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Abstract. Most optical topolography systems use a single-wavelength
laser for projection, using a swept spot, a moving line, or a projected
grating. In a typical projected grating system, the gratings are shifted and
a series of images is used to recover the 3-D shape of the target. When
the series of images is analyzed in the normal phase shift manner, the
resulting 2-D phase map typically has phase unwrapping problems due
to noise and Nyquist limits. Surfaces with large vertical discontinuities
present a problem for phase unwrapping 3-D shape recovery. We look at
simultaneously projecting multiple wavelengths onto a surface to help
avoid problems in unwrapping the 2-D phase map. Multicolor projection
and shape recovery are demonstrated with a white-light Michelson interferometer and with a two-color Mach-Zehnder interferometer. Using multiple wavelengths, it is unnecessary to rotate the interferometer mirror to
change the grating pitch and some operations can be done in parallel,
which reduces scanning time. Limitations and improvements in the current system are discussed. © 2000 Society of Photo-Optical Instrumentation Engineers. [S0091-3286(00)00601-2]
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Introduction

A number of machine vision systems use projected fringe
patterns for 3-D surface measurements.1 Projectable sinusoidal gratings can be produced with an interferometer by
tilting one of the mirrors about a vertical axis. The amount
of tilt determines the pitch of the projected grating. Translation of one mirror can be used to change the optical path
of one of the legs in the interferometer, resulting in a
change in the phase difference between the two interfering
beams. This can be used to produce a controlled phase shift
in the gratings.
The phase of the reflected grating is normally measured
at several points using a 1-D or 2-D CCD sensor. The phase
can then be used to calculate the height of the target at
points viewed by the sensor. Noise in the projection pattern
and sensor and variations in surface reflectivity as a function of intensity and time can cause errors in calculating the
surface height using algorithms such as phase unwrapping.
If neighboring pixels are used for phase unwrapping, errors
from these sources can propagate from one pixel onto large
areas. Phase measuring methods often suffer from ambiguity problems caused by not knowing which period of the
grating the sensor is detecting. Several publications describe methods that try to solve these problems and acknowledge the difficulties involved.1–5
This paper describes a new technique using a multiplewavelength projection to create distinguishable gratings of
differing pitches on the target. The presence of different
pitch gratings aids in the phase unwrapping and reduces
problems associated with single-pitch-grating projections.
The technique is demonstrated using a white-light interfer52
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ometer as a grating projector. The multiple color gratings
enables the simultaneous projection and capture of distinguishable gratings of varying pitch. This results in faster
measurements and more precise pitch differences than
varying the pitch of the grating between each phase measurement when using a temporal phase-unwrapping technique. The basic algorithm uses components of the temporal phase unwrapping. However, the temporal phase change
is replaced by projecting multiple wavelengths through the
interferometer simultaneously. Thus we can eliminate the
need to dynamically tilt one interferometer mirror to
change fringe spacing during the image capture process.6
2 Theory
Gratings are projected onto a target, as shown in Fig. 1. A
video camera views the target at an angle ␤ to the projected
beam axis. By measuring the phase  (x,y) of the grating
with pitch p on the target at a position 共x,y兲, it is possible to
calculate the corresponding height z of the target at the
position 共x,y兲 using
z 共 x,y 兲 ⫽

p  共 x,y 兲 ⫺2  x
.
2  tan ␤

共1兲

The projection gratings are typically created using two
interfering beams with intensities of A and B. The phase
difference  between the beams is varied by a constant
amount ␣ between captures, enabling the original phase
difference between the beams and shift values to be calculated. Normally at least three phase shifts are required. Although the problem requires only three phase shifts, allow-
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ing the need to make educated guesses using one of the
many phase-unwrapping techniques. Because of the larger
ambiguity interval, any unwrapping that must still be done
on the combined phase values is less likely to have errors.
3 Multispectral Phase Unwrapping
Multiple phase values from the varying pitch grating are
combined to increase the ambiguity interval. First the phase
difference between the gratings i and i⫺1 is calculated.
With the five-phase-shift technique described in Sec. 2, the
phase difference between two gratings at position 共x,y兲 can
be calculated by
Fig. 1 Gratings projected onto a target.

tan ⌬  ⫽

ing an extra phase shift and making five measurements can
help reduce the uncertainty in the phase and phase shift
measurements.7 The intensity of the interfering beams can
be described as
I i ⫽A⫹B⫹2 共 AB 兲 1/2 cos共  ⫹ ␥ i 兲 ,

共2兲

where ␥ i is the phase shift of the i’th collection.
Measurements of the intensities I 1 , I 2 , I 3 , I 4 , and I 5 at
a position 共x,y兲 are taken using phase shifts of ⫺2␣, ⫺␣, 0,
␣, and 2␣. This enables ␣ to be calculated by
cos ␣ ⫽

I 5 ⫺I 1
.
2 共 I 4 ⫺I 2 兲

共3兲

The phase difference  between the interfering beams is
calculated by
共 1⫺cos 2 ␣ 兲共 I 2 ⫺I 4 兲
.
tan  ⫽
sin ␣ 共 2I 3 ⫺I 5 ⫺I 1 兲

共4兲

2 共 I 2 ⫺I 4 兲
.
2I 3 ⫺I 5 ⫺I 1

共5兲

This ensures that the numerator and denominator do not
simultaneously go to zero and means that errors in the shift
value produce only small phase measurement errors.7
Normally the principal value of the phase is calculated
using Eq. 共4兲 or Eq. 共5兲 for each position 共x,y兲. To enable
Eq. 共1兲 to be used for height determination, the phase values must be determined from the principal phase measurements. This is an ill-posed problem leading to the use of a
number of different assumptions to try to unwrap the phase.
These assumptions are often restrictive in terms of which
phase values can be determined. In addition, real data do
not always follow the assumptions and can cause propagation of errors in phase calculations.
By using multiple gratings of varying pitch simultaneously projected onto a target, the phase values can be
determined with less uncertainty than the unwrapping of a
single grating’s principle phase measurements. The ambiguity interval of the phase values can be increased,8 reduc-

共6兲

where
⌬  ⫽  共 i 兲 ⫺  共 i⫺1 兲 ,
⌬I 24共 i 兲 ⫽

I 2 共 i 兲 ⫺I 4 共 i 兲
,
sin ␣ 共 i 兲

⌬I 531共 i 兲 ⫽

2I 3 共 i 兲 ⫺I 5 共 i 兲 ⫺I 1 共 i 兲
.
1⫺cos 2 ␣ 共 i 兲

The phase difference can be used in a technique such as
temporal phase unwrapping. The phase of the grating with
a smaller pitch, i.e., larger phase slope, can be calculated
using
n

共 n兲⫽ 兺 ⌬共 i兲⫹共 0兲,
i⫽1

Normally ␣ is chosen to be  /2 rad, reducing Eq. 共4兲 to
tan  ⫽

⌬I 24共 i 兲 ⌬I 531共 i⫺1 兲 ⫺⌬I 531共 i 兲 ⌬I 24共 i⫺1 兲
,
⌬I 531共 i 兲 ⌬I 531共 i⫺1 兲 ⫹⌬I 24共 i 兲 ⌬I 24共 i⫺1 兲

共7兲

where
⌬  共  i 兲 ⫽  共  i 兲 ⫺  共  i⫺1 兲

共8兲

if the phase difference ⌬  ( i ) is not wrapped, i.e., no
more than one fringe was added between gratings. The
phase calculated in this manner has the precision of the
finer pitch grating with the phase ambiguity jumps occurring at the wider spacing of the larger pitch grating.
Using the partial phase summing technique described
earlier, the scan must begin with one fringe across the entire scan area, and then one fringe at a time must be slowly
added. This technique would require several iterations of
capturing the gratings with all the different phase shifts.
Using multispectral gratings can help reduce the number of
captures in this technique by parallelizing the multiple grating captures accounting for the difference in phase shifts
due to the multiple wavelengths using Eqs. 共4兲 and 共6兲.
The partial summing technique requires several captures
of gratings, building the phase up from an originally nonwrapped phase measurement. This requires many iterations
that can be avoided with a new unwrapping technique. Two
gratings with only a single fringe or less difference are
projected onto the target and captured in the normal phase
shifting technique. Several phase ambiguities can cover the
Optical Engineering, Vol. 39 No. 1, January 2000
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Fig. 2 Phase ramps.

Fig. 4 Wrapped phase difference.

surface as long as the difference in phase between the gratings is less than 2, not ambiguous. Using the multiplewavelength projection and capture, both gratings can be
captured simultaneously. This results in the total number of
captures being reduced to only the number used for the
phase shifting.
Figure 2 shows a range of phase values ⌽ 1 and ⌽ 2 for
two gratings used to demonstrate the new unwrapping.
Equation 共4兲 can be used to calculate the wrapped phases
 1 and  2 . The wrapped phase of Fig. 2 is shown in Fig.
3. Equation 共6兲 is used to calculate the wrapped phase difference  between the gratings. The wrapped phase difference between the phases in Fig. 2 is shown in Fig. 4. Unlike the partial summing technique, the wrapped phase
maps and the wrapped phase difference is used.
Equation 共9兲 defines the ratio of two gratings’ pitches.
This ratio can be used to relate the phase values of the
gratings using Eq. 共10兲. The measured phases  1 and  2
will be wrapped, as shown in Fig. 3, such that the ambiguities n and m are not known. The measured phase differ-

ence  is also wrapped, as in Fig. 4, such that the ambiguity
k is not known. Equation 共10兲 shows these relations.

Fig. 3 Wrapped phase.
54

r⫽

p1
,
p2

共9兲

⌽ 2 ⫽r⌽ 1 ,
⌽ 1 ⫽  1 ⫹n2  ,
⌽ 2 ⫽  2 ⫹m2  ,

共10兲

⌽ 2 ⫺⌽ 1 ⫽⌿⫽  ⫹k2  ,
n⫽

r
1
kr
⫺
⫹
,
2  共 1⫺r 兲 2  1⫺r

共11兲

m⫽


2
k
⫺
⫹
.
2  共 1⫺r 兲 2  1⫺r

共12兲

Figure 5 shows the values of n and m for different values
of k. A nearest integer operation can be applied to the values of n and m if desired because of noise in the measurements. Using k⫽0, the wrapped phases in Fig. 3 and the
wrapped phase difference in Fig. 4 were used to unwrap the
phase values shown in Fig. 6. Since the phase difference
did wrap, as shown in Fig. 4, the resulting phase is also
wrapped at the same positions since the value of k was held
constant during the unwrapping process. This is why k
should be constant across the surface, or the resulting phase
must be unwrapped using a larger ambiguity spacing. The
projection system can be setup such that k⫽0, but this is
not necessary since the value of k adds only a constant to
all the phase values as long as it is constant across the
surface. By having a maximum of only one fringe difference in the projected gratings, k can be made to remain
constant in the projection.
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Fig. 7 White-light Michelson interferometer.

Fig. 5 Values of n and m versus k.

4 Experimental Setup
The varying pitch gratings of different wavelengths were
created with a white-light Michelson interferometer, as
shown in Fig. 7. Systems that use white light interferometers normally exploit the extremely short coherence
length.9 The method described in this paper does not use
the short coherence length of the white light interferometer
for distance measurement, but instead exploits the multiple
wavelengths to provide projectable variable pitch gratings.
The light source used was a 20-W halogen lamp collimated by a lens to illuminate the interferometer with a parallel beam of multiple wavelength light. One of the interferometer’s mirrors, M 1 in Fig. 7, was rotated about the
vertical axis to produce the gratings. The mirror’s rotation
determines the grating’s pitch for each wavelength, but unlike typical multiple pitch grating systems, the mirror does
not have to be adjusted between frame captures. The difference in the grating’s pitch is dependent on the wavelengths of the light, and this difference is a constant value
that can be measured with high precision, unlike errors in

Fig. 6 Unwrapped phase.

pitch value that can be introduced by rotating the mirror
between captures.
The pitch of the grating p and phase shifts ␣ are functions of the wavelength  of the light. When projected from
the same interferometer, the ratio r of two grating pitches
defined in Eq. 共9兲 has the following relationship:
r⫽

p1 1 ␣2
⫽ ⫽ .
p2 2 ␣1

共13兲

The phase shifts were accomplished by the traditional
translation of one of the mirrors in the Michelson interferometer, M 2 in Fig. 7. The mirror’s high precision motion
was accomplished with a manual translation stage connected to a mechanical reduction drive. A piezoelectrically
driven translation stage can be used to automate the shiftcapture process and provide better control and accuracy.
The capture setup must enable the multiple wavelengths
to be separable. A color video camera was used to demonstrate the procedure in this paper. The color camera enabled
the capture and separation of varying wavelength gratings
using the red, green, and blue channels.10 Gratings created
and captured with the described setup projected onto a flat
screen are shown in Fig. 8.
A second experimental demonstration was made using a
parallel beam illuminated Mach-Zehnder interferometer
shown in Fig. 9 as a grating projector.11 Helium-neon and
argon-ion lasers were used as the dual inputs, generating
two gratings of differing pitches and wavelengths. The interferometer output was expanded and spatially filtered.
The grating pitch is adjusted by rotating one of the interferometer mirrors. The phase shifts were accomplished by
translating one of the interferometer beamsplitters with a
piezoelectric translation stage. The gratings generated from
this setup produce a higher SNR in the captured images
than the white-light interferometer due to the higher intensity and monochromatic light from each laser. This higher

Fig. 8 Red, green, and blue channels from white-light gratings.
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Fig. 9 Mach-Zehnder interferometer.

SNR is at the expense of a more complex optical setup and
the use of multiple lasers. A three-color laser source was
described in Ref. 12.
Distortions between the gratings can be caused by the
laser beams not being exactly aligned in the interferometer.
Misalignment in the beams can cause the gratings to not be
parallel to each other and can also cause varying pitch ratios throughout the image. Different path lengths and expansion rates between the beams also cause problems with
the gratings pitches difference not being proportional to the
wavelengths. Although unnecessary with this setup, gratings captured on a flat surface can be used for calibration
and may help remove some of the distortions.

Fig. 11 Grating in the green channel.

5 Experimental Results
The white-light interferometer was used to project varying
pitch gratings onto a flat reference surface, as seen in Fig.
8, and a test target, shown in Figs. 10 and 11. All three
channels from the camera were captured, but only two were
used for the processing. The third channel was not needed
to unwrap the test target, but could be combined with the
other channels to extend this processing or could be used
for other processing methods. The test target consisted of a
pen in front of a flat plate. This causes two of the biggest
problems for grating projection systems, surface discontinuity and unconnected regions.

The gratings were shifted between five captures. Equation 共3兲 was used to calculate the phase shifts of 1.56 rad
for the red channel and 1.73 rad for the green channel.
These two shifts form a ratio of 0.90 which agrees with the
inverse of the ratio of wavelengths, 600 and 540 nm, for the
camera’s red and green channels, as described in Eq. 共13兲.
The captured images were combined using Eq. 共4兲 to form
phase measurements for each of the channels. Areas of low
grating contrast such as the shadow and corners outside of
the projection area were masked off. The phase measurements for the red and green channels are shown in Figs. 12
and 13.
The first problem of surface discontinuity caused by this
setup can be seen in the gratings and phase. The fringe on
the flat area appears to continue onto the pen. The phase
also has this appearance, which is why a phase-unwrapping
technique using neighboring pixels would fail. The shadow
of the pen in the left side shows that it is above the flat
surface. This shadow also causes the second major problem. The phase to the left shadow has no path connecting it

Fig. 10 Grating in the red channel.

Fig. 12 Grating phase in the red channel.
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Fig. 13 Grating phase in the green channel.

Fig. 15 Fringe order in the green channel.

to the phase on the right. Another small unconnected area is
also formed between the pen and its shadow. Any spatial
path-tracing phase-unwrapping routine will not be able to
determine the height relationship between the phase on the
left side of the image and the phase on the right side of the
image. All neighboring pixel routines fail to solve this
problem.
The phase difference  between the grating in the red
channel and the grating in the green channel were calculated using Eq. 共6兲. The wrapped phase values  1 in Fig. 12
and  2 in Fig. 13 were used with this phase difference  to
determine the fringe order for each of the pixels in both the
red and green channels. The fringe order values n and m
from Eqs. 共11兲 and 共12兲 for the red and green channels are
shown in Figs. 14 and 15. Figures 14 and 15 show the
calculated values without the nearest integer routine being
used. The fringe order values are easily distinguishable between fringe numbers and follow the jumps in the phases
 1 and  2 even for this extremely noisy data set.

The results of a path-unwrapping routine on the phase
map is shown in Fig. 16. The path-unwrapping results in a
partial surface with the pen at the wrong height, embedded
into the flat background. A wireframe rendering of the surface in Fig. 16 is shown in Fig. 17. The fringe order values
were then used to unwrap the phase values for the red and
green channels. This enabled the phase of each pixel to be
unwrapped independent of pixels in other locations. Unwrapping the multispectral, multiple pitch projection results
in a surface height map, shown in Fig. 18, that does not
suffer any of the classic problems involving surface discontinuities and unconnected regions. A wireframe rendering
of the surface in Fig. 18 is shown in Fig. 19. The pen’s
surface is clearly located above the flat background with a
jump extending more than a single fringe ambiguity. The
unconnected areas are properly positioned in height relative
to each other and form part of the flat background. The
resulting surface demonstrates the advantages of the new
method described in this paper.

Fig. 14 Fringe order in the red channel.

Fig. 16 Surface from path unwrapping.
Optical Engineering, Vol. 39 No. 1, January 2000

Downloaded From: https://www.spiedigitallibrary.org/journals/Optical-Engineering on 9/26/2017 Terms of Use: https://spiedigitallibrary.spie.org/ss/TermsOfUse.aspx

57

Gilbert and Blatt: Enhanced three-dimensional reconstruction of surfaces . . .

Fig. 20 Grating from the argon-ion laser.

Fig. 17 Wireframe of path unwrapping.

Fig. 18 Surface height map.

Fig. 19 Wireframe of surface height map.
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The Mach-Zehnder setup was used to illuminate a cone
suspended above a piece of paper on its left side. Captured
gratings from the argon-ion laser wavelength are shown in
Fig. 20. Figure 21 shows the gratings from the helium-neon
laser wavelength. The phase values of the gratings calculated using Eq. 共4兲 are shown in Figs. 22 and 23. The phase
difference calculated using Eq. 共6兲 is shown in Fig. 24. The
fringe orders calculated using Eqs. 共11兲 and 共12兲 are shown
in Figs. 25 and 26. The unwrapped phase values are shown
in Fig. 27 and a wireframe of the surface is shown in Fig.
28.
6 Conclusions
This paper demonstrates the use of multicolor fringe projection to enhance the 3-D reconstruction of a surface. The
system described enables high-resolution surface height
measurements while eliminating some of the problems with
single-grating phase unwrapping. The phase of each selected wavelength is measured using phase-shifting techniques. The phase shifts and original phase difference in the
interfering beams for a given wavelength can be calculated
using four or more captured images. The multiple phase
measurements of different wavelengths and phase differences between the multiple gratings are used to reduce the
ambiguities in height while maintaining high depth resolution.

Fig. 21 Grating from the helium-neon laser.
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Fig. 22 Grating phase from the argon-ion laser.

Fig. 25 Argon-ion fringe order.

Fig. 23 Grating phase from the helium-neon laser.

Fig. 26 Helium-neon fringe order.

Fig. 24 Phase difference.

Fig. 27 Cone and background.
Optical Engineering, Vol. 39 No. 1, January 2000
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4.
5.
6.

7.
8.
9.
10.
Fig. 28 Cone wireframe.

11.

A white-light interferometer was used to generate the
multiple wavelength and multiple pitch gratings that were
projected onto the target. The projected gratings on the target were captured using a color video camera. This enabled
the separation of different wavelengths and pitch gratings
using the three color channels, red, green, and blue. The red
and green pitch gratings were then combined to form a
height map for the target. A second target was scanned
using the described method and a two laser illuminated
Mach-Zehnder interferometer. The phase values were unwrapped by comparing the same pixel between gratings.
No neighboring pixels were used for the unwrapping. Figures 17 and 27 show the height of the target surface. The
discontinuity in the target height, noise level, and lack of
phase data connecting areas of the target were correctly
accounted for using this method.

12.
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