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ABSTRACT

The focused transport theory is appropriate to describe the injection and acceleration of low-energy particles at
shocks as an extension of diffusive shock acceleration (DSA). In this investigation, we aim to characterize the
role of cross-shock potential (CSP) originated in the charge separation across the shock ramp on pickup ion (PUI)
acceleration at various types of shocks with a focused transport model. The simulation results of energy spectrum
and spatial density distribution for the cases with and without CSP added in the model are compared. With sufficient
acceleration time, the focused transport acceleration finally falls into the DSA regime with the power-law spectral
index equal to the solution of the DSA theory. The CSP can affect the shape of the spectrum segment at lower
energies, but it does not change the spectral index of the final power-law spectrum at high energies. It is found that
the CSP controls the injection efficiency which is the fraction of PUIs reaching the DSA regime. A stronger CSP
jump results in a dramatically improved injection efficiency. Our simulation results also show that the injection
efficiency of PUIs is mass-dependent, which is lower for species with a higher mass. In addition, the CSP is able to
enhance the particle reflection upstream to produce a stronger intensity spike at the shock front. We conclude that
the CSP is a non-negligible factor that affects the dynamics of PUIs at shocks.
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1. INTRODUCTION

Both direct observations and numerical simulations indicate
that the pickup ions (PUIs) can be efficiently accelerated to high
energies by quasi-parallel interplanetary shocks and planetary
bow shocks (e.g., Scholer & Kucharek 1999; Oka et al. 2002;
Decker et al. 2005, 2006) and by quasi-perpendicular corotating
shocks and termination shocks as well (e.g., Gloeckler et al.
1994; Franz et al. 1999; Mason et al. 1999). PUIs are an
important source of energetic particles in the heliosphere. It
is usually believed that PUIs should be accelerated by some
mechanisms up to speeds over the injection threshold given in
terms of diffusive shock acceleration (DSA) theory and then
further accelerated by shocks diffusively. There is no doubt
that shock acceleration can be responsible for the first-stage
energization as well. However, in current research the injection
and acceleration process of low-energy PUIs at shocks has not
been fully understood.

It is generally thought that electrostatic fields, arising from
charge separation between electrons and ions, exist across the
collisionless shocks (called cross-shock potential, CSP). This
potential and its corresponding electric field are instrumental to
decelerate the incoming ions and accelerate electrons (Feldman
et al. 1983) and play an important role in the shock dissipation
and the formation of micro-structure of shocks (Zank et al.
2010; Burrows et al. 2010). In previous studies, the CSP
jump across the shock ramp is a neglected parameter in
applications of the DSA theory of shock acceleration because
the DSA only considers the acceleration process of the isotropic
energetic particles with speed far larger than the shock injection
threshold. A relatively small CSP jump is not important to
the dynamic motion of high-energy particles. However, for
low-energy particles, such as PUIs or particles presented in
the suprathermal tail of the solar wind distribution, which is
usually the source of the energetic particles in the heliosphere,

this is not the case. Zank et al. (1996) and Lee et al. (1996) have
pointed out that, at the quasi-perpendicular shock, a strong cross-
shock electric field may lead to low-energy particles surfing
on the shock surface so as to make the particles gain energy
rapidly. This energization mechanism is usually called “shock
surfing acceleration.” It requires that some source particles have
a normal incident speed much less than the shock speed so
that they are trapped between the electric field force due to
the CSP and the upstream convective Lorenz force, and, as
a result, they gain energy continuously by drifting along the
shock surface before their escape upstream or downstream.
In order to better physically understand the preferences of
the PUI injection compared with solar wind ions observed in
the corotating interaction region, Zank et al. (2001) proposed
another acceleration mechanism called stochastic reflected ion
(SRI) acceleration. Particle specular reflections would occur if
the incident speed parallel with the shock normal is not high
enough to overcome the potential barrier. The reflection can
boost the particle energy in the upstream solar wind frame. On
the other hand, the reflected particles are trapped by upstream
pre-existing or self-generated plasma turbulence, some of which
are expected to be scattered back to the shock surface and
experience further reflection and acceleration. With the help
of the CSP and the turbulence, a fraction of particles eventually
get multiple reflections so as to gain sufficient energies. Both
shock surfing and SRI acceleration are related to the CSP,
and their core idea is that the CSP has the ability to reflect
particles. Shock surfing acceleration is effective only when
the length scale of CSP is on the order of electron inertial
length, which is only satisfied in very rare plasma environments
(Scholer et al. 2003), and its acceleration efficiency is degraded
significantly if shock obliquity θBn < 60◦ (Lipatov et al. 1998).
By comparison, the CSP length scale has no effect on SRI
acceleration, and its reflection of particles is still effective at
non-perpendicular shocks. In theory, also verified by some
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semi-analytic calculations (e.g., Zank et al. 1996, 2001; Lee
et al. 1996; Lipatov et al. 1998; Rice et al. 2000), both of the two
mechanisms work better for PUI acceleration than solar wind
ions, because PUIs have a shell distribution with its center at
the plasma speed so that a fraction of particles have a relatively
rather small speed in the shock frame. When we investigated
the initial shock acceleration of original source particles of
very low speeds, the role of CSP on their dynamics cannot
be omitted.

In recent years, considerable progress has been made with the
development of new shock acceleration models. Some focused
transport models, based on the solution of the focused transport
equation (FTE), are designed to investigate the PUI acceleration
at the termination shock (Chalov & Fahr 2000; le Roux et al.
2007; le Roux & Webb 2009; Florinski et al. 2008a, 2008b;
Zuo et al. 2011), as well as solar energetic particle acceleration
at coronal-mass-ejection-driven traveling shocks (Kóta et al.
2005; Ng & Reames 2008; le Roux & Webb 2012). The
focused transport theory extends the DSA theory by treating
the injection of anisotropic low-energy source particles and
diffusive acceleration of isotropic high-energy particles in a
unified way (Zuo et al. 2013). FTE is actually a general guiding
center kinetic transport equation which contains the principal
physical mechanisms of particle acceleration, including first-
order Fermi acceleration, second-order Fermi acceleration, and
drift acceleration (le Roux et al. 2007; le Roux & Webb 2009;
Zuo et al. 2011). The equation contains the contribution of
parallel electric field resulting from CSP that changes the pitch
angle and momentum of particles and consequently affects
the distribution evolution. We recently solved the FTE with
a stochastic approach to study the energy spectrum of PUI
acceleration at various types of shocks (Zuo et al. 2011, referred
to as Paper I in the following sections). It is found that the
energy spectra differ greatly with the solution of the standard
DSA theory, particularly at low energies. In Paper I, the parallel
electric field due to CSP was neglected. Here we extend the
investigation of Paper I using the same focused transport model
with a nonzero CSP. We look at how the CSP affects the energy
spectrum, the injection efficiency, the spatial distribution, etc.,
all of which have not been addressed by previous focused-
transport-model-based investigations.

2. FOCUSED TRANSPORT EQUATION
AND RELATED MODEL

The FTE essentially describes the evolution of the pitch-
angle-averaged gyrotropic distribution function f(X, p, μ, t)
of particles (any species of ions or electrons) that propagate
in the solar wind, where they are subjected to spatial con-
vection, adiabatic change of momentum and pitch angle, and
phase-space diffusions. It can be written as follows (Skilling
1975; Webb 1985; Isenberg 1997; Zhang 2006; le Roux et al.
2007):
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where the variables of X, p, v, μ are respectively the spatial
position vector, momentum, velocity, and pitch-angle cosine of
particles. ECS is the electric field that arises from the cross-
shock electric potential. This equation is described in a mixed
coordinate frame, i.e., the spatial coordinate X is defined in
a fixed frame at the shock, but p, v, μ, and ECS are defined
in the local solar wind plasma frame. The parameter q is the
electric charge of particles. U and b are the solar wind plasma
speed and unit vector of the local magnetic field, respectively.
LB = (b·∇B)−1 is the focal length in the non-uniform magnetic
field. Vd is the particle gradient/curvature drift speed (see Rossi
& Olbert 1970 for expression). The source term Q(X, p, μ, t) is
the local injection rate of source particles. Dpp, Dμp, and Dμμ

are three Fokker-Planck diffusion coefficients.
Similar to the simulations in Paper I, we discuss the pickup

proton acceleration at the termination shock that can be treated
as a stationary one-dimensional planar shock. We neglected
the perpendicular diffusion since it is much smaller relative to
the parallel diffusion at the termination shock. This assump-
tion is justified as long as the shock obliquity is not close to
90◦. The second-order Fermi acceleration is also neglected by
setting the coefficients Dpp and Dμp as zero since stochastic
change of momentum becomes less important relative to other
acceleration mechanisms for shock acceleration. Under these as-
sumptions, we rewrite the reduced equation in three dimensions
(momentum, one spatial dimension, and pitch-angle cosine) as

∂jD

∂t
= −

[
∂

∂x

(
dx

dt

)
+

∂

∂p

(
dp

dt

)
+

∂

∂μ

(
∂Dμμ

∂μ
+

dμ

dt

)]
jD

+
∂2

∂μ2
DμμjD + Q (5)

dx

dt
= u + vμ cos ψ (6)

dp

dt
= − p

du

dx

(
1 − μ2

2
sin2 ψ

+ μ2 cos2 ψ +
μu

v
cos ψ

)
+ μqE‖ (7)

dμ

dt
= 1 − μ2

2

du

dx

(
v

u
sin2 ψ cos ψ + μ(1 − 3 cos2 ψ)

− 2
u

v
cos ψ

)
+

(1 − μ2)qE‖
p

, (8)

where jD is switched to the particle differential number density
that is related to the variable of distribution function f(x, μ, p) by
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jD = 4πp2f . ψ is defined as the angle between the direction of
the magnetic field and the x-axis that is along the shock normal
from downstream to upstream.

In the model, we choose the plasma flow to be normally
incident (U = uex) on the shock and describe the compressional
flow in the thin ramp transition simply by using a linear
profile. The magnetic field profile in the ramp can be computed
according to the continuity condition of tangential electric field
and conservation of magnetic flux (uxBy = Const, and Bx =
Const). Magnetic field monotonously increases from upstream
to downstream. The last loss cone is defined by the ratio of
downstream to upstream magnetic field strength. The parallel
electric field E‖ = ECS · b is the component of the cross-shock
electric field along the magnetic field within the shock ramp.
In this model, the cross-shock electric field is defined along the
shock normal determined by CSP with the form ECS = �φ/dex,
where Δφ is the CSP jump and d is the ramp thickness, i.e., we
assume that the cross-shock electric field is a constant parameter
within the ramp, and in the upstream and downstream, it is
neglected. For the pitch-angle diffusion coefficient Dμμ, we
follow the form used in the work of le Roux et al. (2007) and
le Roux & Webb (2009) that is derived from standard quasi-
linear theory for the case of gyroresonant interaction of energetic
particles with Alfvén waves propagating in both directions along
the large-scale magnetic field (Schlickeiser 1989). It runs as
follows:
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with D0 = (π/8)A2Ω2lb(1 − μ2). Here the parameter VA
is Alfvén speed. Ω is the gyrofrequency of particles. lb and
A2 are correlation length and the relative energy density of
magnetic field fluctuation (A2 = (δB/B)2), respectively. ε is
the relative ratio of backward- and forward-propagating planar
Alfvén waves. In all the simulations, the upstream plasma speed
is taken to be u1 = 400 km s−1, and the shock compression
ratio is selected to be s = 3.7. lb and A2 are chosen to fit a
moderate pitch-angle scattering environment as lb = 0.025 AU
and A2 = 0.2.

As indicated by le Roux et al. (2007), the FTE is a special
version of the guiding center kinetic transport equation that
describes the adiabatic motion of the guiding center of the
charged particles in the large-scale electromagnetic fields with
slow variations. In the absence of pitch-angle scattering, for
instance near the shock, the guiding center adiabatic motion
is governed by Equations (2)–(4), which specify the spatial
convection, the pitch-angle change that leads to reflection or
focusing, and the momentum gain or loss. Seen from the
expression of the terms dμ/dt and dp/dt , the parallel electric
field is an important factor that affects the pitch-angle and energy
change of particles. In particular, for low-energy particles with
speed less than or close to the solar wind speed, the role of
the parallel electric field becomes more important since its
contribution to pitch-angle and momentum changes is inversely
proportional to the momentum p (see Equations (3) and (4)). In
the absence of the divergent flow and the cross-shock electric
potential in the upstream or downstream region, the second-
order terms of FTE essentially describe the scattering of particles
that leads to particle trapping and the second-order Fermi

acceleration (neglected in our model) by the self-generated or
pre-existing turbulence. The scattering, when it is combined
with the effects of CSP leading to multiple particle reflection
and ion energization, just as SRI acceleration describes, is
actually incorporated in the focused transport theory. Apart
from its ability to reflect particles, the CSP jump can accelerate
or decelerate particles when they move through the shock
ramp in different directions. Rice et al. (2000) and Zank
et al. (2001) performed a semi-analytic model calculation to
investigate the reflection and energization of particles due to
the SRI acceleration. Their work illustrates the physics of the
injection and reflection of particles; however, it is a simplified
model in some sense. In their model, the effects due to the
particle Lorentz force are neglected. It requires a very thin
shock ramp, so that once the particle is unable to overcome the
potential barrier, it can be treated as reflected particles. However,
the reality is that once the Lorentz force in the direction
normal to the shock exceeds the electrostatic force, the particle
can still convect through the shock front rather than getting
reflected. Furthermore, the downstream scattering of particles
is not considered, and potential consequent particle return
due to the downstream turbulence is not treated. Here in our
focused transport model, the effect of downstream turbulence
is incorporated. We solve the three-dimensional FTE through
a stochastic differential equation approach (Zhang 1999, 2000;
Zuo et al. 2011). For model details, please refer to Paper I. The
model results, i.e., the accelerated energy spectrum, the spatial
density distribution, and the particle injection efficiency for PUI
acceleration at shocks with different obliquities, will be shown
in detail below.

3. SIMULATION RESULTS

3.1. Energy Spectrum

We first consider the cases with injection of fresh newborn
pickup protons that have a shell distribution with the radius of
upstream solar wind speed at stationary shocks such as Earth’s
bow shock and the termination shock, i.e., the injection source
is Q = Q0δ(p − mpu1). Four cases with different obliquity
θBn equal to 0◦, 45◦, 60◦, and 70◦ are simulated. To show the
role of CSP more evidently, a stronger CSP jump across the
shock equal to upstream solar wind kinetic energy is taken,
i.e., eΔφ = (1/2)mpu2

1. Figure 1 presents the corresponding
energy spectra in the downstream region of the shock for all
four cases with different shock obliquities (θBn = 0◦, 45◦, 60◦,
and 70◦). For comparison, we also present the energy spectra in
the absence of CSP. The results are shown in blue and black lines,
respectively, for the cases with and without CSP included in the
model. The dotted lines of a power law represent the spectrum
given by the DSA theory with the same source injection. All
the distribution functions f (p) have been normalized to the
injection rate Q0 = 1. This applies to any energy spectrum
presented in this work. As discussed in Paper I, the accelerated
energy spectrum usually contains three parts: (1) the irregular
lower energy spectrum, constituted by the particles crossing the
shock for one or a few times; (2) the regular power-law spectrum
at higher energies, constituted by the particles experiencing
multiple shock encounters; and (3) a spectrum rollover, which is
not physical but is produced due to the finite acceleration time or
energy boundary model setting. For parallel shocks (θBn = 0◦),
the regular higher energy spectrum is a power-law spectrum
with spectral index consistent with the solution of the standard
DSA theory, which only depends upon the shock compression
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Figure 1. Downstream energy spectrum of pickup protons accelerated by shocks with different obliquities in the framework of focused transport theory. The results
are shown in blue and black lines, respectively, for the cases with and without a CSP. The dash-dotted line is the solution of the DSA theory. The green and red lines
are fitted power-law spectrum lines.

(A color version of this figure is available in the online journal.)

ratio γ = −3s/(s − 1). For oblique shocks with θBn = 45◦,
the regular spectrum is a double power-law spectrum, i.e., a
slightly harder power-law spectrum followed by another power
law at higher energies with spectral index the same as the DSA
prediction. It has been proven that for all shocks the spectrum
will finally fall into the DSA regime and naturally produces
the power-law spectrum at high enough energies even though
these particles do not have a small anisotropy. The energy
spectrum changes when a strong CSP jump is included. First,
the irregular low-energy spectrum changes dramatically. The
low-energy cutoff shown at the left end of the spectrum, which
is usually explained as the lowest momentum of the particles
that can cross the shock from upstream to downstream for the
first time, shifts to a higher energy. Second, the regular higher
energy spectrum segment still behaves as a single power law for
parallel shock with θBn = 0◦ (see the red line in Figure 1(A),
with a fitted spectral index γ = −4.11 ± 0.03 consistent with
the DSA theory. For the oblique shock with θBn = 45◦ there
still appear double power laws. The first power law becomes
much harder with fitted spectral index γ1 = −3.85 ± 0.03 (see
the green line in Figure 1(B). The second power-law spectrum
line is parallel to the power-law line determined by the DSA
theory with spectral index γ2 = −4.11 ± 0.02 (see the red
line in Figure 1(B), indicating therefore that there is still a
transition from the focused transport to diffusive acceleration
at certain higher energy. The spectral intensity at the energies
with power laws has notably increased, which means that the
injection efficiency is greatly improved. In Paper I, we define a
dimensionless parameter η to measure the injection efficiency as

the ratio of the particle flux at the power-law energies obtained
by the focused transport model to that given by the DSA theory
(and also defined as η = f (p)/fDSA(p)). A large η means
that more particles get accelerated to the power-law regime.
For the case of parallel shock injection efficiency, parameter η
increases from 0.67 to 1.86; and for the case of oblique shock
with θBn = 45◦, it increases from 2.60 to 3.79. So we conclude
that a strong CSP jump can greatly improve the PUI injection
efficiency.

The DSA basically requires that the particles experience mul-
tiple shock encounters, which is, however, a stringent condition
for particle acceleration at highly oblique shocks. According
to the adiabatic transport theory, if v < (u1/cos θBn)

√
B1/B2,

no particle reflection back to upstream by the magnetic field
mirror can occur (Decker 1988), or in other words, all parti-
cles will transmit downstream. The minimum speed of particles
for reflection by shocks, which varies inversely with cos θBn,
becomes much higher for highly oblique shocks. On the other
hand, once transmitted from upstream to downstream, the par-
ticles cannot easily return upstream along the magnetic field
due to the high obliquity. Usually it is regarded that there is an
injection threshold in order that DSA can take place at oblique
shocks. Previous studies indicated that when the shock obliquity
is larger than a certain value between 60◦ and 70◦, the injection
of PUIs becomes difficult (Liewer et al. 1993, 1995; Kucharek
& Scholer 1995; le Roux et al. 2007). Figures 1(C) and (D)
show the downstream energy spectra for the cases with obliq-
uity of θBn = 60◦ and θBn = 70◦, respectively (not discussed
in Paper I). The results with and without CSP are presented by
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Figure 2. Downstream energy spectrum of pickup protons accelerated at the
shock with obliquity θBn = 60◦ with various CSP jump values. The dash-
dotted line is the solution of the DSA theory. The green and red lines are fitted
power-law spectrum lines.

(A color version of this figure is available in the online journal.)

the blue solid line and black solid line, respectively. It can be
seen in Figure 1(C) with shock obliquity θBn = 60◦ that the
injection efficiency is extremely low with an η only equal to
3.54 × 10−4 if there is no CSP. It means that most particles are
transmitted to downstream with either energy gain or loss (dis-
tributed in the momentum range of [0.7 p0, 2.1 p0]). Only few
PUIs are reflected and gain a first acceleration so that a portion
of these particles get further multiple shock encounters with the
help of pitch-angle scattering both upstream and downstream of
the shock to reach high energies. The accelerated particles still
constitute a double power-law spectrum although the injection
efficiency is low. When a stronger CSP is considered, the injec-
tion efficiency is greatly improved, with η increasing even by
four orders of magnitude to be 3.42. The feature of the double
power law is still well kept (see the green line and red line in
Figure 1(C) for the double power-laws).

Currently there is no definitive knowledge of the value of the
CSP jump since direct observations of the intensity of the CSP
jump are very rare. It is known that the value of the CSP jump is
frame dependent. Goodrich & Scudder (1984) indicated that the
CSP jump in the normal incident frame is typically comparable
to the upstream ion kinetic energy. Recent cluster observations
show that at Earth’s bow shock, the CSP jump is the function of
the upstream solar wind kinetic energy, i.e., qΔφ = ζ (1/2)mpu2

1
and ζ varies from very small to even 2 (Bale et al. 2008). In the
de Hoffmman–Teller frame or in the plasma frame, this value
may be reduced due to a possible off-plane magnetic field in
the shock ramp (Jones & Ellison 1991). Figure 2 presents the
energy spectra in solid lines with various values of the CSP
jump in the plasma frame (ζ = 0.1, 0.2, 0.5, respectively) for
the case shown in Figure 1(C), where θBn = 60◦. The dashed
line represents the solution of the DSA theory as introduced
above. It can be seen that the shape of the energy spectrum
does not change due to the CSP variation. The green line and
red line show the fitted power-law lines. At higher energies, it
still takes the form of a double power-law spectrums, with the
second one consistent with the spectral index of the DSA theory.
As the CSP jump increases, the first power law becomes harder,
indicating that the particles become more anisotropic (see the
green lines). For oblique shocks with a higher obliquity like
θBn = 60◦, the CSP takes a leading role in particle reflection
because very few particles are reflected by the mirror force. It
is obvious that a higher CSP jump produces a stronger injection

efficiency. For ζ value increases from 0.1, to 0.2, and to 0.5,
the injection efficiency parameter η improves dramatically from
0.0023, to 0.0137, and to 0.5033, respectively.

In the case of Figure 1(D), where θBn = 70◦, the low-energy
part is similar to that in Figure 1(C); however, there is no
high-energy spectrum even though a maximum CSP (ζ = 1)
is used. This shows that no particle can get to multiple shock
encounters. All the upstream PUIs interact with the shock only
once by transmitting downstream with some energy and pitch-
angle changes, but are not unable to return. Our simulations
also support that the critical obliquity that PUIs can be directly
injected and accelerated at shocks is between θBn = 60◦ and
θBn = 70◦. As shock obliquity increases further, the effect of
CSP diminishes. However, it should be noted that this point is
valid only if the shock ramp scale is thick enough so that the
gyrotropic assumption is able to be approximatively satisfied. If
the shock potential has a width equal to or less than the electric
inertial length, the shock surfing is very effective at making
the PUIs pre-accelerated at highly oblique quasi-perpendicular
shocks (Lee et al. 1996; Zank et al. 2001). To investigate the
shock surfing mechanism, the gyro-phase of particle motion
and its subsequent effect on particle energy change need to be
addressed.

3.2. Spatial Distribution

Gieseler et al. (1999) proposed that particle reflections due
to the magnetic field kink across the shock are expected to
produce a “reflection peak” if the obliquity of the shock induces
an anisotropy, i.e., there is a discontinuity of the distribution
function at the shock. The work of le Roux et al. (2007), where
PUI acceleration at shocks is investigated by using a focused
transport model, has verified that an anisotropic intensity spike,
i.e., the intensity first increases and then drops at the sharp
shock discontinuity, is a natural product of low-energy particle
acceleration at oblique shocks. Our simulations also produce
similar results to the Monte Carlo simulation by Gieseler et al.
(1999) and the simulation of le Roux et al. (2007). Here we
focus on the studying how CSP influences the intensity spike at
the shock.

For the stochastic simulation, it is not easy to see the
spatial distribution of particles at certain energy levels since
an exceptionally large statistics is needed. Here we show in
Figure 3 the evolution of the spatial density nEP of all the
accelerated energetic particles that is integrated at all energies
in the shock vicinity for cases shown in Figures 1(A)–(C). Here
the density value is normalized to see the relative change by
setting the averaged density in the downstream as 1. The black
and red lines are the simulation results without and with the CSP
incorporated in the model, respectively.

Consider first the cases with no CSP shown. It is found that
the curves appear to present similar change characteristics. For
each case, the density of particles increases exponentially in
the upstream region (negative X) but is nearly constant in the
downstream region. There is an abrupt density increase across
the shock discontinuity, but it drops abruptly to the downstream
level. For the case in Figure 3(C), where θBn = 60◦ and
there are very few particles that achieve efficient acceleration,
nearly all of the accelerated upstream particles distribute near
the shock front, which means most particles are confined in
the near shock vicinity by the magnetic field since the shock
obliquity is so large. As indicated analytically by Gieseler et al.
(1999), the pileup of accelerated particles due to the anisotropic
particle reflection is responsible for the density spike produced
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Figure 3. Spatial density distribution nEP of the pickup protons accelerated by
shocks with different obliquities in the framework of focused transport theory.
The results are shown in red and black lines, respectively, for the cases with and
without a CSP.

(A color version of this figure is available in the online journal.)

at oblique shocks as seen in Figures 3(B) and (C). It is known
that no particle reflection takes place at parallel shocks in the
absence of CSP. However, an intensity spike across the shock
occurs although the height is relatively weak (see the black
line in Figure 3(A)). Le Roux et al. (2007) pointed out that this
intensity spike or discontinuity at parallel shocks occurs because
the distribution function is measured in the plasma frame and the
intensity would be continuous if it is transformed to the shock
frame.

The red lines in Figure 3 show that, when the CSP is taken
into account, the basic features of the spatial distribution of the
accelerated energetic particles do not change (see the red lines),
but the spike height evidently increases. Apart from the magnetic
kink, the CSP also acts to reflect some fraction of the incident

ions in the upstream of the shock. Especially for PUIs with shell
distribution, since a substantial portion of particles have a very
small velocity component parallel to the shock normal, these
particles are unable to overcome the CSP barrier, and therefore
they are reflected. Enhanced reflection efficiency by CSP leads
to the pileup of more particles at the shock front so as to produce
stronger intensity peak.

3.3. Implications for Termination Shock Particles (TSPs)

One of the successful applications of the focused transport
model is to reproduce the observational features regarding the
energy spectrum, anisotropies, and spatial distribution of the
lower energy TSPs detected by two Voyager spacecrafts. TSPs
are regarded as the product of PUI acceleration by the termina-
tion shock (le Roux et al. 2007; le Roux & Webb 2009; Florinski
et al. 2008a, 2008b; Florinski 2009). It is found that TSPs tend to
form a spectrum of multiple power laws (Cummings et al. 2006).
In Paper I, we have given a reasonable explanation to this ob-
servation. The termination shock is a quasi-perpendicular shock
with very high obliquity on the large scale. However, according
to the magnetic field observations of Voyager 1 near the termi-
nation shock, the direction of large-scale magnetic field varies
frequently, and additionally there may be some ripples of inter-
mediate length scales in the termination shock surface. There-
fore, the shock obliquity can deviate from the average angle for
a significant fraction of time. When the shock obliquity dips be-
low θBn = 60◦, selected PUIs are expected to be pre-accelerated
to several or even tens of times the solar wind speed and form a
double power-law spectrum. Such pre-accelerated superthermal
particles with speed larger than the injection threshold of the
highly oblique large-scale termination shock are able to be fur-
ther accelerated to form another double power-law spectrum at
high energies. Eventually, the accelerated energy spectra should
include two parts of the spectrum. Each part has a double power
law. Thus, it generates up to four power laws. In this two-stage
scenario, the injection efficiency of the pre-acceleration stage
determines the fraction of PUIs that can be accelerated to high
energies up to the order of MeV.

Whether the pre-acceleration dominates the acceleration of
PUIs depends on the obliquity, as well as the variations of helio-
spheric magnetic field and the shape of the termination shock.
Hence, a time-dependent focused transport model where the
variation of shock obliquity is treated as time dependent is more
appropriate to reproduce the observational spectrum. Le Roux
& Webb (2009) have attempted such work and achieved great
success; however, the CSP has not been taken into account in
their model. In this study, we have extended the investigation on
the energy spectrum of low-energy PUI acceleration at shocks.
Incorporating the role of CSP is important in PUI acceleration.
As analyzed above, for original source particles of PUIs ac-
celerated at oblique shocks, the spectrum at higher energies is
still a double power law when the role of CSP is included in
the model. Furthermore, the shock potential leads to improve-
ment of the injection efficiency, which is expected to make
the first pre-acceleration stage more efficient. Once PUIs are
accelerated to the injection threshold of highly oblique shocks
(usually estimated as the de Hoffmann Teller speed u1/ cos θBn),
they can be further accelerated by the DSA mechanism. Here
we discuss how the CSP affects the acceleration in this stage.
We assume an injection of pre-accelerated PUIs with speed
v0 = 1.5u1/ cos θBn = 3455 km s−1 at a shock with obliquity
θBn = 80◦. The CSP is taken to be equal to upstream solar
wind kinetic energy. Figure 4 shows the downstream particle
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Figure 4. Comparison between the downstream energy spectra of energetic
particles accelerated by highly oblique shocks with θBn = 80◦ and injection of
pre-accelerated pickup protons at a high speed of 3455 km s−1. The results are
shown in blue and black lines, respectively, for the cases with and without a
CSP. The green and red lines are fitted power-law spectrum lines.

(A color version of this figure is available in the online journal.)

spectra for the cases with and without CSP incorporated in the
model. We find that the two spectra coincide with each other.
This indicates that the shock potential did not affect the parti-
cle distribution at high energies. The spectrum still represents
a double power-law spectrum at higher energies (see the fitted
green and red lines). In second-stage acceleration, the shock
obliquity and particle speed are large enough so that the parallel
electric field is very weak. It can be seen from Equations (3)
and (4) that the contribution of the CSP to the momentum and
pitch-angle change is largely reduced at high energies so that
the corresponding terms can be neglected compared with other
terms that do not depend on the particle momentum. The double
power law is the fundamental feature of the focused transport
acceleration at oblique shocks no matter whether the CSP is
considered. Therefore, we can conclude that the scenario of
two-stage acceleration leading to four power laws is still valid.

The focused transport model predicts a reflection spike
near the shock. This can be used to explain the observational
fact by Voyager 1 that the short-lived intensity spike appears
upstream from the termination shock. Since there are more lower
particles distributed in the upstream, the first-stage acceleration
that originated from the core PUIs is more important to be
responsible for the production of the intensity spike. As shown
in Section 3.2, the CSP plays a role to strengthen the reflection
of original core PUIs, thus as a result it strengthens the spike
with a larger drop height.

3.4. Mass Dependence of Injection Efficiency

There are some observational evidences that PUIs can be
directly injected and energized by the Corotating Interaction
Regions (CIR) shocks (e.g., Gloeckler et al. 1994; Mason et al.
1999). Gloeckler et al. (1994) analyzed the injection efficiency
of the typical source particles of the energetic ions in the CIRs:
solar wind ions, pickup protons, and pickup He+ ions. They
found that the PUIs are preferred injected compared to solar
wind ions, and the injection of pickup protons is more efficient
than He+ PUIs. This indicated that the acceleration mechanism
responsible for the PUI shock acceleration should be species-
dependent. Zank et al. (2001) proposed an explanation that
the efficiency of specular reflection due to CSP depends on
the particle mass so that the SRI acceleration mechanism can
be responsible for the injection efficiency difference between

the two dominant kinds of PUIs. Under the assumption that the
effects of Lorentz force are neglected, if vx , particle velocity
parallel to the shock normal measured in the shock frame, is too
small to overcome the CSP barrier, i.e.,

ZeΔφ � 1

2
miv

2
x, (10)

where Z is the charge number and mi is the ion mass, the
incident particles will be subject to specular reflection. For
PUIs distributed isotropically over the velocity space shell, the
reflection efficiency, i.e., the fraction of the reflected incident
particles, can be estimated as Rref = Rref(H+)

√
mp/mi (Zank

et al. 1996, 2001). It can be inferred that the reflection efficiency
due to CSP is mass dependent or species dependent, which
decreases with increasing mass. This point has also been verified
by the hybrid simulation of Scholer & Kucharek (1999), where
the interaction of pickup protons and helium ions with quasi-
parallel shocks is investigated. It is found that the reflection
efficiency (termed injection coefficient in that paper) of He+ with
higher mass is lower than that for H+ as expected. Because other
particle acceleration mechanisms, such as Fermi acceleration or
particle drift caused by the magnetic field compression, are
not dependent on the particle mass, the injection efficiency
is entirely determined by the reflection efficiency since the
specular-reflected particles are capable of being accelerated to
high energies. Thus, in theory the injection efficiency is also
mass-dependent.

To compare the ion injection efficiency of different species,
we compare the number density of particles at a certain speed (or
energy per nucleon) accelerated from the same injection speed
(or energy per nucleon) and injection rate. Let us rewrite the
focused transport equations (1)–(4) with distribution function
f (X, v, μ, t) as

∂f

∂t
= ∇ · κ⊥ · ∇f +

∂

∂μ
Dμμ

∂f

∂μ

+
1

v2

∂

∂v

(
Dvvv

2 ∂f

∂v

)
+

∂

∂μ

(
Dμp

∂f

∂p

)
− dX

dt
· ∇f

− dμ

dt

∂f

∂μ
− dv

dt

∂f

∂v
+

Q0

4πv2
δ(v − v0) (11)

dX
dt

= U + Vd + vμb (12)

1

v

dv

dt
= −

[
1 − μ2

2
(∇ · U − bb : ∇U) + μ2bb : ∇U

]

+
μqE · b

mv
− μ

v
(U · ∇U) · b (13)

dμ

dt
= − (1 − μ2)v

2LB

+
μ(1 − μ2)

2
(∇ · U − 3bb : ∇U)

+
q(1 − μ2)E · b

mv
− 1 − μ2

v
(U · ∇U) · b. (14)

Here, m is the particle mass and q is its charge. It can be seen
apparently that if the role of CSP is not considered (parallel
electric field E‖ = E · b is set to be 0), in the case of the same
injection speed v0, the solution of the distribution function is ex-
pected to be the same for all particle species since the equation
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Figure 5. Downstream energy spectrum of 4He+ pickup ions accelerated by a parallel shock (A) and an oblique shock with θBn = 45◦ (B). The results are shown
in blue and black lines, respectively, for the cases with and without a CSP. The dash-dotted line is the solution of the DSA theory. The green and red lines are fitted
power-law spectrum lines.

(A color version of this figure is available in the online journal.)

Table 1
The Injection Efficiency of Pickup Ions H+ and He+

at Shocks with Different Obliquities

Injection Efficiency 0◦ 15◦ 30◦ 45◦ 50◦ 60◦

η (H+) 1.87 2.30 2.92 3.79 4.00 3.54
η (He+) 1.12 1.72 2.32 3.12 3.20 0.029

is independent on any species information. However, the con-
tributions of CSP to momentum change and pitch-angle change
(see the terms containing the parallel electric field) are in-
versely proportional to the particle mass. Thus, based on the fact
that the CSP is one of the major factors controlling the injection
efficiency, a higher mass will result in a weakened effect for the
CSP contribution.

We have performed a number of simulations of the accel-
eration of 4He+ PUIs at shocks with different obliquities. All
parameters including the injection speed, particle injection rate,
and shock and turbulence parameter are set to be the same as that
in the cases of H+ acceleration for comparison. Figure 5 shows
the energy spectrum for the two cases: at a parallel shock and at
an oblique shock with θBn = 45◦. The black curves are the spec-
tra for the cases in the absence of CSP. It shows that the profiles
of the intensity of the pitch-angle-averaged distribution function
f (p) versus p/p0 have a shape identical to that in Figures 1(A)
and (B), respectively. The corresponding injection efficiency
parameters are equal to 0.69 for parallel shock and 2.60 for the
oblique shock with θBn = 45◦, which is exactly identical to that
for H+ pickup protons. These features of same spectrum shape
and same injection efficiency parameters for H+ and He+ can be
easily understood since in absence of CSP, the evolution of the
distribution function f (v) is independent of the particle species
in terms of the FTE and f (p) ∝ f (v). The spectra for the cases
with a nonzero CSP in the model are presented by blue lines.
The spectrum at higher energies is an expected power law for
parallel shocks and is a double power-law spectrum for oblique
shocks. The final power-law line is parallel with the DSA solu-
tion. These are fundamental features for shock acceleration in
the focused transport way (Zuo et al. 2011, 2013). The injection
efficiency is improved for both cases in the presence of CSP.
Table 1 lists the injection efficiency for the simulated cases with
different obliquities. The injection efficiency of He+ that has
higher mass is lower than that of H+ in each case. It verifies

the suggestion that the injection efficiency for ions of different
species is mass dependent, with lower efficiency for particles of
higher mass.

4. SUMMARY

The FTE provides an explicit description of the contribution
of parallel electric field that originated in the CSP jump, which
therefore makes the focused transport theory a direct tool to
study the role of CSP on the acceleration of low-energy particles
such as PUIs in gyrotropic approximation. In this investigation,
we extend the investigation in Paper I on PUI shock acceleration
with the focused transport model by emphasizing how the energy
spectrum and spatial distribution of accelerated particles are
influenced by the cross-shock electric potential. The primary
results are summarized as follows. (1) In the absence of the
CSP jump, PUI acceleration produces a power-law spectrum
at higher energies at parallel shocks and double power laws
at oblique shocks. With enough acceleration time, the focused
transport acceleration will eventually fall into the DSA regime
where the spectral index of the power law is equal to the solution
of the DSA theory. When the CSP is taken into account, it is
found that these features remain. The CSP only affects the shape
of the spectrum at lower energies. For oblique shocks, the first
power law at intermediate energies becomes harder with a non-
zero CSP, but the spectral index of the second power law does
not change. (2) The CSP jump is an important factor that affects
the injection efficiency of PUIs. A stronger CSP jump results in
a dramatic improvement of the injection efficiency. This point
is consistent with the work of Zank et al. (2001), where the
semi-analysis model for SRI acceleration is used. Zank et al.
(2001) concluded that SRI acceleration can be regarded as a pre-
acceleration mechanism of PUI acceleration at quasi-parallel
shocks. Here we show that the SRI acceleration can be integrated
in the framework of focused transport theory and the CSP is an
important factor in the calculation of the injection efficiency of
the low-energy particles. (3) CSP is able to enhance particle
reflection upstream and produce a stronger intensity spike at the
shock. (4) For low-energy particle acceleration, the injection
efficiency is mass dependent. The species with higher mass has
a lower injection efficiency. This result can be directly used to
explain why helium PUIs are less efficient to be injected than
pickup protons at CIR shocks.
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