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Abstract

This paper reviews the development and experimental evaluation of three techniques
for estimating the alignment matrix of Doppler sonars, which are commonly used for
precision navigation of oceanographic submersibles, employing sensors commonly em-
ployed aboard these vehicles. Most previously reported methods addressed the problem
of single degree of freedom alignment using bottom-lock Doppler sonar data and global
positioning system (GPS) navigation data. This paper reviews three techniques for three
degree of freedom calibration of attitude and Doppler sonar sensors, using sensor data
available to vehicles at full ocean depth. The first technique provides a general linear
least-square estimate of the alignment matrix. The second technique is a least-squares
estimate that results in an alignment matrix estimate belonging to the group of special
orthogonal matrices. The third technique is a novel adaptive identifier that constrains
the estimate to the group of special orthogonal matrices. The performance of these
estimates is evaluated with a laboratory remotely operated vehicle (ROV) and a field
deployed autonomous underwater vehicle (AUV). Experimental results are reported
which demonstrate that Doppler navigation employing the reported alignment methods
significantly improves navigation precision. The latter techniques provide calibration
estimates which improve Doppler navigation precision not only on the calibration data
set itself, but also improve precision over a wide variety of vehicle trajectories other
than the calibration data set.



1 Introduction

Currently, few three-dimensional navigation techniques posses both the update rate and
precision necessary to achieve tasks commonly required of underwater vehicles. From a
science standpoint, we are unable to navigate vehicles with the precision necessary to fully
exploit the quantitative data from high-resolution sensors such as high-frequency bathy-
metric sonars, optical cameras, and gravimeters. This limits the accuracy, resolution, and
repeatability of quantitative scientific data collected with these vehicles. Additionally, the
limited precision and update rate of navigation systems is often insufficient for closed loop
feedback control of underwater robotic vehicles. The experimental development of undersea
robotic vehicle tracking controllers e.g. [1, 2, 3, 4], focuses primarily on heading, altitude,
depth, or attitude control — less common is the experimental development of XY con-
trollers in the horizontal plane. This lacuna is a direct result of the limited precision and
update rate of three-dimensional navigation systems. Consequently, improved navigation of
underwater vehicles improves the control of these vehicles, and the utility of these vehicles
in oceanographic science.

This paper reviews recent advances in estimating an unknown linear map, belonging
to the group of rigid body rotations, representing the alignment of attitude sensors and
Doppler sonars typically employed in Doppler navigation of underwater vehicles. Previously
reported studies by the authors and others show that principal error sources arising in the
Doppler navigation of underwater vehicles are heading and attitude sensor accuracy and
precision, and sensor rotation calibration (alignment) errors between the Doppler sonar
and the attitude sensor [5, 6, 7, 8, 9, 10]. A new class of low-cost, true-north seeking,
3-axis optical gyroscopes possess the ability to find true North at sea within about five
minutes from a cold start and provide a rated dynamic accuracy of 0.1◦ — about an order
of magnitude better precision than the best available gyro-stabilized magnetic compasses,
and are absolutely referenced to the geode. These gyroscopes effectively solves the former
problem, accuracy and precision, and in consequence the latter problem, alignment and
calibration, remains a principal error source.

In cases where the Doppler sonar and the attitude sensor can be assembled as a sin-
gle mechanical unit, e.g. [11], the alignment of the two sensors can be performed once
by the manufacturer. The in-situ alignment problem arises in the commonly occurring
case in which the Doppler sonar and the attitude sensors cannot be assembled as a single
unit. This scenario is common in submarines, remotely operated vehicles (ROVs), and
autonomous underwater vehicles (AUVs) where size, weight, power, pressure housing limi-
tations, or reconfigurability requirements necessitate that one or more Doppler sonars and
attitude sensors be located at differing locations on the vehicle. This mounting arrangement
precludes the ability to calibrate the alignment of the sensors during manufacture, thus
necessitating in-situ alignment calibration from data available during normal submerged
vehicle operations.

This paper is organized as follows: The remainder of this section reviews underwater ve-
hicle navigation and previously reported research in Doppler navigation. Section 2 reviews
three methods for directly computing sonar/gyro alignment calibration with experimental
data from the sonar, gyro, and an acoustic tracking system. Section 3 describes a compar-
ative laboratory experimental evaluation of the reported in-situ calibration methods, and
Section 4 discusses a comparative experimental evaluation using a field deployed AUV. The
results show that these alignment techniques provide improved navigation performance, and
that the latter methods provide the best performance over a variety of vehicle trajectories.



1.1 Review of Underwater Vehicle Navigation

At present, few techniques exist for reliable three-dimensional position sensing for under-
water vehicles. Table 1 summarizes the sensors most commonly used to measure a vehicle’s
six degree-of-freedom position. While depth, altitude, heading, and attitude are instru-
mented with high bandwidth internal sensors, XY position sensing is usually achieved by
acoustically interrogating fixed seafloor-mounted transponder beacons [12, 13].

Ultra-short baseline acoustic navigation systems are preferred for the task of docking a
vehicle to a transponder-equipped docking station but are of limited utility for general long-
range navigation [14, 15]. Inertial navigation systems offer excellent strap-down navigation
capabilities, but their power consumption and cost, has to date, precluded their widespread
use in civilian oceanographic vehicles. The U.S. sponsored global positioning system (GPS)
provides superior three-dimensional navigation capability for both surface and air vehicles,
however GPS system’s radio-frequency signals are blocked by seawater, and thus cannot be
directly received by deeply submerged ocean vehicles. Recent work suggests that the next
generation of acoustic communication networks will provide position estimation along with
data telemetry [16, 14].

Table 1: Commonly Used Underwater Vehicle Navigation Sensors
INSTRUMENT VARIABLE UPDATE RATE PRECISION RANGE

Acoustic
Altimeter∗

Z - Altitude varies: 0.1-10Hz 0.01-1.0 m varies with frequency

Pressure
Sensor∗†‡

Z - Depth medium: 1Hz 0.01% full-ocean

Inclinometer∗ Roll, Pitch fast: 1-10Hz 0.1◦ - 1◦ +/ − 45◦

Magnetic
Compass∗

Heading medium: 1-2Hz 1 − 10◦ 360◦

Gyro
(mechanical)∗

Heading fast: 1-10Hz 0.1◦ 360◦

Gyro RLG/FOG∗ Heading fast: 1-1600Hz 0.1◦ - 0.01◦ 360◦

Gyro North
Seeking∗†‡

Heading, Pitch,
Roll, ẍ,ω

fast: 1-100Hz 0.1◦ - 0.01◦ 360◦

12 kHz LBL‡ XYZ Position varies: 0.1-1.0 Hz 0.1-10 m 5-10 Km

300 kHz LBL† XYZ Position varies: 1.0-10.0 Hz +/-0.007 m 100 m

Bottom-Lock
Doppler∗†‡

ẋbody fast:1-5Hz 0.3% or less varies: 18 - 100 m

Global Position-
ing System

XY ZPosition fast: 1-10 Hz 0.1-10 m In water: 0 m

∗ Internal Sensor; † Used on the JHUROV; ‡ Employed on SeaBED.

The standard method for full ocean depth XYZ acoustic navigation is 12 kHz long
baseline (LBL) acoustic navigation [12]. 12 kHz LBL typically operates at up to 10 Km
ranges with a range-dependent precision of +/-0.1 to 10 Meters and update rates periods
as long as 20 seconds [12, 13]. The precision and update rate of LBL position fixes vary
over several orders of magnitude depending on the acoustic frequency, range, and acoustic
path geometry. LBL navigation accuracy and precision can be improved to some extent by
careful application of Kalman or other filtering techniques [17, 18, 19, 20].

At present, the best method for obtaining sub-centimeter XY position sensing is to
employ a high-frequency (typically 300 kHz or greater) LBL system. Experiments show
that these systems are capable of sub-centimeter precision and update rates up to 10 Hz



[21]. Unfortunately, due to the rapid attenuation of higher frequency sound in water, high
frequency LBL systems typically have a very limited maximum range. All absolute acoustic
navigation methods require careful placement of transponders fixed or moored on the sea-
floor [12, 22], on the hull of a surface ship [13], or on sea-ice [23], and are fundamentally
limited by the speed of sound in water — about 1500 Meters/Second.

1.2 Notation

We employ the notation that a leading superscript indicates the frame of reference for
a vector quantity, thus w ṗd(t),

v ṗd(t), and i ṗd(t) represents the Doppler velocity in,
respectively, the world, vehicle, and instrument frames of reference. A trailing subscript
denotes the sensor source. For example w ṗd(t) represents the Doppler velocity and wpl(t)
represents the LBL position, both in world coordinates. For rotation matrices, a leading
superscript and subscript notation indicate the frames of reference. For example w

v
R(t) is

a rotation from the vehicle frame to the world frame, i.e. w ṗd(t) = w
v
R(t) v ṗd(t). Recall

that the set of 3 × 3 rotation matrices, or special orthogonal matrices, is defined as

SO(3) = {R : R ∈ <3×3, RT R = I, det(R) = 1}. (1)

We employ the standard notation ⊗ for the Kronecker product, and (·)S for the stack
(or vector) form of a matrix [24].

1.3 Doppler-Based Underwater Vehicle Navigation

Recently available bottom-lock Doppler sonars typically work as follows: The Doppler trans-
ducer unit has four downward-looking beam transducers oriented at about 30◦ from the
instrument vertical axis. A minimum of three beams are required to obtain a 3 degree of
freedom velocity estimate; four are typically used.

The Doppler sensor measures the apparent bottom-velocity (due to the vehicle’s mo-
tion) along each of the four beams. The velocity measurement in broadband Dopplers is
performed with an ensemble of one or more discrete “pings” employing the entire set of
beams. The Doppler unit digitally processes the four independent beam echoes to compute
a 4 × 1 vector of velocities, vbeam(t), representing the bottom velocity component along
the respective beam axes. Velocity error standard-deviations vary with frequency and in-
strument design — commercially available units provide single-ping beam-velocity standard
deviations less than 0.3% with an accuracy of 0.2 - 0.4%.

The 4×1 vector of beam radial velocities, vbeam(t), is converted to the instrument-frame
XYZ velocities, i ṗd(t), by the linear transformation

i
ṗd(t) = T vbeam(t) (2)

where the matrix T is a 3×4 constant matrix mapping the four beam velocities into a 3×1
vector of instrument velocities

i
ṗd(t) =







ẋ(t)
ẏ(t)
ż(t)






(3)

representing the Cartesian velocities ẋ(t), ẏ(t), and ż(t), in instrument-frame coordinates.



The instrument-frame velocity, i ṗd(t), is converted to the world-frame XYZ velocity,
wvd(t), by the linear transformation

w
ṗd(t) =

w

v
R(t)

v

i
R

i
ṗd(t) (4)

where w
v
R(t) is the time-varying rotation matrix from the vehicle frame to world frame,

and v
i
R is the constant rotation matrix from the Doppler sonar’s instrument frame to the

vehicle frame, referred to herein as the Doppler alignment matrix. The value of w
v
R(t)

is computed from heading, pitch, and roll values provided by the vehicle’s 3-axis attitude
sensor. Methods for the experimental determination of v

i
R is the subject of this paper.

The world velocities, w ṗd(t), are integrated to compute bottom track position

w
p̂d(t) =

w
p̂d(t0) +

∫ t

t0

w

v
R(τ)

v

i
R

i
ṗ(τ)dτ (5)

where w p̂d(t) is the position estimate at time t as a function of the sensor signals and the
initial position estimate w p̂(t0). The above technique is commonly referred to as ‘dead-
reckoning’. The vehicle’s velocity estimate can also be employed in a variety of alternative
state techniques such as Kalman filtering [25]. For a more detailed discussion of the Doppler
sensor equations and coordinate conversions, the reader is referred to [7, 26].

1.4 Previous Work

In [27] Spindel and colleagues report an acoustic navigation system combining LBL navi-
gation techniques with transponder-based Doppler velocity sensing. In [7] Brokloff reports
a bottom-lock Doppler-based dead-reckoning system combining a 300kHz Doppler and an
inertial navigation unit (for vehicle heading and attitude data) to obtain relative navigation
errors of 0.4% of distance traveled over long (five hour) high-speed (five knot) missions, and
a general least-squares technique for estimating the alignment error in Doppler navigation.
In [28] Brokloff extends the previous results to employ water-lock Doppler tracking when the
vehicle altitude exceeds bottom-lock range. In [22] the authors report preliminary results
from the deployment of a combined LBL/Doppler navigation system. In [9] the authors
identify principal limitations to the bottom-track precision of Doppler based navigation
systems and analyze the effect of heading-sensor errors on Doppler bottom-track precision.
In [10], the authors reported the effect of heading-sensor errors on Doppler bottom-track
precision.

Single degree of freedom Doppler alignment estimates have been previously reported in
the context of ship and tow-sled mounted Dopplers. In [5] Joyce reports a least-squares
technique for estimating the heading alignment of a ship mounted Doppler. This estimate
uses the Doppler velocities and GPS computed ship’s velocities to estimate the alignment
angle. This technique is employed in [6] to align a ship mounted Doppler and the authors
identify the heading sensor as a limiting factor in making precision Doppler measurements.
Münchow and colleagues employ Joyce’s technique to estimate the alignment of a Doppler
mounted aboard a towed sled, and approximate the sled’s velocity to be the same as the
GPS computed ship’s velocity [8].

The calibration techniques reported in this paper differ from these reported in [5],[6],[8]
in that the techniques estimate the alignment in three degrees of freedom. To the best of our
knowledge, the results reviewed within are novel in that (i) the techniques employ sensor
data available on deeply submerged vehicles, and (ii) two of the techniques constrains the
alignment estimate to the group of special orthogonal matrices.



2 The Doppler Alignment Problem

The remainder of this paper addresses the following in-situ Doppler alignment problem:
Consider a vehicle possessing the following three navigation sensors:

1. A bottom-lock Doppler providing 3-axis translational velocities, i ṗd(ti) in instrument
coordinates. Commercially available units can provide velocity measurements with
single-ping standard deviations less than 0.3% with an accuracy of 0.2 - 0.4% and
update rates up to 7 Hertz. The Doppler alignment matrix v

i
R is constant but

unknown.

2. A 3-axis north-seeking gyroscope providing absolute gyroscope attitude, w
v
R(tj), and

attitude rate, w
v
Ṙ(tj), with respect to true north and the local gravitational field.

Commercially available units can provide dynamic 3-axis attitude at up to about 100
Hz with an precision of about 0.1◦.

3. A LBL acoustic navigation system providing absolute vehicle XYZ position measure-
ments, wpl(tk) at relatively low update rates. Commercially available systems can
provide absolute precision of 0.1 to 10 meters with update rates varying from 1.0 to
0.05 Hertz. Higher frequency systems are capable of sub-centimeter precision and
update rates of up to 5 Hertz, but are limited to ranges less than 100 meters.

Our goal is to employ these sensor signals to determine experimentally an estimate v
i
R̂

of the unknown Doppler alignment matrix v
i
R. Once v

i
R̂ is known, the Doppler and gyro

signals can be employed to compute accurately the vehicle position with a dead-reckoning
algorithm (5). In the context of at-sea underwater vehicle operations, this calibration
procedure would normally be employed when the sensors are first installed on a vehicle, or
when the sensor mounting positions are altered for maintenance or operational purposes.

For simplicity of exposition, assume that (i) the LBL transponder is co-located with the
Doppler transducer at the origin of the vehicle’s reference frame and (ii) the coordinate axes
of the vehicle frame are defined as the coordinate axes of the gyro. While these assumptions
greatly simplify the navigation equations for clarity of exposition, they can easily be relaxed
without requiring any fundamental change in the proposed methodology.

Note that in this section we employ continuous time notation despite the fact that these
sensors actually provide asynchronous sensor readings at discrete intervals of varying period.
While it might at first appear attractive to immediately adopt a discrete-time representa-
tion in order to more closely correspond to the actual discretely sampled sensor signals,
this task is complicated by the fact that these sensors operate asynchronously, provide
data at independently differing intervals, and cannot be exactly synchronized to a single
fixed sample interval. In consequence, we adopt the theoretically unjustified but common
practice of employing continuous-time mathematical analysis, and an ad-hoc discrete-time
implementation. Although the discrete-time implementation is only an approximation of
the continuous time system, the sequel shows that the discrete time implementation results
agree favorably with those predicted by analysis of the exact continuous time system.

The authors have previously reported three techniques for estimating the Doppler align-
ment matrix. In [29], the authors propose and examine the merits of various techniques for
least-square estimation of the Doppler alignment matrix, and report simulation studies of
these approaches. An SO(3) constrained adaptive identifier is proposed in [30] and experi-
mentally evaluated in [31]. The remainder of this section reviews these previously reported
results.



2.1 General Least-Squares Estimation (LS-GEN) of the Doppler Align-
ment Matrix

A first, direct method to solve for the unknown constant matrix v
i
R in (5) takes advantage

of the fact that v
i
R enters linearly into (5). Applying the identity (ABC)S = (CT ⊗A)BS

[24] to (5) results in
w

p̂(t) =

∫ t

t0

[
i
ṗT (τ) ⊗

w

v
R(τ)]dτ(

v

i
R)S (6)

which can be solved for the unknown vector ( v
i
R)S by any standard method for solving

overdetermined linear systems (e.g. the Moore-Penrose inverse) over any interval [t0, t] for
which i ṗ(t) exhibits persistent excitation, i.e. when

∫ t

t0

i
ṗ(τ)

i
ṗT dτ (7)

is full rank. The disadvantage of this direct method is that the general Moore-Penrose
solution will result in a best-fit 3 × 3 real matrix representing a general linear map — this
method does not guarantee that the result is a rotation matrix as defined in the problem
statement.

2.2 SO(3) Constrained Least-Squares Estimation (LS-SO3) of the Doppler
Alignment Matrix

A second method is to solve the velocity equation (4) for v
i
R i ṗ(t). Thus

v

w
R(t)

w
ṗ(t) =

v

i
R

i
ṗ(t). (8)

While 12kHz LBL systems estimate the position of the vehicle in the world frame, the
lengthy time intervals (typically 1 to 20 second periods), and noise in the measurement
signal (typically greater than 0.25 meters) renders numerical differentiation of this position
estimate useless.

In order to utilize the LBL position estimate, both sides of (8) can be integrated to
obtain

v

w

∫

R(τ)
w

ṗl(τ)dt =
v

i
R

∫

i
ṗd(τ)dt. (9)

Integrating the left hand side by parts eliminates the unavailable ṗ(t)w signal resulting in

v

w
R(t)

w
pl(t) −

∫

v

w
Ṙ(τ)

w
pl(τ)dτ =

v

i
R

∫

i
ṗd(τ)dτ (10)

which only depends on readily available signals: the raw Doppler instrument velocity signals,
i ṗd(ti), the raw gyro angular position, v

w
R(tj), angular velocity, v

w
Ṙ(tj), and the world-

referenced LBL position, w
i
pl(t). Expression (10) can be solved for the unknown rotation

matrix v
i
R over any interval for which i ṗd exhibits persistent excitation.

As in the previous case, the Moore-Penrose inverse solution does not guarantee that
the resulting linear map is a rotation matrix. In consequence, we employ a singular value
decomposition (SVD) approach, originally reported in [32], to provide a least square solution
subject to the additional constraint that i

v
R ∈ SO(3). The reader is referred to [32, 33]

for a detailed exposition of the SVD solution method.



2.3 SO(3) Constrained Adaptive Identifier (ID-SO3) of the Doppler Align-
ment Matrix

The previous two techniques took the form of least-squares estimators. In this section
we propose using an adaptive identifier to estimate the alignment matrix. While least-
squares estimators employ a statistical approach to estimation, adaptive identifiers pose
the estimation problem as a dynamical system and show that the error in the system (e.g.
the difference between the estimated and actual values) approaches zero as time approaches
infinity [34, 35]. In [30] the authors proposed a novel stable adaptive identifier on the group
of rigid body rotations, and this identifier was experimentally evaluated [31]. A detailed
discussion of this identifier is beyond the scope of this paper — the reader is referred to [36]
for an extended discussion.

3 Laboratory Experiments

The performance of these alignment techniques were evaluated using a laboratory ROV.
Section 3.1 discusses the experimental setup, and Section 3.2 discusses the results of these
experiments.

3.1 Laboratory Experimental Setup

The authors evaluated the adaptive identifier during laboratory experiments conducted at
the Hydrodynamics Testing Facility at Johns Hopkins University. The facility contains a
25 foot diameter, 14 foot deep indoor water tank and the JHUROV, laboratory research
ROV (Figure 1). Powered by a 10kW DC power supply, the JHUROV is actuated by six
1.5kW DC brushless thrusters and is capable of motion in five degrees of freedom. The
controller allows the vehicle to be automatically controlled and can command the vehicle to
follow defined trajectories. The sensors used on the JHUROV are labeled with † in Table
1. Readers are referred to [21, 37] for more information on the facility.

Six experiments are reported within. The experiments lasted approximately 40 minutes,
during which the JHUROV operated under automatic control using Doppler estimates of
the XY position. DVLNAV used Doppler alignment angles of 45◦ for heading and 0◦ for
pitch and roll. Additional details of these experiments are reported in [38].

3.2 Laboratory Experimental Results

This section evaluates the performance of the alignment estimates discussed in section
2. First, we discuss the methodology employed in post-processing the experimental data.
Then, we evaluate the performance of each estimation technique on the data set that the
alignment estimate was computed on. Finally, we investigate the applicability of an align-
ment estimate from one data set on other data sets.

3.2.1 Methodology of Alignment Estimates Evaluation

The data collected from these experiments was post-processed as follows: First, we com-
puted the alignment estimate of the Doppler using the techniques reported in Section 2.
Second, we recomputed the position of the vehicle during the experiments with each of the
three alignment estimates:



Figure 1: The JHUROV, a laboratory ROV, is instrumented with sensors typically found
aboard oceanographic research submersibles [21, 37].

1. ORIG - This original alignment estimate based on a visual alignment of the sensor
prior to the experiments. For the laboratory experiments, the ORIG estimate is 45◦

for heading and 0◦ for pitch and roll.

2. LS-GEN - The general least squares estimates of the Doppler alignment matrix
reviewed in section 2.1.

3. LS-SO3 - The SO(3) constrained least squares estimate of the Doppler alignment
matrix reviewed in section 2.2.

4. ID-SO3 - The SO(3) constrained adaptive identifier estimate of the Doppler align-
ment matrix reviewed in section 2.3.

For each alignment estimate, the vehicle’s Doppler position estimate, wpd(t) is com-
puted using equation (5), and compared to the independently measured LBL track, wpl(t).
Since the update rates of the Doppler and LBL position estimates differ, the update rate of
the Doppler position estimate is resampled to that of the LBL position estimate. We define
the position error as:

∆p(t) =
w

pd(t) −
w

pl(t)

=







∆px(t)
∆py(t)
∆pz(t)







The top plot in Figure 2 shows the Doppler estimate of the vehicle’s X position during
EXPT063. The middle plot shows the LBL estimate of the X position, and the bottom plot
shows the position error, ∆px(t).

The position error is summarized two ways:



Figure 2: Laboratory Experiments: The Doppler and LBL estimates of the JHUROV’s X
position during EXPT063 (top and middle, respectively). Bottom: The resulting ∆p(t).

1. As an error vector

σ =







σx

σy

σz






. (11)

This is the standard deviation of the XYZ elements ∆p(t) (i.e. σx is the standard
deviation of ∆px(t)). The Euclidean norm of σ is the error vector norm, |σ|. The
ORIG entries in Table 2 show the values of σ for the original alignment estimates.
The error vector norms are on the order of 0.5 meters or greater, with σz being the
greatest source of error in all of the experiments.

2. As an error distribution. At time, tk, we compute the Euclidean norm of ∆p(tk). The
values of the resulting vector are distributed over 40 bins, which can be plotted as
a histogram. Figure 3, left, shows the error distributions for the ORIG alignment
estimate for all of the experiments. The mean of these error distributions is shown
in Figure 3, right. The standard deviation of the mean error distribution is 0.30398
meters.

3.2.2 Performance of the LS-GEN Alignment Estimate

The entries labeled LS-GEN in Table 2 show the results of renavigating these experiments
with the general least-squares alignment estimate. To compare to the ORIG estimates, we
divide the LS-GEN error vector norms by their respective ORIG error vector norms, and
refer to this as the normalized error vector norm. In all of the experiments, renavigation of
the Doppler position track with the LS-GEN alignment estimate significantly reduces the



Table 2: Laboratory Experiments: Position error standard deviations. The normalized
error norm is the error vector norm for the given alignment estimate and experiment divided
by the ORIG error vector norm for that experiment.

Experiment Alignment σx σy σz ||σ|| Normalized

Estimate Error Vector Norm

meters meters meters meters

ORIG 0.048217 0.051115 0.562085 0.566460 1.000000
LS-GEN 0.032581 0.039576 0.015600 0.053583 0.09459280

EXPT063
LS-SO3 0.047734 0.045914 0.025647 0.071024 0.12538240
ID-SO3 0.046253 0.048555 0.036907 0.076545 0.135128

ORIG 0.054301 0.055148 0.559591 0.564917 1.000000
LS-GEN 0.026771 0.030089 0.015135 0.043025 0.07616074

EXPT064
LS-SO3 0.050122 0.052790 0.026889 0.077602 0.13736886
ID-SO3 0.052950 0.053683 0.021430 0.078389 0.138761

ORIG 0.055125 0.063674 0.634945 0.640506 1.000000
LS-GEN 0.074718 0.046087 0.013014 0.088747 0.13855795

EXPT066
LS-SO3 0.050450 0.080538 0.016396 0.096438 0.15056571
ID-SO3 0.057930 0.068085 0.024234 0.092621 0.144606

ORIG 0.043557 0.054820 0.652041 0.655789 1.000000
LS-GEN 0.033187 0.036913 0.014670 0.051760 0.07892850

EXPT067
LS-SO3 0.055821 0.068173 0.018765 0.090088 0.13737265
ID-SO3 0.034274 0.054102 0.022908 0.068018 0.103719

ORIG 0.048263 0.061512 0.593617 0.598744 1.000000
LS-GEN 0.042512 0.029718 0.008129 0.052503 0.08768822

EXPT069
LS-SO3 0.044934 0.053789 0.018868 0.072584 0.12122662
ID-SO3 0.042053 0.052786 0.024024 0.071638 0.119646

ORIG 0.060116 0.053227 0.624356 0.629498 1.000000
LS-GEN 0.043196 0.041759 0.019298 0.063104 0.10024514

EXPT070
LS-SO3 0.040796 0.040534 0.028318 0.064103 0.10183193
ID-SO3 0.047602 0.039752 0.027372 0.067789 0.107688

error vector norm. The histogram of the error distribution, Figure 4, reflects this reduction,
and shows the Gaussian nature of the remaining error in the system. The standard deviation
of the mean error distribution is 0.03674 meters, a significant reduction from the original
alignment estimate.

3.2.3 Performance of the LS-SO3 Alignment Estimate

Examination of the LS-SO3 entries in Table 2 shows that renavigation of the Doppler track
with the LS-SO3 alignment estimate significantly lowers the error vector, especially σz.
As expected, the improvement is not as great as for the general least-squares case. As in
the general least squares case, the error histogram appears to be Gaussian (Figure 5). The
standard deviation of the mean error distribution is 0.04952 meters, significantly lower than
the original alignment estimate, but 35 % higher than the result of the general least-squares
estimate. This suggests that the general least-squares technique provides a better estimate
of the Doppler position for the data set from which the alignment estimate was computed.
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Figure 3: Laboratory Experiments: Histograms of the error distribution vector for the ORIG
estimates(left), and the histogram for the averaged error distribution vector (right).

3.2.4 Performance of the ID-SO3 Alignment Technique

The ID-SO3 entries in Table 2 show the standards deviations of the position error vector
for these renavigations, and Figure 6 shows the error vector distribution and the mean error
vector distribution (left and right, respectively). Renavigation of the Doppler track with
the ID-SO3 estimate significantly reduces the error vector norm and the error remaining
in the system is of a Gaussian nature. The standard deviation of the mean error vector
distributions for the adaptive identifier is 0.0473 meters comparing favorably with 0.04952
meters for the least-squares estimate. This demonstrates the ability of the adaptive identifier
to estimate an alignment that improves the Doppler position track.

3.2.5 Cross Validation of Alignment Estimates

How does the alignment estimate obtained from one experimental vehicle trajectory perform
when applied to data from a different vehicle trajectory? To cross-evaluate the alignment
estimates, we recomputed the position of the vehicle for all six experiments, using each
of the six alignment estimates. For each experiment, we (i) renavigated the experimental
data with the alignment estimate computed on that data set, and (ii) renavigated the
experimental data with the alignment estimates computed from the other data sets. For
the latter case, we renavigate the data set with each of the alignment estimates, compute
a normalized error vector for each alignment estimate, and then take the mean of these
normalized error vectors. For each pair of bars in the plots in Figure 12, the ‘Actual’ bar
corresponds to the former case, while the ‘Cross’ bar corresponds to the latter case.

Since the LS-GEN method is sensitive to any errors in the data, we expect that the
alignment estimate for each experiment is unique to that experiment and not applicable on
other experiments. Figure 12(a) shows the results for the LS-GEN alignment. For the LS-
GEN case, we see that an experiment’s own alignment estimate provides better results than
alignments from other experiments. On average, an experiment’s own alignment estimate
preforms 40% better than other alignment estimates. This indicates that the LS-GEN
alignment is sensitive to errors that vary from experiment to experiment, and provides an
alignment estimate suitable for that experiment only.

For the LS-SO3 and ID-SO3 cases, the principle source of error is an incorrect estimate
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Figure 4: Laboratory Experiments: Histograms of the error distribution vector for the LS-GEN
estimates(left), and the histogram for the averaged error distribution vector (right).
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Figure 5: Laboratory Experiments: Histograms of the error distribution vector for the LS-SO3
estimates (left), and the histogram for the averaged error distribution vector (right).
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Figure 6: Laboratory Experiments: Histograms of the error distribution vector for the ID-SO3
estimates for each experiment (left), and of the averaged error distribution vector for the adaptive
identifier estimate (right).



of the Doppler alignment. Thus, provided the Doppler and gyro mounting positions remain
unaltered, the SO(3) constrained alignment estimates from one experiment should provide a
similar result on other experiments. The laboratory data verifies this conjecture. For the LS-
SO3 case (Figure 12(c)), the error resulting from the experiment’s own alignment estimate
agrees with the results from the other estimates to within 11%. Additionally, the cross
evaluated SO(3) constrained estimates perform 28% better than the cross evaluated LS-
GEN least-squares estimates. For the ID-SO3 estimate (Figure 12(e)), the cross-evaluated
alignment estimates are within 17% of the ’actual’ result.

Table 3: Field Experiments: Duration and Survey distance of the experiments.
EXPERIMENT DURATION SURVEY DISTANCE

EXPT080 150 minutes 2300 meters
EXPT081 160 minutes 1600 meters
EXPT082 80 minutes 865 meters

4 Field Experiments

In at-sea vehicle operations the acoustic LBL system and the pressure depth sensor posses
a lower precision than the corresponding systems used in the laboratory experiments. Fur-
thermore, the update rate of the LBL system decreases by more than an order of magnitude
— from 5Hz to 0.1 Hz. In this section, we experimentally evaluate the performance of the
alignment techniques using data from a field deployed AUV.

4.1 Field Experimental Setup

Figure 7: The SeaBED AUV, developed by the Deep Submergence Laboratory, Woods Hole Oceano-
graphic Institute [39, 40].

Field experiments were conducted on SeaBED (Figure 7), an AUV designed and built
by the Woods Hole Oceanographic Institution (WHOI) for oceanographic science. SeaBED

is rated to a depth of 2000 meters, has a dry mass of 190 kg and is 2 kg positively buoyant
in water. The vehicle is actuated by three 50 Newton thrusters and is capable of actively
controlled motion in three degrees of freedom. The sensors used on SeaBED are labeled
with ‡ in Table 1. Readers are referred to [39, 40] for more information on SeaBED.



In July 2005, SeaBED was employed to perform archaeological surveys of ancient Greek
and Roman shipwrecks in the Mediterranean Sea near Greece. The surveys were conducted
under the supervision of Dr. Brendon Foley and Dr. Hanumant Singh of WHOI. During
this cruise, the SeaBED AUV conducted three surveys. Table 3 summarizes the duration
and distance of the surveys.

4.2 Field Experimental Results

For each survey, a 40 minute section of data was extracted and the alignment estimates were
computed using these 40 minute subsets. The resulting alignment estimates were then used
to renavigate the entire survey. The evaluation methodology is identical to that discussed
in Section 3.2.1.

4.2.1 Performance of the LS-GEN Alignment Technique

The entries labeled LS-GEN in Table 4 show the results of renavigating the field experiments
with the LS-GEN least-squares alignment estimate. The histograms for the ORIG and
LS-GEN alignment estimates are shown in Figures 8 and 9 respectively. The standard
deviation of the mean error distribution for the LS-GEN alignment estimates is 1.942 meters,
significantly lower than 39.02 meters for the ORIG alignment estimate. Since the alignment
estimates are computed from a forty minute subset of the mission data, it provides the
optimal estimate for the forty minute subset, not for the entire mission. Consequently,
while the LS-GEN alignment estimates provide improved Doppler navigation compared to
the original alignment estimate, it does not perform as well as the LS-SO3 constrained
alignment estimate.

4.2.2 Performance of the LS-SO3 Alignment Technique

Examination of the LS-SO3 entries in Table 4 shows that renavigating the Doppler track
with the LS-SO3 alignment estimates significantly reduces the error vector norms. The
standard deviation of the mean error distribution (Figure 10) decreases from 39.02 meters to
0.3286 meters. These results corroborate the laboratory experiment results and demonstrate
the feasibility of using the LS-SO3 alignment technique in at-sea vehicle operations.
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Figure 8: Field Experiments: Histograms of the error distribution vector for the ORIG esti-
mates(left), and the histogram for the averaged error distribution vector (right).
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Figure 9: Field Experiments: Histograms of the error distribution vector for the LS-GEN
estimates (left), and the histogram for the averaged error distribution vector (right).
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Figure 10: Field Experiments: Histograms of the error distribution vector for the LS-SO3
estimates (left), and the histogram for the averaged error distribution vector (right).
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Figure 11: Field Experiments: Histograms of the error distribution vector for the ID-SO3
estimates (left), and the histogram for the averaged error distribution vector (right).



Table 4: Field Experiments: Position error standard deviations for the alignment esti-
mates. The normalized error norm is the error vector norm for the given alignment estimate
and experiment divided by the ORIG error vector norm for that experiment.

Experiment Alignment σx σy σz ||σ|| Normalized

Estimate Error Vector Norm

meters meters meters meters

ORIG 1.4491 1.5975 51.8499 51.8942 1.0000
LS-GEN 3.8489 3.6532 4.2001 6.7676 0.1304

EXPT080
LS-SO3 1.1186 1.0804 0.3976 1.6053 0.0309
ID-SO3 1.1306 1.0828 0.5014 1.6439 0.0316

ORIG 1.3566 0.9597 43.4178 43.4496 1.0000
LS-GEN 3.1488 1.3102 1.3698 3.6753 0.0846

EXPT081
LS-SO3 1.3283 0.8415 0.1840 1.5832 0.0364
ID-SO3 1.3229 0.8490 0.4304 1.6298 0.0375

ORIG 1.3364 0.9579 19.1732 19.2445 1.0000
LS-GEN 8.1779 2.8454 0.7145 8.6882 0.4515

EXPT082
LS-SO3 1.3927 1.0359 0.2043 1.7475 0.0908
ID-SO3 1.4062 1.0862 0.2101 1.7897 0.0929

4.2.3 Performance of the ID-SO3 Alignment Technique

The ID-SO3 entries in Table 4 show the error vector norms for Doppler track renavigation
with the SO(3) constrained adaptive identifier estimates, and Figure 11 shows the error
vector distribution and the mean error vector distribution (left and right, respectively).
Renavigation of the Doppler track with the ID-SO3 alignment estimates significantly re-
duces the normalized error vector norm. The standard deviation of the mean error vector
distribution decreases from 39.02 meters for the ORIG estimate to 0.4462 meters for the ID-
SO3 estimate. These results corroborate the laboratory experiment results and demonstrate
the ability of the adaptive identifier to estimate an alignment that improves the Doppler
position track.

4.2.4 Cross Validation of the Alignment Estimates

The alignment estimates were cross-evaluated using the methodology outlined in Section
3.2.5. Figure 12(b) shows the normalized error vector norms for the LS-GEN alignment
estimates. For EXPT081 and EXPT082, we see that a mission’s own alignment estimate
performs significantly better than alignment estimates from other experiments. The error
vector norms for EXPT080 correspond very well, however we believe this is coincidental.
On average, an experiment’s own alignment estimate performs 28% better than alignment
estimates from other experiments.

In Section 3.2.5, we conjectured that an incorrect estimate of the Doppler alignment was
the principle source of error in SO3 constrained alignment estimators, and the laboratory
experiments verified this conjecture. The field results provide further verification. Figure
12(d) shows the normalized error vector norms for the LS-SO3 case. For all experiments, the
error resulting from the experiment’s own alignment estimate agrees with the results from
the other estimates to within 5%. Figure 12(f) shows the normalized error vector norms for
the ID-SO3 alignment estimates. For the adaptive identifier estimates, the cross-evaluated
alignment estimates are within 3% of the non-cross evaluated result.



(a) Laboratory LS-GEN (b) Field LS-GEN

(c) Laboratory LS-SO3 (d) Field LS-SO3

(e) Laboratory ID-S03 (f) Field ID-SO3

Figure 12: Cross Validation of Alignment estimates. ‘Actual’ signifies that the experiment
was renavigated with its own alignment estimate. The ‘Cross’ label indicates that the experiment
was renavigated with the other alignment estimates and the mean of the resulting error vector norms
plotted.



5 Conclusions

This paper reviews three techniques for estimating the in-situ calibration of Doppler sonars
and attitude sensors used in precision Doppler navigation. The first technique provides a
general least-squares alignment matrix estimate that minimizes the error on the mission.
The second technique is a least-squares estimate that constrains the alignment matrix to the
group of rotation matrices. The last technique is a novel SO(3) constrained adaptive identi-
fier. All techniques employ sensors typically deployed aboard oceanographic submersibles,
and can utilize, but do not require, GPS navigation data. From the laboratory and field
experimental data, we conclude the following:

1. Renavigation of the Doppler track with the LS-GEN alignment estimates significantly
reduces the error in the Doppler position estimate (Sections 3.2.2 and 4.2.1).

2. Renavigation of the Doppler track with the LS-SO3 alignment estimate significantly
reduces the error in the Doppler position estimate over the entire data set (Sections
3.2.3 and 4.2.2).

3. Renavigation of the Doppler track with the LS-SO3 alignment estimate significantly
reduces the error in the Doppler position estimate over the entire data set (Sections
3.2.4 and 4.2.3).

4. The LS-SO3 and ID-SO3 alignment estimates provides a comparable reduction in the
error of the Doppler position estimate for any data set in which the positions of the
Doppler and attitude sensor on the vehicle have not been altered. (Sections 3.2.5 and
4.2.4).

In consequence, the LS-SO3 and ID-SO3 alignment estimation methods are preferred
for field operations, as the calibration from a single mission can be employed to improve
the navigation of all missions in which the Gyro and Doppler mounting remains unaltered.
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