
Quantum theory of the linewidth of a laser
with a saturable absorber: phase diffusion

Michael Sokol *
University of Dayton
Department of Electrical Engineering
300 College Park
Dayton, Ohio 45469-0226

Abstract. A quantum theory of the spectral width of a laser with a satu-
rable absorber is presented. We perform a density matrix calculation
yielding the off-diagonal element rn,n11(t) which is proportional to the
average value of the electric field ^E(t)& associated with the laser field
having a large photon number n. The general linewidth theory is applied
to any general laser which has saturable absorber features for a portion
of the building of the laser field. We have found that the saturable ab-
sorber action contribution to the linewidth of such a laser can be sub-
stantial. © 1998 Society of Photo-Optical Instrumentation Engineers.
[S0091-3286(98)02306-X]
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1 Introduction

In the Scully-Lamb theory, the diagonal elementsrn,n(t) of
the density operator come to nonzero, steady-state values.
Such is not the case for the off-diagonal elementrn,n11(t)
which decays to zero. This element determines the en-
semble average of the electric field. A decay of the off-
diagonal elements implies a simultaneous decay of the av-
erage electric field which can be interpreted as being due to
the laser phase diffusing from its nominal monochromatic
value, thus producing a finite laser linewidth. As is well
known from all sustained oscillators, the field amplitude is
constrained to fluctuate about its steadystate value, yet the
phase can fluctuate freely. Thus, a decay of the ensemble
average of the electric field is due to a diffusion in phase
denoted by a diffusion coefficientD, resulting in a dimin-
ishing vector sum. An alternate statement is that the field
becomes uncorrelated with its value at an earlier time.1 In
the standard quantum theory of the laserapproximateval-
ues for this phase diffusion rate can be calculated using a
Master Equation derivation that gives the general density
matrix elementsrn,m(t), we let m5n11 and obtain2 the
off-diagonal elementsrn,n11(t). We have reported the re-
sults of a similar calculation dealing with the linewidth
floor in low-threshold lasers.3

2 Model of the Laser System

We consider a model of a general absorber-type laser as a
four-level atomic gain medium and a resonant two-level
saturable absorber medium. The two media are taken to be
of similar atomic species but acting independent of one
another, making them obey linearity and hence superposi-
tion. After introducing a four-level atomic medium as

shown in Fig. 1 and the saturable absorber medium in Fig.
2, the two independent systems we take as comprising the
general absorber-type laser.

2.1 Four-Level Atom Model

Much previous work on these systems is based on a rate
equation analysis of a four-level system, shown in Fig. 1,
where level refers to energy level.

The model has a ground state 0~later we model the
decay from the lasing levels as occurring to different inter-
mediate levelsc andd which in turn decay to the ground
state!, an excited level 1, an upper laser levela, and a
lower laser levelb. This lower level of the lasing transition,
level b, is assumed to decay very fast, thus rapidly depopu-
lating this level. The pump excites atoms into level 1 and
an assumption is made that the population of level 1 rapidly
decays to the upper lasing levela. The rapid nonradiative
decay from the upper pump level 1 effectively results in
direct pumping of the upper lasing levela at the rateP.
Any changes in the population of level 0 due to the pumpP
is assumed small. A further assumption of this quantum
model is the presence of phase-destroying collisions that
occur at a much larger rate than the spontaneous emission
rate of levela. In this limit, the polarization of the atoms,
described in part by the off-diagonal density matrix ele-
ments damps out to zero. Thus we need only be concerned
with tracking the populations of the atomic levels in such a
limit. In writing these equations, we assume that the decay
rate from the lower laser levelb is much larger than that of
the upper laser levela. Yokoyama and Brorson have writ-
ten the rate equations for the population inversionN and
photon numbern in a semiclassical model of the four-level
atomic laser system.4 A majority of the previous work is
based on semiclassical rate equations. A rate equation
analysis gives us only average values of the photon number
^n& or average values of intensity^I & in the cavity.
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2.2 Two-Level Absorber Model

A fundamental difference between the operation of a gen-
eral absorber-type laser and a four-level atomic laser is that
an absorber-type laser gain medium is typically absorbing
until a number of electrons is pumped into the gain region.
The pumping events are supplied by the injection current
which injects electrons into the gain region. Until there are
more electrons in the upper lasing levela than there are in
the lower laser levelb, the lasing material will act as a net
absorber at the lasing wavelength.

The primary mission in this paper has been the develop-
ment of a quantum model of an absorber-type laser. Previ-
ous work using a four-level atom model of a laser has been
done by Rice and Carmichael,5 Bjork and Yamamoto,6 and
by Jin et al.7 Rice and Carmichael have given relevant nu-
merical solutions to a master equation similar to the evolu-
tion equation presented in this section. They also extend
their qualitative results to a bad cavity regime. The model
for our gain media for the general absorber-type system is
that we model the problem as a four-level atom system and
a resonant two-level atom system. Our desire was a theory
sophisticated enough to model the available absorber-type
laser experimental data. The theory we present in this sec-
tion has that ability. We have modeled the absorption
present in the absorber-type lasers by injecting two-level
atoms from their ground state into the laser cavity at the
rate L, as in Fig. 2. Such constructed ‘‘loss’’ atoms are
taken to be exactly resonant with the laser field and act as
absorbers of the laser radiation. Our model includes the
feature of net absorption below a certain pump rate. We
believe our theory sufficiently describes the absorber-type
lasers, avoiding the complex many-body effects inherent in
such laser systems. Our theory is pictorially represented as

Absorber laser

5four-level atoms injected to the upper laser level

1two-level atoms injected to the lower laser level.

We shall derive the master equation for the general
absorber-type laser and use it to find the phase-diffusion
coefficientD, and hence the linewidth of these lasers in the
following section.

3 Derivation of the Master Equation for Saturable
Absorber-Type Lasers

3.1 Introduction

The super-diagonal density matrix elementrn,n11(t) is the
function expanded over in constructing the ensemble aver-
age of the electric field as

^E~ t !&5
1

2
E0(

n
rn,n11~ t !An11 exp~2 int !1c.c. ~1!

It is the decay of the off-diagonal elementrn,n11(t) that
implies a simultaneous decay of the electric fieldE(t), thus
producing the laser linewidth according to the Heisenberg
uncertainty relationship which limits the precision with
which we can measure the energy. Such a relationship
states that the spontaneously emitted radiation is not totally
monochromatic, but has a frequency spectrum of a width
inversely proportional to a timet approximated by the cav-
ity lifetime t.

3.2 The Master Equation for the Four-Level Atom
System

We assume in the usual Weisskopf-Wigner approximation
that the decay of the lasing levels is independent of the
stimulated coupling of the laser levels. The equation of
motion of the density matrix for the field is superposed to
the standard equation of motion of the density matrix rep-
resenting cavity loss yielding the density matrix equation in
the number representation. We have derived this equation
in Reference 2 and have reported the standard result in
Reference 3 to be

ṙn,m~ t !

5 ṙn,m~ t !gain1 ṙn,m~ t ! loss

52
Pg2gbg1~n111m11!1g2~n2m!2

gagbg1
2 12g1

2 g2~n111m11!1g4~n2m!2

* rn,m~ t !1
2Prg2gbg1Anm

gagbg1
2 12g1

2 g2~n1m!1g4~n2m!2

* rn21,m21~ t !2
C

2
~n1m!* rn,m~ t !

1CA~n11!~m11!

* rn11,m11~ t !, ~2!

whereP is the pumping rate of atoms from the ground state
to the upper lasing level,g is the coupling rate of the four-

Fig. 2 Absorber atom level structure.

Fig. 1 Four-level atom model. The lasing action occurs over the a
to b energy levels.
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level atoms to the laser field, theg’s are the decay rates of
their subscripted energy level,C is the rate of photon re-
moval from the laser cavity, andg15(ga1gb)/21gph ,
with gph the rate of phase destroying collisions. The diag-
onal elementrn,n(t) corresponds to a probability of having
n photons in the cavity, and is found by substitutingn
5m into this last evolution Eq.~2!, giving

ṙn,n~ t !5
22Pg2gbg1~n11!

gagbg1
2 14g1

2 g2~n11!
* rn,n~ t !

1
2Pg2gbg1~n!

gagbg1
2 14g1

2 g2~n!
* rn21,n21~ t !

2C~n!* rn,n~ t !1C~n11!* rn11,n11~ t !. ~3!

We can further manipulate the atomic coefficients into di-
mensionless low-threshold parameterse ands by introduc-
ing

e5
ga

gb
, s5

g2

g1gb
,

e

2s
5

12b

b
, ~4!

where the thresholdless parameterb is the ratio of sponta-
neous emission into the lasing mode in terms of atomic
parameters as

b5

g2

g1gb

g2

g1gb
1

1

2

ga

gb

. ~5!

The two low-threshold parameterse ands are standard in
the quantum theory of the laser. The derived ratio~e/2s! is
a ratio of the spontaneous emission into nonlasing modes
1-b to the spontaneous emission into a lasing modeb. Ma-
nipulating the steady-state form of Eq.~3! into a form that
includes Eqs.~4! and ~5! gives a recursion relation for the
density matrix elements of a four-level atom as

rn11,n11~ t !5
P/C

12b

b
1~11e!~n11!

rn,n~ t !. ~6!

This result is the basis for the work presented in Chapter III
~A! of Reference 2 and is also reported in Reference 3.

The b values are obtained by fitting the light output
curve to the injection pump power. The values ofb for gas,
conventional semiconductor, and microdisk lasers are on
the order of 1028, 1025, and 1021. The b has always
existed and has not been considerable until device dimen-
sions on the order of a wavelength were realized. These
microlasers have linear dimensions on the order of a mi-
cron where a significant fraction of the spontaneous emis-
sion can be coupled back into the cavity. Using theseb
values allows us to estimate that the ratio ofe to s for gas,
semiconductor, and microdisk lasers is 108, 105, and 101.
The inverse of this ratio gives the fraction of spontaneous

emission into the lasing mode. In low-threshold laser
theory we are interested in this ratio where thee ands are
in terms ofb, as the third part of Eq.~4! shows.

3.3 The Master Equation for the Saturable Absorber
System

The absorber action is mimicked by the injection of atoms
in the lower of a pair of levels resonant with the cavity laser
field. These atoms then serve as saturable absorbers. Re-
peating the development reported in the last section with
initial conditions appropriate for injection in the lower laser
level b rather than the upper laser levela, leads to a con-
tribution to the density matrix equation of motion of

ṙn,m~ t !

52LF12
GbG1G2~n1m!1GaGbG1

2

GaGbG1
2 1G4~n2m!212G2G1

2 ~n1m!
G

3rn,m~ t !

1LF GaG12G2An11Am11

GaGbG1
2 1G4~n2m!212G2G12~n111m11!

G
3rn11,m11~ t !. ~7!

Here, theG’s are the decay rates for the absorber atom
levels resonant with the laser field andG is the coupling of
these levels to that field. So, including the terms for the
cavity loss and the injection of the four-level gain atoms as
Eq. ~2!, superposed to the injection of the loss atoms as Eq.
~7! leads to the general master equation for saturable ab-
sorber type-lasers as

ṙn,m~ t !

52Pg2
@gbg1~n111m11!1g2~n2m!2#

gagbg1
2 12g1

2 g2~n111m11!1g4~n2m!2

* rn,m~ t !1
2Pg2gbg1A~nm

gagbg1
2 12g1

2 g2~n1m!1g4~n2m!2

* rn21,m21~ t !

2LF12
GbG1G2~n1m!1GaGbG1

2

GaGbG1
2 1G4~n2m!212G2G1

2 ~n1m!
G

* rn,m~ t !

1LF GaG12G2An11Am11

GaGbG1
2 1G4~n2m!212G2G12~n111m11!

G
* rn11,m11~ t !2

C

2
~n1m!* rn,m~ t !

1CA~n11!~m11!* rn11,m11~ t !. ~8!

This is the central theoretical result of this work and is
a new result. Recall that withn5m gives the probability of
n intracavity photons. These can be found using the
above relation and detailed balance. With the parameter
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definitions of Eqs.~4! and ~5! and takingGb[0 we find
the recursion relation for a saturable absorber-type laser as

rn11,n11~ t !5
P/C

F12b

b
1~11e!~n11!GF11

L/C

n11G rn,n~ t !.

~9!

This result constitutes a new recursion relation for a lasing
media which contains absorptive action during a portion
of the building of the lasing field. This has been described
by the injection of atoms in the lower level of the two-
level atom absorber media that is resonant with the lower
laser level of the gain media that undergoes injection of
atoms in the upper laser level. We believe that the theory
is applicable to other four-level lasers such as Nd:YAG
and dye lasers9 that have absorption prior to the onset of
lasing.

4 Derivation of the Linewidth using a Phase-
Diffusion Coefficient

We can obtain the evolution equation for the off-diagonal
elements in a saturable absorber-type laser by substituting
m5n11 into Eq.~8! giving

ṙn,n11~ t !52
Pg2@gbg1~2n13!1g2#

gagbg1
2 12g1

2 g2~2n13!1g4 * rn,n11~ t !

1
2Pg2gbg1An~n11!

gagbg1
2 12g1

2 g2~2n11!1g4 * rn21,n~ t !

2
LG2@GaG1~2n11!1G2#

GaGbG1
2 12G1

2 G2~2n11!1G4 * rn,n11~ t !

1
2LG2GaG1A~n11!~n12!

GaGbG1
2 12G1

2 G2~2n13!1G4

* rn11,n12~ t !2S C

2 D ~2n11!* rn,n11~ t !

1CA~n11!~n12!* rn11,n12~ t !. ~10!

The terms proportional toL are due to the injection of the
absorber atoms. TheG’s are the decay rates andG is the
atomic coupling parameter for the absorber atoms as indi-

cated in Fig. 2. We assume that the reduced density matrix
elements are initially in a pure-state which allows one to
use the factorization ansatz method in Scully-Lamb theory,
i.e.,

rn,n11~ t !5Arn,nrn11,n11 exp~2Dt/2!, ~11!

whereD is a time-independent phase diffusion coefficient.
With this, the ensemble average of the electric field associ-
ated with the laser field as in Eq.~1! becomes

^E~ t !&5^E~0!&cos~nt !exp~2Dt/2!. ~12!

Substitution of the ansatz Eq.~11! into the evolution Eq.
~10! gives

2D

2
52

Pg2@gbg1~2n13!1g2#

gagbg1
2 12g1

2 g2~2n13!1g4

1
2Pg2gbg1An~n11!

gagbg1
2 12g1

2 g2~2n11!1g4 *
rn21,n~ t !

rn,n11~ t !

2
LG2@GaG1~2n11!1G2#

GaGbG1
2 12G1

2 G2~2n11!1G4

1
2LG2GaG1A~n11!~n12!

GaGbG1
2 12G1

2 G2~2n13!1G4 *
rn11,n12~ t !

rn,n11~ t !

2S C

2 D ~2n11!1CA~n11!~m11!

*
rn11,n12~ t !

rn,n11~ t !
. ~13!

The two unique ratios of participating density matrix ele-
ments are

rn21,n~ t !

rn,n11~ t !
5A rn21,n21~ t !

rn11,n11~ t !
~14!

rn11,n12~ t !

rn,n11~ t !
5A rn12,n12~ t !

rn,n~ t !
.

Substitution Eq.~14! using Eq.~13! gives the participating
ratio of the elements as

A rn21,n21~ t !

rn11,n11~ t !
5S 1

P/CDAF12b

b
1~11e!~n11!GF11

L/C

n11GF12b

b
1~11e!~n!GF11

L/C

n G

A rn12,n12~ t !

rn,n~ t !
5~P/C!A 1

F12b

b
1~11e!~n12!GF11

L/C

n12GF12b

b
1~11e!~n11!GF11

L/C

n11G . ~15!
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Substituting these ratios of the matrix elements in Eq.~15!
into Eq. ~13! and specializing to the typical case in which
the ratio of the upper and lower lasing level decay rate,
ga /gb5e becomes much less than unity, and for average

photon numbern̄ much larger than unity, we find a diffu-
sion coefficient for saturable absorber type lasers

D5
C

2n̄
1L

s

n̄
. ~16!

The linewidth D thus depends on the total losses (C/2)
1Ls. This result was obtained analytically and checked
using MAPLE and has some features new to laser linewidth
theory. We can observe that the linewidth depends on the
two losses. The (C/2n̄) term is the linewidth contribution
due to the spontaneous emission and is always present in
any laser system. The (Ls/n̄) term is the contribution due
to the loss introduced by the saturable absorber. We can
take the rateLs to be the effective loss rate due to the
presence of an absorptive mechanism in the gain media of a
laser. The (C/2)1Ls plays a role similar to the results of a
Langevin treatment of the laser. In such analysis, the diffu-
sion coefficient relates the fluctuation and dissipation con-
stants through a fluctuation-dissipation theorem, implying
proportional fluctuation power. The lasers that have absorp-
tion are dye, solid-state, and semiconductor gain media. We
find that the first term in Eq.~16! reproduces Schawlow-
Townes result in agreement with the geometrical vector-
kick model given in Reference 8. The second term is due to
the presence of the saturable absorber. TheLs term repre-
sents the inherited noise due to dissipation of energy of a
lasing medium.

Some estimation of the magnitudes of these terms is
desirable at this point. The term dependent on the injection
of the saturable absorbers becomes important when the rate
of injection L becomes larger than the cavity loss rateC.
For the quantum theory to be comparable with the rate
equation prediction for the steady-state photon number
above threshold we constrain Eq.~16! to have

L5gaN~12b!. ~17!

For example, in the microcavity semiconductor lasersN
5105 is the carrier number at transparency andb is on the
order of 0.1 andga5108. That is,L is on the order of 109.
The cavity loss rateC for these devices is taken to be on
the order of 10211. As discussed in Reference 3, thes
linewidth floor might be as large as 1024. For lasers mod-
eled as a four-level system, it may be true for where the
losses due to the absorptionL play an important role in
determining the laser linewidth. In other laser systems
in which the saturable absorber plays a larger role, this
may be even more important. It may be that theL rate in
the second term is always smaller than the Schawlow-
Townes term for any known laser system and cannot be

comparable. We note that there is strong absorption action
in Nd:YAG, dye, and semiconductor gain media.

5 Conclusion

The key results in this theoretical paper have been devel-
oped and reported in section 4 where a viable quantum
mechanical theory of the linewidth, via a diffusion coeffi-
cient D, for absorber-type lasers was formed. The Scully-
Lamb theory has been extended to this class of lasers that
include a saturable absorber. We have obtained a master
equation of the off-diagonal density matrix elements which
are proportional to the average value of the electric field
operator associated with a large photon number laser field.
We have obtained approximate linewidth results that are
new to laser theory for a gain medium having saturable
absorber features for a portion of the laser beam evolution.
This model has been derived for saturable absorber-type
lasers, though the results are generally applicable to any
four-level laser system involving saturable losses and mod-
els some aspects of dye lasers and their bleaching action
as well as microcavity semiconductor devices. The
model could yield a set of design relations used by device
developers incorporating lasers with absorbing-type gain
media.
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