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Activity coefficient and the Einstein relation
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A connection between the activity coefficient of current carriers and the Einstein relations is established

by two methods, one based on normal semiconductor concepts and one based on irreversible thermo-
dynamics. The connection holds for all densities of states, for Fermi degeneracy, and in the presence of
heavy doping.

In this Communication the activity coefficient (f, for ex-
ample) is related to the Einstein mobility-diffusion equation
in a very simple manner and by two different methods. The
parameter f' is usually introduced through a relation
between the chemical potential and the concentration {n,
for example), and can measure the departure of the solu-
tion, semiconductor, or other systems from extreme dilu-
tion when f 1. The departure in question thus lumps to-
gether effects of Coulomb and exchange interaction as well
as degeneracy (Pauli principle). Physical chemists infer the
parameter f widely and often from equilibrium studies such
as vapor pressures, osmotic pressures, freezing point
depressions, solubilities, etc. ,

' and prefer it to the activity,
as its slower variation makes it more convenient for tabula-
tion. The parameter f could bear more study in semicon-
ductors. But here, too, it has been determined experimen-
tally from diffusion and solubility analysis; it can in princi-
ple be determined from radiative recombination', it has also
been calculated directly. As mobility and diffusion are
also widely measured in semiconductors and physical chemi-
cal systems, the relationship to be established may be of
wider interest. It does not seem to exist in the literature.

The Einstein relation has been investigated for semicon-
ductors with nonparabolic bands, exponential tails, etc. ' But
its connection with screening parameters and the plasma
frequency (for a review see Ref. 9) is less well known, and
gives an early hint that it can perhaps be related to the
parameter f.

The Einstein relation which one can use is (see, for ex-
ample, Ref. 10)
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and is also valid for small departures from equilibrium. "
Here

(2)

where v is the mobility, q is the algebraic charge on the
current carriers, T is the temperature, p, is the electrochemi-
cal potential, n is the concentration of carriers, and 3 is the
band-edge energy. Thus if p, „p,I, are the electron and hole
quasi-Fermi levels and E, and E„are the band edges,

p, ,—E, E„—p, p
7)g = or
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Thus for a nondegenerate ideal electron or hole gas we have
in the simplest cases

n n, = W,exp', or n p = W„expqj, (4)

where N„N„depend on temperature and volume. If (4)
holds, one simply finds unity for the right-hand side of (I),
a well-known result. More generally, if

n n, = N, FV2(rl, ) or n p = N„F(7iq)
where

F( )
I xdx

I (s+1) 0 e" "+1
then the right-hand side of (I) yields another well-known
result:
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n = N, (exprl, )/f, ' (7)

when it satisfies f,'~1 for normal parabolic bands. If kTA
is the (usually negative) shift in the density of states owing
to Coulomb and exchange interaction, the definition

n = N, (expel, ) (exp')/f, (8)

may also be used. By adopting it here, the definition (7)
can be covered by putting 5 =0 in the relations which fol-
low. Note that f, =f,'exp' is often less than unity. '

A related problem of band-gap shrinkages A„Aq for, say,
a degenerate electron gas and a nondegenerate hole gas can
be discussed on the basis of

n =N, F~g(q, )e ', p =N, exprtqe

whence
—v) +h, +4~

np = N, N„exp( —rig)FV2(rl, ) e

= n/ P]/2(g~)exp( —7), + gg+ gf, )

as, for example, in Ref. 12, Eq. (4). In that case one sees
from {8) and (9) that

f', = [exp', /F&y2(q, ) lexp(h —5, ) (10)

We shall relate the ratio (I) to the activity coefficient f
for electrons, an analogous argument being applicable to
holes. This coefficient may be defined by"
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The effect of interactions (6 ( 0) decreases f, and acts in
the same direction as gap shrinkage, whereas degeneracy
tends to increase the activity coefficient.

The dependence of the ratio (I) on the activity coefficient
f, is formal, and easier to derive than the actual theoretical
or experimental estimation of f, or A. From (8), if all par-
tial derivatives are taken at constant temperature and
volume

inn 9 lnfe
9'gg BYfg 8'gg

Here L„ is one of the Onsager coefficients. In (13) we
have the usual decomposition into diffusion and drift
current densities,

I = —qD Bn/Bx —Iq I vn B V/Bx (14)
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where E is the electric field. Comparing coefficients of
Bn/Bx and B V/Bx,

Thus
r
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Using (15) and (16),

(16)

It follows that use of (8) and (I) is fully equivalent to
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p, = p, +kT 1nn+kT lnf, +qV —kTA

where p, is a reference value, V is the applied electrical po-
tential, and the interaction energy has been added as an ex-
tra term. Hence, assuming a one-dimensional problem,
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Secondly, we note from irreversible thermodynamics" that
the electric current density is, using (12),
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allowing one to derive the Einstein ratio in principle from
activity data. This result is quite general as it does not in-
volve any assumptions connected with the actual density of
states or with Fermi nondegeneracy.

We now give a second argument based on irreversible
thermodynamics. First we recall the definition of the elec-
trochemical potential

Iq ID B lnf. Ba
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It follows that (11) is found again. It is to be noted that
this second (irreversible thermodynamic) argument leads to
(11) without the explicit use of formula (I).

In the course of this second derivation, the drift-diffusion
equation (14) has been used. This leads one to expect that
the second (thermodynamic) argument can be extended to
derive Eq. (I) from (17). To see that this is so, infer from
(8)

lnf, = ln N, + q, —inn + 5

Inserting in (17) yields precisely the result (1).
The future application of (11) may be mainly as a con-

sistency check on sets of values of D, v, and B lnf, /B Inn
obtained for given temperature and concentration for one
species. In electrolytes these values are hard to obtain from
average or mean values for ions of opposite charge.
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