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Abstract

Monte Carlo simulations are used to determine source properties of terrestrial gamma ray
ﬂashes (TGFs) as a function of atmospheric column depth and beaming geometry. The total mass per unit
area traversed by all the runaway electrons (i.e., the total grammage) during a TGF, Ξ, is introduced, deﬁned
to be the total distance traveled by all the runaway electrons along the electric ﬁeld lines multiplied by the
local air mass density along their paths. It is shown that key properties of TGFs may be directly calculated
from Ξ and its time derivative, including the gamma ray emission rate, the current moment, and the optical
power of the TGF. For the calculations presented in this paper, a standard TGF gamma ray ﬂuence,
F0 = 0.1 cm2 above 100 keV for a spacecraft altitude of 500 km, and a standard total grammage,
Ξ0 = 1018 g/cm2, are introduced, and results are presented in terms of these values. In particular, the current
moments caused by the runaway electrons and their accompanying ionization are found for a standard TGF
ﬂuence, as a function of source altitude and beaming geometry, allowing a direct comparison between the
gamma rays measured in low-Earth orbit and the VLF-LF radio frequency emissions recorded on the
ground. Such comparisons should help test and constrain TGF models and help identify the roles of
lightning leaders and streamers in the production of TGFs.

Plain Language Summary Terrestrial gamma ray ﬂashes (TGFs) are bright bursts of gamma rays,
usually observed from space, that originate from thunderstorms in the Earth’s atmosphere. Even though
they were discovered 23 years ago, it is still not clear how they are generated inside thunderstorms. There is
also considerable disagreement on how bright they are at the source, hindering efforts to model these
events. In this paper, the results of Monte Carlo simulations of TGFs are presented. Key properties of TGFs
inside thunderstorms are determined and predictions about the relationships between the gamma ray,
optical, and radio emissions are made.
1. Introduction
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As more multiwavelength observations of TGFs became available, it is increasingly important to identify
exactly what properties of TGFs are being measured so that meaningful comparisons between the observations can be made, thus allowing TGF models to be tested and constrained. In this paper, we consider three
types of observations: gamma ray, LF-VLF radio frequency, and optical observations. To date, most observations of TGFs have been made by gamma ray instruments in low-Earth orbit such as Compton Gamma Ray
Observatory/Burst And Transient Source Experiment, Reuven Ramaty High Energy Solar Spectroscopic
Imager (RHESSI), Fermi/Gamma-ray Burst Monitor (GBM) and Large Area Telescope, and Astro-Rivelatore
Gamma a Immagini Leggero [Fishman et al., 1994; Smith et al., 2005; Briggs et al., 2010; Marisaldi et al.,
2010; Dwyer et al., 2012]. Because these instruments were designed to measure gamma rays from solar or
astrophysical sources, none have been particularly well suited for measuring the very short and bright
TGFs. Indeed, instrumental dead time and pulse pileup effects have plagued many of the previous TGF measurements [Grefenstette et al., 2008; Gjesteland et al., 2010]. Nevertheless, some common TGF properties have
emerged from these data: the sources of TGFs occur within the altitude ranges of thunderclouds and are not
associated with sprites as was initially proposed [Dwyer and Smith, 2005; Cummer et al., 2005]. TGFs have (T50)
durations ranging from about 20 μs to about a millisecond [Briggs et al., 2013; Marisaldi et al., 2015], with most
having durations around 100 μs. TGFs can be composed of either single or multiple pulses [Fishman et al.,
1994]. The energy spectra of TGFs extend to several tens of MeV and are consistent with bremsstrahlung
emissions from relativistic runaway electron avalanches (RREAs) [Gurevich et al., 1992; Lehtinen et al., 1999;
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Dwyer and Smith, 2005]. TGFs are very bright, with ﬂuences on the order of 0.1 gamma rays per cm2 at 500 km
altitudes, in low-Earth orbit [Østgaard et al., 2012]. Such ﬂuences imply that very large numbers of gamma
rays and runaway electrons must be present at the thunderstorm source, deep within the atmosphere.
Exactly how many depends upon the source altitude, which can be determined with the help of VLF-LF radio
observations of the TGFs [Cummer et al., 2005, 2014].
TGFs are associated with some of the largest peak VLF-LF radio intensities produced by thunderstorms [Inan
et al., 2006]. Radio observations have found that many TGFs are associated with positive intracloud (+IC) lightning during the propagation of the upward negative leader between the main negative and positive charge
centers within the thunderclouds [Cummer et al., 2015]. During the time that the gamma rays are emitted, a
large sferic is sometimes recorded with a pulse shape consistent with the gamma ray “light curve” [Cummer
et al., 2011]. Speciﬁcally, the current-moment proﬁle inferred from the radio data closely matches the gamma
ray light curve at the source, suggesting that the current and gamma ray production are closely linked. This
connection is further strengthened by the observations that shorter TGFs have a higher World Wide
Lightning Location Network detection efﬁciency (in 6 and 18 kHz range) than longer TGFs [Connaughton et al.,
2013; Marisaldi et al., 2015], which is expected if the TGF gamma ray emission and the current pulse are connected (see section 8 for more details). By comparing the arrival times of TGF sferics and their ionospheric
reﬂections, Cummer et al. [2014] found that the source altitude of several TGFs was about 12 km, in the midlevels of the thunderstorms. This work is in agreement with earlier observations by Stanley et al. [2006] using
the Los Alamos Sferic Array and is consistent with the altitude ranges inferred from the gamma ray spectra.
In addition, Lyu et al. [2015, 2016] identiﬁed a new class of large radio pulses from thunderstorms, which they
call energetic incloud pulses (EIPs). They found that EIPs share several features in common with TGFs, including similar altitude ranges and similar pulse shapes. Furthermore, several EIPs have been directly associated
with TGFs, as identiﬁed by spacecraft gamma ray observations. Because most EIPs that have been recorded
do not have simultaneous gamma ray measurements, largely due to the paucity of space-based TGF observations, it has not yet been established whether or not there is a one-to-one correspondence between TGFs
and EIPs. However, it is an intriguing possibility that the two are indeed the same phenomenon, and so
further work to understand the radio emissions associated with TGFs is warranted.
The two competing models of TGFs, the relativistic feedback model [Dwyer, 2012; Liu and Dwyer, 2013] and
the lightning leader model [e.g., Moss et al., 2006; Dwyer, 2008; Carlson et al., 2010; Dwyer et al., 2010;
Celestin et al., 2012], are both consistent with TGFs occurring during the propagation of the upward negative leader between the main negative and positive charge centers [Cummer et al., 2015], and so the location and timing information provided by the VLF-LF radio observations do not differentiate between these
two models. Likewise, the radio pulses, alone, do not directly determine the source of the current, and so,
again, do not differentiate between the two models. However, by comparing the current moments inferred
from the radio data with the current moments inferred from the gamma ray data, we should be able to tell
if the currents are mostly being generated by the runaway electrons and their associated ionization or by
conventional discharge processes, providing insight into the conditions occurring at the time of the TGF.
To distinguish between the models, we can also look to see what optical emissions, if any, are being generated during TGFs [Dwyer et al., 2013]. The optical emission should provide a test for what kind of discharges
are directly associated with the TGFs, such as streamer discharges, leader processes, or discharges mainly
involving the energetic particles. So far, only limited optical observations are available using data from the
TRMM spacecraft, with no optical detections from the TGF reported to date [Østgaard et al., 2013].
However, as new lightning sensors become available in the next few years, this question may be addressed
in greater detail, and so we will consider the optical emission in this paper as well.
The source regions of terrestrial gamma ray ﬂashes are probably complicated, so there may be no single parameter that can completely characterize all the properties of the TGF. Nevertheless, it is still desirable to quantify the number of high-energy particles, so that the gamma ray, radio, and optical emissions from the source
region may be predicted. We show that a key TGF quantity for determining these emissions is the total mass
per unit area traversed by all the runaway electrons (i.e., the total grammage summed over all the runaway
electrons), Ξ, which is the total distance traveled by all the runaway electrons along the electric ﬁeld lines
multiplied by the local mass density of air. Knowing Ξ, which has units of g/cm2, along with the TGF duration
allows the number of gamma rays, the size of the LF-VLF radio pulse, and the amount of optical emission
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associated with the runaway electrons to be calculated. In this paper, we calculate Ξ as a function of the
atmospheric column depth at the source for a typical TGF ﬂuence recorded in low-Earth orbit and predict
the radio frequency and optical emissions.

2. Grammage
In previous work, either the total number of runaway electrons, Nore , or gamma rays, N0γ , passing through a
horizontal plane at a speciﬁed altitude has been used to characterize the strength of TGFs. For example,
Dwyer and Smith [2005] used Monte Carlo simulations of both the RREAs and the gamma ray propagation
and RHESSI data to infer that there are about 1017 runaway electrons in the average TGF source region for
a source altitude of 15 km. Because the number of gamma rays emitted by bremsstrahlung interactions with
air depends both upon the number of runaway electrons and the amount of air that they traverse, the number Nore depends on the electric ﬁeld conﬁguration in the source region, and, therefore, it is not a modelindependent quantity. For instance, Dwyer and Smith [2005] used an electric ﬁeld strength of 400 kV/m inside
the runaway electron avalanche region, with the atomic number density of air equal to 5.39 × 1025 m3,
which corresponds to the mass density of 1.30 × 103 g/cm3. Outside the avalanche region the electric ﬁeld
was set equal to zero. The results were then scaled to match the atmospheric densities occurring at thunderstorm altitudes.
Within our atmosphere, it is more useful calculate quantities relative to the International Standard
Atmosphere (ISA) sea level density of air, ρISA = 1.225 × 103 g/cm3, which corresponds to the atomic number
density 5.072 × 1025 m3. For the remainder of this paper, quantities will be presented relative to this
International Standard Atmosphere density.
Monte Carlo simulations show that the avalanche threshold ﬁeld in air, Eth, is 267 kV/m × n, where n is the
density of air relative to the ISA value [Dwyer, 2003; Babich et al., 2004]. Note that this value is slightly lower
than the value presented in earlier work, because of the lower density being used here. For electric ﬁelds that
are not too close to the threshold ﬁeld (i.e., E > 280 kV/m × n) the runaway electron avalanche (e-folding)
length is well ﬁt by the analytical relation
λ¼

7300 kV
;
½E  E d 

(1)

where E is the electric ﬁeld strength measured in kV/m and Ed = 260 kV/m × n. For constant electric ﬁeld
strengths less than Eth, the number of runaway electrons decays approximately exponentially with an efolding length given roughly by equation (1) with Ed = 300 kV/m × n.
In equation (1), at sea level, ISA conditions, the avalanche length for the electric ﬁeld, EISA, is
λISA ¼

7300 kV
;
½E ISA  260 kV=m

(2)

where the subscript is used to identify the sea level, ISA values. At thunderstorm altitudes, where the relative
air density is n, if the electric ﬁeld is scaled as E = EISA × n, then from equation (1), the avalanche length scales
as λ = λISA × n1. Similarly, the exponential decay e-folding length from equation (1) also scales as n1.
For a uniform electric ﬁeld over a distance, zaval, the number of runaway electrons versus distance along the
avalanche direction is
Nre ðz Þ ¼ N0re expðz=λÞ;

(3)

where z = 0 corresponds to the end of the avalanche region, which extends from zaval to 0. Integrating
equation (3) from zaval to 0 gives the total path length (or range) traveled by all the runaway electrons, Ltot:
Ltot ¼ λN0re ð1  expðzaval =λÞÞ≈λN0re ;

(4)

where the last approximation uses zaval > > λ, which should be true for TGFs [Dwyer, 2008]. From equation (4),
we see that the average path length traveled by the runaway electrons in the avalanche region, L, is equal to λ,
the avalanche length.
For the sea level electric ﬁeld strength of EISA = 377 kV/m used by Dwyer and Smith [2005] (scaling the
400 kV/m ﬁeld to the ISA density), the number of runaway electrons in the avalanche region increases
DWYER ET AL.
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exponentially with distance with an e-folding length of λISA = 63 m. Then upon exiting the top of the avalanche region, the number of runaway electrons decays exponentially with distance with an e-folding length
of λISA = 24 m. As a result, the average path length (in meters) traversed by the runaway electrons in these
simulations at sea level is LISA = (63 m + 24 m) = 87 m. Inside a thunderstorm, where the relative density of
air is n, L ¼ LISA n1 = 87 m × n1. Since the mass density of air ρ = ρISAn, the average grammage of air traversed by these runaway electrons is ξ = ρL = 11 g/cm2, independent of the altitude. In other words, when the
electric ﬁeld strengths are scaled with the air density, n, the average grammage traversed by all the runaway
electrons is independent of air density and altitude.
However, different electric ﬁeld conﬁgurations produce different average grammages. For example, if instead
of 377 kV/m × n, as used by Dwyer and Smith, 2005, we double the ﬁeld strength to 754 kV/m × n in the
avalanche region, the average grammage would be ξ = 4.8 g/cm2 instead of 11 g/cm2 For this case, the
number of runaway electrons required to produce the same number of gamma rays would be 11/4.8 = 2.3
times larger. Clearly, the number of runaway electrons, N0re , is not the best choice to describe a TGF, since
it depends upon the details of the electric ﬁeld assumed. A better choice for describing the runaway electrons
in the source region is the total grammage (in units of g/cm2) traversed by all the runaway electrons up until
time, t:


X
Ξðt Þ ¼
∫ρdl∣∣  ¼ Nre ðtÞ ξ ðtÞ;
(5)
all RE
t’<t

where ρ is the mass density of air as a function of altitude; the integration is along the path of the runaway
electrons along the direction of the electric ﬁeld lines for times less than t (see Appendix A for more details);
and ξ ðtÞ is the average grammage traversed by all of the runaway electrons up until time t. Here we deﬁne Nre
(t) to be the total number of runaway electrons that are present in the source region during the TGF before
time t. For large t, after the TGF is over, Nre(t) becomes the total number of runaway electrons that were present in the source region during the whole TGF. Note that this is slightly different from the deﬁnition of N0re ,
which is the total number of runaway electrons passing through a horizontal plane at a speciﬁed altitude.
However, for cases in which the end of the avalanche is at a ﬁxed altitude, e.g., the ﬁeld used by Dwyer
and Smith [2005], the two numbers are the same.
The path along the ﬁeld line is chosen because Monte Carlo simulations such as Runaway Electron Avalanche
Model (REAM) have already found properties of the relativistic runaway electron avalanches (RREAs) along
the ﬁeld line (avalanche direction) such as the avalanche lengths, ionization rates, bremsstrahlung emission
rates, and avalanche propagation speeds, all of which may be used to calculate TGF properties.
Equation (5) is useful for Monte Carlo calculations. Alternatively, in terms of the number density of runaway
electrons, nre, in the source region, the time derivative of the total grammage is given by
dΞ
¼ v re ∫nre ρ d3 !
x;
dt

(6)

where the volume integral is over the entire source region (see Appendix A for more details). In equation (6),
vre is the average speed of the runaway electrons in the RREA along the local electric ﬁeld line. Simulations
have found that vre ≈ 0.89c over a wide range of electric ﬁeld strengths, independent of the air density
[Coleman and Dwyer, 2006]. Of course, equation (6) can be integrated to give Ξ as a function of time.
We note that Dwyer and Cummer [2013] introduced a related quantity, the total runaway electron pathlength,
Ω, which is the total distance traveled by all the runaway electrons in the vertical direction. For vertical electric ﬁelds, Ξ is obtained from Ω by multiplying by the average mass density of air in the source region.

3. Gamma Rays
The standard way that the number of runaway electrons is inferred from spacecraft data from low-Earth orbit
is to use Monte Carlo codes to simulate the propagation of the gamma rays up through the atmosphere from
the source region to the spacecraft. Additional Monte Carlo simulations are then used to determine the
detector response to these gamma rays, giving the expected number of counts as a function of energy. By
comparing the actual number of measured counts to the predicted number, the number of gamma rays at
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the source location is determined. Additional Monte Carlo simulations can then be used to connect the
gamma rays to the causative runaway electrons.
If a detailed simulation is available, such as REAM, then modeling can be used to calculate both the timederivative of the total grammage, d Ξ/dt, and the ﬂux of gamma rays at the spacecraft. By comparing this predicted ﬂux to that actually recorded, the total grammage at the source can be found. The difﬁculty with this
approach is that it is very time consuming for more than a few TGFs; in addition, not all researchers have
access to such detailed simulations. Alternatively, codes, such as Geant, which propagate gamma rays exiting
a plane to a speciﬁed spacecraft altitude, are more widely available. It is therefore useful to be able to ﬁnd the
total grammage directly from the number of gamma rays at a speciﬁed plane. Below, we calculate the connection between the runaway electrons and the gamma rays emitted in the source region.
The rate of gamma ray emission per unit volume is
Sγ ¼

nre ρ v re
;
Γγ

(7)

where Γγ is the average interaction length (in g/cm2) for runaway electrons in a RREA to produce a gamma ray
with energy >1 MeV. Because almost all of the gamma rays that make it to low-Earth orbit originate from
gamma rays with energies above 1 MeV at the source, we only consider gamma rays with energies
>1 MeV at the source. REAM Monte Carlo simulations ﬁnd that Γγ = 33.2 g/cm2.
The rate that gamma rays are emitted throughout the entire source region is thus
dNγ
nre ρ v re 3 !
1
1 dΞ
:
d x ¼ v re ∫nre ρ d3 !
x ¼
¼∫
Γγ
Γγ dt
dt
Γγ

(8)

The total number of > 1 MeV gamma rays emitted during the TGF is then
Nγ ¼

Ξ
:
Γγ

(9)

Therefore, if we know Nγ we then can ﬁnd Ξ and vice versa. We can then use Ξ to calculate RF emissions and
other properties of the TGF such as current moments. To connect the number of gamma rays produced by
the runaway electrons to the number of gamma rays exiting a plane near the source region, we need to
consider propagation of the gamma rays through the source region to that plane. This is discussed in
section 4 and Appendix B.
A difﬁculty arises in that Nγ cannot be directly inferred from spacecraft observations without additional
knowledge about the source altitude, beaming geometry, and the source location relative to the spacecraft.
Sferic observations of TGFs, in some cases, may be used to determine both the source location and the source
altitude. The beaming angle and direction, however, are still not well understood and cannot be determined
using RF observations or single point spacecraft measurements. As a result, we present results below for several beaming geometries and source altitudes.

4. A Standard TGF
When modeling TGFs, it is important to consider what we mean by the source altitude. For a vertical beam,
the altitude where the number of gamma rays is at a maximum is almost always higher than the altitude
where the number of runaway electrons is at a maximum, since runaway electrons will continue to emit
gamma rays as they move past the location where they are at a maximum. For example, for the electric ﬁeld
conﬁguration used by Dwyer and Smith [2005], the runaway electrons will peak at the end of the avalanche
region, and the gamma rays peak a few g/cm2 higher. On the other hand, the altitude where the rate of
gamma emission is highest normally corresponds to the altitude where the number of runaway electrons
is at a maximum. When altitude information is available for speciﬁc TGFs, it usually comes from RF observations, which measure the altitude of the electric current. Since the currents generated by the runaway electrons and their associated ionization track the runaway electrons, it is reasonable to use the runaway
electrons to specify the source altitude, for instance, deﬁning the source altitude to be the average altitude
of the runaway electron distribution or the altitude of the peak of the runaway electron distribution.
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If simulations ﬁnd the number of gamma rays exiting a plane, care must be taken when connecting those
gamma rays to the runaway electrons. Rather than worrying about the particulars of the source region, in this
work, an ideal source is assumed for which all the runaway electrons occur in an inﬁnitely narrow altitude
range at the same altitude where the source gamma rays are calculated. Although this arrangement is not
physical, it has the advantage that the grammage can be directly and unambiguously found from the gamma
rays without having to consider propagation effects of the gamma rays within the source region. For an ideal
source, equations (8) and (9) describe the number of gamma rays exiting through the detection plane immediately above the source region. In Appendix B, corrections for extended runaway electron distributions
are discussed.
As is shown in section 7, based upon Monte Carlo simulations for a standard TGF ﬂuence (0.1 cm2 for energies > 100 keV and a spacecraft altitude of 500 km) with a typical source altitude, the entire TGFs have total
grammages on the order of Ξ0 = 1018 g/cm2, which is equivalent to 1017 runaway electrons traversing
10 g/cm2 of air. Since 1018 g/cm2 is a convenient unit that sets the scale for TGFs, we propose using Ξ0 as
the standard unit of TGF source strengths, against which individual TGFs may be compared.
When calculating the number of gamma rays at the source, we only consider the gamma rays with energies
>1 MeV, since virtually no gamma rays with energies below this value make it out of the atmosphere for the
source altitudes under consideration here. The total number of >1 MeV photons emitted during a standard
TGF is Nγ = Ξ0/Γγ = 3.0 × 1016. For an ideal source, the number of gamma rays emitted is almost exactly the
same as the number of gamma rays exiting a plane at that altitude.

5. REAM Monte Carlo Simulation
In this paper, we present results from the REAM Monte Carlo simulation. REAM, which is described in Dwyer
[2003, 2007], simulates RREAs, including relativistic feedback effects. It also includes bremsstrahlung emission
of gamma rays and the propagation of the gamma rays through the atmosphere. Results from REAM have
appeared in many papers since its introduction in 2003, most recently in Mailyan et al. [2016], where it was
used to model the energy spectrum of individual Fermi/GBM TGFs. For the simulations performed in this
work, a large number of runaway electrons are simulated in a 425 m long avalanche region (at ISA conditions)
with a uniform electric ﬁeld of 377 kV/m, corresponding to slightly under 7 avalanche lengths. Outside the
avalanche region, the electric ﬁeld is zero. Because the runaway electron energy spectrum quickly
approaches steady state RREA energy spectrum after traveling just a few avalanche lengths, the energetic
seed electrons are injected with the steady state RREA energy spectrum at the start of the avalanche region.
RREAs then develop and are allowed to propagate past the end of the avalanche region until all the runaway
electrons lose energy and are absorbed. During their propagation, more than 5 million gamma rays with
energies > 1 MeV are generated, and their directions, energies, times, and locations at creation are stored
in a ﬁle for further analysis. To simulate a TGF, these gamma rays are then emitted from a horizontal plane
at a speciﬁed TGF source altitude and propagated through the atmosphere to an altitude of 500 km, with
the correct density proﬁle as determined by the MSIS-E-90 atmospheric model [Hedin, 1991]. All gamma rays
passing through a horizontal plane at 500 km are recorded. The ﬂuence is calculated by counting all the
gamma rays within a speciﬁed energy range and speciﬁed horizontal distances. This number of gamma rays
is then divided by the projection of the area in the direction of the TGF and corrected for the spherical geometry of Earth (see Appendix C).

6. Angular Distributions
For a uniform electric ﬁeld, the angular distribution of the runaway electrons plus the spread in emission
angles of the bremsstrahlung gamma rays result in an RMS spread in the polar angle of the >1 MeV gamma
rays at the source of θRMS = 14.7° (θ at half max is 14.2°) for an ISA electric ﬁeld of 377 kV/m, decreasing somewhat with increasing ﬁeld strength. If the electric ﬁeld lines in the source region either converge or diverge,
then an additional spread in the angular distribution of the gamma rays results. Studies of TGFs recorded at
various horizontal distances from the spacecraft’s nadir point suggest that the angular distribution of the TGF
gamma rays may be about 30° and perhaps as wide as 45° [Dwyer and Smith, 2005; Hazelton et al., 2009;
Gjesteland et al., 2011].
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Figure 1. TGF ﬂuence for gamma ray energies >100 keV versus polar angle. The three curves in each panel are for a 0°
beam width, a 30° beam width, and a 45° beam width.

Since the angular width of the TGF emission is not known and is difﬁcult to determine using single point
spacecraft measurements, we present results for three different beam widths: 0°, 30°, and 45°. These angles
refer to the half-angle of the uniform cone with which the intrinsic angle distribution is convolved. In all three
cases, we only consider vertical beams. It is possible, and even likely, that not all TGFs are oriented in the
vertical direction, since all thunderstorm electric ﬁelds do not need to be vertical. However, we shall leave
the study of such tilted beams to future work.
Figures 1–3 show the TGF ﬂuence versus the polar angle for a spacecraft altitude of 500 km and a total source
grammage Ξ = Ξ0 = 1018 g/cm2 for ﬁve different source altitudes. The polar angle is deﬁned to be the angle
between the spacecraft location and the zenith direction, directly above the TGF (see Figure C1). Figure 1 is
for gamma ray energies >100 keV at the spacecraft location. Figure 2 is for gamma ray energies >1 MeV at
the spacecraft location, and Figure 3 is for gamma ray energies >5 MeV at the spacecraft location. The beam
widths in these and subsequent ﬁgures refer to the additional spreading of the gamma ray directions at the
source on top of the intrinsic spread of 14.7°. As can be seen in Figures 1 and 2, for polar angles greater than
about 30°, the ﬂuence for all three beam widths are about the same for all six source altitudes. Only for polar
angles less than about 30° do we see a substantial difference between the different beam widths. In contrast,
for the higher energies seen in Figure 3, there are substantial differences in the ﬂuences at large polar angles
(i.e., larger TGF distances from the spacecraft nadir point). This is because in order to detect the highest
energy gamma rays, the spacecraft must be in the TGF beam, and so the ﬂuence falls off more quickly with
the polar angle for narrow beam widths. For Figures 1 and 2, larger energy ranges are included in the ﬂuence
calculations, and so more of the Compton-scattered gamma rays are contributing to the ﬂuence. Because the
scattered gamma rays have a very broad angular distribution, the three curves in each plot tend to match at
large polar angles. From these ﬁgures, it is clear that the energy spectra for the three beam widths change
dramatically with polar angle. However, as long as a threshold of 1 MeV or lower is used, the ﬂuence at large
polar angles is insensitive to details of the beam width at the source. This is illustrated in the next section,
when we compare the total grammages for TGFs located near the nadir point (small polar angles) and
TGFs offset by a few hundred kilometers from the nadir point (large polar angles).
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Figure 2. TGF ﬂuence for gamma ray energies >1 MeV versus polar angle. The three curves in each panel are for a 0° beam
width, a 30° beam width, and a 45° beam width.

Figure 3. TGF ﬂuence for gamma ray energies >5 MeV versus polar angle. The three curves in each panel are for a 0° beam
width, a 30° beam width, and a 45° beam width.
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7. Total Grammage
Figure 4 shows the total grammage calculated for a standard TGF ﬂuence
(0.1 cm2 for energies above 100 keV
and a spacecraft altitude of 500 km)
and an ideal source. Results are presented for the beam widths discussed in
section 6 as a function of the column
depth in the atmosphere, I. The relation
between the altitude and column depth
is found from
∞

IðzÞ ¼ ∫z ρ dz;

(10)

where ρ is the mass density of air, given
by the MSIS-E-90 atmospheric model.
For this work, we use six different column depths that span the likely range
of TGF source column depths inside
Figure 4. The total grammage versus atmospheric column depth for a thunderstorms. The approximate alti2
standard TGF with a ﬂuence of 0.1 cm (> 100 keV) at a spacecraft altitudes above sea level corresponding to
tude of 500 km. The top three lines and data are for polar angles between
30° and 40°, and the bottom three are for polar angles between 0° and 10°. these column depths are listed in
Table 1, for the Caribbean and Gulf of
Mexico, where many TGFs are observed.
Because the altitude that corresponds to a given column depth can change with location and time, when comparing TGF models, it is important that the models use the same columns depth rather than the same altitudes.
In Figure 4, the data points with the dashed lines are for polar angles between 0° and 10°, corresponding to
distances from the nadir point of 0 km and 80 km, respectively. The data points with the solid lines are for
polar angles between 30° and 40°, corresponding to distances from the nadir point of 258 km and 370 km,
respectively. All the results in Figure 4 are for an average ﬂuence of 0.1 cm2 (>100 keV). The lines are exponential ﬁts to the data of the form
 
I
:
(11)
Ξ ¼ C exp
λγ
The values for λγ are listed in Table 2. Figure 4 and equation (11) show how the source strength of the TGF, as
measured by Ξ, changes with column depth in the atmosphere for a ﬁxed ﬂuence at the spacecraft. The column depth, λγ, may be loosely interpreted as the average attenuation length (in g/cm2) of the gamma rays in
the atmosphere for gamma rays that have already passed through 135.5 g/cm2 of atmosphere. Because the
spectrum of the gamma rays is modiﬁed as the gamma rays propagate through the atmosphere, the attenuation length also changes, and so the values of λγ cannot be used to calculate the total attenuation between
the source and the top of the atmosphere. To calculate this attenuation, methods such as detailed Monte
Carlo simulations must be used.

Table 1. Atmospheric Column Depths Used in This Study Along With
the Approximate Altitudes Above Sea Level That Correspond to These
Column Depths
2

I (g/cm )

Z (km)

294.5
254.5
218.8
187.2
159.6
135.5

DWYER ET AL.

10
11
12
13
14
15
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As discussed in section 6, the data
points for polar angles between 30°
and 40° (solid lines) are nearly identical
for the three beam widths, showing that
the results are not sensitive to the beam
width used. The data for smaller polar
angles, between 0° and 10° (dashed
lines), have a lower total grammage,
and the total grammage is sensitive to
the beam width model used. This is
because TGFs near the nadir point do
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not need to be as large to make the same ﬂuence compared to TGFs that are farther away. Also, as can be
seen in Figures 1 and 2, TGFs near the nadir point, with small polar angles, are sensitive to the beam width.
More details may be found in Appendix C.
Finally, as can be seen in Figure 4, a typical value for the total grammage is Ξ0 = 1018 g/cm2, which we
proposed in section 4 to be deﬁned as a standard TGF. As a result, the y axis in Figure 4 may be rescaled
as 0.1 Ξ0 to 100Ξ0.

8. Electric Currents
A mechanism for producing current during TGFs involves the ionization created by the runaway electrons. As
runaway electrons propagate, they ionize the air, creating free low-energy electrons and ions. These electrons
and ions drift in the electric ﬁeld within the thundercloud, producing a current moment (units of kA-km). For
this mechanism, most of the current-moment comes from the low-energy electrons, which attach to air molecules on a timescale much shorter than the TGF duration. Therefore, the current-moment proﬁle should
approximately match the runaway electron production rate, which in turn matches the bremsstrahlung
gamma ray production rate.
The current moment is found as follows. The rate that runaway electrons ionize air and create low-energy
electrons per unit volume is
Sle ¼ nre ρ v re α;
(12)
where the constant α, which is independent of altitude, is the ionization rate of runaway electrons in a RREA
per g/cm2 of path length along the electric ﬁeld line. The ionization per unit length was calculated by Dwyer
and Babich [2011]. The ionization rate per g/cm2, α, is found by dividing the sea level values in Dwyer and
Babich [2011] by the mass density of air at the same conditions, giving α = 6.42 × 104 cm2/g (using the ISA
value of 78.6 cm1 from Dwyer and Babich [2011]).
The number density of low-energy electrons is given by
dnle
nle
¼ Sle  ;
dt
τa

(13)

where τ a is the two- and three-body attachment time of the low-energy electrons. Since the attachment time
is short compared to the duration of the TGF
nle ≈Sle τ a ¼ nre ρ v re α τ a :

(14)

The electric current density from the low-energy ions and the electrons is approximately
t

 0
J≈enre ρ v re α τ a μe E þ e∫∞ nre ρ v re α μþ þ μ Edt ;

(15)

where μe, μ+, and μ are the mobilities of the low-energy electrons and positive and negative ions, respectively; e is the magnitude of the charge of the electron; and E is the electric ﬁeld strength. In equation (15),
the number of negative ions is slightly overestimated, since not all the electrons will have undergone attachment by time t. However, for TGF durations much longer than the attachment time, τ a, the error caused by
this overestimate is small. The total current moment is then


t

 0
Imom ¼ ∫ enre ρ v re α τ a μe E þ e∫∞ nre ρ v re α μþ þ μ Edt d3 !
x
(16)


dΞ
þ eα μþ þ μ E Ξ
≈eατ a μe E
dt
In equation (16), we have replaced the attachment times, the mobilities, and the electric ﬁeld strengths with
these average values: τ a , μe , and E, respectively.
As an example, if we assume a TGF follows a Gaussian time proﬁle, as is often observed, then the gamma ray
ﬂux at the spacecraft is given by
 2 
F
t
ﬃ exp
Fluxðt Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
(17)
2σ 2TGF
2πσ 2TGF
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where F is the ﬂuence of the TGF and σ TGF is the RMS duration of the TGF. A common way to deﬁne the duration of a TGF is T50, which is the duration that contains 50% of the counts. In terms of T50, σ TGF = 0.74T50. We
note that Compton scattering in the atmosphere will cause a spread of the arrival times of the gamma rays at
the spacecraft location [Celestin and Pasko, 2012]. However, this propagation effect may be reduced by considering just gamma rays with energies above a few hundred keV. At the source, equation (17) corresponds to
 2 
dΞ
Ξtot
t
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
;
(18)
¼
exp
dt
2σ 2TGF
2πσ 2TGF
where Ξtot is the grammage for the entire TGF as found in Figure 4. Equation (18) may be combined with
equation (16) to get the current moment as a function of time or the peak current moment. If we momentarily
ignore the contribution from the ions, which contributes between 9% and 27% of the current at TGF altitudes
eα τ a μe E
ﬃ Ξtot :
Ipeak
mom ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2πσ 2TGF

(19)

As an example, at 12 km (n = 0.27, from MSIS for the Caribbean and Gulf of Mexico), τ a = 7.77 × 107 s, and
μe = 0.328 m2/V s [Morrow and Lowke, 1997; Liu and Pasko, 2004; Salem et al., 2015]. Most of the runaway electrons are produced at the end of the avalanche region, presumably located inside or just below the main
positive charge region, where E = Eth, which we use in the subsequent calculations. At 12 km,
Eth = 2.67 × 105 V/m × n = 7.21 × 104 V/m. For a TGF with σ TGF = 37 μs, corresponding to a T50 of 50 μs,
and Ξtot = 10 Ξ0 = 10 × 1018 g/cm2, consistent with the upper points in Figure 4, we ﬁnd Ipeak
mom = 20 kA-km.
Formulas provided by Morrow and Lowke [1997] may be used to ﬁnd the attachment times and electron
mobilities at other altitudes and electric ﬁeld strengths. For the current from the ions, relative to ISA conditions, the ion mobilities are μ+ = (1.5 × 104 m2/V s) × n1, μ = (2.2 × 104 m2/V s) × n1 [Cobine, 1941].
Figure 5 shows the peak z component of the current moments from both the low-energy electrons and the
ions as a function of atmospheric column depth for the six cases shown in Figure 4 with σ TGF = 37 μs, corresponding to a T50 of 50 μs. The curves are analytical ﬁts to the data, meant to help guide the eye. As can be
seen, for deeper TGFs, the peak current moment can exceed 80 kA-km, which is quite large, even compared
with most lightning return strokes.

9. Optical Emission
The energy deposited by the runaway electrons per unit volume per second is
SE ¼ nre ρ v re F d ;

(20)

where Fd is the average energy loss per runaway electron in a RREA per g/cm along the electric ﬁeld line. The
REAM Monte Carlo simulation ﬁnds that Fd ≈ 2,110 keV cm2/g. The total power deposited in the air is then
2

x ¼ Fd
P ¼ F d ∫nre ρ v re d3 !

dΞ
:
dt

(21)

For the optical emission directly associated with the runaway electrons, the main emission mechanism is the
ﬂuorescence of air (mostly from nitrogen). The optical power from the ﬂuorescence of air is the rate of energy
deposit multiplied by the ﬂuorescent yield, Y:
Poptical ¼ Y F d
Table 2. E-folding Column Depth, λγ, for the Cases Shown in Figure 4

DWYER ET AL.

2

Case

λγ (g/cm )

0° beam at nadir point
30° beam at nadir point
45° beam at nadir point
0° beam offset from nadir point
30° beam offset from nadir point
45° beam offset from nadir point

47.3 ± 0.23
45.7 ± 0.22
44.3 ± 0.27
43.6 ± 0.22
42.2 ± 0.14
40.7 ± 0.14

DWYER ET AL: SOURCE OF TGFS

dΞ
:
dt

(22)

Likewise, the total optical energy is
εoptical ¼ Y F d Ξ:

(23)

The ﬂuorescent yield, which scales
approximately inversely with air density for altitudes below 20 km, was
found by Dwyer et al. [2013] to be
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Y = 1.3 × 1021 J/keV × n1 in the
visible range. For example, at 12 km
altitude where n = 0.27, a standard
TGF is expected to generate about
10 J of visible light. Other work on the
optical emissions can be found in [Xu
et al., 2015].

10. Discussion
In this section, we compare our results
with previous work that used different
simulations. Gjesteland et al. [2015] performed Monte Carlo simulations to calculate the number of gamma rays at
the source for a range of atmospheric
column depths. For these calculations,
they used a cone with a half angle equal
to 30° and considered 10, 25, and 100
Figure 5. The peak vertical current moment versus atmospheric column photons detected by RHESSI directly
2
depth for a standard TGF with a ﬂuence of 0.1 cm (> 100 keV) at a
above the TGF, using a RHESSI effective
spacecraft altitude of 500 km. For this ﬁgure, a TGF duration of
area of 239 cm2 and a spacecraft altiσ TGF = 37 μs, corresponding to a T50 of 50 μs, is used. The top three lines
and data are for polar angles between 30° and 40°, and the bottom three tude of 550 km and including all
photons measured with a polar angle
are for polar angles between 0° and 10°.
less than 30°. Figure 6 shows our calculations for the number of (>1 MeV) gamma rays at the source versus atmospheric column depth for these
same conditions. The straight lines are ﬁts of an exponential function, with λγ = 44.4±0.09 g/cm2 for this
particular set of assumptions, which is similar to the values in Table 2. Comparing our Figure 6 to Figure 6
in Gjesteland et al. [2015], their number of gamma rays is about 10 times larger than the number found in this
work for identical conditions. They ﬁnd an e-folding scale of λγ = 45 g/cm2 for the range 100 250 g/cm2, which
is close to the value found in this work.
The result in our current work also
agrees with earlier work by Smith et al.
[2010]. However, it is not clear where
the discrepancy in the total number of
gamma rays comes from.

Figure 6. The total number of >1 MeV gamma rays emitted at the source
versus atmospheric column depth for a TGF near the nadir point for a 30°
beam width. The dashed line and data are for a RHESSI TGF with 100
counts; the solid line and data are for 25 counts, and the dotted line and
data are for 10 counts.
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As a test, we compare our results using
REAM with results from a Geant3 and
SWORD/ Geant4 simulations for a 0°
beam width at a source altitude of
15 km (135.5 g/cm2). The Geant3 simulation uses a legacy Geant3 code. The
Geant4 simulations were performed
with SWORD, the SoftWare for
Optimization of Radiation Detectors,
developed at the Naval Research
Laboratory [Novikova et al., 2006; Gwon
et al., 2007]. SWORD is a GUI wrapper
for standard radiation transport codes,
including Geant4, that simpliﬁes the
creation and evaluation of radiation
transport scenarios. The SWORD
Geant4 V10.1 simulation used the
G4EmPenelope physics list to describe
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electromagnetic physics. For its input,
the Geant3 simulation uses the gamma
rays emitted from the RREAs as calculated by REAM, allowing an “apples to
apples” comparison of the gamma ray
propagation from the two codes. For
the SWORD Geant4 simulation, photons
with the energy spectrum exp(ε/
5.1 MeV)/ε were injected at 15 km with
an RMS spread in the polar angle of
θRMS = 14.7°, approximating the properties of the gamma rays generated by the
REAM simulations. Figure 7 shows the
number of (>1 MeV) gamma rays
required to produce a >100 keV ﬂuence
of 0.1 cm2 at 500 km versus the polar
angle. As can be seen, the three simulations agree very well.
Carlson et al. [2007] used Monte Carlo
simulations to ﬁt RHESSI TGF data and
found that for a RHESSI TGF with 100
counts at 600 km, for a source altitude
at 15 km and a 45° beam width, about
5 × 103 J of gamma ray energy is
released at the source. For this calculation, Carlson et al. used a 1/ε input spectrum from 10 keV to 10 MeV with an average energy of 1.4 MeV.
Of these photons, 33% are above 1 MeV. Therefore, the number of >1 MeV gamma rays corresponding to
5 × 103 J of energy is 7 × 1015.
Figure 7. Comparison of results from REAM (diamonds) with results from
Geant3 (solid curve) and SWORD Geant4 (dashed curve) for a 0° beam
(14.7° RMS intrinsic beam width) at a source altitude of 15 km (135.5 g/
2
cm ). The ﬁgure shows the number of (> 1 MeV) gamma rays required to
2
produce a > 100 keV ﬂuence of 0.1 cm at 500 km versus the polar
angle.

Repeating the analysis in Figure 4 but for a 45° beam width at 15 km (135.5 g/cm2), we ﬁnd that 7 × 1016
gamma rays (>1 MeV) are required to make a RHESSI TGF with 100 counts at an altitude of 600 km, which
is exactly a factor of 10 larger than the Carlson et al. result. As pointed out by Carlson et al., using the correct
RREA spectrum results in about a factor of 2 difference in the inferred number of gamma rays at the source.
However, even if their result is multiplied by 2, it is still a factor of 5 lower than our result and about 2 orders of
magnitude lower than the Gjesteland et al. results.
Hansen et al. [2013] calculated the number of gamma rays for a 0° beam width (intrinsic angular distribution
only) needed to produce an average ﬂuence of 0.1 cm2 for polar angles between 0° and 45°. For a source
altitude of 15 km, Hansen et al. reported that 1017 gamma rays were emitted at the source. For similar
conditions, we ﬁnd 2.5 × 1016 gamma rays above 1 MeV, which is signiﬁcantly lower than the Hansen
et al. value.
Xu et al. [2012] found that 1019 gamma rays emitted at 12.4 km produced a ﬂuence of 3 cm2 at a 200 km
offset from the nadir point and a 500 km altitude. Scaling this to a ﬂuence of 0.1 cm2 gives 3 × 1017 gamma
rays. In comparison, we ﬁnd 1 × 1017 gamma rays (>1 MeV) are required to produce this same average
ﬂuence, for a 45° beam width. The difference in these numbers can possibly be explained by the different
energy thresholds used. Although it is not speciﬁcally mentioned in Xu et al. [2012], their threshold appears
to be 10 keV. If instead, we used 10 keV, we would expect approximately 4 × 1017 gamma rays, in approximate agreement with the Xu et al. result.
In summary, our work is in very good agreement with results from Geant3 and SWORD/Geant4 and in approximate agreement with the Xu et al. [2012] results, although not enough information was provided in that
paper to do a precise comparison. On the other hand, our results disagree with the Carlson et al. [2007],
the Hansen et al. [2013], and the Gjesteland et al. [2015] work, being an order of magnitude larger than the
ﬁrst and about an order of magnitude smaller than the latter two. Such differences will have a signiﬁcant
impact on the predicted currents and optical emissions and so need to be addressed. When doing the
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comparisons, it is important to be clear about what conditions are being used, including column depths,
beaming angles, spacecraft ﬂuences, and energy thresholds.
We ﬁnd it surprising that more than 22 years after their discovery, there is still substantial disagreement about
the number of gamma rays and runaway electrons at the TGF source, even when the same source altitudes
and beam widths are used. In order to make progress, it is important to agree upon precisely what quantities
should be compared. In this paper, we have made the case that the total grammage as a function of atmospheric column depth is the most important TGF quantity to determine. Until the amount of beaming is better understood, we suggest including results for several beam widths.
In this paper, results are presented for a standard spacecraft altitude (500 km) and a standard >100 keV
ﬂuence of 0.1 cm2. To calculate values corresponding to other measured ﬂuences or spacecraft altitudes,
the results presented here can simply be scaled with the ﬂuence and with the square of the ratio of the
distances from the TGF to the spacecraft, correcting for the 1/r2 falloff of the gamma rays (see
Appendix C). Results for other polar angles (i.e., TGFs at other horizontal distances from the nadir point)
may be found using Figures 1–3.
For individual TGFs, there are rarely enough counts detected to make a precise measurement of the energy
spectrum. However, for most TGFs, the total ﬂuence may be measured quite well, and as shown in this paper,
the ﬂuence provides information about an important quantity, namely the total grammage. The total grammage may then be used to predict other properties of the TGFs, such as the optical and radio frequency emissions. If the optical and/or the RF emissions are then measured to be larger than predicted by the models
presented here, this would indicate that other processes are involved in generating the optical emissions
and the currents, such as streamers or leaders, possibly indicating that they are also the source of the runaway electrons and the gamma rays.

Appendix A
The total grammage of the runaway electrons can be found using two different approaches, either by following the paths of individual electrons or by ﬁnding the distance traveled by all the electrons in ﬁxed cells, analogous to the Lagrangian and Eulerian approaches to ﬂuid ﬂow. For the Lagrangian approach, for each
runaway electron that exists before time t, we ﬁnd the total mass of air traversed along its path, from the time
of its creation, until the time that it slows down and is absorbed or until time t, whichever comes ﬁrst.
Speciﬁcally, for each runaway electron we ﬁnd

t2
0
0
0
0

^ !
ξ ðtÞ ¼ ∫t1 ρ z t
(A1)
n
x t !
v t dt ¼ ∫ρ dl∣∣  ;
t’<t

^ is the unit vector in the opposite direction of the electric ﬁeld vector, i.e., the unit vector in the local
where n
avalanche direction. In equation (A1), t1 is the time that the runaway electron is created, and t2 is either the
time that the runaway electron is absorbed or time t, whichever comes ﬁrst. The total grammage at time t is
then found by adding up this mass per unit area for all the runaway electrons before that time:


X
X
ΞðtÞ ¼
ξ ðtÞ ¼
∫ρ dl∣∣  ;
(A2)
all RE
all RE
t’<t

which is the same as equation (5). Because the average grammage of all the runaway electrons up until
time t is


1 X

ξ ðt Þ ¼
∫
ρ dl ∣∣  ;
(A3)

Nre ðtÞ all RE
t’<t

we can rewrite equation (A2) as Ξ ðtÞ ¼ Nre ðtÞξ ðtÞ, where Nre(t) is the total number of runaway electrons present before time t.


x , is used. This number density
For the Eulerian approach, the number density of runaway electrons, nre t; !
may be a complicated function of both position and time. The number of runaway electrons that exist in the
 ! 3 !
source region at any given time is then ntot
re ðt Þ ¼ ∫nre t; x d x . In the time interval, dt, each runaway
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electron will travel through ρ vredt of air along the ﬁeld line. The total grammage traversed by all the runaway
electrons per unit time is then

   3!
d ΞðtÞ
¼ v re ∫nre t; !
x ρ !
x d x
dt

(A4)

The total number of runaway electrons that are created in the entire TGF, Nre(t→∞), is related to the total
number of runaway electrons that exist at any one time, ntot
re ðt Þ, by
Nre ðt→∞Þ ¼

1 ∞ tot
∫ n ðtÞdt;
τ ∞ re

(A5)

where τ is the average lifetime of the runaway electrons. Note that vre already refers to the component of
velocity along the avalanche direction, i.e., the local electric ﬁeld line, and so the average distance traveled
is that along the ﬁeld line.

Appendix B
For a real TGF source region, the runaway electrons are distributed over a range of altitudes and hence a
range of atmospheric column depths. Using equation (6), we may write the contribution to the total grammage (for t→∞) from each column depth range as follows:
gðIÞ ¼

d Ξ v re
¼
∫∫∫nre ρ dxdydt:
dI
ρ

(B1)

From section 7, for a given ﬂuence at the spacecraft, the number of >1 MeV gamma rays required to be
emitted at the source increases exponentially with increasing atmospheric column depth, with λγ ≈ 45 g/
cm2 for atmospheric column depths between about 130 and 300 g/cm2, i.e., within the altitude range of
the upper parts of thunderstorms. It follows that a real source with an average column depth of Is and a total
grammage given by
Ξs ¼ ∫gðIÞdI

(B2)

is equivalent to an ideal (inﬁnitely narrow) TGF source at Is with a total grammage Ξ given by


Ξ ¼ ∫gðIÞ exp ðI  Is Þ=λγ dI:

(B3)

For example, if we consider a Gaussian
source distribution,
!
Ξs
ðI  Is Þ2
gðIÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp
; (B4)
2σ 2
2πσ 2
then from equation (B3)
 2
σ
:
Ξ ¼ Ξs exp
2λγ

Figure B1. Schematic diagram showing the number of runaway electrons
versus column depth for a source distribution that is close to an ideal
source (black curve) and for a wider source distribution (red curve). The
number of arrows represents the number of gamma rays produced in
each altitude range, and the lengths of the arrows represent the number
of gamma rays that make it out of the atmosphere (lengths not to scale).
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(B5)

In other words, in order for the Gaussian
source distribution to produce the same
number of gamma rays at the spacecraft
location as an ideal source located at
the same average column depth, the
total grammage must be reduced by
 2
σ
Ξs ¼ Ξ exp
:
2λγ

(B6)
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The reason for this correction is, for a distribution of runaway electrons, some of the electrons will be above
the average altitude and some will be below. This is illustrated in Figure B1, which shows a representation
of the number of runaway electrons versus column depth for a source distribution that is close to an ideal
source (black curve) and for a wider source distribution (red curve). In the ﬁgure, the number of arrows
represents the number of gamma rays produced in each altitude range, and the lengths of the arrows
represent the number of gamma rays that make it out of the atmosphere (lengths not to scale). If the
source distribution is narrow compared to the attenuation length, then the change in the attenuation from
above and below will almost exactly cancel. However, if the distribution is wide, then the change in the
attenuation from above and below will not cancel and there will be a net increase in the number of
gamma rays exiting the atmosphere compared with the narrow distribution.
To get a feeling for the size of this correction, if the TGF source is distributed over 2 km at an altitude of about
12 km, this is equivalent to σ ≈ 25 g/cm2. Then the correct grammage for that distribution is about 0.76 times
the grammage inferred for an ideal, inﬁnitely narrow source.

Appendix C
In the following, we show how the source grammages can be found for an arbitrary TGF for a given polar
angle to the spacecraft, ﬂuence, and spacecraft altitude. As can be seen in Figure C1, when including the geometry of the spherical Earth, if the spacecraft is at a horizontal distance (arc length along the Earth’s surface),
d, from the TGF, and the TGF is at an altitude hTGF, and the spacecraft is at an altitude hSC, then the radial
distance from the TGF to the spacecraft is

1=2
r ¼ x2 þ y2
;

(C1)

Figure C1. Geometry of the TGF and spacecraft (S/C). In the ﬁgure, RE is the radius of the Earth; hSC is the altitude of the
spacecraft; hTGF is the altitude of the TGF; r is the radial distance from the TGF to the spacecraft; d is the horizontal distance (arc length) from the nadir point below the spacecraft to the point on the ground below the TGF; and θ is the polar
angle, used in the ﬁgures in this paper.
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d
RE

Here RE = 6378 km is the radius of the Earth.
The polar angle to the spacecraft with respect to the zenith direction above the TGF is
 
d
x
:
θ ¼ þ tan1
RE
y

(C2)

In this paper, hSC = 500 km is used for all calculations. If other spacecraft altitudes are considered then the
ﬂuence should be adjusted by the square of the radial distances given in equation (C1). In addition, if a ﬂuence other than 0.1 cm2 is chosen, then the results scale linearly with the ﬂuence, F. Combining these, for
a ﬁxed polar angle, gives


ΞðF; hSC Þ ¼ Ξ 0:1 cm2 ; 500 km 



 
2
F
r ðhSC Þ

;
0:1 cm2
r ð500 kmÞ

(C3)

where r is the radius from equation (C1) at the desired spacecraft altitude, hSC, and r(500 km) is the radius
from equation (C1) for hSC = 500 km.
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