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Abstract

Title: A Comparison Study of Disease Spreading Models

Author: Douglas Nogueira Oliveira

Committee Chair: Marco Carvalho, Ph.D.

Epidemic diseases have become one of the major sources of concern in modern

society. Diseases such as HIV and H1N1 have infected millions of people around

the world. Many studies have attempted to describe the dynamics of disease

spreading. Despite the numerous models, most only analyze one aspect of a

given model, such as the impact of the topology of a contagious network, or,

the spreading rate of disease. Although useful, these types of analyses do not

provide insights into how different models could be combined to better understand

the phenomenon, or how the modeling decisions affect the dynamics of disease

spreading. The lack of methods to compare and analyze different models and assess

their limitation is an open problem. We need methods to answer questions such as:

Is it possible to combine different scenarios produced by different models to have a

better understanding of disease spreading? How do modeling decisions affect the

dynamics of disease spreading? Is it possible to rank different models according to
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their accuracy and identify statistical dependencies among the parameters of the

system?

In this dissertation, I propose an approach to compare disease spreading models

using Bayesian networks, which allows one to understand the relationship between

the variables of the model and the results it is able to generate. This approach,

formalized as a methodology, will provide a new perspective to the study of disease

spreading models. By creating a merged Bayesian model that accounts for all the

results of the analyzed models we are able to evaluate how modeling decisions affect

the dynamics of disease spreading and consequently the accuracy of such models.

We apply our methodology by analyzing models of disease spreading presented

in the literature. Our results shown that some models are more indicated than

others related to their accuracy to reproduce real world scenarios. We evaluated

the effects on the spreading dynamics of the models parameters and their values

chosen. We also used real-world data about chlamydia to validate our results.
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Chapter 1

Introduction

The increasing interconnectedness of transcontinental world commerce and travel

has made all nations susceptible to infectious diseases that ignore geographic and

political boundaries, and, therefore constitute a global threat that puts every

nation and every person at risk [120]. Despite the notorious effect of many modern

infectious diseases [40,60] none are more devastating than HIV, which affects more

than forty million people around the world [159] and 28.5 million people in sub-

Saharan Africa alone [157]. It is expected that the per capita gross domestic

product (GDP) in such affected countries has decreased by eight percent, rising to

even more than twenty percent in heavily affected areas [158]. According to the US

National Institutes of Health, sixteen new infectious diseases have been identified

in the past two decades [3, 67]; moreover, five others have been identified as re-

emerging. Indeed, the majority of countries have recently identified the spread of

infectious disease as the greatest global problem they are facing [120]. Given its

importance, researchers have recently used interdisciplinary areas such as complex

networks to better understand the phenomenon of disease spreading [162].
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The scientific field of complex networks is a new and interdisciplinary field that

is attracting attention from researchers [190]. Their efforts in modeling abstract

and tangible objects as networks composed of millions of nodes, have allowed

advances in many areas, such as genetics [204], coauthorship collaboration [147],

tourism [32], neurology [112] and transportation [156]. The first attempts to define

new concepts and measures to characterize the topology of real-world networks

resulted in a series of unifying principles and statistical properties present in

many real-world networks [27]. A number of books [31, 56, 163, 202] and review

articles [7, 57,150,190] about complex networks can be found in the literature.

Before using such interdisciplinary areas, the phenomenon of disease spreading

was initially described using cellular automata, a concept introduced by von

Neuman in the 1940’s [197]. In such modeling, each node represents an individual

that can only be in one of a finite number of states, defined as a function of its own

state and its neighbors; these nodes are considered the simplest form of a complex

system [206]. Since then a number of models have been proposed, mathematically

analyzed and applied to the planning and assessment of prevention, therapy

and control strategies [13, 17, 92, 95, 144]. Recently associated with percolation

processes [83], disease spreading models attracted the attention of physicists to

its application in complex networks. The first analyses were pioneered by Pastor-

Satorras and Vespignani [161, 162], which led to a variety of research efforts that

attempted to understand the effects of the topology of social interaction networks

on the rate and patterns of disease spreading [108].

The theoretical approach to simulate disease spreading uses compartmental

models, i.e., models in which individuals are divided into a set of different groups

[13, 144]. The SIS model describes diseases that do not confer immunity to their
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survivors, so that an individual can acquire the same disease more than once. This

applies for example to diseases such as tuberculosis and common flu [161, 162].

This model assumes that each individual can be in one of two possible states,

susceptible (S) or infected (I). Susceptible nodes represent healthy individuals who

can acquire the disease if exposed to infected nodes. Once a node catches the

infection it becomes infected. Later it becomes susceptible again after a period

of time in which it recovers. This model is based on two main parameters, the

infection rate µ and the healing rate δ [161].

Conversely, there are some diseases that confer immunity to individuals

who survive them, such as chickenpox and measles. Such diseases are better

described by the SIR model [214]. Similar to the SIS model, the SIR model is

a compartmental model in which healthy individuals are placed in the susceptible

group (S); once infected, individuals are placed in the infected group (I). However,

when an individual recovers from the disease, it is placed in a different group

called recovered (R), in which it neither infects nor becomes infected again. Many

variations of such models have been introduced and analyzed [13,17,92,95,144].

The models introduced above have fundamentally different dynamics following

the initial insertion of a seed infection into a given population. In fact, long-term

maintenance of the disease in a closed population is impossible in the SIR model,

due to the decreasing number of susceptible individuals as the disease spreads

through the population. Conversely, the SIS model represents endemic diseases in

which the disease can persist indefinitely circulating in different subgroups because

the same individual can be infected several times [27]. Therefore, the variables to

be measured in the two models are different. Analyses that use the SIR model

and its variations are interested in measuring what fraction of the population can
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potentially acquire the disease in a given scenario or how fast it can spread before

it dies out. Contrarily, analyses that use variations of the SIS model attempt to

show which scenarios produce stable endemic behavior and assess its impact on

the other parameters of the system.

Most studies only analyze one aspect of a given model, such as the impact of

changes in the topology of the contagious network or changes in the spreading rate

of disease [162, 214]. Although useful, such analyses do not provide insights into

how different models could be combined to better understand the phenomenon,

or the limitations of a given model. The lack of methods to compare and analyze

different models and assess how modeling decisions affect the dynamics of disease

spreading is a gap in the literature. We need methods that provide answers to

questions such as: Is it possible to combine different scenarios produced by different

models in order to have a better understanding of the phenomenon? How do

modeling decisions affect the dynamics of disease spreading? Is it possible to rank

different models according to their accuracy in identifying statistical dependencies

among the parameters of the system? In order to better understand the disease

spreading phenomenon, a more general approach that deals with the variables of

the system and its dependencies is more suitable, such as Probabilistic Graphical

Models (PGMs).

PGMs are a class of modeling tools widely used in practice [59], especially in

Bayesian networks [164]. Bayesian networks consist of acyclic directed graphs

in which nodes represent random variables and edges represent probabilistic

dependencies among such variables. PGMs consist of a framework to reason within

systems with large parameters that interact among them [113]. More specifically,

PGMs allow a declarative representation of the system that we want to reason
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with [154]. In other words, it allows for the analysis of a given system without

any specific knowledge about the domain. PGMs use a graph-based representation

to compactly encode a complex distribution over a high dimensional space. The

representation of a dynamic system, in terms of a probabilistic graphical model,

allows the use of different algorithms to reason with it, because it provides its

own clear semantics [91]. In many real-world distributions, variables only tend

to interact directly with a few others, such property is exploited by the graphical

representation of the system [101]. The advantages of this representation include

modularity, transparency and being written down tractably [215].

The main contribution of this dissertation is a new approach to study disease

spreading models using Bayesian networks. The approach allows one to understand

the relationship between the variables of the respective model and the results that

it is able to generate, and compares different models by ranking them according

to their ability to identify accurate and spurious dependencies. Formalized as a

methodology, this approach will provide a new perspective to the study of disease

spreading models.

Our main assumption is that a merged structure of the results of both models

is a better representation of the phenomenon than each model individually.

This assumption, often called Weak Ensemble assumption, is supported by our

controlled experiment and has been widely used in a variety of areas such as facial

recognition [97] and medical diagnosis [136]. By creating a merged Bayesian model

that accounts for all the results of the analyzed models we are able to evaluate

how modeling decisions affect the dynamics of spreading and consequently the

accuracy of such models. The remaining chapters in this dissertation are organized

as follows:
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• Chapter 2 provides a review of the literature in the area; it comprises a

background study and highlights the related issues presented in the literature,

focusing on its gaps.

• Chapter 3 presents the proposed approach for describing and comparing

disease spreading models by using Bayesian networks.

• Chapter 4 validates the methodology proposed by applying it to two different

comparative analyses of different disease spreading models presented in the

literature.

• Chapter 5 summarizes the contributions presented in this dissertation and

suggests future directions.
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Chapter 2

Literature Review

In this chapter, we provide a background and a review of the literature related to

the work described in this dissertation.

2.1 Related Work

2.1.1 Complex Networks

The study of networks is not recent; it dates back to Euler’s study on the problem of

the seven bridges in the eighteenth century [205]. He used a graph, a mathematical

structure that consists of nodes and edges connecting them, to prove that there

was no solution to the problem. Many theories, algorithms and concepts have

been developed ever since, however, what is called complex networks today is quite

different to old network science [150]. Complex networks are concerned with the

structure of naturally occurring networks, rather than with theoretical networks.

A network is defined as a graph composed by a set of vertices V and a set of

edges E ; what makes it complex is its irregular structure, its dynamic evolution
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over time and the entanglement of thousands or millions of interacting parts [27].

Networks are ubiquitous, they are present in various aspects of society, as can

be seen in Figure 2.1. Examples of real-world networks include food webs [43],

metabolic networks [102], genetic networks [204], the nervous system [112], organ

transplantation networks [196], food networks [116], tourism and trade networks

[32], the World Wide Web [33], scientific collaboration networks [147] and Internet

routers [65]. Social parlor games that use concepts of network connectivity are

well known, such as the Six Degrees of Marlon Brando created by a German

newspaper [15], the Six Degrees of Kevin Bacon [66] and the Six Degrees of Monica

Lewinsky created by The New York Times [110]. Other examples can be found

in [150].

Concepts of complex networks have been used to model social interactions

combining statistics, sociology and social psychology [14]. Such social contacts

can be represented as graphs in which the relationships in this network can be

directed or undirected, e.g. consider the set of individuals 1,2,...,n, and (i, j) stands

for individual i has a social interaction with individual j. If one assumes a directed

link then (i, j) 6= (j, i). In an undirected link (i, j) = (j, i) [73].

Complex networks can be characterized by many features, such as:

• The node degree, accounts for the number of edges of a given node. In

directed networks, each node has an in-degree and an out-degree representing

the number of incoming and outgoing edges, respectively. As an overall

characteristic of the network one can cite its degree distribution, which is

the probability distribution of degree over the entire network [41]. The

degree distribution has become an important measure in analysis of real-

world systems, such as the World Wide Web [8]. The degree distribution of
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they are not representative of the culture. In order to do
this automatically, we filter the network by removing all
the edges below a certain threshold w⇤.

Degree

Fig. 1. A 300-node Network of Recipes. Node size represents the
degree while the color represents the country of origin. For visual-
ization purposes, the picture shows a network filtered where, w⇤ = 6.
That is, only edges with weight greater or equal to 6 are kept—the
recipes share at least 6 ingredients.

We have built a network from a dataset of 300 recipes
from 15 di↵erent countries. We tried to select recipes that
are considered more traditional from Africa3, Argentina,
Brazil, China, Germany, India, Japan, Mexico, Poland,
Pakistan, Romania, Russia, Thailand, and the USA. Fig-
ure 1 displays the network where nodes are sorted along
the x-axis by degree. The di↵erent colors represent the 15
di↵erent countries in the dataset. The dataset was build
from recipes extracted from the Living Cookbook software
that aggregates recipes from many websites. The recipes
we used come primarily from the “Darkstar’s Meal-Master
Recipes” which divides recipes according to countries.4

IV. Experimental Results

In this section, we present results obtained from our Net-
work of Recipes. We concentrate on the network’s prop-
erties and on the formation of communities. We aim at
demonstrating that food and their inter-relation can help
define cultures. The idea is to see whether the communi-
ties formed tend to be diverse (i.e., they include recipes
from many di↵erent countries) or uniform (i.e., they tend
to include recipes from fewer countries). But before we
discuss the communities, we present some results related
to the network’s structure as it may help reveal other in-
teresting characteristics such as the universality of a recipe
(e.g., how “liked” is the recipe around the world).

In all experiments presented below, we have worked with
four versions of the network of recipes described in Section
III. The di↵erences between each version is only on the
edge-value threshold w⇤, that is, once the network is cre-
ated we have filtered out edges whose weights fall below a
given threshold. As explained before, the motivation for
this is that most recipes have common ingredients such as

3 We have combined the African countries into one because we did
not have access to many recipes from Africa.

4 http://home.earthlink.net/⇠darkstar105/

salt and sugar which we consider not to be representative
of the relation between recipes.

We start with Table I where we provide the basic char-
acteristics of the networks of recipes with 4 w⇤  7. The
important aspect to notice here is that in all instances we
are dealing with a network that is relatively dense, which
only becomes sparse at higher edge-threshold levels. We
name each network as NoRw⇤ , where w⇤ is the threshold
used in the formation of the network.

Lately, there has been renewed interest on small-world
networks, or more simply, on the concept that most people
are just a short-step way from other people in the world.
This concept was first proposed by Milgram in his famous
six-degrees-of-separation experiment [19]. The concept has
been defined more precisely [6] and today a network is said
to be small world if has two characteristics: short average
path lengths and high clustering coe�cient.

The verification that the recipe network is small world
suggests that most foods are related to others and that,
despite di↵erences in their taste, recipes are concentrated
around a core set of ingredients. Even when we im-
pose thresholds on the number of ingredients shared to be
greater than 4, we still observe high connectivity between
the recipes. This means that people’s diet may not be as
diverse as one may think. We tend to stay around a core
set of ingredients allowing for some branching out. In fact,
it is the existence of this core that makes the NoR have
high clustering coe�cients even at high values of w⇤.
Surely we can ask the question: What are the most con-

nected, or most influential recipes in the world? Providing
a definitive answer to this question requires a larger dataset
of recipes. Instead, we can provide a hint about the origin
of these recipes. Better yet, is that from our dataset we
can probably argue that the recipes in Figure 3 are likely
to be liked by most people in the world. Our argument is
based on the computation of the Pagerank of each recipe.

ITALY 12 

BRAZIL 18 

PAKISTAN 12 

PAKISTAN 15 

AFRICA 9 

CHINA 17 

CHINA 1 

RUSSIA 17 

PAKISTAN 7 

1 

NoR5 NoR6 NoR7 

2 

3 

4 

5 

NoR4 

Fig. 3. Pagerank of specific recipes in each of the Networks of Recipes
(NoRs) used in this paper.

Pagerank provides a good measure of how often a per-
son following the network links will non-randomly reach a
given node (a recipe in our case). A high Pagerank value
hence indicates the importance of that recipe in the world
of recipes. Importance here correlates to how easy the in-
gredients can be found. Nodes with high Pagerank values
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juxtapose many (1000 to 30,000) lenses as well
as their associated neural machinery (omma-
tidia) (5). This has advantages: An image is
constructed from a mosaic of pixels, and no
optical pinhole is needed. The eye can be small
and yet cover a wide visual field. However, this
comes at a price: Tiny lenses are more severely
limited by diffraction than larger ones. In most
insects, the photons penetrating each ommatid-
ium are guided to hit six main photoreceptors
whose phototransducing segments are inter-
mixed. Hence, each one of these six photore-
ceptors “sees” the same scene, and the global
image resolution is given by the spacing be-
tween ommatidia. In fly eyes, in contrast, all six
photoreceptors have separate phototransducing
segments, thereby increasing spatial resolution
(5). Because neighboring lenses focus light
from overlapping parts of the world, two spe-
cific photoreceptors in neighboring ommatidia
will catch photons from the same source. To
exploit this feature, the axons of these two
photoreceptors converge to the same second-
order neurons so as to increase efficiency. Con-
versely, the six photoreceptors within one om-
matidium diverge to six different second-order
cells (Fig. 1A) (5). As a consequence of this
peculiar optimal design, the spatial mapping
between consecutive neuronal processing stag-
es needs to be more intertwined in a precise
manner. In conclusion, evolution is a remark-
able engineer, but imposes complexity.

Structure
Brain complexity is reflected in the complexity
of its structural makeup. At the most elementa-
ry level, voltage- and neurotransmitter-gated
ionic channels of all types are found through-
out the animal kingdom. The genome of the
worm Caenorhabditis elegans contains se-
quences for 80 different types of potassi-
um-selective ion channels, 90 ligand-gated
receptors, and around 1000 G protein–
linked receptors (7). The combinatorial
possibilities are staggering for a nervous
system with only 302 neurons. Aplysia cali-
fornica, a marine mollusk, expresses volt-
age-dependent glutamate receptors whose
actions underlie, at least partly, associative
learning in mammalian cortex (8). Dendrit-
ic trees in mollusks and insects (9) are as
profusely branched and varied as in a pri-
mate’s brain. The dynamics of the firing of
a lobster’s neurons are at least as rich as
those in mammalian thalamus or neocortex.
And neither can be reduced to canonical
integrate-and-fire models (10). Exquisite
molecular machines endow neurons with
complex nonlinear dynamical properties re-
gardless of the animal’s size or evolution-
ary lineage. Moreover, these properties are
not static, but adaptively tunable. Cultured
neurons artificially prevented from ex-
pressing a natural dynamic behavior can
rapidly modify their molecular makeup and

revert to their original activity pattern (11).
Synaptic properties also are bafflingly var-
ied. Chemical synapses show a host of
plastic phenomena whose time-courses
span at least nine orders of magnitude, from
milliseconds to weeks, providing a sub-
strate for learning and memory (8). Trans-
mitter release is probabilistic and its regu-
lation can depend very precisely on the
functional context and modulatory milieu
(12). In short, no brain, however small, is
structurally simple.

This dizzying variety of mechanisms, this
bottomless bag of exquisite molecular and cel-
lular gizmos, appears to be there for one rea-
son—to endow neurons with adaptive, multi-
stable dynamical properties. Their functions,
however, cannot be understood without a
consideration of the systems in which they
lie. Frustratingly, the converse is also true.
In a heroic effort, White, Southgate, Thom-
son, and Brenner (13) mapped the approx-
imately 600 electrical and 5000 chemical
synapses connecting the 302 neurons of C.
elegans (Fig. 1B). Yet, this knowledge by
itself failed to provide realistic ideas about
the function and dynamics of this minimal
nervous system, simply because we know
very little about the intrinsic and synaptic
properties of its neurons (14). Brain circuits
are not Boolean networks, where connec-
tivity is everything. They are not made of
static, linear neurons, isotropic nets, or con-
stant connection weights. Recent theoreti-
cal work exploring the complexity and dy-
namics of food-web networks in ecology and
incorporating analog connection weights and
nonlinear elements (15) might have applicabil-
ity to neuroscience.

A more realistic accounting of the dynamic

nature of neuronal ensembles and their nonran-
dom, inhomogeneous connectivity topologies
has been incorporated by Tononi and his
colleagues into a formal definition of “neu-
ronal complexity” using concepts drawn
from information theory (16 ). These con-
cepts express the degree of interactions
between elements of a neuronal population.
The complexity of a group of neurons
should be low if they fire independently
(although total entropy will be high) or if
they are all strongly correlated. Complexity
will be high if a large number of subassem-
blies of varied sizes can be formed within
the population. Given the nonstationary na-
ture of neuronal activity and our limited
ability to sample activity from more than a
handful of neurons simultaneously, it re-
mains an open challenge to apply this no-
tion of complexity to spike trains recorded
from behaving animals.

Codes and Computation
We are beginning to understand the codes used
by spiking neurons to transmit information
about the environment from periphery to deeper
brain structures. Considered individually, many
neurons use an instantaneous firing rate code
(17) with a resolution on the order of a few
milliseconds. The brain, however, most likely
represents the world using neural assemblies,
and population codes could be more subtle.
Although some neurons integrate inputs regard-
less of their temporal structure (18), evidence
exists that the relative timing of action poten-
tials matters (19), even allowing for combina-
torial spatiotemporal codes (20). These alterna-
tives should not be seen as exclusive, but rather
as complementary and dependent on the de-
mands of the task the animal must carry out.

A

B

Fig. 1. Circuit complexity in nervous systems.
(A) Projections of photoreceptor axons from
the retina (top) onto the lamina (bottom) of
the fly’s “neural superposition eye.” Note the
organized divergence of the six main receptor
axons within one reti-
nal bundle and their
precise rearrangement
within six new laminar
bundles. [Reproduced
with permission from
(28)] (B) Circuit dia-
gram of the nervous
system of the worm
C. elegans (chemical
synapses only). Its 302
neurons have been
pooled so that bilater-
al groups of two to six
equivalent neurons
are coalesced into sin-
gle nodes. Connec-
tions are represented
by lines. Connectivity
alone fails to explain
or predict circuit func-
tion. [Reproduced with permission from (29)]
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I Introduction 3

FIG. 2 Three examples of the kinds of networks that are the topic of this review. (a) A food web of predator-prey interactions
between species in a freshwater lake [272]. Picture courtesy of Neo Martinez and Richard Williams. (b) The network of
collaborations between scientists at a private research institution [171]. (c) A network of sexual contacts between individuals
in the study by Potterat et al. [342].

A. Types of networks

A set of vertices joined by edges is only the simplest
type of network; there are many ways in which networks
may be more complex than this (Fig. 3). For instance,
there may be more than one different type of vertex in a
network, or more than one different type of edge. And
vertices or edges may have a variety of properties, nu-
merical or otherwise, associated with them. Taking the
example of a social network of people, the vertices may
represent men or women, people of different nationalities,
locations, ages, incomes, or many other things. Edges
may represent friendship, but they could also represent
animosity, or professional acquaintance, or geographical
proximity. They can carry weights, representing, say,
how well two people know each other. They can also be
directed, pointing in only one direction. Graphs com-
posed of directed edges are themselves called directed

graphs or sometimes digraphs, for short. A graph rep-
resenting telephone calls or email messages between in-
dividuals would be directed, since each message goes in
only one direction. Directed graphs can be either cyclic,
meaning they contain closed loops of edges, or acyclic
meaning they do not. Some networks, such as food webs,
are approximately but not perfectly acyclic.

One can also have hyperedges—edges that join more
than two vertices together. Graphs containing such edges
are called hypergraphs. Hyperedges could be used to in-
dicate family ties in a social network for example—n in-
dividuals connected to each other by virtue of belonging
to the same immediate family could be represented by
an n-edge joining them. Graphs may also be naturally
partitioned in various ways. We will see a number of
examples in this review of bipartite graphs : graphs that
contain vertices of two distinct types, with edges running
only between unlike types. So-called affiliation networks

(b) 
18 The structure and function of complex networks

FIG. 8 Friendship network of children in a US school. Friendships are determined by asking the participants, and hence are
directed, since A may say that B is their friend but not vice versa. Vertices are color coded according to race, as marked, and
the split from left to right in the figure is clearly primarily along lines of race. The split from top to bottom is between middle
school and high school, i.e., between younger and older children. Picture courtesy of James Moody.

It would be of some interest, and indeed practical im-
portance, were we to find that other types of networks,
such as those those listed in Table II, show similar group
structure also. One might well imagine for example
that citation networks would divide into groups repre-
senting particular areas of research interest, and a good
deal of energy has been invested in studies of this phe-
nomenon [101, 138]. Similarly communities in the World
Wide Web might reflect the subject matter of pages, com-
munities in metabolic, neural, or software networks might
reflect functional units, communities in food webs might
reflect subsystems within ecosystems, and so on.

The traditional method for extracting community
structure from a network is cluster analysis [147], some-
times also called hierarchical clustering.16 In this
method, one assigns a “connection strength” to vertex
pairs in the network of interest. In general each of the
1
2n(n − 1) possible pairs in a network of n vertices is
assigned such a strength, not just those that are con-
nected by an edge, although there are versions of the

16 Not to be confused with the entirely different use of the word
clustering introduced in Sec. III.B.

method where not all pairs are assigned a strength; in
that case one can assume the remaining pairs to have a
connection strength of zero. Then, starting with n ver-
tices with no edges between any of them, one adds edges
in order of decreasing vertex–vertex connection strength.
One can pause at any point in this process and examine
the component structure formed by the edges added so
far; these components are taken to be the communities
(or “clusters”) at that stage in the process. When all
edges have been added, all vertices are connected to all
others, and there is only one community. The entire pro-
cess can be represented by a tree or dendrogram of union
operations between vertex sets in which the communities
at any level correspond to a horizontal cut through the
tree—see Fig. 9.17

Clustering is possible according to many different defi-
nitions of the connection strength. Reasonable choices in-
clude various weighted vertex–vertex distance measures,
the sizes of minimum cut-sets (i.e., maximum flow) [7],

17 For some reason such trees are conventionally depicted with their
“root” at the top and their “leaves” at the bottom, which is not
the natural order of things for most trees.
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Fig. 1. Community structure in Tourism Network of 2010. The color nodes represent their community; countries in the same community are grouped together
in a line. The largest community in the tourism network contains mostly of the European countries, Caribbean islands and British Overseas Territories.

observed in social sciences. This variance in interpretation
exists because physical measurements are performed very pre-
cisely in tightly controlled environments. On the other hand,
measurements in the area of social sciences are taken in an
environment where many complicating and interfering factors
exist [36]. In the case of trade and tourism network analysis,
the interpretation of the Pearson correlation coefficient (given
by r) is taken in the context of the social sciences because we
are measuring human flows and socio-economic interaction in
a global context.

In our analysis we found high positive correlation be-
tween degree weights and PageRank for several network
pairs. Weighted degree correlation implies that countries have
similar importance in terms of their position in the inbound
and outbound tourism networks, and the import and export
trade network. It may also support the four-way relationship
between tourism arrival, import, outbound tourism, and export.
Results of this analysis are summarized in Table III.

Given that we have such high correlation coefficients, we
double checked it against other datasets that we know should
not be highly correlated. In this way we become more con-
fident that the high correlation of Table III is significant. We
performed a correlation analysis between weighted out-degree
trade data and six global datasets [37] which include: (1)
refugee population (by origin of country), (2) time required to
start a business (days), (3) average precipitation, (4) percent
of the population affected by droughts, floods, and extreme
temperatures, (5) adolescent fertility rate, and (6) percent of
the population in rural areas. We found that the correlation
varies from no correlation to medium-negative correlation. We
did not include other trade and tourism dataset for this analysis
because they would have given similar values as they all are
highly correlated to each other. Table IV shows the results of
these correlation analyses.

78
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(a) 

(c) (d) 

(e) (f) 

(g) 

Figure 2.1: Examples of various real world networks. (a) A tourism network where
nodes are grouped in communities of different colors [32]. (b) A regulatory network
of a bacteria where nodes are colored according to the community they belong
to [155]. (c) A friendship network of children in a US school where nodes are colored
according to race [150]. (d) A network of sexual contacts from [172]. (e) The
Brazilian airline network where nodes are colored according to its community [156].
(f) A network of the nervous system of the worm C. elegans, from [112]. (g)
A recipes network where the color of a node represents its country of origin,
from [116].
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such systems was shown to follow a power-law distribution, with a few highly

connected nodes (hubs) and a majority of nodes with only few connections.

Such characteristics gave rise to a whole new group of networks known as

Scale-Free networks [9].

• Transitivity relates to the property of triangles in social connections, e.g. if

node a is connected to node b and node b is connected to node c then node

a is connected to node c [70]. More formally, it is measured using a concept

known as clustering coefficient. The clustering coefficient, Ci, of a node i is

given by:

Ci = 2mi

ki(ki − 1) , (2.1)

where mi is the number of links between the ki neighbors of i; the clustering

coefficient of the entire network is just the average of all Ci over the number

of nodes in the network, |V |.

• Communities identification is a common analysis performed in complex

networks. It is related to identification if nodes can be clustered in groups

that share common characteristics or functions [69]. Examples of such

analyses include biological networks [155, 177], airline networks [156] and

collaboration networks [79].

• Assortativity measures the property of similar nodes that are connected to

each other [98, 130, 138, 148]. As pointed out by McPherson et al. [138]

there are two types of assortativity: status and value. The first one refers

to the fact that individuals with the same status (e.g. religious, race or

10



gender) tend to interact with each other. The latter claims that people with

similar values tend to interact with each other more often, regardless of social

status. However, many other factors can influence this property, such as:

geography, social ties and organizational structure. In the network aspect

this could relate to nodes that have similar degrees, e.g. hubs connecting

with hubs [148].

• Centrality measures were designed to identify those individuals who have

more influence than others [21]. Many variations of centrality measures have

been proposed [200], such as:

– Betweenness Centrality: accounts for the number of shortest paths

passing through a specific node, representing how likely a node is to

receive and forward information to different groups [16]. For a network

N = (V,E) the betweenness CB(v) for a node v is defined as:

CB(v) =
∑

s6=t 6=v∈V

αst(v)
αst

, (2.2)

where αst is the number of shortest paths from s to t, and αst(v) is the

number of shortest paths from s to t that pass through node v.

– Closeness Centrality: is calculated by the sum of distances to all nodes

in the network. A high closeness indicates that a node is relatively close

to all other nodes [153].

Real-world networks have not only been analyzed by measures but also through

network models that describe their topological patterns. The most common

11



network models are the Erdös-Rényi model, Watts-Strogatz model and Barabási-

Albert model.

Traditionally networks have been created randomly using the Erdös-Rényi

model [62, 63]. In such a model any pair of nodes have the same probability p

of having an edge connecting them and 1-p probability of not having such an

edge. Thus, any edge in the network is identically and independently distributed

as a Bernoulli random variable, and the average distance between any pair of

nodes is O(log N) [208]. As can be seen on the left side of Figure 2.2, as we

increase p the network becomes more connected. On the right side we see the

degree distribution of a large network created randomly, and its comparison with

a Poisson distribution. However, due to increasing availability of high volume

data, many other models have been developed in order to incorporate the “not

random” features of real-world networks.

In Barabási and Albert [19], the authors report the existence of an universal

law that characterizes large-scale properties of many real-world networks. They

claim that for example the WWW network, where nodes represent web pages and

two nodes are connected if one has a link to the other, and the citation network

have a similar characteristic, namely their degree distribution (see Figure 2.3). The

probability of a node having a degree k, given by P(k), decreases as a power law:

P (k) = ck−λ where c and λ are constants. These distributions, informally called

long-tail, indicate the existence of a few highly connected nodes (hubs) and a very

large number of nodes with a small number of connections; an unexpected feature

in all previous random network models. It has also been observed that most

real-world networks have similar power-law degree distributions; the exponent

of the distribution normally assumes values between 2 6 λ 6 3 [7]. Two main

12
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Figure 2.2: (a) Example of network evolution using the model of [63] with different
p. (b) The degree distribution of a random network with 10,000 nodes and
p=0.0015, and calculated the number of nodes with degree k, Xk. Both figures
were taken from [7].

factors drive the generation of a degree distribution that follows a power law: the

growth of the network and preferential attachment [19]. Preferential attachment

drives the likelihood of the connection of new nodes to highly connected ones, and

network growth confirms that the number of nodes in the networks is continuously

increasing. In the Barabási-Albert model a network starts with m0 nodes and new

nodes are added to the network linked to m < m0 existing nodes with a probability

proportional to the degree of such node. Let p(ki) be the probability that a new

node will create an edge to a node i with degree k as:

p(ki) = ki∑
j

kj
(2.3)

Thus, highly connected nodes (hubs) have a higher chance to have edges to

new added nodes and increase their degree.

13



Figure 2.3: The degree distribution of real world networks. (a) The Internet
network at the router level. (b) Movie actor collaboration network. (c)
Coauthorship network of physicists. (d) Coauthorship of neuroscientists. All plots
were taken from [7].
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The small-world network can be generated by using the Watts-Strogatz model

[203]. It does not incorporate such random features, but is yet widely present

widely in many real-world networks, such as social networks. The Watts-Strogatz

model was inspired by the widely known Milgram’s experiment [137]. The

experiment relies on social events; we often meet people, end up discovering that

we have a friend in common, and think “what a small world”. Milgram decided to

investigate this situation on a more global scale; the goal of the experiment was

to find short chains of acquaintances connecting people all over the country. Over

many trials the average number in that chain was about five and six, corroborating

with the “Six Degree of Separation” principle [85].

The Watts-Strogatz model, also known as small-world, is based on the idea

of rewiring edges of a low-dimensional regular lattice to create the shortcuts that

will link remote nodes together. Such structure was initially uncovered for one-

dimensional lattice, but was latter extended to higher dimensions [202]. The

probability of rewiring an edge, the main parameter of the system, denoted by

p, defines the network structure from a completely random (p=1 ) to a regular

lattice (p=0 ). Between these extremes lies the small-world network (Figure 2.4a),

in which the average shortest path among a pair of nodes (often calculated using

the algorithm in [54]) grows proportionally to the logarithm of the number of nodes

|V |. Another characteristic of this kind of network is the high clustering coefficient

(Figure 2.4b).
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removed froma clustered neighbourhood tomake a short cut has, at
most, a linear effect onC; henceC(p) remains practically unchanged
for small p even though L(p) drops rapidly. The important implica-
tion here is that at the local level (as reflected byC(p)), the transition
to a small world is almost undetectable. To check the robustness of
these results, we have tested many different types of initial regular
graphs, as well as different algorithms for random rewiring, and all
give qualitatively similar results. The only requirement is that the
rewired edges must typically connect vertices that would otherwise
be much farther apart than Lrandom.
The idealized construction above reveals the key role of short

cuts. It suggests that the small-world phenomenon might be
common in sparse networks with many vertices, as even a tiny
fraction of short cuts would suffice. To test this idea, we have
computed L and C for the collaboration graph of actors in feature
films (generated from data available at http://us.imdb.com), the
electrical power grid of the western United States, and the neural
network of the nematode worm C. elegans17. All three graphs are of
scientific interest. The graph of film actors is a surrogate for a social
network18, with the advantage of being much more easily specified.
It is also akin to the graph of mathematical collaborations centred,
traditionally, on P. Erdös (partial data available at http://
www.acs.oakland.edu/,grossman/erdoshp.html). The graph of
the power grid is relevant to the efficiency and robustness of
power networks19. AndC. elegans is the sole example of a completely
mapped neural network.
Table 1 shows that all three graphs are small-world networks.

These examples were not hand-picked; they were chosen because of
their inherent interest and because complete wiring diagrams were
available. Thus the small-world phenomenon is not merely a
curiosity of social networks13,14 nor an artefact of an idealized

model—it is probably generic for many large, sparse networks
found in nature.
We now investigate the functional significance of small-world

connectivity for dynamical systems. Our test case is a deliberately
simplified model for the spread of an infectious disease. The
population structure is modelled by the family of graphs described
in Fig. 1. At time t ¼ 0, a single infective individual is introduced
into an otherwise healthy population. Infective individuals are
removed permanently (by immunity or death) after a period of
sickness that lasts one unit of dimensionless time. During this time,
each infective individual can infect each of its healthy neighbours
with probability r. On subsequent time steps, the disease spreads
along the edges of the graph until it either infects the entire
population, or it dies out, having infected some fraction of the
population in the process.

p = 0 p = 1 
Increasing randomness

Regular Small-world Random

Figure 1 Random rewiring procedure for interpolating between a regular ring

lattice and a random network, without altering the number of vertices or edges in

the graph. We start with a ring of n vertices, each connected to its k nearest

neighbours by undirected edges. (For clarity, n ¼ 20 and k ¼ 4 in the schematic

examples shown here, but much larger n and k are used in the rest of this Letter.)

We choose a vertex and the edge that connects it to its nearest neighbour in a

clockwise sense. With probability p, we reconnect this edge to a vertex chosen

uniformly at random over the entire ring, with duplicate edges forbidden; other-

wise we leave the edge in place. We repeat this process by moving clockwise

around the ring, considering each vertex in turn until one lap is completed. Next,

we consider the edges that connect vertices to their second-nearest neighbours

clockwise. As before, we randomly rewire each of these edgeswith probability p,

and continue this process, circulating around the ring and proceeding outward to

more distant neighbours after each lap, until each edge in the original lattice has

been considered once. (As there are nk/2 edges in the entire graph, the rewiring

process stops after k/2 laps.) Three realizations of this process are shown, for

different values of p. For p ¼ 0, the original ring is unchanged; as p increases, the

graph becomes increasingly disordered until for p ¼ 1, all edges are rewired

randomly. One of our main results is that for intermediate values of p, the graph is

a small-world network: highly clustered like a regular graph, yet with small

characteristic path length, like a random graph. (See Fig. 2.)

Table 1 Empirical examples of small-world networks

Lactual Lrandom Cactual Crandom
.............................................................................................................................................................................
Film actors 3.65 2.99 0.79 0.00027
Power grid 18.7 12.4 0.080 0.005
C. elegans 2.65 2.25 0.28 0.05
.............................................................................................................................................................................
Characteristic path length L and clustering coefficient C for three real networks, compared
to random graphs with the same number of vertices (n) and average number of edges per
vertex (k). (Actors: n ¼ 225;226, k ¼ 61. Power grid: n ¼ 4;941, k ¼ 2:67. C. elegans: n ¼ 282,
k ¼ 14.) The graphs are defined as follows. Two actors are joined by an edge if they have
acted in a film together. We restrict attention to the giant connected component16 of this
graph, which includes ,90% of all actors listed in the Internet Movie Database (available at
http://us.imdb.com), as of April 1997. For the power grid, vertices represent generators,
transformers and substations, and edges represent high-voltage transmission lines
between them. For C. elegans, an edge joins two neurons if they are connected by either
a synapse or a gap junction. We treat all edges as undirected and unweighted, and all
vertices as identical, recognizing that these are crude approximations. All three networks
show the small-world phenomenon: L ) Lrandom but Cq Crandom.
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Figure 2 Characteristic path length L(p) and clustering coefficient C(p) for the

family of randomly rewired graphs described in Fig. 1. Here L is defined as the

number of edges in the shortest path between two vertices, averaged over all

pairs of vertices. The clustering coefficient C(p) is defined as follows. Suppose

that a vertex v has kv neighbours; then at most kvðkv 21Þ=2 edges can exist

between them (this occurswhen every neighbour of v is connected to everyother

neighbour of v). Let Cv denote the fraction of these allowable edges that actually

exist. Define C as the average of Cv over all v. For friendship networks, these

statistics have intuitive meanings: L is the average number of friendships in the

shortest chain connecting two people; Cv reflects the extent to which friends of v

are also friends of each other; and thus Cmeasures the cliquishness of a typical

friendship circle. The data shown in the figure are averages over 20 random

realizations of the rewiring process described in Fig.1, and have been normalized

by the values L(0), C(0) for a regular lattice. All the graphs have n ¼ 1;000 vertices

and an average degree of k ¼ 10 edges per vertex. We note that a logarithmic

horizontal scale has been used to resolve the rapid drop in L(p), corresponding to

the onset of the small-world phenomenon. During this drop, C(p) remains almost

constant at its value for the regular lattice, indicating that the transition to a small

world is almost undetectable at the local level.

Networks of coupled dynamical systems have been used to model biological oscillators, Josephson junction arrays, excitable media, neural networks,
spatial games, genetic control networks and many other self-organizing systems. Ordinarily, the connection topology is assumed to be either completely
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ABSTRACT

To interpolate between regular and random networks, we consider the following random rewiring procedure.

This construction allows us to 'tune' the graph between regularity (p = 0) and disorder (p = 1), and thereby to probe the intermediate region 0 < p < 1,
about which little is known.

ALGORITHM

We start with a 
ring of n vertices

n = 12

where each vertex
is connected to its 
k nearest neighbors

k = 4

like so. We choose a vertex, and 
the edge to its nearest 
clockwise neighbour.

With probability p, we reconnect 
this edge to a vertex chosen 
uniformly at random over the

entire ring, with 
duplicate edges 
forbidden. Other- 
wise, we leave 
the edge in place.

We repeat this process by 
moving clockwise around 
the ring, considering each

vertex in turn 
until one lap 
is completed.

Next, we consider the 
edges that connect vertices 
to their second-nearest 
neighbours clockwise.

As before, we randomly 
rewire each of these 
edges with probability p.

We continue this process, 
circulating around the ring and 
proceeding outward to more 
distant neighbours after each 
lap, until each original edge 
has been considered once.

As there are nk/2 edges in 
the entire graph, the rewiring 
process stops after k/2 laps.

For p = 0, 
the ring is 
unchanged.

As p increases, the 
graph becomes 
increasingly disordered.

p=0.15

At p = 1, all 
edges are re- 
wired randomly.

We quantify the structural properties of these graphs by their characteristic path length L(p) and clustering coefficient C(p).
L(p) measures the typical separation between two vertices (a global property). C(p) measures the cliquishness of a typical neighbourhood (a local property).

For friendship networks, these statistics have intuitive meanings: L is the average number of friendships in the shortest chain connecting two people.
Cv reflects the extent to which friends of v are also friends of each other; and thus C measures the cliquishness of a typical friendship circle.

METRICS

L is defined as the number 
of edges in the shortest 
path between two vertices

shortest path
is 1 edge

shortest path
is 3 edges

averaged over all 
pairs of vertices.

C is defined as follows. 
Suppose that a vertex v 
has kv neighbours.

kv = 4 neighbours

Then at most kv (kv – 1) / 2 edges 
can exist between them. (This 
occurs when every neighbor of

v is connected 
to every other 
neighbour of v.)

at most 6 edges between 4 neighbours

Let Cv denote the fraction of 
these allowable edges that 
actually exist. Define C as the

average of Cv 
over all vertices.

4 out of 6 edges exist. Cv = 4/6 = 0.67

SMALL
WORLDS

The regular lattice at p = 0 is 
a highly clustered, large world 
where L grows linearly with n.

The random network at p = 1 is a 
poorly clustered, small world where 
L grows only logarithmically with n.

These limiting cases might lead one to suspect that large C is always associated with 
large L, and small C with small L. On the contrary, we find that there is a broad 
interval of p over which L(p) is almost as small as Lrandom yet Cp >> Crandom.

The data shown in the figure are averages over 20 random realizations of the rewiring process,
and have been normalized by the values L(0), C(0) for a regular lattice. All the graphs have n =
1000 vertices and an average degree of k = 10 edges per vertex. We note that a logarithmic
horizontal scale has been used to resolve the rapid drop in L(p), corresponding to the onset of
the small-world phenomenon. During this drop, C(p) remains almost constant at its value for the
regular lattice, indicating that the transition to a small world is almost undetectable at the local level.

These small-world networks result from the immediate drop 
in L(p) caused by the introduction of a few long-range edges. 
Such 'short cuts' connect vertices that would otherwise be 
much farther apart than Lrandom. For small p, each short

cut has a highly nonlinear 
effect on L, contracting the 
distance not just between the 
pair of vertices that it 
connects, but between their 
immediate neighbourhoods, 
neighbourhoods of neigh- 
bourhoods and so on.

5 hops to 
neighbourhood

shortcut to 
neighbourhood

By contrast, an edge removed from a clustered neighbour- 
hood to make a short cut has, at most, a linear effect on C; 
hence C(p) remains practically unchanged for small p even 
though L(p) drops rapidly. The important implication here is

that at the local level (as 
reflected by C(p)), the trans- 
ition to a small world is 
almost undetectable.

The 4 neighbors of 
each vertex have 
3 out of 6 edges 
among themselves. 
C = 3/6 = 0.5

With shortcut, 
this is still true 
for almost 
every vertex.
C = 0.48
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Figure 2.4: (a) The random rewiring of edges in a network with twenty nodes
changing p from zero to one. When p=0 we have a regular lattice, when p=1
the lattice is random, between the extremes lies Small World networks. (b)
Characteristic path length L(p) and clustering coefficient C(p) for the Watts and
Strogatz model. Both figures were taken from [203].

2.1.2 Disease Spreading Models

Spreading is an ubiquitous dynamic process present in many aspects of society,

ranging from innovations [175] to epidemiological diseases [53]. A better

understanding of this process is crucial to develop methods that either hinder

the spread, in cases of diseases, or accelerate the process in the case of information

dissemination. As mentioned previously, many countries recently identified the

spread of infectious diseases as the greatest global problem they face [120]. Given

its importance, researchers have recently been using interdisciplinary areas such as

complex networks to better understand the phenomenon of disease spreading [162].

The use of networks to better understand the process of disease spreading is not

new; early works date from more than thirty years ago, and analyzed the networks

of many infectious diseases such as gonorrhea [96] and AIDS [134]. Aiming to have

a better understanding of the dynamics of such networks, the creation of models
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that describe the behavior of such systems was a natural step in this kind of

research. Many of the models relied on the classification of groups having different

sexual activity regimes, leading to highly heterogeneous networks, in which it is

known to be harder to eradicate diseases [13]. Such heterogeneity requires special

immunization strategies [94].

Early studies also focused on correlated networks, which are networks in which

the degree of each node depends of the degree of its neighbors [80]. An example

of this kind of network is undirected Markovian random networks, which are

defined in terms of connectivity distribution (P(k)) and conditional connectivity

distribution (P (k′|k)) [199]. The epidemic threshold in complex networks, i.e.

the scenario in which new cases of a specific disease exceed the expectation [194],

is determined by the connectivity of the nodes rather than by the connectivity

distribution, as happens in uncorrelated networks, i.e. the results often found in

scale-free and small-world networks can be shifted to this kind of network [28].

As pointed out by Morris et al. [142], who analyzed parameters in sexual

relationships that can increase the speed and pervasiveness of HIV transmission,

sex is simply not random (as is the case in most social interactions), thus it cannot

be modeled as such. This is evidence that this new network science is better suited

to model the spreading of diseases than previous stochastic models [121].

Recently the entire world feared the power of a pandemic disease known as

H1N1 influenza [72]. Spreading simulations were performed, using a model that

accounts for travel and short-range human mobility combined with demographic

data to evaluate the effectiveness of travel restrictions on H1N1 influenza [18]. At

the time of the pandemic, in 2009, about 40% of the international air traffic coming

from and heading to Mexico was down due to travel restrictions. The results of the
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simulations show that this 40% reduction only delayed the arrival of the infection

in other countries by three days. Moreover, even if the restrictions had been as

unrealistic as 90%, they would only have delayed the arrival of the infection by two

weeks (Figure 2.5). This is due to the plurality of human mobility alternatives;

the problem is not long-range mobility such as airplanes, but short-range mobility,

such as vehicular transport.

(a)$ (b)$

between topology and traffic, relating the number of passengers wij

traveling from airport i to airport j to the degrees ki and kj of the two
subpopulations is expressed by SwijT~w0 kikj

! "1=2
, with w0

representing the mobility scale of the system [38].
Disregarding the high-resolution details of numerical approach-

es, this synthetic metapopulation model can now be analyzed,
defining a new theoretical framework that allows for the study of
epidemic containment. Starting from a single subpopulation
infected at time t~0, it is possible to describe the invasion
dynamics at the subpopulation level in a Levins-type approach by
considering the microscopic dynamics of infection and of
individual travel [37]. The system is characterized by a
subpopulation reproductive number R*. Analogous to the
reproductive number R0 at the individual level, R* indicates a
threshold behavior of the system: if R*.1 the epidemic reaches
global invasion; otherwise, it is contained at its source. It is possible
to derive an expression for the global invasion threshold in a
branching process approximation [39,40]. Under the assumption
that subpopulations having the same number k of connections are
equivalent (i.e. the degree-block approximation, see Text S1), we
define D0

k as the number of diseased subpopulations of degree k at
generation 0 (i.e. at the beginning of the branching process).

During the entire duration of the outbreak experienced by the D0
k

subpopulations, each of them can in principle seed some of the
neighboring subpopulations thus leading to a number D1

k of
diseased subpopulations of degree k at generation 1, for various
values of the degree k. By iterating the seeding events, it is possible
to describe the evolution of the number Dn

k of diseased
subpopulations with degree k at generation n, yielding:
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The r.h.s. of Eq. (1) describes the contribution of the
subpopulations of degree k’ at generation n-1 to the infection of
subpopulations with degree k at generation n. Each of the Dn{1

k

has (k’21) possible connections along which the infection can
proceed (21 takes into account the link through which each of
those subpopulations received the infection). In order to infect a
subpopulation of degree k, three conditions need to occur: (i) the
connections departing from nodes with degree k’ point to
subpopulations of degree k, as indicated by the conditional

Figure 4. Delaying effects in the international spread. A, Delay in the case importation from Mexico to a given country compared with the
reference scenario as a function of the travel reduction a. The delay is measured in terms of the date at which the cumulative distribution of the
seeding from Mexico (see Figure 2) reaches 90%. The dotted line shows the logarithmic behavior relating the delay as a function of the imposed
restrictions. The largest delay, gained when imposing a~90%, is less than 20 days for all countries. The model also considers the implementation of
sanitary interventions in Mexico during the early stage that was able to damp the exponential increase of cases in the outbreak zone. Travel
restrictions would therefore lead to a larger impact during this phase due to the mitigating effect on the local epidemic. If a country is seeded during
this phase, the resulting delay induced by the travel restrictions would be larger, thus creating the observed differences in the resulting delays by
country. B, as in A, where earlier dates for the start of the intervention are considered, has a fixed a~90%: April 25, corresponding to the day after
the international alert; April 16, corresponding to the epidemic alert in Mexico; March 28, corresponding to the onset of symptoms of the first case in
the US; and 6 weeks before the international alert. In all these scenarios and for different countries, the delay is always less than 20 days, highlighting
that even the enforcement of strong travel reduction as early as possible would have had little effect.
doi:10.1371/journal.pone.0016591.g004

H1N1 Pandemic and Travel Restrictions

PLoS ONE | www.plosone.org 6 January 2011 | Volume 6 | Issue 1 | e16591

Figure 2.5: (a) Delay in the case importation from Mexico to a given country
compared with the reference scenario as a function of the travel reduction α. (b)
The same as (a) where earlier dates for the start of the intervention are considered,
has a fixed α = 90%. Figure taken from [18].
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SIS Models

Most models that encapsulate the behavior of infectious diseases spreading in a

given population rely on compartments that divide the population into a discrete

set of states [34]. As mentioned previously, the SIS model describes diseases that

do not confer immunity to their survivors, so that an individual acquires the same

disease more than once; this applies to diseases such as tuberculosis and common

flu [161, 162]. This model assumes that each individual can be in one of two

possible states, susceptible (S) or infected (I). Susceptible nodes represent healthy

individuals that can acquire the disease if exposed to infected nodes. Once a node

catches the infection it becomes infected. Later it becomes susceptible again after

some time in which it recovers. This model is based on two main parameters, the

infection rate µ and the healing rate δ [161]. The state of a node i with k neighbors

at time t+ 1, denoted as τi(t+ 1), is defined as:

τi(t+ 1) =



S
if τi(t) = S and @nk which τk(t) = I;

or if τi(t) = I with probability δ

I
if τi(t) = S with probability µ; or if

τi(t) = I with probability 1− δ

(2.4)

In their work, Pastor-Satorras and Vespignani focus on the persistence and

prevalence of the infected population in scale-free networks, once they represent

a good topological structure for disease spreading [123]. This kind of topology

might reflect the process of disease spreading through casual social contacts, such

as sexual relationships. Their results show, as expected, an epidemic threshold that

defines two different populations when the exponent of the degree distribution is
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less than -3 and higher than -4. However, when it assumes values between -2 and

-3 there is no epidemic threshold, and the epidemic state can happen at any time,

thus changing many standard immunization strategies in disease spreading. These

findings also suggest that the infection rate of a disease does not matter, it can

rapidly proliferate in these networks. They show that nodes with a low degree

have a higher chance of being infected once they are connected to the hubs in

high values of λ. The study of epidemic threshold values was initially investigated

in [13].

Another work that uses the SIS model is Kuperman and Guillermo [117],

specifically on small-world networks. In their work, before returning to the

susceptible state (S) a node remains temporarily refractory (R) during a given

period of time; after that time passes the individual who was infected becomes

susceptible again. Formally, the state of a given node i at time t, denoted as τi(t),

is given by:

τi(t) = S if πi(t) = 0,

τi(t) = I if πi(t) ∈ (1, πI),

τi(t) = R if πi(t) ∈ (πI + 1, π0).

Where πi represents a counter of a node i, πi(t) = 0, 1, . . . , πI + πR ≡ π0,

describing its phase in the cycle of the disease. Each individual remains infected

and refractory for a given amount of time, defined by the parameters πI and πR,

respectively. Its state in the next time step depends on its current state and the

state of its neighbors. The rules for state transition are:
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πi(t+ 1) = 0 if πi(t) = 0 and no infection occurs,

πi(t+ 1) = 1 if πi(t) = 0 and i becomes infected,

πi(t+ 1) = πi(t) + 1 if 1 ≤ πi(t) < π0,

πi(t+ 1) = 0 if πi(t) = π0.

Their work focuses on the impact of the variation of the rewiring probability p

of the Watts-Strogatz model on the evolution of disease spread, ranging from low-

amplitude at small p (endemic scenario) to wide amplitude at large p, resembling

a periodic epidemic pattern typical of large populations. According to the authors

such results are congruent with real-world data from [42].

Another variation of the SIS model was used by Javarone and Armano [100]. In

their experiments, all nodes in the network have the same probability v of becoming

infected once they have contact with an infected node, as it happens in the classic

SIS model. Each node also has a fitness parameter, and heals with probability δ

computed as follows:

δi = f(φi, ti, t) = 1− e−φi(t−ti) (2.5)

The introduction of such fitness makes the healing probability of an individual

increase over time, the higher this parameter the faster δ will increase, thus

increasing the chances of healing. Their results simulate scenarios in different

proportions of infection rates over healing rate in random networks, small-world

networks and scale-free networks. Their findings show that when the infection rate

is at least 75% higher than the healing rate, the infection becomes stable in any

topological situation, whether scale-free networks, small-world networks or random

networks.
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Attempting to understand how to stop an infection rather than how to spread

it, many works have studied immunization schemes in different network scenarios

[182]. The authors of [51] claim that the random distribution of cures in an

infection network with power law degree distribution is not effective, being totally

useless to change any infection spread. On the other hand, any other strategy

that takes into account the heterogeneity of the degree distribution, paying more

attention to the hubs, is not only more cost effective but also less expensive by

requiring fewer cures.

SIR Models

As mentioned previously, SIR models describe diseases that confer immunity to

their survivors. In this perspective, the work of Zanette analyses the spread of an

infection in a small-world network that uses a SIR model [214]. Such modeling is

analogous to spreadinf a rumor, where susceptible individuals have not heard the

rumor, infected individuals heard the rumor and are willing to transmit it, and

removed individuals have no interest in the rumor and thus do not transmit it.

Their results show that the regime of the spread can differ in two groups, those

who are bound to a finite neighborhood of the initial infected node and those where

it affects a finite fraction of the population. They also show that when p is small

the infection is bound to a small neighborhood affecting only a small part of the

whole network, as we increase p the infection reaches a significantly larger portion

of the network. Similar results were also reported by [117].

Many works use differential equations to describe disease spreading [127]. One

example is the work of Moreno et al. [212]. They use a variation of the SIR model

in which they investigate the role of topology, mainly heterogeneous networks, such
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as scale-free networks, on the dynamics of the spreading. Their goal is to maximize

the spread of information, such as gossip peer-to-peer protocols [78], by analyzing

time profiles for each state. They use a numerical technique [141] that deals with

mean-field rate in differential equations, such as:

i(t) + s(t) + r(t) = 1 (2.6)
di(t)
dt

= −λ〈k〉i(t)s(t) (2.7)

ds(t)
dt

= λ〈k〉i(t)s(t)− α〈k〉s(t)[s(t) + r(t)] (2.8)

dr(t)
dt

= α〈k〉s(t)[s(t) + r(t)] (2.9)

(2.10)

Where λ stands for the infection rate, α stands for the healing rate and 〈k〉 is the

mean number of connections. The main advantage of such modeling is the modest

use of CPU time and memory requirements for large system sizes if compared

to actually simulating the behavior of each individual or generating actual

networks [81]. Variations of such modeling have been used to model information

dissemination in online web forums [193, 209, 210]. Hybrid approaches that use

networks and differential equations have also been proposed [107]. However, an

approach based on differential equations is not able to reproduce the peculiarities

of connectivity patterns that are presented in real-world systems [106, 212]. The

focus of this dissertation is network-based disease spreading models.

May et al. looks at the infection dynamics from a different perspective, aiming

to better understand the impact of the basic reproductive number (Ro), i.e. the

average number of secondary infections produced when one infected individual is
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introduced into a host population where everyone is susceptible [135]. The authors

analyze the spread in a closed population using a SIR model in which, a priori, it is

impossible for the infection to be maintained over a long period once the number

of susceptible nodes decreases over time. They conclude that for diseases with

R0 < 1, the focus should be on identifying the source and potential reservoir and

reducing or eliminating infective contacts. In cases of diseases with R0 > 1, which

are the most dangerous, the origin of the infection is not important and efforts

should be focused on intervention aimed at stopping a self-sustained epidemic.

For random networks, as the one proposed by [63], it was shown that about 20%

of the number of nodes in the network will never be infected [191]. Recently this

property was also extended to small-world networks [214], however the percentage

of never infected nodes is considerably larger. By using a SIR model, the work of

Liu et al. corroborates with such findings through numerical simulations [122].

It has also been shown that the topology of scale-free and small-world networks

influences the overall behavior of diseases that can be described using SIR models,

with the fluctuation in the degree of the nodes playing a major role in the incidence

of infection [140]. This characteristic becomes even more important in scale-free

networks in which this fluctuation is higher, exposing a weakness in such networks

to resist or eradicate an infection. If the infection has seeds among the less

connected nodes or among the hubs, the behavior of the infection is practically

the same in Small World networks, however the same cannot be said about scale-

free networks, which exhibit higher vulnerability among the hubs. SIR models

were previously studied in stochastic models in Ball et al. [71] both locally and

globally.

24



A variation of the SIR model in which an equal spread rate among all nodes

in the network is assumed, i.e. a node spreads the disease to all its immediate

neighbors, was introduced by Newman and Watts [152] and later extended in [151].

The result of such spread is similar to the logistic growth function, which shows

initial exponential increase followed by a saturation state [11]. The logistic growth

function is a common sigmoid function present in many biological processes, such

as tumor growth [6]. As a consequence of this behavior, the number of nodes that

has the disease at any time is proportional to the number of immediate neighbors of

the node that started the spread. However, this scenario is unrealistic, even for very

virulent diseases, thus they empirically define a proportion of the population that

is susceptible to the disease. The values that this parameter can assume become

crucial to understand the situation where the largest connected component covers

most of the network and an epidemic state ensues [149]. This problem is known

as site percolation [201].

2.1.3 Probabilistic Graphical Models

Causation is the relation between two particular events: something happens and

causes something else to happen. In this case each cause is a particular event

and each effect is a particular event. A given event X can have more than one

cause, none of which alone suffice to produce X. Causation is usually transitive,

irreflexive (an event cannot cause itself) and antisymmetric (if X causes Y , Y

cannot cause X) [188].

Probabilistic graphical models (PGMs) consist of a framework to reason with in

systems with large parameters that interact among them [113]. PGM’s encode the
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joint probability distribution over a finite set of variables X1, ..., Xn and represent

it as a series of conditional probabilities over each variable given its parents in

the graph, i.e., for each variable Xi and its parents, denoted as pa(Xi) there is a

conditional probability distribution P (xi|pa(Xi)). More specifically, PGMs allow

a declarative representation of the system that we want to characterize [154], in

other words, it allow us to analyze a given system without any specific knowledge

about the domain. PGMs are well suited to this analysis because they use a graph-

based representation as a form to compactly encode a complex distribution over a

high-dimensional space. In this study the nodes will represent the variables in the

domain (the parameters of the simulation and the results) and the edges represent

the direct probabilistic interaction between them.

PGMs deal with uncertainty, an important aspect of many real-world processes

that occurs because observations contain noise due to partial observation of the

phenomenon, which nevertheless has to be dealt with [101]. In many real-world

situations our understanding of what is actually going on is incomplete, thus we

need to describe them probabilistically [37]. The representation of a dynamic

system in terms of a probabilistic graphical model allows us to use different

algorithms to reason with it, because it provides its own clear semantics [91].

In many real-world distributions variables only tend to interact directly with a few

others; such property is exploited by the graphical representation of the system.

The advantages of this representation include modularity, transparency and being

written down tractably [215].

A widely known probabilistic graphical model is Naive Bayes [113], which

assumes that instances fall into a number of mutually exclusive classes C, and

that it also contains a number of features X1, . . . , Xn whose values are typically
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observed. This representation relies on the assumption that the features are

conditionally independent given the instance’s class. This assumption is called

the Naive Bayes assumption, and is given by:

(Xi ⊥ X−i|C) for all i (2.11)

Formally a Bayesian network is a directed acyclic graph whose nodes are

random variables and edges correspond to the direct influence of one node on

another [113]. The illustration of the representation can be seen in Figure 2.6.

This representation allows a linear parameterization in the number of variables

instead of an exponential parameterization used in explicit representation of the

joint probability.

This representation uses two basic rules from probability which are more

compatible with causality [50]. First, the Chain’s rule, defined as:

P (α1 ∩ . . . ∩ αk) = P (α1)P (α2|α1)) · · ·P (αk|α1 ∩ . . . ∩ αk−1). (2.12)50 Chapter 3. The Bayesian Network Representation

Class

X2X1 Xn. . .

Figure 3.2 The Bayesian network graph for a naive Bayes model

model (also known as the Idiot Bayes model). The naive Bayes model assumes that instances
fall into one of a number of mutually exclusive and exhaustive classes. Thus, we have a class
variable C that takes on values in some set {c1, . . . , ck}. In our example, the class variable
is the student’s intelligence I , and there are two classes of instances — students with high
intelligence and students with low intelligence.
The model also includes some number of features X1, . . . , Xn whose values are typicallyfeatures

observed. The naive Bayes assumption is that the features are conditionally independent given
the instance’s class. In other words, within each class of instances, the di�erent properties can
be determined independently. More formally, we have that

(Xi ? X�i | C) for all i, (3.6)

where X�i = {X1, . . . , Xn} � {Xi}. This model can be represented using the Bayesian
network of figure 3.2. In this example, and later on in the book, we use a darker oval to
represent variables that are always observed when the network is used.
Based on these independence assumptions, we can show that the model factorizes as:factorization

P (C,X1, . . . , Xn) = P (C)
nY

i=1

P (Xi | C). (3.7)

(See exercise 3.2.) Thus, in this model, we can represent the joint distribution using a small set
of factors: a prior distribution P (C), specifying how likely an instance is to belong to di�erent
classes a priori, and a set of CPDs P (Xj | C), one for each of the n finding variables. These
factors can be encoded using a very small number of parameters. For example, if all of the
variables are binary, the number of independent parameters required to specify the distribution
is 2n+1 (see exercise 3.6). Thus, the number of parameters is linear in the number of variables,
as opposed to exponential for the explicit representation of the joint.

Box 3.A — Concept: The Naive Bayes Model. The naive Bayes model, despite the strong as-
sumptions that it makes, is often used in practice, because of its simplicity and the small number
of parameters required. The model is generally used for classification — deciding, based on theclassification

values of the evidence variables for a given instance, the class to which the instance is most likely to
belong. We might also want to compute our confidence in this decision, that is, the extent to which
our model favors one class c1 over another c2. Both queries can be addressed by the following ratio:

P (C = c1 | x1, . . . , xn)

P (C = c2 | x1, . . . , xn)
=

P (C = c1)

P (C = c2)

nY

i=1

P (xi | C = c1)

P (xi | C = c2)
; (3.8)

Figure 2.6: The Bayesian network graph for a naive Bayes model. Figure taken
from [113].
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And as immediate consequence of the definition of conditional probability,

Bayes’rule, formally defined as:

P (α|β) = P (β|α)P (α)
P (β) (2.13)

For example, this approach allows to answer queries that are concerned with

the posterior probability distribution over the values m of M , conditioned on the

fact that C = c, in other words the marginal over M that we obtain by conditioning

on c, formally: p(M = m|C = c). The assignment of values to observed variables

is called evidence. According to [113] such probability queries can be classified as:

• Causal Reasoning: Attempts to predict the downstream effects of various

factors, starting from the independent ones until we reach the desired class.

• Evidential Reasoning: It reasons from effect to causes, starting from nodes

closer to the target until we reach the top nodes, the independent ones.

• Intercausal Reasoning: Here the goal is to find out the interactions among

different causes of the same effect. This type of reasoning is a very common

pattern in human reasoning.

Such inference can be easily made by using Bayes’rule [84]:

p(M = m|C = c) = p(m, c)
p(c) . (2.14)

Each of the instances of the numerator is a probability expression p(m, c),

which can be computed by summing all the entries in the joint probability table

that correspond to assignments consistent with m and c. More precisely let X be
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the set of all variables of the system and W = X−M−C be the random variables

that are neither query nor evidence. Then:

p(m, c) =
∑
w

p(m, c, w). (2.15)

Because M , C and W are all network variables, each term p(m, c, w) in the

summation is simply an entry in the joint distribution. The probability p(c) can

also be computed directly by summing up the joint, as follows:

p(c) =
∑
g

p(m, c). (2.16)

The key operation that it is performed when computing the probability of

a subset of variables is that of marginalizing out variables from a distribution.

The conditional probability of a parentless node is just its prior probability:

P (xi|0) = P (xi). The joint probability distribution over the set X = {X1, ..., Xn}

can be obtained by taking the product of all of these conditional probability

distributions as in Eq. 2.12:

P (x1, ..., xn) =
n∏
i=1

P (xi|pa(xi)) (2.17)

Such probability distribution satisfies the Markov condition, i.e. that each

variable is independent of all others given its parents [59]. For example, if neither

Xj nor Xk are parents of Xi then P (xi|pa(xi), xk, xj) = P (xi|pa(xi)).

Bayesian network inference exploits the network structure, in particular the

conditional independence and the locality of influence. However, this approach to

the inference problem is not very satisfactory since it returns us to the exponential
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blowup of the joint distribution that the graphical model representation was

precisely designed to avoid [113]. One solution to overcome this problem is

to adopt a dynamic programming strategy. Dynamic programming inverts

the order of computation-performing it inside out instead of outside in. This

approach is possible because of the Bayesian networks structure that allows some

subexpressions in the joint probability distribution to only depend on a small

number of variables and, once we compute these expressions and cache their results,

we do not need to generate them exponentially again [61].

Another kind of query is MAPs (maximum a posteriori) queries, which aim to

direct high probability joint assignment to some subset of non-evidence variables

[113]. More formally, if W = X −E, the goal is to find the most likely assignment

to the variables in W given the evidence E = e:

MAP (W|e) = argmaxwP (w, e) (2.18)

where argmaxxf(x) represents the value of x for which f(x) is maximal. The

main difference between probability queries and MAP queries is that when each

variable, individually, picks its most likely value it can be quite different from the

most likely joint assignment of a group of variables [143].

One important aspect is that it is impossible to take a fully specified

distribution P and construct a graph G for it; the joint distribution is much

too large to be represented explicitly [215]. Another aspect is that not every

distribution can be transformed into a graph that will hold its independencies.

This first type of counterexample involves regularity in the parameterization of

the distribution that cannot be captured in the graph structure. One example
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is a deterministic relationships, as for example logical functions (and, or, xor)

can lead to distributions that cannot be represented by a graph that yields to its

dependencies [113]. Other complications can arise due to symmetric variable-level

independencies that are not naturally expressed within a Bayesian network, or

even because the independence assumptions imposed by the structure of Bayesian

networks are simply not appropriate.

In order to build a Bayesian network the following steps must be accomplished:

selecting the system variables and their possible values; determining the structure

of the graph; and obtaining the conditional probability distribution over each of

the system variables [59]. Most researchers use a database to construct a Bayesian

network, using the variables of the database as variables of the system and learning

algorithms to generate the Bayesian network [44,165]. Such algorithms require the

database to contain a sufficiently large number of cases, so that there are no missing

values or selection bias.

Many algorithms have been proposed to construct a Bayesian network; one

of the most used is the PC-search algorithm [187]. The algorithm relies on the

following basic observation: if X and Y are adjacent in G we cannot separate them

with any set of variables. Thus, if X and Y are not adjacent in G then we can find

a set U so that (X ⊥ Y |U), where U is the witness of their independence. For each

pair of variables, we consider all potential witness sets and tests of independence.

If we find a witness U that separates the two variables, the witness can be either

parent of X or parent of Y. If we do not find a witness, then we conclude that the

two variables are adjacent in G.
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Many algorithms for causal inferences have been proposed over the past

decades under weak assumptions about the data generating process [188]. Such

assumptions are:

• Causal Markov Assumption: A directed acyclic graph G over a set of variables

V and a probability distribution P (V ) satisfy the Causal Markov Assumption

if and only if for every W in V , W is independent of V \(Descendants(W ) ∪

Parents(W )) given Parents(W ).

• Faithfulness Assumption: It says that all conditional independence relations

are consequences of the Causal Markov Assumption applied to the directed

graph representing the causal relations. Let G be a causal graph and P a

probability distribution generated by G. < G,P > satisfies the Faithfulness

assumption if and only if every conditional independence relation true in P

is entailed by the Causal Markov Assumption applied to G.

• Causal Minimality Assumption: It says that each direct causal connection

prevents some independence or conditional independence relation that it

would otherwise obtain. Formally, for a graph G over a set of variables

V and a probability distribution P satisfies the Causal Minimality condition

if and only if for every proper subgraph H of G with vertex set V , the pair

< H,P > does not satisfy the Causal Markov Assumption.

2.2 State-of-the-Art

The use of statistical frameworks to understand the disease spreading phenomenon

has been extensively investigated in the literature. Most applications of Bayesian
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networks to disease phenomena have been in improving the diagnoses of chronic

[52], psychological [47,64,185], seasonal [169], cardiovascular [131] and degenerative

diseases [36, 124,170].

Other efforts used such probabilistic frameworks to model the transmission

of real-world diseases. One example is the Severe Acute Respiratory Syndrome

(SARS) that occurred in China in late 2002. The epidemic lasted 105 days and

caused many economic and social problems [166]. In Walker et. al. [198] the

authors use Markov Chain Monte Carlo (MCMC) sampling methods [77] to choose

the best parameters for a variation of the SIR model modified to this disease

[183, 184]. They focus on a contagious network with small-world features, thus

justifying the choice of MCMC methods due to the random aspect of the long-range

edges in small-world networks. They use Approximate Bayesian Computation to

simulate their results and summary statistics to compare simulated data from the

model with the observed data; i.e. they are interested in the posterior distribution

of the parameters given the observed data. Thus, they use Bayes’rule, which

expresses the posterior as the product of the likelihood of data given a particular set

of parameters and describe the assumptions about the parameters before observing

the data. The estimated parameters were consistent with the parameter values

chosen based on medical opinions.

Attempting not only to understand the rate of transmission and the direction

and speed of the spread, but also uncover an effective measure to contain the

outbreak, the work of Maeno [126] uses Monte Carlo stochastic simulation [109]

to understand the influence of spatial heterogeneity in the spreading mechanism.

The author focuses on the macroview of transportation in the dynamics of the

spread. Its method aims to discover the effectively decisive topology of a network
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of roads and transmission and reveals the parameters that govern such stochastic

transmission in the early growth phase of the outbreak. Its results show that the

estimation of parameters of spreading is particularly successful when the topology

is sparse and reproduction is slow.

In Blum et al. [26], the authors use Approximate Bayesian Computation (ABC)

[22] to overcome the recurrent problem of missing data in epidemiological infections

and assess an alternative to MCMC. They argue that MCMC, although popular,

may be computationally prohibitive for missing high-dimensional observations, and

that the proposed distributions must be fine-tuned for efficient MCMC algorithms

[168]. ABC methods only rely on numerical simulations of the model and

comparisons between simulated and observed summary statistics [173]. They show

that for standard compartmental models, such as SIR, the posterior probability

found with their method is similar to others found in the literature.

The use of statistical frameworks to model endemic diseases such as dengue

was investigated by Samat and Percy [178]. They attempted to estimate the

relative risk of disease spreading by extending the fundamental SIR Poisson-

gamma model and develop a Bayesian analytic approach. Many works on disease

mapping use regression-type models in which both observable and unobservable

variables are included to give a clean map, and so to represent the true excess

risk [23, 29, 111, 119]. Their contributions include a method that takes into

account the transmission of the disease in human populations and enables covariate

adjustments and spatial correlation between adjacent areas, thus overcoming issues

of previous modeling such as standardized morbidity ratio.

With the goal to detect an epidemic or bio-terrorist attack before confirmed

diagnosis can be made, the field of biosurveillance tracks the evolution of a given
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disease over time [171]. Bio-terrorism attacks aim to cause fast and severe effects

yet may not be readily recognized. Scientists do not have experience with such

bio-agents, thus it is critical that they are detected early on in order to minimize

damage and ensure mitigating measures can be taken [93]. Biosurveillance consists

of two parts. In the first part lies the detection and tracking of a singular

underlying phenomenon given a set of noisy observations (patient records) over

time. The second part consists of using the relationships among identified objects

to reason about the current epidemic, with the goal to leverage the information

discovered in the first part to contextualize and explain the observations. Blind and

Das [25] propose a statistical approach to biosurveillance analyses. Their approach

is composed of Latent Semantic Analysis [49] to reduce the dimensions on disease

space, then they cluster the entities using the nearest neighbor heuristic [45],

and finally they use dynamic Bayesian networks to assess the state of a disease

outbreak [99]. They validated their work in influenza-like diseases using real-world

data.

2.3 Literature Gaps

2.3.1 Problem Statement

We focus on the following gaps in the literature that need to be investigated. These

gaps can be summarized by raising the following research questions:

• Question 1: Is it possible to use Bayesian networks to better

understand the phenomenon of disease spreading?
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Gap 1: It is unclear how Bayesian networks can be used to provide a different

perspective on the study and analysis of disease spreading models.

Description: Bayesian networks are a widely known framework that

provides a holistic view of a system in terms of its dependencies. Such an

approach could be used to present a new perspective on the study of disease

spreading models, by showing how the different parameters of the system

interact to produce real world behaviors of the phenomenon.

• Question 2: Is it possible to create a methodology to compare

different disease spreading models by combining their results?

Gap 2: There is a lack of methods to compare different disease spreading

models by assessing their limitations and modeling decisions.

Description: A merged Bayesian network created by merging the results

of the analyzed models could potentially reveal which dependencies of each

model are more likely to be accurate, by belonging to the actual phenomenon

described, or spurious; thus we would have a way to compare the models

analyzed based on such accuracy.

2.3.2 Thesis Statement

A methodology based on Bayesian networks to study and compare different disease

spreading models highlights how the modeling decisions affect the dynamics of

the disease spreading as well as identify the limitations of each model. This

methodology will allow the comparison of different models based on their accuracy,
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in order to identify which dependencies among the variables of the system are more

likely to be present in real phenomenon.
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Chapter 3

Proposed Methodology

In this chapter we present the main contribution of this dissertation, which is an

approach, formalized as a methodology, to study and compare disease spreading

models. Before explaining the details of the proposed methodology we present a

controlled experiment that supports our Weak Ensemble assumption and shows

how the methodology was designed and outlines the main ideas behind it.

3.1 Controlled Experiment

A given phenomenon has its own dynamics, in terms of a Bayesian network; such

dynamics are represented in terms of the dependencies between the variables of

the system. In this experiment, we suppose that the phenomenon is represented

by the following algebraic calculations:

C = 2A+B2 (3.1)

K = 3C − 4E (3.2)
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Where the variables A, B and E are independent variables and can assume

any integer value between zero and nine; K is the target variable, i.e. the

variable that we are trying to predict. In order to identify the structure of the

Bayesian network that represents this phenomenon, we executed experiments using

all possible combinations of values that each variable can assume and recorded the

resulting values of K. The results were stored as a joint probability table where, for

each assignment of a given variable, we are were to predict its effects on the other

variables considered. Next, we used the PC search algorithm [187], which is an

algorithm that given a joint probability table searches for the dependencies among

the variables and creates a Bayesian network. The algorithm tests if every pair of

variables is conditionally independent given any other third variable. These tests

were performed for every value of each assessed variable, thus producing exhaustive

and computationally heavy tests. The resulting Bayesian network found can be

seen in Figure 3.1.

In this structure we can see that variables A and B influence the variable C and

that variables C and E influence our target variable K. We also have a variable

D that is neither influenced by, nor influences any other variable. Variable D

was introduced to assess the likelihood of a variable that is not in the system

becoming part of it, in the process of generating models that partially describe the

phenomenon. This is the ground truth, the actual structure of the phenomenon

that we are trying to understand. As many other real-world phenomena, there are

many models that attempt to describe this phenomenon. Each model has its own

limitations; some of the models do not consider a given variable, whereas others

only consider smaller intervals of the values that the variables can assume, like

many models in the literature that attempt to describe a given phenomenon by
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Figure 3.1: Bayesian network of the phenomenon of the controlled experiment.

focusing on specific variables and neglecting others. Thus, we created different

classes of models that have different characteristics:

• Class 1: This class of model uses a smaller interval of values to one of

the independent variables; variable A for example can only assume values

between two and five. We also changed the rules of the model, in this case

they are: C = 3A+B3 and K = 3C − 6E.

• Class 2: This class of model keeps the value of one of the independent

variables fixed, thus assuming that it is irrelevant either to its analysis or to

the overall dynamics of the phenomenon; variable B for example can only

assume value three. We also changed the rules of the model, in this case they

are: C = A− B2 and K = C − 3E.
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• Class 3: This class of model keeps the values of two of the independent

variables fixed, similarly to Model C but with more variables not being

considered; variable A for example can only assume value two and variable

E can only assume value five. We also changed the rules of the model, in

this case they are: C = 2A+ 4B and K = C2 + E.

• Class 4: This class of model choses a smaller interval of values to two of the

independent variables, similarly to Model B, but more variables are involved

in this restriction. For example, variable B can only assume values between

one and six and variable E can only assume values between four and nine.

We also changed the rules of the model, in this case they are: C = 2A− 3B2

and K = 5C + 2E.

For each class of model presented we created three scenarios. All scenarios of

a given class of model have the characteristic of the class it belongs to; Class 1

for example has instances M1
1 (A = [2, 5]), M1

2 (B = [4, 7]) and M1
3 (E = [6, 9]).

Then we performed exhaustive simulations in all combinations of values that each

parameter can assume in order to create a joint probability table and, consequently,

a Bayesian network of each model to assess the effect of each restriction on the

structure of the Bayesian network. The results can be seen in Figure 3.2.

As can be seen in Figure 3.2, the restriction on the interval of the values

of variable A in Class 1 did not allow the algorithm to accurately identify the

dependency between variable A and variable C. In the Bayesian network created

from an instance of Class 2, on the top right, we see that the restriction on variable

B made the algorithm incorrectly identify dependencies among all other variables

and variable B. In the Bayesian network created from an instance of Class 3, the
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Figure 3.2: Bayesian networks that represent the different classes of models that
describe the controlled experiment phenomenon. On the top left is a Bayesian
network generated from an instance of Class 1, on the top right Class 2, on the
bottom left Class 3, and on the bottom right Class 4.

42



restriction of having two variables with fixed values had a similar effect to the ones

produced in the instance of Class 2, in which all other variables had dependencies to

the fixed variables; in this case variables A and E remained fixed. In the Bayesian

network created from an instance of Class 4, two variables remained fixed, thus

the algorithm was unable to correctly identify the structure, maybe due to the fact

that the intervals considered were too short to identify the dependencies among

the variables.

Subsequently we started to merge the results produced by different models

in order to construct a Bayesian network from the joint probability table of all

analyzed models. Our hypothesis is that this merging reveals a different structure

of dependencies that belong to neither each model and yet could show us which

dependencies are spurious or accurate (that are present in the phenomenon). We

choose a merging strategy that would provide insights into the merging of inter-

classes and intra-classes of models. Examples of the merged Bayesian networks

can be seen in Figure 3.3.

We noticed that, for example, in the Bayesian network generated from merging

the results from an instance of Class 1 and from an instance of Class 2, in the left of

Figure 3.3, the new information introduced by the instance of Class 1 made all the

spurious dependencies between the variables and the one kept fixed in the instance

of Class 2 (variable B) disappear. However, the new information introduced by

the instance of Class 2 made the merged Bayesian network recognize that variable

A does influence other variables, which the instance of Class 1 did not show. In

general, we noticed that dependencies that are accurate, i.e. those also present in

the ground truth of the phenomenon (Figure 3.1), persisted in the new structure.

By merging the results of different models, we noticed that some patterns emerged,
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Figure 3.3: Bayesian networks obtained from merging the results of different
models. In the left we have the Bayesian network obtained from merging the
results from an instance of Class 1 and an instance of Class 2. In the center we
have the Bayesian network obtained from merging the results from an instance of
Class 1 and an instance of Class 3. In the right we have the Bayesian network
obtained from merging the results from an instance of Class 2 and an instance of
Class 4.

and those patterns allowed us to not only distinguish between dependencies that are

more likely to be present in the phenomenon from spurious dependencies but also

to identify new dependencies. Hence we have a way to compare different models

according to the number of correctly identified dependencies. More details about

the proposed approach and the steps taken will be provided in the next sections.

The merging actually revealed more information about the structure of the ground

truth of the phenomenon than each model individually, and hence supported

our main assumption. Our assumption is that the combination of the results

of different models would produce a better representation of the phenomenon that

they describe than each model individually. Such an assumption, often referred to

as Weak Ensemble Assumption is not new; early work dates back to the 1960’s [20]

and ever since it has been successfully applied to a variety of other situations.
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3.2 Weak Ensemble Assumption

The idea that the combination of different solutions can often improve the overall

success rate of the main solution has a statistical basis [207]. As pointed out by

Granger [82], in early 1960’s a comparison study between many prediction methods

was made [20]. The study showed that the Box-Jenkins modeling procedure

outperformed many other methods at the time, and the natural step would have

been to discard the methods that did not perform as well and only use the BJ

method. However, the author of the study observed that a simple average of

the two methods outperformed each of them. They concluded that to produce a

superior prediction, both methods had to be suboptimal and use different inputs,

thus each method would be optimal for its particular set of inputs. The difference

between this approach and others is, that it not simply combines different training

sets to produce a better trained method, but rather trains each model with its own

input and combines their results. This idea has spread quickly due to its simplicity,

pragmatism and superior performance [82].

Machine learning methods attempt to infer a function from a subset Rn to a

subset Rp (parent function) given a set of m samples of that function. An algorithm

that attempts to guess the parent function, having as basis only the learning

set m that consists of Rn+p vectors as a baxix, is called generalizer. Normally

the performance of such a generalizer is measured through its learning accuracy,

i.e. its ability to identify patterns from the learning set that can be applied

to any other input. However, the Weak Ensemble Assumption was introduced

to boost another kind of accuracy, a generalization accuracy. Instead of trying

to maximize the patterns identified from the learning set, methods that use the
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Weak Ensemble assumption are focused on achieving a good generalization of that

problem [207]. Often such methods partition the input, assign each part to a

different sub-solution, analyze the partial results and combine them to achieve a

better global solution [136,180].

A widely known method that uses this approach is the AdaBoost algorithm [74].

It consists of generating a sequence of weak classifiers where, at each iteration, the

algorithm finds the best classifier based on the current weights, then increases the

weight of incorrectly classified samples and decreases the weight of correct ones.

This step requires the algorithm to learn different aspects of the data at each

iteration [115].

It has been reported that when that approach is applied in neural networks,

given a population of weak estimators (estimators with results marginally better

than random), it is possible to construct a combined estimator that is as good or

better in the error sense than any estimator [167]. In neural networks, the ensemble

paradigm has been used to gather various neural networks trained for the same

task [195]. It is also well suited for parallel computation where parts of the solution

are computed in different estimators at the same time [89]. In [114], the authors

attribute the key role of the heterogeneity of the inputs to the better performance

of their combined approach; they use different but overlapping datasets.

The ensemble approach uses local minima to build improved estimates whereas

other estimators are hindered by local minima. They are well suited to such cases

due to the basic fact that selection of weights in neural networks is an optimization

problem with many local minima. Methods that use global optimization strategies

when faced with many local minima yield “optimal” parameter weights that differ

greatly in each run of the algorithm, which constitutes a great deal of randomness
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coming from different initial conditions [88]. This randomness tends to produce

different errors in the networks, thus the networks will make errors on different

subsets of inputs. Thus, it is assumed that the collective predictions produced by

the ensemble are less likely to be prone to errors than the estimations made by any

of the individual networks. In [88], such arguments are supported by experiments

and they conclude that an ensemble can be far less fallible than any individual

network.

Such an approach has not only been used in neural networks but also in a variety

of methods in diverse areas [218]. Facial recognition systems combine different

machine learning methods such as decision trees. Such systems are based on the

hierarchical organization and implement successive levels of abstraction in terms

of information granularity [86]. An ensemble of neural networks and eigenfaces has

also produced better results than methods that only use neural networks [97].

In optical character recognition it has been shown, that boosting weak

estimators with errors of less than fifty percent can generate methods with

arbitrarily low error rates [58, 87]. In [128], the authors use three different

ensemble strategies to assess which one produces better results in optical character

recognition. The first approach consists of a collection of neural networks that

are trained with the same data but with different random initial weights. The

second approach, called bagging, consists of a re-sampling technique for generating

data for each classifier, where each dataset is randomly sampled with replacement

from a bigger repository. In their final approach, individual classifiers are trained

hierarchically to learn harder and harder parts of the classification problem. They

argue that the best strategy depends on the number of patterns to be recognized.

In the area of scientific image recognition multiple artificial neural networks with
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different layers and nodes have been used to achieve expert level accuracy in radar

images of volcanoes on the surface of planet Venus [39]. Others applications

that use this paradigm include medical diagnosis [46, 217] and seismic signals

classification [181].

In the scope of this work we use such assumptions to support our comparison

of different disease spreading models; figure 3.4 illustrates how this approach is

applied. Each model must have different inputs, i.e. different initial conditions that

can produce different scenarios and dynamics. As mentioned previously, having

different inputs is crucial for the different models to produce better generalization

when merged. For example, as Model 1 was trained with Input 1 it can reproduce

some real-world scenarios while others cannot (scenarios are represented as blue

circles of different sizes). The same happened with Model 2, which received Input

2 (not the same set as Input 1) and is able to reproduce some real-world scenarios.

Both models can reproduce some scenarios, whereas other scenarios can only be

reproduced by one model. This relationship between the scenarios produced by

each model illustrates the suboptmality of each model, i.e. there are some scenarios

that one model is able to reproduce and whereas others fail to do so. Thus, if we

are able to guarantee such conditions, our combination of the results of each model

should produce better representation than each model individually.
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Input	1 Input	2

Scenario

Figure 3.4: An illustration of the how weak ensemble approach fits our work.

3.3 Proposed Methodology

As mentioned in the previous chapters, disease spreading is an important

phenomenon and a major source of concern of many countries. Formally, disease

spreading models are models that describe the propagation of clinically evident

illnesses resulting from the presence of a pathogenic microbial agent [132]. In the

scope of this work we are interested in the set of disease spreading models that can

be formally defined as:

• A graph G = {V,E} where:

V = {v1, v2, ..., vn} = set of individuals

|V | = n = number of individuals

n > 1

E = {e1, e2, ..., em} = set of interactions
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|E| = m = number of interactions

n− 1 ≤ m ≤ n(n−1)
2

ei = {vj, vk} = {vk, vj} such that

vj ∈ V ; vk ∈ V ; 0 < j ≤ n; 0 < k ≤ n; j 6= k for all i ≤ m

• A set of states S = {s1, s2, ..., sr}

|S| = r = number of states

r > 1

• A set of nodes’ states U = {τ1, τ2, ..., τn}

|U | = n = number of nodes’ states

τi(t) = τ(vi, t) = state of node i at time t

τi(t) = Φ(τi(t− 1), Pi(t− 1)) ∈ S for all i ≤ n where

Pi = {pi1, pi2, ..., pil} = set of states of the neighbors of node i

|Pi| = l = number of neighbors of node i

0 < l < n

pia(t) = τh(t) ∈ S such that {h, i} ∈ E for all h ≤ n for all

a ≤ l

Various disease spreading models have been created that focused on

understanding the forces that drive many real-world behaviors of such diseases.

The models describe different kinds of diseases, most of them grouped according

to their ability to confer immunity to the individuals that acquire it.

From the group of diseases that do not confer immunity to the individuals that

acquire it we highlight SIS models. Many variations of this kind of modeling have

been proposed, such as that used by Pastor-Satorras and Vespignani [161]. Their

model consists of a SIS model in which at each time step each susceptible node is
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infected with probability v if one or more of its neighbors are infected, and infected

nodes heal and become susceptible again with probability δ. Another variation of a

SIS model is used by Kuperman and Abramson [117]. In this model the probability

of a susceptible node becoming infected is proportional to the number of neighbors

who are infected at a given time and the amount of time it takes before healing

is determined by a system parameter. Another peculiarity of this model is the

presence of a refractory state where nodes that were infected remain refractory

during a specified period of time before returning to the susceptible state. In this

state a node can neither infect nor become infected. In Javarone and Armano [100]

the authors introduce a model in which each infected node has probability v of

infecting one of its neighbors, if this neighbor is susceptible. Each node has its

own fitness parameter, introduced by the authors, that defines how fast it can

heal over time. This characteristic increases the healing likelihood over time, and

each node has its own curve of healing likelihood. Another variation of a SIS

model is presented by Xu and Chen [213] in which they introduce the concept of

a delay. This concept introduces a time interval in which an infected node after

being exposed to the disease is able to infect others. This delay might be due to

the latency of the host or the latency of the disease itself.

SIR models represent a group of diseases that confer immunity to the

individuals that acquire them. The basic idea of this kind of model is presented

by Murray [144]. In this model all susceptible nodes in the network have the same

probability v of becoming infected once in contact with an infected neighbor, and

all infected nodes have the same probability δ of healing. A variation of this model

was used by Zanette [214]. In this model, the infection spreads more slowly. At

each time step a randomly chosen infected node contacts one of its neighbors; if this
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neighbor is susceptible then the latter becomes infected. However, if the neighbor

is either infected or refractory the former becomes refractory. Using the concept

of memory, Dodds and Watts [55] introduced a model in which individuals have

a cumulative memory of their contacts with infected individuals. Each node has

its own infection threshold that accounts for the number of contacts with infected

individuals necessary for it to become infected. Only after this threshold is reached

a susceptible node becomes infected. In Ma et al. [125] the authors present a SIR

model that introduces a delay in the infection; whether due to a latency in the host

or of the disease itself. Thus, a given susceptible node that was in contact with an

infected one only becomes infected after some period of time, and not immediately

after the contact.

A comparison of disease spreading models based on agents with models based

on differential equations was presented in [174]. The comparison presents the

differences between the dynamics produced by the two types of models. The

authors state that differential equation models produce a single trajectory for

each parameter set, while stochastic models produce a distribution of outcomes.

The comparison showed that the network topology and individual heterogeneity

affect the dynamics, e.g. the clustering present in small-world networks slows

the diffusion. The spreading dynamics differ for several metrics, such as speed of

diffusion, peak of infected individuals, and total number of individuals that acquire

the disease.

As we can see, over the years many models have been proposed and analyzed.

Although they differ in behavior and contributions they all aim to describe

one common phenomenon, namely disease spreading. Each model has its own

peculiarities, and in the process of designing the model some decisions and
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assumptions were made for the respective model to better suit the desired analysis

task. Such modeling decisions affect the dynamics of the spreading in different

ways; in some cases they produce spurious behaviors that do not reflect the real-

world phenomenon. As we have shown in our controlled experiment, combining

different results from different models can present more information than each

model individually and provide a way to compare them. This approach is only

possible with the use of the Bayesian framework.

Most of the research efforts related to Bayesian networks have focused on

learning their structure from statistical data using batch algorithms [145]. Such

approaches evaluate all of the data in order to identify statistical dependencies.

However complete data are not always available; maybe not all could be stored, or

new data are expected at some time in the future. In some cases, it is unfeasible

to acquire or to simulate all data. To address such issues, incremental algorithms

were developed that use previous experience and new data to refine the structure

of the network [35]. The main problems in this situation arise when the new data

have different, partial or new attributes [216].

The natural solution would be to construct the network with the available data

and then use this structure as a prior probability to construct a new network [118].

As expected, this new structure is similar to the old one, once it relies on the

fact that the first one is already a good accurate model. Such an approach can

have unwanted consequences, i.e. that the new network is biased towards the old

structure.

In Friedman et al. the authors claim that the accuracy of incremental learning

algorithms involves a tradeoff between the quality of the learned network and the

amount of information that is maintained about past observations, and propose
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different strategies to deal with this issue [76]. Their first strategy uses a naive

approach that stores all previously seen data and repeatedly executes a batch

learning algorithm after each new example is recorded. As it uses all information

provided so far it is optimal in terms of the quality of the graph generated, however

the extensive and repetitive use of batch algorithms leads to a heavy computation

effort and memory allocation [10]. Their second approach, called Maximum A

Posteriori probability (MAP) avoids this overload of previous data by summarizing

data using the model already created, similar to the one proposed in Lam and

Baccuhs [118]. In their last approach, which they call incremental, they provide a

middle ground between the previous two approaches. It focuses on keeping track

of just enough information to make the next decision in the search process, by

maintaining a set of network candidates. When new data arrive, the procedure

updates the information stored in the memory and invokes the search process to

check whether if one of the network candidates is deemed more suitable than the

current model or not.

Another approach to incremental learning is based on sufficient statistics [75].

Sufficient statistics rely on the fact that it is possible to discard the actual data

once sufficient statistics about them have been gathered, and only use the collected

information instead of the actual data [10]. Those algorithms rely on the fact that

a new data entry alone does not provide any information, it is only useful within

the context of previous information, and not necessarily the actual data but rather

their statistics that are useful [104].

The possibility of merging knowledge of different Bayesian networks as been

thoroughly researched. One example is the work by Santos Jr. et al. [105]; they

focus on Bayesian Knowledge Bases (BKBs) which are generalizations of Bayesian
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networks in which dependencies are defined between states of random variables

instead of between random variables, directed cycles are allowed, and the specified

probability distribution does not need to be complete [176]. Their approach is

based on the addition of new nodes to new input fragments once the probability

distribution is not complete; moreover dependencies are drawn among the values

of the variables not the variables themselves.

Matzkevich and Abramson propose a strategy to fuse Bayesian networks that

creates a new network representing the “consensus” of the experts who created the

input networks instead of preserving the knowledge encoded by each expert, thus

much information is lost in the process [133]. Other strategies include dividing the

system in a set of small subsystems that deal with parts of the bigger problem [90].

Such approaches, mostly used in medical research, rely on the fact that a distinct

local network is then devised for each subproblem, and the set of local networks

is combined into a single global network. The fundamental principle guiding this

strategy is graph union, in which the global network contains all of the nodes and

all of the arcs of all of the local networks. Using the opposite strategy, Bonduelle et

al. [30] use graph intersection to identify the source of disagreement among experts

in a decision-making context. The authors begin by identifying the core set of nodes

and edges common to all of the input network, then a combination of behavioral

and mechanical techniques is used to refine the core to a more meaningful consensus

structure. Jiang et al. [103] propose a framework for fusing multiple PGMs and

integrating new ones over time, however their approach can require non-trivial

changes to the input of the networks, such as the reversal of edges to avoid the

creation of cycles and an ad-hoc addition of variables in order to get the conditional
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probability tables in a state in which they can be combined to form a single set of

joint probability tables.

As pointed out by Da Costa and Laskey [48], Bayesian networks, although very

useful in many contexts such as visual recognition [24] and language understanding

[38], have serious limitations such as the assumption of a simple attribute value

presentation, i.e. each instance of a given problem reasons over the same fixed

number of attributes and only the evidence values change in each instance. In

order to overcome such problems, the authors introduce a Multi-Entity Bayesian

system [211] based on first order logic. They argue that first order logic is able

to represent entities of different types interacting with each other in varied ways.

In their system random variables represent features of entities and relationships

among entities; the knowledge about attributes and their relationship is expressed

as a collection of fragments. Each fragment represents a conditional probability

distribution for instances of its resident random variables given their parents in

the fragment. Each node in a fragment may have a list of arguments that could

potentially represent different aspects of the reasoning, such as time and object

types. In summary their system is very complex and can represent any real-world

situation because of the use of first order logic, probability distribution, and a

Boolean function to identify inputs.

In this chapter we focus on the development of a methodology to compare

disease spreading models with a merged Bayesian network as basis. This new

network enables us to compare different models from the literature, and assess

how the modeling decisions affect the dynamics of the spreading. The main idea

is to create a merged Bayesian network from individual results of each model by

merging them, thus this analysis can be performed through the changes in the
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structure of the network. In this chapter, we attempt to fill the gap presented in

the previous chapter.

The proposed methodology can be seen in Figure 3.5 and is summarized in the

following steps:

1. Identify the set of variables that influences each model’s dynamics, X i =

{x1, x2, ..., xn}.

2. Define the set of metrics of the dynamics, Y = {y1, y2, ..., yn}.

3. For each xi, such that xi ∈ X i and xi /∈ Xk, identify the values that this

variable assumes in Xk so the joint probability table that is created have all

xi considered in all models analyzed.

4. Implement and run experiments in the scenarios reported by each model

analyzed in order to create a joint probability table with the set X and Y ,

such that X = Xj ∪Xk∀j∀k.

5. From the joint probability table of the results of each model create a Bayesian

network using PC search algorithm.

6. Balance the joint probability table of each model in order to adjust the

scenarios in each table to the same number.

7. Merge the joint probability tables of each model into a single one and create

a Bayesian network of the merged table using PC search algorithm.

8. Compare the structure of the merged Bayesian network with the structure

of the Bayesian networks of each model and rank each model according to
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the number of dependencies that are also present in the merged Bayesian

network.

We are going to provide details about each step mentioned above and explain

its role in the proposed methodology.

• Step 1: To be able to construct the Bayesian network of a given model, we

must first identify the possible variables that influence that model. Different

models, although describing the same phenomenon, can have different sets

of variables that influence their dynamics. Such a set is normally presented

by the authors of the model in their experiments. We only consider those

parameters of the system that change in their experiments as variables.

For example, a scientist who attempts to develop a model to describe the

acceleration of objects on Earth has to consider many variables, such as the

weight of the object and, the air resistance, among others. However, as all

his experiments are performed on Earth he does not realize that gravity is an

important aspect that influences the acceleration, thus he just marginalizes

that variable and assumes that it will always have the same value, Earth’s

gravitational pull. Thus, the set of values of the parameters chosen by a

given author of a model has great importance in the definition of the model

itself. It reveals which variables were considered and which were not.

In order to compare different models, they must share some common

features. Such features, here seen as parameters of the model, define specific

assumptions made by the authors when they created the models. The choice

of the set of variables must be made carefully in order to preserve the Causal

Markov Assumption. It states that no external variable can influence the

58



Implement	and	Run	Experiments

Simulation(){
If(x=true){
for(int i=0;i<size;i++)
node	i get	infected

}

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

Step	4

Model	1

Simulation(){
If(x=true){
for(int i=0;i<size;i++)
node	i get	infected

}

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

Model	2

Table	1

Table	2

Table	1
var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

X1 X2
X3

Y1
Y2

Step	5

BN	1

Table	2
var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

X1 X2
X3

Y1
Y2

BN	2

Create	Bayesian	Networks

X1
X2

Define	Each	
Model’s	Variables

Define	Metrics	of	
Dynamics

Step	1 Step	2

Y1

Y2

…

Yn

X4

Model	1

X1

X3
X4

Model	2

X5

X1
X2

Identify	Missing	
Values

X4

Model	1

X1

X3
X4

Model	2

X5

x2

x3

x5

Step	3

Analyze	BN’s	
Structure

BN	1 BN	2

Merged	BN

Step	8
Step	7

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

V1.4 V2.4 V3,4 0.71

Merge	the	Tables	and	Create	Merged	BN

Merged	Table

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

V1.4 V2.4 V3,4 0.71

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53
X1 X2

X3

Y1
Y2

Merged	BN

Table	1

Table	2

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

Step	6

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

V1.4 V2.4 V3,4 0.71

Balance	the	Tables
Table	1

Table	2

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

Table	2

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

Table	1

Step	7

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

Merge	the	Tables

Merged	Table

Table	2
V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

V1.4 V2.4 V3,4 0.71

var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

Table	1
var1 var2 var3 avg

V1.1 V2.2 V3.1 0.32

V1.2 V2.1 V3.2 0.98

V1.3 V2.3 V3,3 0.53

Figure 3.5: Steps of the proposed methodology.
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system other than the set already chosen; otherwise the reasoning using the

created Bayesian network will not be consistent.

• Step 2: In order to merge different models, even SIS and SIR models, which

have different analyses (endemic and epidemic, respectively) one needs to

define a set of common measures of the dynamics to be able to capture

all these behaviors. This step restricts the models used in the analysis;

for example, it would not be feasible to compare disease spreading models

with human mobility models because they produce fundamentally different

dynamics and cannot be measured by the same set of metrics. If two different

models cannot have the same set of measures to capture their dynamics, they

cannot be merged and consequently cannot be compared.

This step is important to the proposed methodology, because it is through

the defined metrics that we can assess how the modeling decisions affect the

spreading dynamics. The straightforward approach to choose such measures

is to carefully analyze the contributions of the compared models and define

common measures that are able to describe such findings.

• Step 3: As mentioned previously, each model has its own set of variables

that influence the dynamics, X i, thus it is not rare that a given variable xi,

such that xi ∈ X i and xi /∈ Xk. Thus, we need to identify which values

xi assumes on the model Xk, because in order to merge different results of

different models they must share the same variables, although some models

consider some variables and other models consider a different set, there is a

value that xi assumes when it is marginalized, and that value will be very

important when merging different model’s results.
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• Step 4: Once we have defined the set of common variables of the system

that include the parameters of the models and the measures that capture the

dynamics, we should implement the models analyzed in order to create a joint

probability table with all the values of X and Y , so thatX = Xj∪Xk∀j∀k. In

order to create the broadest table possible, i.e. one that covers the broadest

set of scenarios and parameters, it is necessary to run exhaustive experiments

in all combinations of the set of values of the parameters X i chosen in each

model. For each parameter xi there are xji values that it can assume, thus

one must at least perform ij experiments to cover all the scenarios of the

chosen values.

The implementation of the analyzed models and the consequent creation of

the joint probability table is an important step of the proposed methodology,

because without the table it is impossible to create a Bayesian network of

the model, which constitutes the core of the proposed methodology.

• Step 5: In order to create a merged Bayesian network that will serve as basis

to analyze each individual model based on its own Bayesian network we need

first to create the Bayesian network for each analyzed model. Individual

Bayesian networks will reveal how the parameters of the model influence the

set of defined measures, i.e. which parameters are necessary to predict certain

scenarios and results. In this work we use a widely known algorithm to create

such Bayesian network, the PC search algorithm [187]. The algorithm tests

if every pair of variables is conditionally independent given any other third

variable. These tests are performed for every value of each variable assessed,

thus producing exhaustive and computationally heavy tests.
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• Step 6: Due to the exponential combinatorial growth of the set of scenarios

that will be simulated and the number of parameters and values chosen,

different models can produce very different set of scenarios. For example, a

given model with three parameters where each parameter can assume four

values, will produce 81 scenarios. A second model with five parameters where

each parameter can assume six values will produce 15,625 scenarios. Merging

the results of both models will lead to the statistical dependencies present in

the results of the second model overwhelming the ones of the first model as

there are many more scenarios in the second set.

In order to avoid such problems, one must down-sample the table with the

higher number of scenarios. Down-sampling is a technique widely used in

machine learning methods, it randomly chooses data points from the bigger

class in order for both classes to have the same size [115]. In this case the

number of samples to be selected is exactly the number of scenarios of the

smaller table, thus both tables will have the same number of scenarios.

• Step 7: In order to be able to make assertions about the accuracy of

the dependencies of a given model we need to have the merged Bayesian

network generated from the results of all analyzed models as basis. Thus, it

is necessary to create a single joint probability table by merging individual

ones and running the PC search algorithm to uncover the Bayesian network

from the merged scenarios.

• Step 8: In this step we analyze the structure of the merged Bayesian network

generated in order to understand what it might reveal about the structure

of the individual Bayesian networks of each model. Now that we have our
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merged Bayesian network, and assuming that it represents a more accurate

representation of the phenomenon than each model individually under the

Weak Ensemble assumption, we can use it as a basis for our comparison.

Thus, as the merged BN is more accurate as regards to the real phenomenon

than each model, the model with the more similar BN structure to the merged

BN is more accurate. Thus, for each edge that is present in the BN of a given

model and also present in the merged BN, the model scores one point. At

the end, the model that has more points is more accurate than the others.

In the next chapter we perform comparative analyses of different disease

spreading models using this proposed methodology in order to validate them and

compare the analyzed models. We use SIS models and SIR models presented in

the literature and transcribe their contributions and findings in our terminology

so they can be properly analyzed.
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Chapter 4

Model Analyses

In this chapter we perform two different comparative analyses, one for SIS models

and the other for SIR models, using disease spreading models presented in the

literature and applying the methodology proposed in Chapter 3. We also extended

the SIS Model Analysis by introducing real-world data on the spreading of a

SIS disease. Before applying the methodology, we are going to present a brief

introduction of the models used, how they work, and what contributions they

make.

4.1 SIS Models Analysis

First, we are going to present two SIS models used in this analysis and their

peculiarities. In order to better discuss them we are going to refer them as:

• Pastor-Vespignani (PV) Model: Basic SIS model in which at each time

step each susceptible node is infected with probability v if it has one or

more infected neighbors, and infected nodes heal and become susceptible
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again with probability δ. As reference we are going to use the work of

Pastor-Satorras and Vespignani [161]. They focus their experiments on the

prevalence and persistence of infected individuals specifically in small-world

and scale-free networks. In order to do so, they use a SIS model with the

rules presented in Eq. 2.4, in which all susceptible nodes have the same

probability v of becoming infected if they are in contact with one or more

infected individuals and after being infected all have the same probability δ

of healing and returning to the susceptible state.

• Kuperman-Abramson (KA) Model: In this model the probability of

a susceptible node becoming infected is proportional to the number of

neighbors that are infected and the amount of time it takes before healing is

determined as a system parameter. Another peculiarity of this model is the

presence of a refractory state where nodes that were infected remain infected

during a specified period of time before returning to a susceptible state; in

this state a node can neither infect nor become infected. We are going to

use the work of Kuperman and Abramson [117] as reference. The focus of

their work is on the impact of the variation of the rewiring probability p

of Watts-Strogatz model on the evolution of disease spread, ranging from

low-amplitude at small p (endemic scenario) to wide amplitude at large p,

resembling periodic epidemic pattern typical of large populations.

4.1.1 Analysis

In order to make a comparative analysis of the PV and KA model we are going to

use the proposed methodology, step by step.
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Step 1

As reiterated in Chapter 2, many different disease spreading models have been

proposed. In this work we are interested in a specific group of them that meet the

following criteria:

• Cellular Automata: the model should divide the population in a set of finite,

discrete and mutually exclusive states, in which the transition between states

happens following predetermined rules.

• Network-Based: individuals of the population analyzed must be represented

as nodes in a network and the infection can only propagate through the

edges connecting the nodes, representing either social interactions or sexual

contacts.

• Local Description: the behavior of the infection should be described locally,

as a function of the own state of a node and its neighbors.

• Discrete Time: the time involved in the simulation should be discrete and

small enough to not account for births and deaths in the population.

As mentioned previously, Bayesian networks identify statistical dependencies

among variables of a system thus allowing the use of queries to better understand

its behavior. Therefore, it is necessary to identify each model’s possible variables

that can potentially affect the results. Given the above criteria we identified the

following properties that can be present in the models:

• Network: One of the parameters that has been reported to be relevant in

disease spread dynamics is the topology of the network of social or sexual
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contacts, i.e. its pattern of connectivity. In this work we chose four most

common topologies: small-world networks [203], scale-free networks [19],

random networks [63] and grids.

• Number of Nodes: Commonly referred to as |N |, defines the size of the

network in terms of individuals in the population.

• Density of Edges: Defines the number of edges in the network based on the

number of nodes, it can assume values between |N | (sparse) and |N |2 (dense)

and represents the contacts among the individuals in which the disease will

propagate. The higher the number of edges of a node (degree) the higher the

chance to acquire the disease.

• Input: Defines the proportion of nodes that will start the simulation

infected; this group is often selected randomly. This parameter can assume

values from zero to one.

• Infection Rate: Defines the rate at which susceptible individuals become

infected. Depending on the model used it can vary from a fixed probability

to one proportional to the number of infected neighbors.

• Healing Rate: Specifies the rate at which infected individuals leave that

state. Depending of the model used it can assume different forms, from a

fitness parameter for each individual to a specific number of time steps.

The choice of such parameters must be made carefully because of the Causal

Markov Assumption, which states that all possible variables that can influence

the set of variables already chosen is within the set, i.e. there is no external

variable that could influence a variable of the chosen set [188]. Thus, any variable
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of the system that could potentially influence the results should be taken into

consideration.

Analyzing the experiments performed by PV model we have identified that its

set XA is composed of: XA={Network, NumNodes, Input, InfRate, HealRate}.

The authors of the PV model did not consider different densities of the network,

i.e. they did not vary the intensity of the interactions between the individuals of

the populations. Perhaps that was not their focus, or they assumed that these

variables did not influence their results.

In the KA model, the authors used the following set of parameters XB

to perform their experiments: XB={Network, NumNodes, Density, InfRate,

HealRate}. They did not consider different initial inputs of seeds of infected

individuals. They assumed that this variable did not influence the results, because

they were more interested in long term synchronization of the population and the

initial configuration has little importance with respect to long-term behavior.

Step 2

In order to understand the dynamics in disease spreading simulations we need to

define several measures that will capture different perspectives of such dynamics

and will serve as basis to understand how the different parameters of the system can

influence real-world scenarios. By carefully analyzing existing studies, we noticed

that different measures are necessary, depending of the type of model used. For

example, in the analysis of the SIS model the focus is on its endemic characteristic

and the influence of certain aspects of the system on that behavior, i.e. most

analyses are related to the stability of a density of infected nodes. Conversely, in

SIR models, most analyses focus on the epidemic aspect of the spreading, trying
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to understand how fast a disease can spread or what proportion of the population

can become infected before the disease dies. Therefore, two fundamentally different

analyses require different measures in order to capture different perspectives of the

spreading phenomenon.

In this analysis we are going to use both SIS models thus we are going to

use the following measures to capture the endemic nature of such modeling: the

average of infected nodes over time (average), the variance of infected nodes over

time (variance), the peak of infected nodes during the simulation (peak) and the

last density of infected nodes before the simulation ends (last). For example, in a

simulation with four time steps, at time t0 the density of infected nodes, denoted

as ρi = .3; at time t1, ρi = .5; at time t2, ρi = .6 and; at time t3, ρi = .4. Thus,

the average of infected nodes is average = .45, the variance of infected nodes is

variance = .0125, the peak of infected nodes is peak = .6 and the last density is

last = .4.

Step 3

By analyzing each model’s set of parameters, we noticed that, from the union

of both sets, the PV model does not consider the density of edges and the KA

model does not consider the initial input of seeds of infected nodes in their

respective experiments. However, as any network-based model, there is some

value that both models used in their experiments for those missing parameters

to simulate and produce their results. The PV model uses the density of three

neighbors in scale-free and random networks in all experiments. The KA model

initially assumes that ten percent of the individuals are randomly infected in

all experiments. The identification of the values that such parameters assume,
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although they are not considered variables, is very important for merging tables

with different parameters.

Step 4

In order to create individual Bayesian networks of each model we performed

exhaustive simulations using different values of each variable. For each considered

variable we used the values reported by the authors on their respective experiments.

Each table will have the same set of columns Y and X, where X = XA∪XB, filling

the missing attributes with the values identified in the previous step. Thus, for

each variable xi that has k values we performed a combination of xki experiments

to cover the broadest set possible scenarios in each model, thus creating a joint

probability table of each model.

Step 5

Once the joint probability table was created we used the PC search algorithm [186]

to create the Bayesian network of each model analyzed. We used the tool TETRAD

[179] to construct the Bayesian networks. The resulting Bayesian network of PV

model can be seen in Figure 4.1 and the resulting Bayesian network of KA model

can be seen in Figure 4.2.

Step 6

Due to the set of parameters and their values chosen by the authors of each model,

each table has 7500 data points and 11250 data points for the PV and KA model,

respectively. Each possible combination of parameters was simulated ten times.

Using the down-sampling strategy we sampled randomly and without repetition
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Figure 4.1: The Bayesian network of PV model, generated by implementing the
model used in [161].
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Figure 4.2: The Bayesian network of KA model, generated by implementing the
model used in [117].
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7500 samples of the KA model table, so both tables have the same number of

data points. The Bayesian network generated from the sampled table can be seen

in Figure 4.3. A reduction of 33% of the table led to a change of 12.5% in the

dependencies (five). The ones colored blue were added and the ones colored red

were removed. We are going to use this structure in our comparison.

Step 7

Once both analyzed datasets were balanced, we merged them into a single

dataset and used the PC search algorithm to identify the Bayesian network that

corresponds to the graphical structure of the system’s dependencies of the merged

scenarios. The resulting Bayesian network can be seen in Figure 4.4.

Step 8

Now we have created the Bayesian network of each model, we can use the structure

of the merged scenarios to analyze potentially accurate and spurious dependencies

in each model. As mentioned in the previous chapter, by analyzing each possible

outcome of the merged scenario between two variables we are able to better assess

the likelihood that a given dependency in one model is either accurate or spurious.

Figure 4.5 presents the structure the Bayesian network of each model and the

Bayesian network of the merged scenarios. Each row colored red indicates the

presence of an edge between the two variables of the row and column. The number

in each cell represents the corresponding scenario of the merged outcome. For

example, in the KA model there is a dependency between the variable Network

and the variable Avg, however the PV model does not identify such a dependency;

while in the merged Bayesian network this dependency was identified. Thus, it
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Figure 4.3: The Bayesian network generated from the sampled table of the results
of KA model. Edges colored red were removed and edges colored blue were added.
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Figure 4.4: The resulting Bayesian network created using the merged dataset from
PV and KA model.
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Model PV Model KA Model Merged
Avg Variance Peak Last Avg Variance Peak Last Avg Variance Peak Last

Network 0 1 0 0 1 1 1 1

NumNodes 1 1 1 1 1 0 1 1

Density 0 0 0 0 0 1 1 1

Input 1 1 1 1 1 0 1 1

InfRate 1 1 1 0 0 1 1 1

HealRate 1 0 0 1 0 1 1 1

Avg 1 0 0 1 1 1 0 0

Variance 1 1 0 1 0 1 1 1

Peak 1 1 1 1 0 0 1 1

Last 1 1 0 1 1 1 0 1

Figure 4.5: Table representing the Bayesian structure of each model and the merged
one. Each cell which is red colored indicates the presence of an edge between the
two variables of the row and column. Cells colored in yellow represent variables
that were not considered in that model. The number in each cell represent the
corresponding points scored in that edge.

constitutes an example of scenario number three in our analysis, which indicates

that the higher likelihood is that this dependency is actually an accurate one and

the KA model is more accurate by identifying dependencies than the PV model.

Figure 4.6 shows the structure of the Bayesian network of each model; the edges

are colored to reflect accurate or spurious dependencies.

Overall the KA model has identified more accurate dependencies than the PV

model; the percentage of accurately identified dependencies in each model is .65

in the PV model and .725 in the KA model, Figure 4.7. We can see that although

the KA model identified more spurious dependencies (red edges) it also identified

more accurate dependencies (green edges). The problem with the structure of the

Bayesian network of the PV model is that its structure failed to identify many

dependencies that were accurate and did not show dependencies that were not

accurate. For example, the variable Network affects all the measures yi of the
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Figure 4.6: The Bayesian network of each model with the dependencies colored to
reflect accurate (green) and spurious (red) dependencies. The Bayesian on the left
represent belongs to PV model and the Bayesian network on the right belongs to
the KA model

dynamics in the merged scenario, but the PV model was only able to identify

one of these dependencies. This might have happened due to the set of restricted

values that this variable assumed. The choice of the authors of the PV model to

not consider different densities for the networks of disease spreading made their

Bayesian network unable to identify that such variables in fact affect the dynamics

of the spreading. In contrast, the KA model was more accurate in neglecting the

variable input, which had little effect on the overall dynamics of the spread. We

are only able to assess the impact of such modeling decisions on the dynamics

because of the methodology of analysis proposed here.

4.1.2 CDC Data Analysis

The methodology proposed in this work aims to provide a comparison between

two models, based on their accuracy to describe a given phenomenon. In order to
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Figure 4.7: The proportion of accurate and spurious edges identified in each model
analyzed.

make this analysis more robust we are going to introduce real world data from a

real SIS disease, create its Bayesian network and then compare the four network

structures. Thus, we will have a way of validating the results found in the previous

section.

We are going to use data from the Center for Disease Control and Prevention

(CDC) which is an institution that monitors diseases connected to Department

of Health and Human Services of the US government [1]. Among the diseases

monitored by the CDC we choose chlamydia [2]. Chlamydia has been under the

surveillance of CDC since 1984, thus there are large data available. It is a sexually

transmitted disease caused by bacteria and the most common notifiable disease in

the United States [192]. It is usually asymptomatic in women [189]. It is the most

prevalent of all STDs throughout the world [160], and since 1994, has comprised

the largest proportion of all STDs reported to CDC. Among sexually active women
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aged between 16 and 24 years chlamydia screening increased from 23.1% in 2001

to 47% in 2014, more than double [129].

Chlamydia is a SIS disease. We should also look for data about a SIR disease

to incorporate in our work. The problem is that the data available on SIR diseases

have a similar behavior to SIS diseases (endemic). In other words, the real-world

data available on SIR diseases incorporate many real-life dynamics that are not

present in the models used in this work [117,139,146,161]. Such dynamics include,

for example, a high rate of change among the individuals of the population. Such

change can happen due to dying refractory individuals who are replaced by new

individuals that are susceptible to that disease, thus ensuring that the spreading

phenomenon will not have a peak followed by eradication behavior. Similar

dynamics occur due to immigration and emigration behavior in countries and

regions where the data are collected; such behavior also contrasts with the closed

population simulations that are used in this work. Thus, in this case, although each

individual can only acquire the disease once, the variation on the individuals of a

given population makes it look like an endemic disease (a behavior common to SIS

diseases). Another fact related to SIR diseases is that there are vaccines against

most diseases and/or they have been eradicated in most countries. Examples

include polio, smallpox, hepatitis B, measles and mumps [4], thus, their simulation

must account for this factor of decrease in the spreading due to vaccination.

The data provided by the CDC about chlamydia are organized in various ways,

e.g. by region, state, county, age, gender or race. The data organized by states can

be seen in Figure 4.8 and by county in the state of Florida in Figure 4.9. In this

work, we are going to use the data organized by county because it is the dataset
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with the highest degree of granularity and comprises a smaller group of individuals

than the other datasets available.

In order to produce a Bayesian network equivalent to the other networks studied

here we must extract the same parameters used in the analyzed models and the

same metrics used to capture the dynamics of the simulations from this dataset,

thus some transformation in the data is necessary; for example, to get the size

of population we need to transform the data about the name of the county into

its respective population in that following year. One example is the Palm Beach

county in Florida that had 1,443,810 residents in 2016, 1,421,843 residents in 2015

and 1,397,526 residents in 2014 (according to the United States Census Bureau [5]),

so whenever we use the data about Palm Beach county we are going to assume

these numbers to represent the actual population. For the purpose of this study

we only considered the six Florida counties presented in the dataset: Miami-dade,

Broward, Hillsborough, Orange, Duval and Palm Beach.

Another example of a transformation used here is related to the variable input,

which accounts for the initial percentage of the population that is infected. In this

case we had to adapt the information provided by the dataset that is based on

annual data. As an adaptation to this information, we defined that the value that

this variable assumes in each year is the percentage of infected individuals in the

last year. For example, in 2015 the input variable is the percent of individuals that

had the disease at the end of 2014.

After all modifications on the dataset were made, we used the dataset modified

as input to generate its equivalent Bayesian network in TETRAD. The resulting

network can be seen in Figure 4.10. As we can see the variable that most influence

the metrics used is the Number of Nodes. Variable density, which accounts for the
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11STD Surveillance 2015 National Profile: Chlamydia

Figure 3.  Chlamydia — Rates of Reported Cases by State, United States and Outlying Areas, 2015

NOTE: The total rate of reported cases of chlamydia for the United States and outlying areas (Guam, Puerto Rico, and Virgin Islands) was  475.3 cases per 100,000 
population.

Figure 4.  Chlamydia — Rates of Reported Cases by County, United States, 2015

NOTE: Refer to the NCHHSTP Atlas for further county-level rate information: https://www.cdc.gov/nchhstp/atlas/.

Figure 4.8: The total rate of reported cases of Chlamydia for the United States
and outlying areas. Figure taken from [68].

Figure 4.9: The total rate of reported cases of Chlamydia by county in the state
of Florida. Figure taken from [68].
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density of connections among individuals, has no edge, mostly because the dataset

provided by CDC does not contain any information about this variable, and we

did not find any study showing the correlations between the size of the network

and its density in real-world cities. Thus, this variable assumed the same value for

all entries.

In order to use the Bayesian network created with real-world data of chlamydia

as reference, to compare the previously created Bayesian networks created (Figure

4.1, Figure 4.3 and Figure 4.4)), we analyzed the number of accurate and spurious

edges in these networks. In this case, if an edge connecting the same pair of nodes

is present in both networks we consider it as an accurate edge. If the edge is

present in the Bayesian network from PV, KA or merged model and is not present

in the Bayesian network created from real data we consider it as spurious. If the

edge is present in the Bayesian network created from real data and not present in

the Bayesian network from the PV, KA or merged model, we assume it is missing.

Figure 4.11 shows the proportion of accurate and spurious edges in each

Bayesian network of this analysis. As we can see, the Bayesian network generated

from the merged dataset of the results of the PV and KA models, is the one

that shows the higher proportion of accurate edges, i.e., it has a topology that is

more similar to the Bayesian network generated from real data than the Bayesian

network generated from the individual results of each model.

The Bayesian network generated from real data about chlamydia is the closest

approximation that we have from the ideal Bayesian network that represents

disease spreading in general. Thus, the results shown in Figure 4.11, corroborate

with our main assumption that a merged model is a more accurate representation

of a given phenomenon than each model individually.
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Figure 4.10: The Bayesian network created from real data about Chlamydia
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Figure 4.11: The proportion of accurate and spurious edges identified in each
Bayesian network created in this analysis: merged, PV and KA models. This
comparison has as basis the Bayesian network created from real-world data about
Chlamydia.
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4.2 SIR Models Analysis

We are going to present the analyzed SIR models and their peculiarities. In order

to better discuss them we are going to refer them as:

• Nekovee-Moreno (Nek) Model: In this model, once a randomly selected

infected node contacts one of its neighbors it has a probability v of infecting

it if it is susceptible and a probability δ of becoming refractory if its neighbor

is also infected or refractory. We are going to use as reference the work of

Nekovee et al. [146]. Their results show the presence of a threshold as a

function of the infection rate in networks with bounded degree fluctuations,

such as random networks. This threshold is also present in finite-size scale-

free networks, albeit at a much smaller value.

• Moore-Newman (Moore) Model: This SIR model implements a

proportional infection rate in which an infected node has probability v of

infecting all its neighbors who are susceptible and probability δ of healing,

which does not depend on any contact. We are going to use as reference the

work of Moore and Newman [139]. Their results show the presence of an

epidemic threshold after which an epidemic can occur.

4.2.1 Analysis

In order to make a comparative analysis of the Nek and Moore models we are going

to use the proposed methodology, step by step.
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Step 1

The analyzed models meet the same criteria of SIS Model Analysis: they are based

on cellular automata, the infection propagates through a network of contacts, the

model is defined locally, and the time is discrete. Thus, from all general sets

of variables we examined each model’s experiments in order to identify the set of

variables that is used. In the Nek model, we identified the following set of variables

X1 = {Network,NumNodes, InfRate,HealRate}. The authors of the model did

not perform any simulations in which they varied the density of the network or

the initial seed of infected nodes. In the Moore model we identified the following

set X2 = {Network,Density, InfRate,HealRate}, the authors did not consider

changes in the number of individuals in each network or in the initial input of

infected individuals.

Step 2

As both models in this analysis are SIR models we are going to use the

following measures to capture the epidemic nature of such dynamics: the peak

of infected nodes over the time of the simulation (peak) and the final density of

removed/refractory nodes after the simulation is done (totalR). The first measure,

peak, accounts for how virulent the disease is; the higher this value the faster the

disease spreads. The second measure, totalR, accounts for the proportion of the

population that was infected during the time of the simulation, allowing us to

analyze its epidemic behavior.
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Step 3

Similar to the previous analysis, we analyzed the values that the missing variables

assume in either model. For example, in the Nek model the authors did not change

the value of the variable Density, thus it is not formally considered a variable.

However, some value must be used in their simulations in order to perform the

simulations. As mentioned previously the identification of such values is important

because when we are merging the different datasets of each model we need to ensure

that all variables considered by both models are present in the merged scenarios

with the values reported by their authors. In the Nek model they use a fixed density

of six neighbors in all their simulations, and in the Moore model the authors used

a fixed number of nodes in the network of 5x105. The variable Input that was not

considered in both models is irrelevant in this scenario because although it has

been reported to affect the dynamics of disease spreading it was disregarded by

the authors of both models.

Step 4

Once we identified the variables that each model uses and the respective values

that they assume we performed exhaustive simulations in each scenario. Each

table will have the same set of columns Y and X, where X = XA ∪ XB, filling

the missing attributes with the values identified in the previous step. Thus, for

each variable xi that has k values we performed a combination of xki experiments

to cover the broadest set of possible scenarios in each model, thus creating a joint

probability table of each model.
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Step 5

We then used the joint probability table created in the previous step to generate a

Bayesian network of each model. We used the PC search algorithm implemented

in the tool TETRAD. The resulting Bayesian network of the Nek model can be

seen in Figure 4.12 and the resulting Bayesian network of the Moore model can be

seen in Figure 4.13.

Step 6

Trying to avoid the problem of one dataset overwhelming the other we need to

balance the number of scenarios of each dataset properly for each model. In this

analysis both models have two missing variables, thus each scenario was performed

exactly ten times so each model has between 103 and 104 scenarios.

Step 7

After balancing each dataset properly, we merged them into a single one that will

be used to create a merged Bayesian network that is the core of our analysis. The

merged joint dataset was used as input in the PC search algorithm to uncover the

Bayesian network of the merged scenarios. The resulting structure can be seen in

Figure 4.14.

Step 8

Using the possible outcomes from the merging scenarios explained in the previous

chapter, we now use the three Bayesian networks to rank the analyzed models

according to their ability to accurately identify dependencies. As already discussed,
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Figure 4.12: The Bayesian network generated by implementing the model used
in [146].
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Figure 4.13: The Bayesian network generated by implementing the model used
in [139].
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Figure 4.14: The Bayesian network created by merging the PGMs of the Nek and
Moore models.

not all scenarios present a way to rank the models comparatively, such as scenarios

one, two and five, however scenarios three and four are more interesting because

they display different behavior between the analyzed models and thus we can rank

the models. The table presented in Figure 4.15 shows how the structure of the

Bayesian network of each model and the one of the merged scenarios interact to

produce different outcomes.

Figure 4.15 shows us that in the Nek model there is an edge connecting the

variable Network and the variable Peak. The same edge was not identified in the

Bayesian network of the Moore model, but it was again identified in the merged

Bayesian network, thus characterizing an example of scenario number three in our

analysis. By analyzing each possible dependency among the system’s variables,

we are able to better assess the likelihood that a given dependency in each model
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Model Nek Model Moore Model Merged

Peak TotalR Peak TotalR Peak TotalR

Network 1 1 0 0

NumNodes 0 0 0 0

Density 0 0 1 0

InfRate 1 0 1 0

HealRate 0 0 0 1

Peak 1 1 1 1

TotalR 1 1 1 1

Figure 4.15: Table representing the Bayesian structure of each model and the
merged one. Each row which is red colored indicated the presence of the edge
between the two variables of the row and column. Cells colored in yellow represent
variables that were not considered in that model. The number in each cell represent
the corresponding scenario of the merging outcome.

is either accurate or spurious. Figure 4.16 shows the structure of the Bayesian

network of each analyzed model; the edges are colored to distinguish between

accurate and spurious dependencies.

As can be seen in Figure 4.17, both models had the same proportion of accurate

and spurious dependencies. The Bayesian networks used in this analysis not only

contain fewer nodes because of the number of epidemic metrics and because fewer

variables were considered by the authors, but they are also sparser when compared

to our previous analysis. Each model was only able to identify five dependencies.

The results of the Nek model, although considering the number of nodes as a

variable that influences the dynamics did not show any direct effect on the defined

metrics. We see that the behavior of the infection rate and healing rate in both

models is similar. The same cannot be said about the variables related to the

structure of the network, its topology, density and number of nodes. This might

indicate that the topology plays a more important role in SIR models than in
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Figure 4.16: The Bayesian network of each model with the dependencies colored
to reflect accurate (green) and spurious (red) dependencies. The Bayesian on the
left belongs to Nek model and the Bayesian network on the right belongs to Moore
model

SIS models. The choice of both authors in not considering the initial seed of

infected individual as a variable of the system decreased the possibility of new

edges being identified, and the dynamic of the spreading was restricted to the

remaining variables used. The choice of the authors of the Moore model to not

consider the number of nodes of the network as a variable did not affect their

results, because, although the Nek model considered them, they did not affect

the dynamics. The merging Bayesian network has many more dependencies, this

is evidence that both models had insufficient data and when combined showed a

system where the variables have a bigger influence on the metrics of the dynamics.
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NeNek Model Moore  Model

Figure 4.17: The proportion of accurate and spurious edges identified in each model
analyzed.
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Chapter 5

Conclusions

The spreading of epidemic diseases is one of major problems of the modern world.

With the plurality of human transportation and increasingly of global commerce,

no country or individual person is safe. Many scientific efforts attempt to model

the dynamic behavior of such spreading, consequently many models that describe

both endemic and epidemic aspects of real world diseases have been proposed.

However, there is a lack of literature on methods to compare different disease

spreading models, assessing their scope and limitations.

In this dissertation, we have described and analyzed our main contribution on

disease spreading models: the development of a methodology to compare different

disease spreading models by merging their results and using Bayesian networks.

Our contribution presented a methodology to compare the accuracy of disease

spreading models, as means of a new perspective to study them. Our methodology

creates a Bayesian network for each analyzed model, merges their results and

creates a new Bayesian network using the merged scenarios. Using these three

structures we are able to assess the likelihood of the true nature of the dependencies
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identified, i.e. if they also belong to the phenomenon that they attempt to describe

or if they are only present in that specific model. Thus, we have a way to evaluate

how the modeling decisions of each model affect the spreading dynamics produced

by it. The methodology was applied to two different analyses in SIS models and SIR

models. In the first analysis we saw that some modeling decisions of the authors

of such models contributed considerably to the varied dynamics of the spreading,

and to the restrictions of such models in identifying certain dependencies. In the

second analysis the generated Bayesian networks were smaller and sparser, thus

fewer dependencies were identified and both models had the same accuracy in

identifying different dependencies in the system.

Future directions for this work include analyzing more than a pair of models,

i.e. comparative analyses of three or more models would allow for different kinds

of comparisons instead of only two when we analyze two models. It would be

also interesting to analyze SIS models with SIR models that produce different

dynamics, in order to evaluate if they have any scenario or result in common. Due

to the generic nature of the proposed methodology it can be also used for different

phenomenon other than disease spread that uses complex networks, such as urban

crime.
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