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ABSTRACT

An analytical solution to the two-flow equations developed by Bostater, et al.' is modified, and a sensitivity
analysis is perfonned on the remote sensing model which contains both diffuse and specular light components. The
resulting model simulates the solution to two different cases ofthe two-flow equations. The Case I model uses the two-flow
irradiance equations where sub-surface collimated or specular irradiance is evaluated implicitly. All ofthe irradiance is
assumed to become completely diffuse when it enters the water column. The Case II model uses equations that explicitly
include collimated irradiance in the water column. Both models are simulated in three different ways in this paper based on
the vertical distribution ofthe constituents in the water column. The concentrations ofthe water quality parameters can be
assumed (a) constant with depth, (b) divided into three distinct layers with different concentrations in each layer, or (c)
divided into n layers of differing concentrations. The solutions to the two-flow equations with (Case II) and without (Case
I) the specular, collimated irradiance and assuming a uniform water column, are given by Bostater et. al.2. This paper
focuses on the derivation ofthe layered Case I and II models, a sensitivity analysis performed on the Case II model
coefficients, and comparisons ofthe output from the differing model assumptions are presented.

1. INTRODUCTION
The transfer of the sun's radiant energy through natural waters has been studied by numerous authors4'5'6. These
authors, and others, have realized the usefulness of quantitative models to describe the physical processes of radiative
transfer in natural waters for predicting the light field in water. At the base of most ofthese equations, or models, is
radiative transfer theory. if one ignores sources of radiant energy and inelastic scauenng within the hydrological medium,
then all energy impinging on a unit volume of a medium is either absorbed, scattered, or transmitted through the medium.
Any model that one hopes to use to describe the underwater light field needs to consider the these processes.

Priesendorfer gives a version ofthe radiative transfer equation (RTE) as:

p dL(z;) = -z;)L(z;)+$L(z;';2)p(z;'

)d')+p(z;'

)L(z;e)

(1)

where .t=cosO (cosine ofthe zenith angle), L is radiance (Wm2srT1), z is depth (m) positive downward, is the direction of
the light, is the wavelength (urn), c is the beam attenuation coefficient (absorption + scattering) (m'), indicates
integration over all directions in the unit sphere, 3 is the volume scattering function (m1sr') that indicates the amount of
light originally heading in direction ' at depth z elastically scattered into direction (by elastic scattering we mean
scattering with no change in wavelength, whereas inelastic scattering is scattering that involves a change of wavelength),
and L is the collimated radiance (Wni2srT'). The first term on the right hand side of 1 is the loss of radiant energy due to
absorption or scattering out ofthe path ofthe radiant flux, and the second and third terms are gains due to path radiance
being scattered into the path ofthe radiant energy (either diffuse or collimated).
In many remote sensing applications, it may be justifiable to simplify the RTE to compare theoiy with
observations. The purpose ofthis paper is to describe a set of analytical solution techniques, based on the simplification of
the RTE, that utilizes the equations of irradiance (the two-flow equations) to quantitatively describe and predict the
underwater light field. The analytical model takes two forms. In the Case I model, all irradiance is assumed to be
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converted to diffuse irradiance immediately after it enters the water. In the Case II model, this assumption is not made. In
other words, terms and equations are added to describe the influence of a specular or collimated irradiance component (i.e.
direct sunlight) which is converted to the upwelling or downwelling diffuse or indirect light field. Derivations ofthe two
flow equations used in these models from the RTE can be found in Mobley5 (Case I), Ackleson7 (Case II), Suits8, Schuster,
and Kubelka and Munk'°. The analytical solution techniques used in both ofthe models have also been previously
described"2'3. The general solutions to the two-flow equations used here are similar to those given by the other authors,
however, it is the boundary conditions described in the next section that make the specific forms ofthe equations used here
unique.
In section two, we re-introduce the model equations. Section three ofthis paper deals with the choice of the
conversion coefficient from direct, collimated irradiance to diffuse irradiance that is used in the Case II model. Section four
describes new boundary conditions that can be used to allow both the Case I and Case II models to be layered (i.e., to apply
the model to stratified water bodies where the intrinsic optical properties vary with depth). Section five describes and
compares the output from the various versions ofthe model and output from a sensitivity analysis performed on the Case II
model, and section six describes the applications and limitations ofthe model as well as indicating directions for further
study. It should be noted that the analytical remote sensing model is also being applied to remote sensing of plant
canopies11.

2. MODEL EQUATIONS
2. 1 Case I model"2'3

The Case I model utilizes two first order, coupled differential equations to describe the upwelling and downwelling
irradiances:

dE(z)
dE'(z)
U

dz

=—(a+b)E'(z)+bE(z),

(2)

=(a+b)E'(z)—bE'(z),

(3)

where a is the absorption coefficient (m') and b is the backscattering coefficient (m'), E, is the upwelling irradiance (Wm
2) and Ed is the downwelling irradiance (Wm2). Terms a and b are assumed constant in this case.
These equations can be solved with knowledge ofthe following unique, Cauchy type boundary conditions:
(1) Ed(O), the downwelling irradiance at the surface z=O,

(2)

pW(Ø) the
downwelling slope, 3d(O), at the surface z=O,

(3) E(h), the upwelling irradiance at the bottom z=h where EU(h)=Rb*Ed(h), and Rb is the bottom reflectance,
(4)

dE(h)

the upwelling slope, (h), at the bottom z=h.

Equations 2 and 3 can be decoupled into two second order, linear, homogenous differential equations (the term
homogeneous referring to the mathematical homogeneity of the equations, i.e., the equations are of the form y"+y'+O).
The solutions to equations 2 and 3 are"3:

E(z) = E(O) X+ Pd(O) y
2
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(4)

E'(z)=
U

E'(h) V— 1 (h)

2 W,

2

(5)

where

X=e+e'',

(6)

Y=e'l_e',

(7)

+

V=

(8)

w=
(9)

h is the water colunm depth in meters, and z is the depth at which the irradiance is calculated.
2. 1 Case II model2

The Case II model also utilizes a set of similar coupled, first order, non-homogeneous, differential equations. The
additional terms and equation are introduced to explicitly describe the transfer of direct, collimated irradiance along with
the indirect diffuse irradiance. The three equations for the Case II model are given below:

dE7(z) =

—(a+b)E;(z)+bE:(z)+cE:(z),

('°)

dE(z) = +
(a b)E(z) — bE' (z) — cE'(z) ,

dESw z
dz

(11)

=—ocE'(z).

(12)

All terms are as defined in the Case I model, with the addition of c the conversion coefficient from specular, collimated
irradiance to diffuse irradiance (ni'), beam attenuation coefficient a (absorption plus total scattering) (ni1), and E the
specular or collimated irradiance.
Equations 10, 11 and 12 can be decoupled into two second order, linear, non-homogeneous differential equations
The solutions for downwelling, upwelling, and specular irradiances for the Case II
(i.e., equations of the form
model are given below in a slightly modified form from Bostater2:

m+E'(O)
_______

lan—J3d (0)

2

2i/

ne+E'(0)

k

Y—me2,

knelth+p (h)

W—ne

(13)

,

2

E(z) = E(0)c°,
where
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(14)

(15)

n=

c(k + a + 2b)

(16)

2\ P28(O),

2

k —i j
— a — 2b)
2\ E(O),

m= —c(k2

k

(17)

—i j

W=iJa2+2ab,

(18)

and V, W, X, and Y are as defined above for the Case I model.

The Case I and Case II model equations have similar solutions, however, one can easily note that additional terms
are introduced into the Case II solutions due to the addition ofthe specular irradiance. In both cases, the slope terms lid and
f_lu are taken to be ofthe sameform as the original differential equations"2'3 (equations 2 and 3 for the Case I model and
equations 10 and 1 1 for the Case II model).
3. TIlE CONVERSION COEFFICIENT

In the Case II model, a conversion coefficient from direct, specular irradiance to diffuse irradiance is used8. It is
assumed in the Case II model that there is only a downwelling specular irradiance component, therefore only one
conversion coefficient is used, and most ofthe direct light is converted to the indirect light or diffuse component before
reaching the bottom. If specular irradiance does impinge upon the boUom, the boUom is considered to be a Lambertian
surface, and all ofthe specular irradiance is converted to diffuse. Using Petzold's'2 volume scattering function (3) for turbid
San Diego Harbor water, a backscattering coefficient can be found7 by integrating 3 from t/2 to it. The result is a direct, or
specular backscattering coefficient which can be multiplied by i/i (where ji is the mean cosine ofthe light field) to find a
diffuse backseattering coefficient. It was empirically determined, for the waters from the Banana River used in this study,
that c=b*2.85 where b is the backscattering coefficient. It is assumed for this study that the conversion coefficient is the
same in both directions, and thus the c's in equations 10 and 1 1 are the same. With reference to the sensitivity analysis
results given later in this paper, it is obvious that more research is needed to properly parametenze this scattering effect or
conversion coefficient as this is the most sensitive parameter in the model when collimated light (Es) is a dominant term
(Table 1).

Another parameter needed in the Case II model is a, the beam attenuation coefficient. The beam attenuation
coefficient can be defined as the sum of absorption and total scattering, meaning that a relationship between the backscatter
coefficient and the total scattering coefficient is needed. The total scattering coefficient for specular irradiance is taken to
be on the order of 53 times the backscattering coefficient13.
4. THE LAYERED MODEL

In order to layer the model, the use ofthe original differential equations for the slope terms described in section 2
(boundaiy conditions) needs to be reconsidered. This is due to the fact that, to compute 3d, we need a-priori knowledge of
the upwelling irradiance at the bottom ofthe layer (the E"(z) term in equation 2 or equation 10). Since the solution
procedure in the layered version of the two-flow model is to compute the downwelling irradiance at each layer interface
down to the bottom and then to compute the upwelling irradiances back up to the surface, E is not known at each layer
when computing Ea. Therefore, an alternate expression for the downwelling slope term can be used by describing it as a
first-order differential equation as in Case I, but different, or:
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dE
Pd'SEd.

(19)

dz

The upwelling slope term, , remains the same. Here k'5 is a type of attenuation coefficient for downwelling irradiance. A
relation for k at the water surface was developed from a quasi-single scattering formulation by Gordo&4:

a+b

k5=—,

(20)

where jt is the cosine ofthe zenith angle ofthe incident light, a is absorption, and b is backscattering at or near the surface.
With reference to figure 1, using equation 4 or 13 for Ed(1), equation 19 for d, and equation 20 for ks', Ed(1) and
Ed(0.5) (the midpoint between the first and second layers) can be calculated. Since Gordon's k is only known to be valid at
the surface, equation 19 is rearranged to find a new expression for k at the surface in order to calculate Ed at the bottom of
the second layer:

kS=—

1

dEd(z)

Ed(0.5)

dz

(21)

where the derivative in equation 21 is calculated over the bottom halfofthe first layer as:

dEd(z) Ed(1) — Ed(0.5)
dz
z(1)—z(0.5)

(22)

For all layers after the second, the derivative in 21 is calculated between the midpoints ofthe layers as:

dEd(z) Ed(i)—Ed(i—0.5)
dz

(23)

z(i)—z(i—0.5)

where i is the current layer and can range from i1 to N layers. This technique represents a calculation procedure where
the layer and calculation domains are staggered.
In the case ofupwelling irradiances,

=

dE (i)
dz

is assumed to have the form ofthe original differential equation, or:

= (a,÷1 + b.1 )E (1 + 1) — b÷lEd (j + 1),

(24)

where i is the layer to calculate E for. In this case, the absorption and backscatter coefficients (a and b)from the previous
layer are assumed to act as in a thin water bottom boundary layer. Physically, this allows one to consider different
absorption and backscatter coefficients unique to different bottom types or water near the bottom. This formulation also
allows different absorption and backscatter coefficients near the surface which may include different effects such as surface
waves (e.g. capillary, gravity waves, and wave focusing effects).
5. APPLICATION AND TESTING OF THE MODEL

The Banana River is a shallow, turbid lagoon on the east-central coast of Florida (Figure 6). On January 30, 1996,
measurements of the absorption coefficient in the Banana River were made using a long path length absorption cuvette16'".
These measurements were used to calculate backscatter coefficients according to the formula bRa(0)*a/0.2315 where R(0)
is the reflectance just above the water surface. The conversion coefficient was calculated as described in Section 3. The
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bottom reflectance was taken to be 0.001 at each wavelength. These parameters were used as input into both cases of the
model, and the model derived above water reflectance signatures were compared with measured reflectance signatures taken
at the same time as the water samples were taken. The layered version ofthe Case I model was also run using the above
parameters, and the output from all three models is shown in Figure 2 along with the measured reflectance signature.

In addition, a sensitivity analysis was performed on the Case II model. The sensitivity analysis was performed at
three separate wavelengths: 430, 490, 540. These wavelengths were chosen since the dissolved organic carbon absorption
maximum occurs near 430 16.17 the maximum penetration of solar energy occurs at 490 mu, and the hinge point of
chlorophyll (where the reflectance is independent of chlorophyll concentration) occurs around 540 nm. A sensitivity
parameter was calculated using the method described by Bostater18. Earlier research reported in Bostater, et al.2 indicated
that a and b were the most sensitive parameters in the Case I model. The results of our new sensitivity analysis for the Case
II model indicates that the conversion coefficient is the most sensitive parameter, followed by the beam attenuation
coefficient, absorption coefficient, and backscatter coefficient. Results ofthe sensitivity analysis are tabulated in Table 1.
Figure 2 is a comparison of the output from the various models with measured reflectance signatures. The same
absorption, backscatter, and bottom reflectance spectra were used as input into each model. Figure 3 shows graphical
output from the layered Case I model with 10 layers. The layered model allows for a more detailed vertical distribution of
the intrinsic optical properties (i.e., those properties whose value is indpendent ofthe distribution ofthe light field) in a
water body. Figure 3 shows output from the layered model using the absorption and backscatter coefficients for pure sea
water in each layer. Output is also shown for pure sea water with 20 p.tgfL chlorophyll in the upper two meters (surface
layer 1 of 10) of a 20 meter water column to roughly simulate a surface algal bloom, and for pure sea water with 20 g/Lof
suspended sediments in the bottom two meters (bottom layer 10 of 10) of a 20 meter water column simulating resuspension
ofbottom sediments. Figures 4-7 show the penetration oflight at four selected wavelengths under the influence of different
water quality concentrations from the layered Case I model.
6. CONCLUSIONS AND DIRECTIONS FOR FURTHER STUDY
The two-flow irradiance model described and applied in this paper is capable of generating realistic reflectance
signatures when given input as to the absorption and backscatter coefficients (Case I and II), and conversion and beam
attenuation coefficients (Case II). Results ofthe sensitivity analysis indicate, as expected, that the model is most sensitive to
these parameters. From a modeling standpoint, the route chosen to obtain these coefficients is ofprimary importance as
they are the parameters that drive the system that generates the reflectance signatures.
The analytical two-flow models described here have been shown to be capable of reproducing realistic reflectance
signatures given the proper coefficients as input. The Case I model underestimates the measured reflectance, while the
Case II model, in general, overestimates the reflectance when the same parameters are used. Both cases ofthe model have
useful applications to aquatic'9 as well as terrestrial1' systems. Results of the sensitivity analyses indicate that, for the Case
II model, the most sensitive coefficients are the conversion, attenuation, absorption, and backscatter coefficients. For the
Case I model, the most sensitive input parameters are absorption, backscatter, and bottom reflectance2. More research
needs to be conducted to determine ifthe added complexity ofthe Case II model (addition ofthe specular irradiance) is
justified, or ifthe Case I model is adequate. Specifically, methods need to be developed to accurately quantify bottom types
and better estimate the various coefficients in the model16'17.
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Figure 1. Schematic showing the computational domain
ofthe layered model. Full lines denote boundaries between

layers, and dashed lines are midpoints ofthe layers. The
absorption and backscatter coefficients are assumed constant
within each layer, but may be different from layer to layer.

Figure 2. Comparison of model derived above water
reflectance spectra from the three models with the reflectance
measured in the Banana River. Bottom reflectance is 0.001.

020

0.15

00 00000 oo9o

ci)

0

OOOO

Nomed Senty

ci)

0
a)

0.10

Model Variable

a)

a:

0

0

00

0.05

*

0.00

400

460

.
520

Absorption coefficient
Backscatter coeffident

.

580

0

.
840

0

Bdtom Refledace
00

700

Wavelength (nm)

Figure 3. Model derived subsurface reflectance spectra
generated by the layered Case I model (10 layers). In
descending order, the spectra are for: pure sea water
(squares), 20 mgU1 seston in the bottom 2 meters (circles),
and 20 .tgL' chlorophyll in the top 2 meters (full circles).
h=20m. Bottom reflectance is 0.05 across the spectmm.

430 nm
490 nm
0.82(239) 0.64(206)
0.48(264) 0.37(2.24)
0.02(272) 0.00(227)

540 nm

0.49(1.99)

0.31(209)
0.01(212)

0.16(2.73) 0.14(229)

0.12 (213)

0.16(2.67) 0.12(2.24)
0.00(0.00) 0.00(0.00)
0.00(0.00) 0.00(0.00)
\fvter depth
0.59(264) 0.60(219)
Corweroncoeffident
1.00(249) 1.00(202)
Beam attenuation coeffidert 0.79(224) 0.79(1.81)

0.11(209)

Specular irradiance
DcMnvelIing irradiance
Refradive index of ar
Refradive index of veter

0.00(0.00)
0.00 (0.00)

0.64(201)
1.00(1.84)
0.78(1.68)

Table 1. Tabulated results ofthe sensitivity analysis on the
Case II model. Note that the conversion coefficient is always
the most sensitive parameter followed by either the absorption
or beam attenuation coefficient. Values in parentheses are the
standard deviations for the sensitivity of each parameter.
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Figure 4. Output from the layered Case I model showing
penetration of light at four selected wavelengths. Bottom
reflectance is 0.05 across the spectrum, and hlOm (10
layers). This run was made using pure sea water only.
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Figure 5. Output from the layered Case I model showing
penetration of light at four selected wavelengths. Bottom
reflectance is 0.05 across the spectrum, and h=10 (10 layers).
The vertical distribution of chlorophyll (normalized to 20

.tgL') is also shown.
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Figure 6. Output from the layered Case I model showing
penetration of light at four selected wavelengths. Bottom
reflectance is 0.05 across the spectrum, and h10 m (10
layers). The vertical distribution of seston (normalized to 20
mgU') is also shown.

Figure 7. Output from the layered Case I model showing
penetration oflight at four selected wavelengths. Bottom
reflectance is 0.05 across the spectrum, and hlOm (10
layers). This run used the vertical distribution of seston
and chlorophyll from Figures 4 and 5.
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