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Maximum entropy spectral analysis has been applied to the annual mean magnetic data around 
London for the years 1839-1974. These data were compiled by Malin and Bullard. The existence of a 
-60-year spectral line is clearly found. In addition, cross power spectral density analyses using a 
two-channel maximum entropy method were applied to both the variations of the annual mean 
declination around London from 1900 to 1974 and the fluctuations of the Earth's rotation rate from 

1876 to 1974. The coherence is high (0.98), and the phase angle indicates that the changes of the 
magnetic declinations around London lag behind the fluctuations of the Earth's rotation rate by 20 _+ 
4 years. 

1. INTRODUCTION 

The secular variations of the Earth's magnetic field have 
been a subject of interest for the last 100 years. One method 
to study any time series is power spectral density analysis 
[Blackman and Tukey, 1959]. Currie [1973a, b] made a 
spectral density analysis of separate time series of the 
twentieth century magnetic data at 28 observatories. The 
method used was the maximum entropy spectral analysis 
(MESA). A spectral line of -•60 years was observed at most 
but not all of the 28 observatories. To take into account all 

the observatory data, Jin and Thomas [1977] analyzed the 
geomagnetic dipole field variations from 1900 to 1969. The 
dipole fields were derived from the spherical harmonic 
analysis of the annual mean geomagnetic data of all magnetic 
observatories. The spectral peak at 60 years was found in the 
dipole field variations. Recently, Langel et al. [1986] exam- 
ined the geomagnetic data from 1903 to 1982. In particular, 
they performed a power spectral analysis of the secular 
variations of the Gauss-Schmidt coefficients, g/n and h/n, up 
to third order and third degree. They found the existence of 
the 60-year period in the secular variations of g•0, h•, g2 ø, h•, 
g22, g], g•, g], and g33. Despite the evidence, the 60-year 
spectral line has been looked upon with some skepticism 
among researchers because the magnetic data used are often 
only about 70-80 years in length. 

An excellent compilation of magnetic declinations and 
inclinations around London from 1570 to 1975 was published 
by Malin and Bullard [1982]. The data were corrected for 
their site differences, and tabulations were given with cor- 
rections made with respect to Greenwich. The long record of 
magnetic data around London provides an opportunity to 
reexamine the 60-year spectral line. Malin and Bullard 
[1982] reported the absence of the 60-year line in the power 
spectrum of the difference between the smooth and less 
smooth spline functions derived from the data. It prompted 
us to analyze the magnetic data around London using the 
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maximum entropy method developed by Burg [1967, 1968, 
1977]. The magnetic data used are from 1839 to 1974. 

It is accepted that the origin of the main geomagnetic field 
lies with the current in the fluid core of the Earth. Basic 

physical principles imply that a close relationship must exist 
between the fluctuations of the rotation rate of the Earth and 

the secular variations of the geomagnetic field. The power 
spectral analysis of the geomagnetic dipole field and the 
length-of-day (1.o.d.) fluctuations by Jin and Thomas [1977] 
confirmed their spectral similarity and the existence of the 
common spectral peak at approximately 66 years. Le Mouel 
and Courtillot [1982] reported that the first derivative of 
declination at Paris leads the variation of the Earth's rotation 

rate by approximately 10 years. Since the variation of the 
declination can be related to the westward drift of the 

geomagnetic field, cross power spectral analyses using a 
two-channel maximum entropy method were also included 
in this research to find the phase relationship and the 
coherence between the fluctuations of the rotation rate of the 

Earth and the variations of the declinations at London. The 

magnetic data and the 1.o.d. data used for the cross- 
correlation are from 1900 to 1974 and from 1876 to 1974, 

respectively. 

2. TwO-CHANNEL MAXIMUM ENTROPY SPECTRAL 

ANALYSIS 

The method of maximum entropy spectral analysis of a 
single time series has been well documented in the book 
Modern Spectrum Analysis, edited by Childers [1978]. In 
particular, the article by Ulrych and Bishop [1975] gives 
detailed computer programs. MESA does not require either 
a zero or a periodic extension of the data. It has good 
resolution and is extremely useful if the periods one seeks 
are comparable to the length of the data. Chen and Stegen 
[1974] demonstrated that MESA is applicable even if the 
data length is only three fourths of the sinusoid's period. 

Cross power spectral analysis is briefly discussed in the 
paper by Ulrych and Jensen [1974]. More detailed discus- 
sions on multichannel MESA are provided by Strand [1977a, 

13,673 



13,674 JIN AND JIN: MAGNETIC VARIATIONS AND EARTH'S ROTATION RATE 

b]. Following is a brief summary of the algorithms associated 
with the two-channel MESA: 

If y(1), y(2) ..... y(n) represent a single time series with 
time increment At, then MESA searches for a near-optimum 
filter such that 

y(t) + Almy(t- At) +''' + AmmY(t- mat) = em(t) 
(1) 

where m < n is the number of lags, the A km are the filter 
coefficients, and em(t ) is the output. The sequence em(t) 
resembles white noise for the appropriate filter, and the 
power spectral density is given by 

and E[ ] is the expected value. Pm and P;n can be computed 
by the recursion formula 

Pm=Pm-1-- C* ' mP[n - ISm (8) 

P•n = P m - 1 - ( C[n) * P m - 1C• (9) 

where C m -- Fmm and C;n = Bmm are the forward and 
backward reflection coefficients. Strand's [1977b] article 
contains detailed calculations of Cm and C;n. The power 
spectral density can be calculated by 

G(f) = AtF- l(1/z)*PnF- l(1/z) (10) 

PmAt 
P(f) = (2) 

m 

1 + •'• Akm exp [-j2rrkfAt] 
k=l 

where Pm is the power of the output em(t), and f is any 
frequency that lies between the positive and negative 
Nyquist frequencYfN, 1/(2At). For a two-channel MESA one 
forms a two-channel vector time series 

?y l(t)• 
Y(t) = ky2(t)J (3) 

Both the forward filter and the backward filter are to be 

found such that 

m 

Y(t) + •'• F•mY(t- kAt) = Em(t) 
k=l 

(4) 

where F(Z) = I + FlmZ + ''' +FmmZ n and Z = 
exp [-j2 rrfA t]. 

G(f) assume the form 

Gl10c) G12(f) t (11) G21(f) G22(f)/ 

where G• is the power spectral density of time series 1, G22 
is the power spectral density of time series 2, and G12 is the 
power spectral density of the combined time series. The 
squared coherence and the phase angle © are given by 

IG12(f)[ 2 
coh2 (f) = (12) 

Gii(f)G22(f) 

©=tan-1 [ ImGl2(f)] •ee G12(f) 
(13) 

m 

Y(t) + •'• B •m Y(t - kA t) = E;n(t) 
k=l 

(5) 

where Fkm and B km are 2x2 matrices and asterisks denote 
the Hermitian conjugation, since the time series can be of 
complex form. The optimum filters satisfy the condition that 
the mean square values of Em(t) and E;n(t) are minima. The 
resulting Fkm and Bkm satisfy the equations 

Ro Ri R2 ''' Rm 
R_i Ro R• ''' Rm_ 1 
R-2 R_ i Ro ß ' ß Rm - 2 

R-m R-m + l R-m+2 i R 0 

-l] 

Ro R_l R-2"' R-m 
Ri Ro R_l ' ' ' R-m + 1 
R 2 Ri RO ' ' ' R-m + 2 

I.__gm R-1 R-2 i R0 

o 

o 

o 

-P m 

(6) 

(7) 

where 

Rk = E[Y(t)Y*(t- kAt)] R_• = R• 

Pm = E[Em(t)E*m(t)] 

P;n = E[E•(t)E;,(t)] 

3. DATA SELECTION AND METHOD OF ANALYSIS 

The magnetic data used in the present study are taken 
from Malin and Bullard [1982, Tables A1 and A2]. Not all 
the data are used, for the following reasons: First, there are 
data for only 18 years from 1676 to 1776 and data for only 34 
years from 1776 to 1838, with gaps varying from 2 to 7 years. 
We require yearly data for the power spectral density 
analysis. Second, since there is a switch in the general trend 
of the change of the declination from westward to eastward 
around 1830, we cannot justify removing the linear trend for 
a time span extended backward beyond 1830. The magnetic 
declination data chosen are from 1839 to 1974. Only data 
with dates listed at midyear, such as 1851.5, are used. These 
data exist every year without a gap for the chosen span of 
years. If more than one data point is given for a particular 
year, we calculated an average value. The maximum devia- 
tion of the value from the mean is about 18 min. The chosen 

magnetic inclination data are from 1843 to 1956. The same 
criteria were used with the exception of the point at 1950. 
Even though its date is listed as 1950.6 instead of 1950.5, it 
was used for the sake of extending the data from 1951 to 
1956. The time sequences of the chosen data are given in 
Figures 1 and 2. Single-channel MESA was applied to these 
magnetic data. The main weaknesses of MESA are the lack 
of theoretical criteria for the optimal filter length m and the 
problem of spurious peaks. Akaike's criterion [Akaike, 1974] 
of using the minimum value of the final prediction error 
(FPE) is used by some researchers, but it does not always 
work. The FPE is defined as 
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Fig. 1. The magnetic declinations at London from 1839 to 1974. 
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Fig. 3. Time discrepancy curve from 1881 to 1978. AT is ephem- 
eris time minus universal time. 

FPE(m) = Pm (14) 
- m - 

where N is the number of the data point. 
In a previous article by Jin and Thomas [1977] it was 

demonstrated with a simulated time series that a relatively 
large number of prediction error filter (PEF) coefficients is 
justified if the data have a linear trend superimposed with 
periodic variations. On the other hand, the detrended time 
series does change the data depending on the length of the 
time span and the variations. Hence a practical approach 
was adopted. Both the original time series and linearly 
detrended time series with varying numbers of PEF coeffi- 
cients were analyzed. This is to be compared with the 
analysis of a simulated time series which resembles the real 
time series under consideration. In this case the simulated 

time series is made of a linear function resembling the linear 
trend of the declination curve at London and a sinusoidal 

function of 60-year period. The MESA of the simulated time 
series serves as a guideline to see whether the number of the 
PEF coefficients used in the actual data analyses is reason- 
able. In addition, the FPE are calculated. MESA is deemed 
to perform well if the FPE are rapidly reduced as the filter 
length is increased through the first few values of m. To 
avoid the problem of spurious peaks, only the spectral peaks 
that appear in both the original time series and the detrended 
time series are considered. 

Because of the fluctuations of the Earth' s rotation rate, the 
observed positions of the Sun, Moon, and planets, based on 
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Fig. 2. The magnetic inclinations at London from 1843 to 1956. 

a rotating Earth (universal time), are different from those 
calculated from Newtonian mechanics based on a uniform 

time (ephemeris time). Ephemeris time minus universal 
time, AT, is given annually in the American Ephemeris and 
Nautical Almanac. "Minus AT" from 1881 to 1978 is shown 

in Figure 3. The values of ATfrom 1881 to 1961 are the same 
values used in the single-channel MESA by Jin and Thomas 
[1977], and those from 1961 to 1978 are taken from the article 
by Morrison [1979]. We simply add Morrison's data to our 
existing data file. Since our interest is in the decade fluctu- 
ations, the data from the ephemeris are adequate [Munk and 
MacDonald, 1975]. The so-called length-of-day fluctuation is 
proportional to the time derivative of AT, i.e., 1.o.d. fluctu- 
ation = 2.738 x 10 -3 x d(AT)/dt seconds (ephemeris time). 
Having identified the ---60-year peak, we applied the two- 
channel MESA to the linearly detrended magnetic declina- 
tion data at London from 1900 to 1974 and the fluctuation of 

the rotation rate of the Earth from 1876 to 1978. The choice 

of the time spans will be explained in section 4. The 
objectives of the two-channel MESA were to determine the 
coherence and the phase angle of the 60-year spectral peak 
between the changes of the magnetic declination and the 
rotational rate of the Earth. 

4. RESULTS AND CONCLUSIONS 

A power spectral density analysis of the original magnetic 
declination data at London from 1839 to 1974 is given in 
Figure 4. The total number of PEF coefficients used is 85, 
and the number of spectral estimates, or Af, is 300. The 
relative peaks occur at periods of 66.7, 40, 26, 19, 15, 12, and 
11 years, but the amplitudes at 26, 19, 12, and 11 years are 
very small. The declination data with a linear trend removed 
is given in Figure 5. The detrended declination, AD, is given 
by AD = D(t) - D'(t), where D'(t) = a + b (t - 1839), and 
a and b are determined from the data points in Figure 1. The 
power spectral density of the detrended declinations is 
shown in Figure 6. The number of PEF coefficients is 20, and 
the number of spectral estimates is 300. Again the main peak 
is at 66.7 years. There is also a broad peak of very small 
amplitude at 12.5 years. The number of PEF coefficients 
used is significantly reduced from 85 to 20 in the detrended 
declination time series because of the improvement in the 
signal to noise ratio. The power spectral density of the 
original magnetic inclination time series is given in Figure 7. 
The number of PEF coefficients and the number of spectral 
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Fig. 4. Power spectral density of the declination data at London 
from 1839 to 1974. The number of PEF coefficients used is 85, and 
the number of spectral estimates is 300. 
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Fig. 6. Power spectral density of the aletrended declination data 
at London from 1839 to 1974. The number of PEF coefficients used 

is 20, and the number of spectral estimates is 300. 

estimates used are the same as those used in Figure 4. The 
relative peaks are at periods of 54.5, 31.6, 22.2, 16.7, 13.0, 
10.9, and 9.7 years. The detrended magnetic inclination time 
series and its power spectral density are given in Figures 8 
and 9, respectively. The number of PEF coefficients used in 
Figure 9 is 50. The peaks are at periods of 54.5, 31.6, 21.4, 
12.8, and 9.8 years. The number of PEF coefficients used is 
also reduced in analyzing the detrended inclination data. The 
reduction is not as much as that in the case of detrended 

declination because the variations of the magnetic inclina- 
tion are smaller than those of the magnetic declination. If 
one examines the detrended declination time series in Figure 
5, it can be noted that significant change occurs around 1900. 
Thus a simulated time series is constructed with a line plus 
one period of a sinusold starting at the seventieth point. Its 
equation is given as 

y(t) = 24 - 0.125t t = 0, .-., 69 

y(t) - 24 -0.125t + 0.1 sin •, 60// t = 70,..., 136 
The analysis of the simulated time series indicates that the 
spectral peak at 60 years will appear only if the number of 
the PEF coefficients is greater than 75. This is similar to what 
was observed in the power spectral density analysis of the 
time series of the magnetic data without the linear trend 
removed. Power spectral density analyses of the magnetic 

declination and inclination data indicate only a common 
spectral peak around 60 years. The uncertainty in the 
location of the peak is somewhat difficult to determine. Chen 
and Stegen [1974] reported a 20% variation with respect to 
the initial phase in their experiments with MESA as applied 
to a single period of sinusoids. Using the average value of the 
results from both the declination and the inclination time 

series, we assign the location of the peak to be at 60 years 
with an uncertainty of 12 years. 

Since a relatively large variation occurred in the magnetic 
declination and began around 1900, the two-channel MESA 
was applied to the time series of AD at London from 1900 to 
1974 and the detrended minus AT from 1876 to 1978. Fur- 

thermore, in order to obtain a better estimate of the phase 
information between the fluctuations of the Earth's rotation 

rate and the variations of the magnetic field, different sets of 
AT with the beginning year varying from 1876 to 1904 are 
used. Each set of "minus AT" contains 75 points and is 
detrended separately. The detrended minus AT time series 
were then combined with the AD time series for the analysis. 
A total of 15 sets were analyzed. For all the two-channel 
analyses the AT time series is the first one, and the declina- 
tion time series is the second one. A set of detrended minus 

AT time series with the beginning year 1890 together with the 
detrended declination data is shown in Figure 10. It should 
be noted that only the data points from 1890 to 1964 in Figure 
3 are used for this particular detrended AT curve. Akaike's 
final prediction error criterion [Strand, 1977a] was used to 
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Fig. 5. Detrended declination data at London from 1839 to 1974. 
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Fig. 8. Detrended inclination data at London from 1843 to 1956. 
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Fig. 10. Detrended "minus AT" time series from 1890 to 1964 and 
the detrended declination data at London from 1900 to 1974. 

give a rough indication of the performance of the two- 
channel MESA. According to this criterion, MESA is per- 
forming well if det Pm is rapidly reducing as the filter length 
is increased through the first few values of m. 

The results in the location of the spectral peak and the 
phase angle are about the same for three to 12 filter coeffi- 
cients. The number of filter coefficients was thus chosen to 

be nine. For the set of the two time series depicted in Figure 
10 the resulting absolute value of the cross power spectral 
density G•2 and the corresponding phase 19 versus frequency 
are shown in Figure 11. The number of spectral estimates 
was chosen to be 256, separated by 1.953 x 10 -3 cycle/yr. 
Only one spectral peak is found from the two-channel 
MESA. It is at a frequency of 0.01758 cycle/yr, which 
corresponds to a period of approximately 57 years. The 
squared coherence is 0.97, and the phase angle is 60 ø at that 
frequency. The apparent time lag is 9.5 years, which is 
calculated from 19 = 2rrfr. Since the beginning year of the 
declination time series is ahead of this particular "minus 
AT" time series by 10 years, the true time lag is 19.5 years. 
Similar two-channel MESA were carried out for the same 

AD time series combined with 15 different sets of "minus 

AT" time series. The results of the two-channel MESA of 

the 15 sets of 1.o.d. and magnetic declination data are 
summarized in Table 1. It is seen that the spectral peaks 
occur around the frequency of 0.01758 cycle/yr, or a period 
of 57 years. The average squared coherence is 0.96. The plot 
of the phase angles versus the initial time difference is given 
in Figure 12. The initial time difference equals the beginning 

1 0 ] 54.5 YR 
1 

SD 

PE 

EN 0.1 
CS 

T I 0.01 
RT 

AY 
0.001 

L 

0.0001 

0.01 

ee • /"/ /-!. II'• / ' • •.. ß 12.8 YR I ß -• \ .ße .................... 
ß • e, / • -- 

',..,., \ 

0.03 0.05 0.07 0.09 0.11 

FREQUENCY (CYCLES/YR) 

Fig. 9. Power spectral density of the detrended inclination data 
at London from 1843 to 1956. The number of PEF coefficients used 

is 50, and the number of spectral estimate is 300. 

year of the magnetic data minus the beginning year of the AT 
data. It can be seen that the phase angle is approximately 
zero for an initial time difference of 20 years. Thus the 
variations of the declination at London lag behind the 
fluctuations of the Earth's rotation rate by 20 years. We 
assign an uncertainty of 4 years to the time lag, as suggested 
by the experiments with sinusoids. 

In conclusion, the single-channel MESA of the relatively 
extensive magnetic data at London from 1839 to 1974 clearly 
identifies the existence of the -60 year spectral peak. This 
disagrees with the results of Malin and Bullard [1982]. 
According to their paper, the least squares spline functions 
were first derived from 250-year magnetic data. Then the 
power spectra of the difference between the smooth and the 
less smooth spline functions, based on 5-year values and 
tapered with a triangular filter, were obtained. They com- 
mented that the absence of an l 1-year cycle is due to the 
smoothing process and that such a variation was present in 
the original data as indicated by the residuals of the obser- 
vatory data from the smooth curve. The smoothing process 
is probably also related to the absence of the 60-year peak, 
as we observed the peaks around 11 years in our analysis. 

Our two-channel MESA of the magnetic declination data 
from 1900 to 1974 and the length-of-day data from 1876 to 
1978 indicate that the variations of the declination at London 

lag behind the rotation rate change of the Earth by about 20 
-+ 4 years. This is in general agreement with the cross- 
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Initial Time 

Difference, 
years 

TABLE 1. Results of Two-Channel MESA 

Apparent 
Frequency, Squared Phase, 

Cycle/yr Coherence deg 

24 0.01758 0.98 -24.6 
22 0.01758 0.99 - 10.3 

20 0.01953 0.99 3.2 
18 0.01953 0.99 16.8 
16 0.01953 0.99 27.2 
14 0.01758 0.99 38.1 
12 0.01953 0.98 46.9 
10 0.01758 0.97 60.1 

8 0.01758 0.97 66.6 

6 0.01758 0.95 74.1 
4 0.01758 0.93 77.6 
2 0.01953 0.91 90.2 
0 0.02148 0.94 104 

-2 0.01953 0.91 120 
-4 0.01953 0.97 141 

Apparent Time 
Lag, years 

Actual Time 

Lag, years 

-3.9 20.1 
-1.6 20.4 

0.5 20.5 

2.4 20.4 

3.9 20.0 
6.0 20.0 
6.7 18.7 

9.5 19.5 

10.5 18.5 

11.7 17.7 

12.3 16.3 

12.8 14.8 
13.5 13.5 

17.0 15.0 
20.1 16.1 

correlation calculation by Langel et al. [1986] that the 1.o.d. 
fluctuations from 1893 to 1972 lead the rate of change of the 
Gauss-Schmidt coefficient g•0 from 1903 to 1982 by approx- 
imately 13 years. It is in disagreement with the results of Le 
Mouel et al. [1981]. They reported that the first derivative of 
the declination at Paris leads the decade fluctuations of the 

Earth's rotation by approximately 10 years. Since no actual 
cross-correlation study was done by Le Mouel et al. except 
the visual inspection of the two sets of curves, the question 
on leading and lagging can be ambiguous. The 60-year 
spectral peak was observed in the variations of the dipole 
field of the Earth [Jin and Thomas, 1977]. It is also found in 
the secular variation of some of the Gauss-Schmidt coeffi- 

cients other than the dipole terms [Langel et al., 1986] and in 
the magnetic field data at some of the magnetic observatories 
[Curtie, 1973a]. Thus the 60-year spectral peak is associated 
with the entire main geomagnetic field. Even though this 
study is primarily on the cross-correlation between the 
variations of the magnetic data around London and the 
fluctuations of the rotation of the Earth, it would be expected 
that the variations of the geomagnetic field at other locations 
are related to the 1.o.d. fluctuations as well. The study of the 
variations of the amplitude and the phase angle of this 
60-year spectral peak as a function of locations would 
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Fig. 12. Phase versus the initial time difference, where the 
initial time difference equals the beginning year of the magnetic data 
minus the beginning year of the AT data. 

improve our understanding of the core-mantle coupling and 
the convective motion in the core. 

The question as to the true periodic nature of the 60-year 
peak cannot be answered with this limited data analysis; 
certainly there is no evidence that this can be traced back to 
the prehistoric past. Nevertheless, we have assumed that 
fluctuations of both the magnetic data and the 1.o.d. data to 
be random with the possibility of the inclusion of periodic as 
well as transient variations. Hence the 60-year peak can be 
related to the hydromagnetic oscillation as suggested by 
Braginsky [1970] and Hide [1966]. We learned from Bragin- 
sky [1987] that both he and Rivin [ 1985] have shown that the 
60-year oscillation of 1.o.d. started near 1860. 
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