝑑𝜃′𝑑𝜑′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑′)𝑟2sin (𝜃)
𝑅

0

𝜋

0

2𝜋

0

 (4.12) 
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The transformed integral form of equation (4.9) can be achieved as equation (4.13). 

Taking the integration from 0 to 1 with respect to 𝜂, yields equation (4.14) .  

∫ ∫
𝜕𝑇(𝜂, 𝑓, 𝑔)

𝜕𝜂

1

0

𝑑𝑓𝑑𝑔 = 0 

1

0

 

(4.13) 

∫ ∫(𝑇𝑅 − 𝑇𝐶)𝑑𝑓𝑑𝑔

1

0

= 0

1

0

 (4.14) 

 

Finally the central temperature in spherical coordinate system is presented in 

equation (15) where 𝑇𝐶 is the central temperature of the sphere based on the value 𝑇𝑅 

that can be considered as temperature of sources around the center. This solution is 

combined by Monte-Carlo solution to calculate variable step-length 𝑟 in transient 

solution. Finally, the approximation of replacing thermal conductivity 𝑘 by thermal 

diffusivity 𝛼 is applied. Detailed derivation steps for equations (4.9)-(4.15) are 

provided in [50]. 

𝑇𝐶 =

∫ ∫
sin (𝜃)𝑟2 𝑇(𝑅, 𝜃, 𝜑)

∫
𝑑𝑟′

𝛼(𝑟′, 𝜃, 𝜑)
𝑅

0

𝑑𝜃𝑑𝜑
𝜋

0

2𝜋

0

∫ ∫
𝑟2sin (𝜃)

∫
𝑑𝑟′

𝛼(𝑟′, 𝜃, 𝜑)
𝑅

0

𝜋

0

2𝜋

0
𝑑𝜃𝑑𝜑

 (4.15) 
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In the mentioned method, the boundary value problem is solved by peripheral 

integration of temperature values on the boundaries. The material properties inside 

the sphere along the path of energy transfer from source to sink are taking into 

account. To obtain material properties inside the sphere, the algorithm proposes to 

divide all the step-lengths 𝑟 to an equal number and then contribute the thermal 

diffusivity of these point in integration (4.15). In Figure 4-1 schematic of this 

approach for cross section of a composite material is depicted.  Only on particle 

(source of energy) is demonstrated to avoid confusion but bear in mind that several 

particles are being scattered around the point, using the equations (4.5)-(4.8) to find 

uniform distribution of probable sources around the sink (point 𝑘 in this case). Figure 

4-2 Shows the cross section of a composite layered medium consisting of three 

different materials. Each layer has been defined by 𝐾 points using a Halton set 

random sequence. The particle 𝐽 depicts the 𝐽𝑡ℎ probable source for point 𝑘 ∈ 𝐾.  

The step-length 𝑟 is divided to 𝑀 = 5 sub step-lengths, 𝑑𝑟,  in this example.  Prior to 

performing peripheral integration (4.15), the location of particle 𝐽 and points in 

between of point 𝑘 and particle 𝐽 should be calculated as they do not coincide with 

location of points ∈ 𝐾. In next step, the temperature of particle J and thermal 

diffusivity of points in between (𝛼2 𝑡𝑜 𝛼5) should be obtained. Note that since 𝑘 ∈

𝐾, the 𝛼1 is known from initial condition or previous time step. Scattered 
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interpolation is one common method to obtain these values. This part, scattered 

interpolation, is a time consuming step in this approach. Furthermore, the accuracy 

of the model is contingent upon number of division M. For instance, the boundaries 

between materials is not well defined with M=5. On the other hand, increasing M 

results in increasing simulation time.   

 

Figure 4-1 Cross section of Composite Medium. 
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Figure 4-2 Cross section of highly scaled Composite Medium. 

Figure 4-2 aims at shedding light on the other shortage of this method; that is heat 

transfer simulation in multi-scaled media.  The very narrow layer of material 2 is 

sandwiched by material 1 and 3. The substantial difference between thicknesses of 

material 2 and other materials creates a multi-scale geometry problem. As it can be 

seen in Figure 4-2. None of the acquisition points between point 𝑘 and particle 𝐽 fall 

in the middle narrow layer. Therefore, the material property of this layer will not be 

taken into account in calculation of center point temperature. One solution is to 

increase number of division such that size of each sub step-length is below the size 

of the thin layer; however, this approach leads to enormous number of sub step-

lengths and increases simulation time. Finally, there are some problems that the 
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initial condition is not homogenous in all layers or heat generation occurs in the 

middle layers. In these cases, it is not sufficient to only apply particle J’s temperature 

in calculation of heat propagation. Indeed, the acquisition points in between should 

acquire the temperature rather than material properties, as well. 

All the above mentioned issues call for modifications in the approach to reach a novel 

method that not only can solve the heat conduction but also can address these 

shortages in other physics such as electrical current sharing. The proposed method in 

this article, effective floating volume (EFV), tackles them and meets the requirement 

of accuracy and performance, i.e., cutting simulation time. In transient solution, the 

step-length is calculated using equations (4.7)-(4.8). Random number 0 ≤ 𝑅𝑁3 ≤ 1 

is generated and, based on its magnitude, the value 𝐶(𝑅𝑁3) is obtained by 

substituting 𝑅𝑁3 in right-hand side of equations (4.7)-(4.8) that yields the equation 

(16) to calculate step-length 𝑟. 

𝛼𝜏

𝑟2
= 𝐶(𝑅𝑁3)   ⟹ 𝑟 = (

𝛼𝜏

𝐶(𝑅𝑁3) 
)

1/2

 (4.16) 

 

In this equation, 𝐶(𝑅𝑁3) is a constant for each individual 𝑟 and if time step 𝜏 is 

constant during the simulation, then magnitude of 𝑟 for each particle (probable 

source) depends on thermal diffusivity 𝛼. Thermal diffusivity of each material is a 

temperature dependent parameter. One can calculate maximum steplength for each 
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point using equation (4.17). Where 𝛼𝑚𝑎𝑥 is the maximum value for thermal 

diffusivity in the temperature range and 𝐶(𝑅𝑁3)𝑚𝑖𝑛 represents the minimum value 

for right-hand side of equation (4.7)-(4.8). 

𝑅𝑚𝑎𝑥 = (
𝛼𝑚𝑎𝑥𝜏

𝐶(𝑅𝑁3)𝑚𝑖𝑛 
)

1/2

 (4.17) 

 

To clarify the concept, let’s consider point 𝑚 ∈ 𝐾 as shown in Figure 4-3 where 10 

probable sources around it are displayed in cross section of the same composite 

media presented in Figure 4-2 Out of all 𝐾 points representing the geometry, points 

encapsulated in the sphere with radius 𝑅𝑚𝑎𝑥 are chosen for further steps. These are 

the maximum number of points that may participate in solution of point 𝑚 in the 

whole simulation. Recall that changing the temperature can only reduce the radius of 

this sphere since it is directly related to temperature dependent thermal diffusivity 

and the maximum value of that is already taken into account for calculation of 

𝑅𝑚𝑎𝑥 for each point. Each probable source is shown by 𝑃𝑗  | 1 < 𝑗 < 𝐽 , 𝐽 = 10 in this 

case. Figure 4-4 Depicts the next step which is forming slices out of the points in the 

sphere. Points surrounding the path of energy transfer from each probable source to 

the sink 𝑚 are separated and labeled by 𝑆𝑙𝑖𝑐𝑒𝑗 | 1 < 𝑗 < 𝐽. The volume around the 

point 𝑚 formed by the points in slices will be used to perform closest distance 

calculation. We will show the three-dimensional representation of that in the 



91 
 

 
 

following pages of this article; however, remember that each slice is a three-

dimensional pyramid shape volume which only its cross section is shown here for 

the sake of clarity.  

 

Figure 4-3 Points encapsulated in maximum radius volume. 

 

Figure 4-4 Slices around each energy transfer path. 
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Compared to Figure 4-2, some point have been added on the boundaries and 

interfaces of layers in Fig. 3. Alternatively, the boundary and interface points can be 

extracted for each layer using convex hull algorithm. In the next step final points 

participating in the solution of point 𝑚 are chosen among points in slices. Fig. 5. 

Depicts this step for 𝑠𝑙𝑖𝑐𝑒4. The angle of slice can be adapted by the considering the 

factors of point density and total number of acquisition points of that slice. If the line 

between point 𝑚 and 𝑃4 are defined by 𝑉1 and 𝑉2, respectively, as vertices of the line, 

the distance of each point in 𝑠𝑙𝑖𝑐𝑒4 to the line 𝑉1𝑉2 is defined as: 

𝐷𝑖 = ‖(𝑃𝑖 − 𝑉2) × (𝑉1 − 𝑉2)‖ ‖𝑉1 − 𝑉2‖⁄  (4.18) 

 

Where 𝑃𝑖 is coordinate of 𝑖𝑡ℎ point in the 𝑠𝑙𝑖𝑐𝑒4 and 𝐷𝑖 is its shortest distance to the 

line. This process is repeated for all slices around point 𝑚.  The processes described 

in Figure 4-3 And Figure 4-4 are meant to reduce the calculation load of equation 

(4.18) , i.e., to avoid performing the calculation for all 𝐾 points and reducing 

simulation time. Equation (4.18) is performed for points in the layers of composites 

and on the interfaces of layers separately. This ensures the correct definition of 

boundaries and interfaces for solution of point 𝑚. The number of acquisition points 

between 𝑃𝑗 and point m can be adjusted with the ratio of 𝑟𝑖 𝑅𝑚𝑎𝑥⁄  multiplied by total 

number of acquisition point for the path of energy along 𝑅𝑚𝑎𝑥. Note that 𝑟𝑖 is 

steplength of each probable source. Figure 4-5 illustrates this course by depicting 
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effective floating points in layers with red star markers and that of interfaces with 

yellow star markers.  Figure 4-6 Sketches the “Effective Floating Volume” for point 

𝑚 formed by the points around it. In the next step, equation (4.15) will be modified 

to count for temperature of all acquisition points into account. The assumption is that 

all acquisition points coincide on the energy transfer path from each source to sink. 

It is required for the acquisition points, as can be seen in Figure 4-6, to be able to 

slightly move to meet the assumption. Furthermore, these point will participate in 

solution of other points in the geometry and may be required to move in another 

direction to coincide with path of energy transfer of those points. Therefore, the word 

“Floating” is adapted to represent the ability of the points to meet this assumption. 

Similar to other numerical method such as finite element or finite difference that 

accuracy of model is directly dependent to number of elements, the point density 

effects the accuracy of proposed method, as well. Again similarly, this effect 

converges to zero after reaching certain amount of elements or points in the 

mentioned methods. Note that all steps to find effective floating volume around each 

point is performed only once before starting the solving problem in time iteration. In 

each time step, the steplengths of probable source around each point either will be 

equal to their maximum values or will be smaller. In the first case, all effective 

floating point participate in the solution; however, in the second case, only 

acquisition point whose radius is smaller than respective steplength participate in the 

solution. If number of acquisition point is large enough to neglect the small distance 
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from probable source on the tip of steplength to to the closest acquisition point in 

respective direction, then all interpolation process can be eliminated with the burden 

of acceptable error propagation. Otherwise, it is only required to do interpolation for 

the temperature and material properties of probable source at the tip of steplength as 

the temperature and material properties of all other acquisition points in between are 

known either from initial condition or from previous time step solution.  It reduces 

the scattered interpolation process by the factor of 1 #𝑎𝑞𝑢𝑖𝑠𝑖𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡𝑠⁄ . 

 

Figure 4-5 Closest acquisition points to path in slice 4. 
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Figure 4-6 Effective Floating Volume for point m. 

Equation (4.15) takes temperature on the boundary and material properties of all 

acquisition point inside the sphere into account. As pointed out, to include 

nonhomogeneous initial condition, heat generation in thin layer, etc. in the solution 

of central temperature, the temperature of all acquisition points needs to participate 

in solution equation. Therefore, the coordinate transformation in radial direction, 

equation (4.10), is split over the radial direction. To clarify the derivation, consider 

the transfer path of energy from 𝑃4 to the point 𝑚 shown in Figure 4-5 simplified 

with three acquisition points as shown in Figure 4-7 The result then can be expanded 

to general multi acquisition point case.  
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Figure 4-7 Variables contributing in derivations. 

 

Starting from steady state equation (4.13), the integration should be split to the three 

defined integral from zero to 1. It yield the following equation. The expression inside 

the integrals in equation (4.19) calculates the contribution of source 𝑃4 in the central 

temperature. In this equation 𝑑𝑇𝑚 = 𝑇𝑚+1 − 𝑇𝑚,      𝑚 = 2,3, … (𝑀 − 1). 

𝑇𝐶 = ∫ ∫(𝑇1 +  𝑑𝑇2 + 𝑑𝑇3)𝑑𝑓𝑑𝑔

1

0

1

0

 

 

(4.19) 

Having the equations (4.11) and (4.12),  𝑑𝑓𝑑𝑔 would be equal to: 
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𝑑𝑓𝑑𝑔 =  

𝑑𝜃𝑑𝜑

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃, 𝜑)𝑟2sin (𝜃)
𝑅

0

∫ ∫
𝑑𝜃′𝑑𝜑′

∫
𝑑𝑟′

𝑘(𝑟′, 𝜃′, 𝜑′)𝑟2sin (𝜃)
𝑅

0

𝜋

0

2𝜋

0

 

 

(4.20) 

 

Substituting equation (4.20) in (4.19) and writing the general equation for central 

temperature yields the equation shown in (4.21). 

𝑇𝐶 =

∫ ∫
 𝑇(1, 𝜃, 𝜑) + ∑ 𝑑𝑇𝑚

𝑀−1
𝑚=2

∫
𝑑𝑟′

sin (𝜃)𝑟2𝛼(𝑟′, 𝜃, 𝜑)
𝑅

0

𝑑𝜃𝑑𝜑
𝜋

0

2𝜋

0

∫ ∫
1

∫
𝑑𝑟′

𝑟2sin (𝜃)𝛼(𝑟′, 𝜃, 𝜑)
𝑅

0

𝜋

0

2𝜋

0
𝑑𝜃𝑑𝜑

 (4.21) 

 

The variable 1 ≤ 𝑚 ≤ 𝑀𝑗 is counting for the number of total 𝑀 acquisition points in 

𝑗𝑡ℎradial direction. Note that 1 ≤ 𝑗 ≤ 𝐽 is index of 𝑗𝑡ℎ probable source around the 

sink in the center. 

 

4.2.2 Electrical Current Sharing 

In a heterogeneous medium the Laplace’s equation for the electric potential 𝑉 can be 

written as equation (4.24)  
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∇. (𝜎∇𝑉) = 0 (4.22) 

 

Where 𝜎 represent electrical conductivity which is reciprocal of electrical resistivity. 

This equation is similar to steady state heat conduction problem that we started our 

approach from in heat transfer section. Therefore, electric potential can be solved 

with the same formulations of the Monte-Carlo solution for steady state heat 

conduction in homogenous domain presented in [3]. Equations (4.25) - (4.27) relates 

to steady state electric potential at the center point, probability function in azimuth 

direction and probability function in elevation direction, respectively. Inverse 

probability functions (4.5)-(4.6) can be used to calculate direction of each probable 

source around the sink using random numbers. 

𝑉(𝑥, 𝑦, 𝑧) = ∫ ∫ ∫ 𝑉(𝑟, 𝜑, θ)𝑑𝐹𝑑𝐺

𝑡

𝜏=0

1

𝐺=0

1

𝐹=0

 (4.23) 

𝐹(𝜑) =
𝜑

2𝜋
 (4.24) 

𝐺(θ) =  
1

2
(1 − 𝑐𝑜𝑠θ) (4.25) 

 

Since steady state problem is time independent, the Monte-Carlo solution suggests 

to find furthest probable sources on the boundary of geometry. Therefore, the 

solution of electrical potential of each point comes from uniform distribution of 
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sources around it that all of them rest on the boundary at their tip. Figure 4-8 Depicts 

the acquisition points for solution of electric potential of point 𝑚.  

 

 

Figure 4-8 Effective floating volume for voltage pf point m. 

To count for temperature dependent electrical conductivity in multi scaled composite 

medium, the same coordinate transformation (4.11)-(4.12) and (4.18) are applied to 

the equation (4.22). It is needless to mention that the temperature and thermal 

diffusivity will be replaced by electric potential and electrical conductivity. Recall 

that we solved for three dimensional steady state heat conduction in spherical 

coordinate to reach equation (4.9). After the coordinate transformation and splitting 
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the integral in radial direction, one can achieve a relation for steady state electric 

potential shown in equation (4.26). Note that this is similar to equation (4.21) but we 

solve for electric potential V with material properties 𝜎 rather than solving for 

temperature T with thermal diffusivity 𝛼. 

𝑉𝐶 =

∫ ∫
 𝑉(1, 𝜃, 𝜑) + ∑ 𝑑𝑉𝑚

𝑀−1
𝑚=2

∫
𝑑𝑟′

sin (𝜃)𝑟2
𝑅

0

𝑑𝜃𝑑𝜑
𝜋

0

2𝜋

0

∫ ∫
1

∫
𝑑𝑟′

sin (𝜃)𝑟2
𝑅

0

𝜋

0

2𝜋

0
𝑑𝜃𝑑𝜑

 (4.26) 

 

The acquisition points for electric potential lay on the maximum possible transport 

path, i.e., from the boundary to sink. Therefore, provided that there are enough 

acquisition points to meet the accuracy in respective time span, they can be used for 

transient thermal physics as well in a coupling thermal and electrical sharing 

problem. Consequently, finding the acquisition points can be done only one time. 

However, the step depicted in Figure 4-3 will not be performed since acquisition 

points should touch the boundary.  

Once the electric potential is found in the domain, the electrical current density 𝒥 can 

be calculated with equation (4.27). The minus signs indicates that the electrical 

current points toward the decreasing direction of electric potential gradient. 
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𝒥 =  − 𝜎∇𝑉 (4.27) 

 

4.2.3 Joule Heating 

Once the current density is calculated, one can determine the magnitude of electrical 

current passing each point. The electrical resistance 𝑅 can be calculated using the 

dimension of each layer, point density of that layer and electrical resistivity of each 

point at respective temperature. Knowing the electrical current 𝐼 and electrical 

resistance of each point, the amount of energy generated due to electrical resistance 

can be simply calculated as equation (4.28). 

𝑄 = 𝑅𝐼2𝜏 (4.28) 

  

After calculation of generated energy Q at each time step, the temperature increase 

due to joule heating can be obtained using equation (4.29) where 𝐶𝑝 is the heat 

capacity and 𝓂 is the mass of each point in the geometry.  

𝑑𝑇𝐽 = 𝑄/𝓂𝐶𝑝 (4.29) 

It is necessary to clarify that since the heat generation and propagation are happening 

at the same time, it will not be correct to just add the 𝑑𝑇𝐽 due to joule heating to the 

points; however, 𝑑𝑇𝐽 will be added to the points before running the algorithm of heat 
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propagation provided in equation (4.21) and then the temperature of the points in the 

respective time step is stored. 

4.3 Application Example 

Superconducting YBCO (Yttrium Barium Copper Oxide) tapes are good examples 

of composite materials with multi-scaled geometry. There are silver and YBCO 

layers in this sandwich structure with the thickness of approximately  3 𝜇𝑚 and 

1.4 𝜇𝑚, respectively. The YBCO layer is a superconducting material that features 

almost zero electrical resistance in certain condition. This feature allows the 

superconducting tape to carry huge amount of current without energy dissipation.  

Superconductivity is a function of temperature, electrical current density and 

magnetic field. The transition from superconducting state to normal conducting state 

is called quench. When quench happens the electrical resistivity of YBCO layers 

jumps drastically over that of all other layers. The electrical current passing through 

the zero resistance layer of YBCO reaches the quenched spot and the electric current 

should opt the lowest resistance path to carry the electrons. This transition causes 

passing most of the huge amount of electric current through the stabilizer layers made 

of copper. Since the electrical resistivity of copper is not zero, the joule heating 

happens. The generated heat in copper layer propagates in longitudinal and 

transverse directions simultaneously. Raising the temperature in YBCO layer above 

the critical temperature causes expanding quench region to heated area. Figure 4-9 
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Sketches the cross section geometry of this tape made of random points. We have 

scaled the dimensions of layers to be able to show the composition of this sandwich 

structure.  The length of the tape is considered to be 1 cm for this simulation. 

 

Figure 4-9 Cross section of YBCO tape built by scattered random points. 

Figure 4-10 illustrates the same geometry build in COMSOL Multiphysics. It provide 

us the finite element solution to compare that against presented method in terms of 

accuracy and performance. Quench phenomenon can root in different causes such as 

passing the critical temperature, critical current density or critical magnetic field. 

Rather than these reasons, the quench can happen due to physical impurity in the 
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tape. This can cause for example by a crack in the tape that leads in small area of 

high electrical resistance and subsequently joule heating. To simulate the quench 

phenomenon, it is assumed that 1 𝑚𝑚 at the end of the tape has the physical impurity. 

The electrical resistivity of this area in the YBCO layer is considered to be 500 𝜇Ω −

𝑚. The number of random points in presented EFV method and number of nodes in 

FEM are approximately 40k. This similarity provide fair comparison between two 

methods. 

 

Figure 4-10 YBCO tape meshed in COMSOL joule heating module. 

Figure 4-11and Figure 4-12 display the temperature dependent material properties 

fed in both Finite element and effective floating volume methods. Figure 4-11 Shows 

thermal conductivity on left y axis and heat capacity on right y axis while Figure 

4-12 presents the electrical resistivity of materials used in superconducting YBCO 

tape. Densities are considered to be constant as 8940, 8890, 6390 and 

10490 𝑘𝑔 𝑚3⁄  for copper, substrate, YBCO and Silver, respectively.     
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Figure 4-11 Thermal properties of materials used in YBCO tape. 

 

Figure 4-12 Electrical resistivity of materials used in YBCO Tape. 

The number of direction around the center points to look for probable sources of 

energy is shown by variable 𝐽 in this study. In this study 𝐽 = 200 is considered. 
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Furthermore, maximum number of 𝑀 = 20 for number of acquisition points in radial 

direction is taken into account. Figure 4-13 Depicts the “Effective Floating Volume” 

for one point in the middle of YBCO tape. The points locates in the substrate layer. 

Three dimensional distribution of sources and their respective directions around the 

sink are represented by bigger size of points and lines, respectively. Note that the 

dimensions in Figure 4-13 Are scaled for best presentation of layers and that is why 

the distribution of source does not look uniform. The Figure 4-14 Shows the zoomed 

area of the same points and its effective floating volume in the same scale of axes to 

represent the uniformity of probable sources around the sink. 

 

Figure 4-13 Three dimensional representation of Effective Floating Volume around 

one sink. 
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Figure 4-14 Representation of EFV presented in figure 13 with equally scaled axes. 

The superconducting tape has terminal on one side with input of electrical current 

𝐼 =  400 𝐴 and while the other side is grounded. In this case it could be good 

approximation to search for probable sources of electric potential on the surfaces 

with applied boundary condition. Since the other surface are considered to be 

electrically insulated, the value of the source would be equal with initial value of 

voltage which is zero everywhere but the terminal surface. This method in saving the 

processing time if temperature sources and voltage sources are meant to be found 

separately.  

4.3.1 Accuracy EFV vs FEM 

As mentioned before, 40 𝑘 nodes and random points are used in FEM and EFV 

simulations. The initial Temperature is considered to be 45 𝐾 which is below the 
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critical temperature of YBCO tape as it can be seen in Figure 4-12. The electrical 

current 𝐼 =  330 𝐴 passes through the tape. The simulation is done with time step of 

5e-4 S to reach the final time 0.1 𝑆 with 300 time steps. Fig. 15 shows the temperature 

rise on points distributed evenly with intervals of 0.25 𝑐𝑚 in YBCO layer and along 

the length of the tape against the time. As it can be seen the results of two method lie 

on the strict error margin that confirms the accuracy of the method. Figure 4-16 and 

Figure 4-17 are three dimensional representation of the YBCO tape in both finite 

element and EFV methods at the time of 0.1 𝑆. It is worth mentioning that the 

magnetic field magnitude is considered to be zero in this simulation.  

 

Figure 4-15FEM vs EFV results for 0.1 s simulation 
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Figure 4-16 Three dimensional of heat propagation due to quench in Comsol after t 

= 0.036 s. 

 

Figure 4-17 Three dimensional of heat propagation due to quench in FEV method 

after t = 0.036 s. 



110 
 

 
 

 

The current sharing happens where the electrical current reaches the quenched area. 

As pointed out before, it opts its path through the stabilizer layer made of copper.  

Figure 4-18 shows this phenomenon in EFV method. 

 

Figure 4-18 Current Sharing in EFV method in time t = 5e-4 s. 

 

4.3.2 Accuracy EFV vs Measurement 

In terms of verification of the results against EFV, the data presented in [51]–[53] 

will be used. An YBCO tape with same geometry depicted in Figure 4-9 has been 

experimentally and numerically studied for quench simulation. Note that the buffer 
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layer has been neglected in our simulation. Figure 4-19 shows the experiment setup. 

The quench excitation has been done using a heater at the middle of a 9 cm long 

YBCO tape. Due to this fact that the quench propagation is symmetrical only half of 

the length of the tape is considered in the simulation. Thermocouples are connected 

to the top stabilizer layer at the distances of 0.5, 1, 1.5, 2, 2.5, 3.5 and 4.5 𝑐𝑚 to 

acquire the temperature profile during the quench propagation.  Heater half-length is 

1.5 𝑚𝑚. 

 

 

Figure 4-19 Experiment set-up for quench propagation in short YBCO tape 

presented in [51-53] 
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The tape is initially at the temperature 𝑇0 = 70 𝐾  and the experiment is done with 

the ratio of current to critical current  
𝐼

𝐼𝑐
= 0.5 while critical current is approximately 

𝐼𝑐 =  70𝐴. Figure 4-20 depicts the critical current vs  temperature obtained from [52]. 

 

Figure 4-20 Critical current vs Temperature presented in [52]. 

The n value in equation (4.30) is considered to be n = 21 and 𝐸𝑐 = 10−4 𝑉/𝑚. It 

affects the electrical resistivity of YBCO layer. It is worth mentioning that n value 

were equal to 30 in previous section comparing EFV and FEM. Figure 4-21 presents 

the electrical resistivity of YBCO layer for new condition of operational current and 

n value. 
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𝑅𝑠𝑐
′ (𝐵, 𝑇, 𝐼) = {

𝐸𝑐

𝐼𝑐(𝐵, 𝑇)
∙ (

𝐼𝑠𝑐

𝐼𝑐(𝐵, 𝑇)
)

𝑛−1

       𝑓𝑜𝑟     𝑇 < 𝑇𝑐

500 𝜇Ω ∙ 𝑚                           𝑓𝑜𝑟     𝑇 > 𝑇𝑐

 

 

(4.30) 

 

Figure 4-21 Electrical Resistivity of YBCO with n value n =21 and I =40A 

The total simulation time is considered to be 10 second to match the experimental 

data. The time step dt = 0.01 second enforces 1000 iterations for this simulation. The 

minimum quench energy is equal to 0.67 𝐽 for 
𝐼

𝐼𝐶
= 0.5 in table ΙΙ presented in [52]. 

To calculate the temperature raise in each time step, it should be noted that the 

duration of pulse in heater is 1 second; therefore in each time step dt = 0.01 s, the 
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energy transferred to the first 1.5 mm of the tape is considered to be 𝑑𝑀𝑄𝐸 =

 0.67 ×
𝑑𝑡

duration of pulse 
. To calculate the temperature raise in each time step, the 

mean density and mean heat capacity of the tape has been calculated as equations 

(4.31) and (4.32). 

Ρ𝑀 = Ρ𝐶𝑢 × V𝑓𝐶𝑢
+ Ρ𝐴𝑔 × V𝑓𝐴𝑔

+ Ρ𝑠𝑢𝑏𝑠 × V𝑓𝑠𝑢𝑏𝑠
+ Ρ𝑌𝐵𝐶𝑂 × V𝑓𝑌𝐵𝐶𝑂

 (4.30) 

C𝑝_𝑀 = C𝑝_𝐶𝑢 × V𝑓𝐶𝑢
+ C𝑝_𝐴𝑔 × V𝑓𝐴𝑔

+ C𝑝_𝑠𝑢𝑏𝑠 × V𝑓𝑠𝑢𝑏𝑠
+ C𝑝_𝑌𝐵𝐶𝑂 × V𝑓𝑌𝐵𝐶𝑂

 (4.31) 

 

Where Ρ stands for density and V𝑓 stands for volume fraction. Specific heat capacity 

is updated based on variation of temperature due to the heater or joule heating. Here, 

similar to joule heating, the temperature raise of heater is propagated using equation 

(4.21) and then stored. 

 

Figure 4-22 Temperature profile in locations T0 T1.5 T2.5, comparison among 

EFV, FEM in ref [51] and measurement in ref [51]. 
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Since the measured temperature is provided for thermocouple location of 

𝑇0, 𝑇1.5 𝑎𝑛𝑑 𝑇2.5 locations, the EFV method solution is extracted for these location 

during the 10 s simulation. FEM solution provided in [51] is also included to the 

Figure 4-22.  As it can be observed the numerical simulations have higher magnitude 

and steeper slopes compared to measurement. This may root in various reason such 

as inaccurate material properties, cooling effect in measurement or interfacial 

thermal resistance between layers of superconductor tape. However, the trend and 

closer results of our numerical simulation to FEM simulation done by Wan Kan Chan 

et.al in [51], proves the validity of the method.  

 

4.3.3 Performance 

The parallelizability of the presented algorithm is based on the employment of 

Monte-Carlo method. This is most probably the main motivation in presented 

algorithm which is reducing the simulation time compared to FEM or finite 

difference methods. In this section simulation time of EFV versus FEM for the 

example in section 4.3.1 is presented. Figure 4-23 depicts simulation time on CPU-

CPU comparison while two methods are using 20 CPUs in parallel.  It shows 8.43 

times speed up in EFV method compared to FEM. The simulation time of each 

iteration of FEM in COMSOL is approximately 61.53 s while that of EFV is equal 

to 7.29 s. 
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Figure 4-23 Performance of EFV against FEM on 20 CPUs. 

4.4 Conclusion 

This study provides a novel approach to solve Multiphysics problem of joule heating 

which consists of heat conduction and electrical current sharing. Furthermore, the 

modification made on the formulation takes the value of temperature, voltage and 

material properties of acquisition points, not only on the boundary but also along the 

radial path of energy transfer, into account. Therefore, it can either eliminate or 

drastically reduce the requirement of scattered interpolation compared to previous 

mesh-free methods where the geometry is defined by random points. Moreover, this 

features enables this method to tackle problems with high scaled dimensions in their 

geometry. Finally, the proposed method benefits the high parallelizability of Monte-

Carlo method which makes it well suited for complex and time consuming problems 

where conventional methods such as FEM encounter large number of elements and 

hence prohibitive simulation time. The results are presented in terms of accuracy and 

performance. The EFV converges to correct result as compared to FEM meanwhile 
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the simulation time is a fraction of that of FEM. All in all, the proposed method open 

an opportunity to research and expand the idea to other physics such as structural 

mechanics including stress-strain analysis, heat transfer in porous media, fluid 

mechanics and etc.   
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