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ABSTRACT

Title:

Tuning Micro-Electro-Mechanical Resonators

for Maximum Dynamic Range

Author:

Joseph William Fisher

Major Advisor:

Dr. Steven Shaw

This research seeks to improve the linear dynamic range (LDR) of micro-electro-

mechanical systems (MEMS) resonators, which are commonly used in sensing and

timing applications. We address specifically the need for devices whose response

is relatively large yet remains single-valued near resonance. We develop and ana-

lyze a model for a class of electrostatically actuated micro structures that includes

higher order electrostatic effects, thereby allowing one to determine the LDR for

devices that are tuned to eliminate cubic order nonlinear effects. The inclusion

of the capacitive forces produces a model that is best solved by expanding the

force in a Taylor series. Previous studies have shown that by keeping up through

cubic terms in the expansion, improved drive conditions can be found by balancing

mechanical and electrostatic nonlinearities at that order. However, the maximum

amplitude and associated frequency were only found experimentally, since higher

order effects were ignored. The goal of this thesis is to extend these models by in-

cluding an additional term from the electrostatic force and use it to determine the

LDR of the system balanced at cubic order. The Method of Averaging is employed

to determine approximate expressions for the steady-state response, which allows

for the closed form solution for the maximum response of the resulting model.
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Chapter 1

Introduction and State of the

Field

1.1 Introduction and Background

Micro-electro-mechanical systems (MEMS) combine electrical and mechanical com-

ponents on the micro scale (10−6 m). Allowing engineers to create tiny devices

that can sense or act on their environment or perform other signal conditioning

functions. MEMS are manufactured using techniques from integrated circuit fabri-

cation technology and are now commonplace in our modern world, with numerous

applications in many industries.

The field of MEMS is very broad and, in some fields, they are already the

industry standard, including but not limited to: inertial sensors for automotive,

aerospace, and gaming applications; inkjet printing; and digital projection. It is

also the basis of many solid state accelerometers used in modern devices such as

cell phones and wearables (i.e. fitness bands) and more. MEMS are also expand-
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ing into medical fields with numerous, applications including drug delivery and

health monitoring. MEMS have also made great strides in timing devices, a field

dominated by quartz clocks for decades, a technology that is critical in computing.

In computer systems, the functionality of the system relies on the synchroniza-

tion of all the various components of the computer such that when one speaks

the other is ready to listen. In order for all the high speed operations that occur

in a modern computer to occur in harmony, the system needs a steady source of

time. To generate a periodic signal, an oscillator is used. Oscillators come in many

varieties, but the principle on which they function remains the same. An under-

damped resonator (a spring mass system) is driven near resonance in a negative

feedback loop to produce a highly repeatable motion that can be used to generate

a consistent periodic electrical signal of known amplitude. Until recently, this was

done almost exclusively by piezoelectrically driven quartz resonators. The field of

MEMS has matured to the point where MEMS devices can now offer equivalent

or better performance to quartz [9].

In the ways of versatility and scalability, the processes used to manufacture

MEMS also offer benefits over quartz. This is because the equipment and processes

used originated in the semiconductor industry, and, just as numerous chips can be

made at the same time for a single wafer of silicon, the same is true of MEMS

devices; however, the same cannot be said for quartz resonators, which require

different setups for each possible configuration of resonator geometry and cannot be

scaled the same way [15]. MEMS also offer the potential of direct integration of the

resonator and supporting circuitry with other components to create processors that

do not require an external chip for timing, reducing the footprint and power needs

[14]. While quartz technology is still more prevalent in many timing applications,
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MEMS timing technology is rapidly developing and the potential of smaller scale

devices and direct integration offers huge benefits for compact, low power systems

such as cell phones and smart watches.

The actuation and sensing of most MEMS resonators, and specifically those of

interest in this work, are capacitive, meaning that the motion of the resonator is

sensed by the change in the capacitance of a capacitor that is formed between the

resonator structure and a sense electrode, following the relation:

C =
Aϵ

d
(1.1)

where A is an effective surface area of resonator facing the electrode, ϵ is the per-

mittivity of the space between the electrode and resonator, and d is the separation

between them.

Because the spacing between the electrode and the beam is a function of time,

the capacitance will change, resulting in measurable changes to the current flowing

from the sensing electrode. As with all experimental/real applications that involve

measurement, a critical component of the ability to take a measurement is that the

signal stand out from the white noise generated by the environment. The ratio of

these two quantities is called the signal to noise ratio (SNR). The larger the SNR,

the more precisely the signal can be measured. Figure 1.1 shows an example of

three curves of varying amplitude each with the same level of noise added. Showing

the importance of a high signal to noise ratio for taking measurements.

Because of the scale of micro and nano devices, the magnitude of the motion

being sensed is small compared to ambient noise (even thermal fluctuations) and

therefore signals are also small. As a result, work to maximize the SNR is critical
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Figure 1.1: Three cosine curves plotted with varying magnitudes with equal white
noise, highlighting the importance of a large signal to noise ratio. Functions shifted
vertically for clarity.

for the sensors to provide good data. There are, of course, two ways to increase

the SNR. First, by eliminating noise; however, in real systems the noise cannot

be completely removed but rather can only be minimized. As a result, this can

only increase the SNR so much as we reach a point where the noise cannot be

reduced any further. Second, by maximizing the amplitude of the signal. To do

this, we must increase the amplitude of the resonator’s motion. This also becomes

problematic as the systems eventually exhibit nonlinear behavior. An important

limiting feature of nonlinear resonance is that of bistability which causes hysteresis

between two or more stable response branches near resonance [12]. The onset of

this bistability in MEMS models is the focus of the present work.

Agarwal et al. 2006 [2] and Shao et al. 2008 [12] aimed to increase the maximum

amplitude of the vibration before bistability by balancing the nonlinear terms that

arise from mechanics and electrostatics. Both works utilized the Landau model
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[7] which incorporates only up cubic nonlinear terms; however, as Polunin et al.

2016, Shaw et al. 2017[11, 13], and Agarwal et al. 2006 [2] acknowledged, higher

order (quintic and above) terms in electrostatics also have a significant effect on

the response of resonant micro scale devices. This effect is the limiting factor

when the optimization suggested for the Landau model is applied to real devices

[2, 12]. In this work, we seek to model the experimental response seen in these

works by including the next order electrostatic term not accounted for, which

we refer to as the quintic model. Lifshitz and Cross 2008 [8] and Shaw et al.

2017 [13] lay out similar methodologies for solving nonlinear differential equations

where the nonlinearities arise as polynomial terms of the independent variable

and its derivatives. The applicability of these methods to equations with cubic

nonlinearities is shown in both papers. We take these methods and apply them to

the quintic model derived herein.

For resonators (or any systems near resonance), it is convenient to characterize

thier response in terms of how the steady-state amplitude of the vibration changes

as a function of the driving frequency. The frequency dependent response it best

presented in what we refer to as an amplitude-frequency (A-f) (α-r due to a change

of variable in later sections of this work) plot where, as the name implies, the

amplitude is plotted as a function of frequency. This is done for the frequencies

around resonance, providing a clear understanding of how the system resonates.

When the response is linear (or weakly nonlinear) the A-f curve is single valued.

This is desirable because the system response is deterministic, in that for a given

drive frequency, there is only one amplitude at which it will resonate. When a

system is driven sufficiently hard (greater drive amplitude), the amplitude of the

response increases in magnitude (just as a linear system does); however, a bending
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in the A-f curve becomes more pronounced until the curve becomes multivalued.

This is referred to as bistability since the amplitude now has two stable values it

can achieve in the region where it is multivalued. This bistability arises from the

fact that the frequency of free vibration depends on amplitude, and the driven

response roughly follows this trend. If one attempts to drive the system at the

larger amplitude in the bistable region, the system can drop to operate at the

smaller stable amplitude. This is undesirable in sensing, since the response has

moved off resonance. The larger of the two amplitudes might be easily sensed,

but the lower of the two is well below what could be achieved before the onset

of bistability and in all likelihood would disappear into the noise floor, rendering

any sensing of the motion impossible. Driving in a bistability region would also

result in the loss of much of the energy used to excite the oscillator to the higher

energy state, resulting in a very inefficient device. Therefore, it is desirable to drive

the system at the largest amplitude which does not result in bistability. This is

achieved by finding the drive amplitude just before the onset of bistability which

is characterized by a point of infinite slope with the sign of the first derivative

remaining the same on both sides of the point, that is, it is an inflection point that

is locally like a cubic function. This point is referred to in this work as the critical

point and the drive level at which it exists is the critical drive level. The first two

panels of Figure 1.2 show examples of an increase to the resonant frequency as a

function of amplitude (hardening) and a decrease to the natural frequency as a

function of amplitude (softening). Note that at small amplitudes, the response is

single valued, as occurs in linear systems.

The electrostatically actuated MEMS that we consider in this work exhibit

competing hardening from mechanics and softening from electrostatics, as shown
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Figure 1.2: Amplitude-frequency (A-f) response curves for three different nonlinear
responses at different drive levels. Solid lines highlight the critical drive level at
the verge of bistability for (a) a system that exhibits a hardening response, (b) a
system that exhibits a softening response, and (c) a system that exhibits a mixed
cubic hardening and a quintic softening response. The linear natural frequency is
shown as a dashed line

7



in Figure 1.2 (c). We know from physics based models and existing literature

[2, 12] that the optimal drive condition occurs when the electrostatic nonlinearity

is used to balance the mechanical nonlinearity as best as possible; however, in the

common resonators made by clamped-clamped type structures, the mechanical

nonlinearity is dominated by cubic type nonlinearities, while the electrostatics are

more complicated and require higher order terms to model accurately. By only

including up to cubic electrostatic terms, the model breaks down when the cubic

terms are balanced and eliminated. For experimental work, this is a useful means

to locate conditions that balance the cubic effects in a given device; however, for

fine tuning as well as design applications, a solution that encompasses the other

nonlinearities is needed. To this end, we develop a model that includes up through

quintic electrostatic effects (Chapter 2), that we solve by applying the Method of

Averaging (Chapter 3), we then derive expressions for the critical and maximum

response, which is summarized in Chapter 4. A conclusion and discussion of future

work is presented in Chapter 5.

The ultimate goal of this general line of research is to understand limitations im-

posed by nonlinearity in MEMS resonators and to manipulate its effects to achieve

desired system performance. An important aspect of this work, with real practical

implications, is maximization of the linear dynamics range (defined below). In this

work, we consider an analytical approach for an idealized model that allows for

closed form results. These provide valuable insight into the possible improvements

offered by tuning MEMS resonators to balance mechanical and electrostatic effects

at leading order.
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Chapter 2

Modeling

In this chapter, we provide a discussion of the forces acting on the resonator be-

ing analyzed, from which we draw an Equation of Motion (EOM) that governs

its dynamics. Following this, we expand on the formulation of these forces in a

nondimensionalized form and define the parameters used in the EOM. Closing, we

present the full quantitative model used in this thesis.

We focus our attention on devices in which the forces acting are symmetric

about a central equilibrium position. Such devices are not uncommon and provide

a first step in the analysis of tuning nonlinear forces on MEMS. The model and

approach can be generalized to asymmetric systems but at the cost of significantly

more complicated analysis.

Looking first at the clamped-clamped beam shown in Figure 2.1, we identify

the forces that will be acting on the beam. As the system in motion has mass, it

will provide an inertial resistance to acceleration. Because the motion in question

is deformation of the beam, there will be a restoring force as a result of the strain

energy. Energy losses, most notably from transfer to supports and material losses,

9



Figure 2.1: Example of a clamped-clamped beam resonator with h = 5µm, d =
2µm, w = 25µm. Note the thickness of the beam relative to the gap width. Figure
from Shao et al. 2008 [12].

result in the system exhibiting damping that must be included to insure an accurate

model. As shown, an alternating current (AC) is applied to the drive electrode,

and as a result of the difference in electrical charge in the electrode and conductive

silicon beam, an electrostatic force is induced. In addition to the driving AC, there

are also two independent direct current (DC) biases (or offsets) applied to the two

electrodes. While the AC and DC forces are both electrostatic, the way they

impact the system is different and each is treated separately. The AC is periodic

in nature and drives the vibration of the system. The DC biases are typically set

at a tunable constant level and provide system parameters that are adjustable for

a given device. From this high level qualitative analysis, we can develop an EOM
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for the resonator:

Finertia = Fmech + FelecDC
+ FelecAC

+ Fdamping (2.1)

We present this qualitative Newtonian formulation to provide the reader an un-

derstanding of the forces acting on the system before we delve into the underlying

physical phenomena in the later sections of this chapter.

2.1 Method of Assumed Modes

The method of assumed modes allows for the vibration of a structure to be broken

up into individual modes of vibration by defining test functions that are close to the

predicted shape of the structure during its vibration near a particular frequency

and also meet the boundary conditions. For a clamped-clamped beam boundary

conditions are: u(0, t) = u(ℓ, t) = 0, ux(0, t) = ux(ℓ, t) = 0, where x is the position

along the beam, ℓ is the length of the beam, t is time, and u(x, t) is the displacement

of the beam from equilibrium:

u(x, t) =
n∑

n=1

ψi(x)yi(t) (2.2)

where ψi and yi are the assumed normalized shape function and generalized coordi-

nate for mode i, respectively. This method relies on the assumption that the modes

are independent and do not interact. By applying the method of assumed modes,

we approximate the solution as a summation of the first n modes of vibration of

the system [16].

Because of the geometry of the electrodes and the proximity of the drive fre-
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ψ1

Figure 2.2: First normalized mode shape (ψ1) over the length of the beam

quency to the first natural frequency, the majority of the energy of the oscillator

is in the first mode of vibration [13]. Since we only need to consider the first mode

of vibration, u(x, t) becomes:

u(x, t) = ψ1(x)y1(t), (2.3)

and a suitable selection of mode shape is:

ψ1(x) = sin2(
πx

ℓ
). (2.4)

A visualization of this mode of vibration can be seen in Figure 2.2. We omit the

subscript ”1” to simplify future equations because we are only considering the first

mode of vibration

Through the application of assumed modes, we can move from a partial differen-

tial equation of u(x, t) to an ordinary differential equation (ODE) in the generalized

modal coordinate, y(t). Because the method of assumed modes directly impacts

the form of the terms discussed in this chapter, it will be applied throughout; how-

ever, it will not be fully addressed in this thesis, since the coefficients obtained are
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not known precisely in any case and numerical values for them are typically mea-

sured experimentally [11]. A more rigorous explanation of the method of assumed

modes as it applies to electrostatically actuated micro resonators is left to Shaw

et al. [13].

We can now develop the terms of Equation 2.1 for the first mode, obtained by

integrating their effects along the beam, allowing for the development of an ordi-

nary differential equation (ODE) in time rather than a partial differential equation

in space and time. In the remainder of this chapter, we derive the terms of Equa-

tion 2.1 from their respective physical basis.

2.2 Nonlinear Stiffness from Mechanics

In classical beam theory, the stiffness of a beam is treated as a linear response to the

deflection of the beam subjected to a force. While this assumption holds for small

deflections and for end conditions such as cantilever or simply supported, under

such conditions, the distance between the two ends is not prescribed, allowing the

beam to deflect without changing length (midline stretching). For the clamped-

clamped case, because the two ends of the beam are rigidly fixed, deflection of

the beam can only occur if the midline of the beam stretches as a function of the

deflection [10], as shown in Figure 2.4. As a result, the onset of nonlinear behaviour

is rapid and a linear model is adequate only for deflections that are small relative

to the thickness of the beam.

This midline stretching can result in interesting nonlinear effects on the re-

sponse of the system. When a beam is stretched by bending, the tension in the

beam will increase. The stiffness of a beam is a function of the tension acting on

13
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Figure 2.3: Example of linear (solid), hardening (dashed), and softening (dot
dashed) amplitude-frequency response curves. The hardening and softening re-
sponse curves show bistability.

the beam [13] and, as a result, the natural frequency of the beam is a function of

the amplitude of vibration [3, 7]. By bending, the length of the beam can only

increase. As a result, the mechanical nonlinearities can only increase the natural

frequency. Terms such as these that increase the stiffness and natural frequency

as a function of amplitude are know as hardening terms, and they bend the ampli-

tude frequency response curve toward higher frequencies. Figure 2.3 (dashed line)

shows an example of a hardening response. We can quantify the tension τ using:

τ = τ0 +
EA

2ℓ

∫ ℓ

0

(
∂u

∂x

)2

dx (2.5)

where τ0 is the pretension acting on the beam, E is the Young’s modulus, and A

is the cross sectional area of the beam. In this work, we take the pretension in the

beam to be zero to simplify the analysis and substitute in the definition of u from

14



(a)

(b)

Figure 2.4: clamped-clamped resonator at (a) equilibrium and (b) deflected with
the equilibrium length shown as a dashed line highlighting the change in length
caused by bending. Note the dashed line does not reach the other end of the
deformed beam.

Equation 2.3 to get:

τ =
EA

2ℓ
y2(t)

∫ ℓ

0

(
dψ

dx

)2

dx (2.6)

From this, it is clear that the tension is constant along the length of the beam,

and the tension is really just a constant multiplied by the generalized coordinate

squared. The tension appears in the differential equation as a coefficient in front of

y(t), which results in a constant coefficient in front of a cubic term for the nonlinear

stiffness.

In order to accurately model the mechanical stiffness of the clamped-clamped

beam, we include two terms: a classical linear stiffness and, as we have discussed

and is verified in Ozkaya et al. [10], a third order nonlinear stiffness, commonly
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(y*, F*)

Figure 2.5: Linearization of a third order nonlinear stiffness vs. displacement about
a given displacement y∗.

referred to as a Duffing nonlinearity, to account for the midline stretching:

Fmech = ω2
0my + γmy

3, (2.7)

where ω0m and γm are defined below in Section 2.2.1. In linear vibration theory, the

stiffness would be linearized around a given amplitude (y∗) to simplify the problem

(Figure 2.5). This type of linearizion is only valid for a range y∗ ± ϵ, where ϵ is

small so that the linear approximation remains valid. We keep the nonlinearity

in our model because the range of amplitudes considered is relatively large and a
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linearizion would result in a model whose accuracy would be inadequate for many

amplitudes experienced during vibration.

2.2.1 Definition of ω0m and γm

We denote the natural frequency due purely to mechanical stiffness as ω0m, and

the nonlinear stiffness used to account for the midline stretching of the beam as

γm. From Shaw et al. [13], we know that ω0m and γm can be calculated as:

ω0m =

√
EIλ2
ρℓ4λ0

, (2.8)

and from the midline stretching effect, we can derive,

γm =
EAλ3
ρℓλ0

, (2.9)

where E is the Young’s modulus of the material, I is the area moment of inertia

of the cross section A, ρ is the mass per unit length of the beam, and λ0, λ2, and

λ3 are modal coefficients [13] (notation is kept consistent with source):

λ0 =
1

ℓ

∫ ℓ

0

ψ2dx (2.10)

λ2 = ℓ3
∫ ℓ

0

ψψxxxxdx (2.11)

λ3 = ℓ

∫ ℓ

0

ψ2
xdx (2.12)

and ψ is the mode shape for the first mode of vibration, defined by Equation 2.4.
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2.3 Nonlinear stiffness from Electrostatic Poten-

tial

In this section, we apply the methodology outlined by Lifshitz and Cross [8] to a

Newtonian formulation that also closely mirrors the formulation laid out by Shaw

et al. [13].

In the majority of macro-scale devices, it is unnecessary to account for electro-

static effects, as their magnitude is small and does not have a significant impact

on the system dynamics. This can be easily validated by way of Coulomb’s Law:

F = ke
q1q2
r2

, (2.13)

which states that the electrostatic force acting between two bodies is proportional

to the product of the charges (q) of the two and inversely proportional to separation

between them (r), squared.

The relatively small electrostatic charge and large spacing between charged

bodies on the macro scale both lead to a force of minimal magnitude compared

to other forces, such as those from material deformation. Therefore, for many

engineering applications, this force can be omitted without sacrificing the accuracy

of the model; however, the MEMS resonators considered in this work are small and

designed so that they can be electrostatically driven using a difference in charge

between the electrodes and the beam. As a result, there will be an electrostatic

field and a net force between them that cannot be neglected. In MEMS devices,

the magnitude of these electrostatic forces is comparable to that of the mechanical

stiffness effects. As it is of significant magnitude and is used to drive the motion
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of the resonator, the electrostatic force acting on the resonators being considered

must be accurately modeled.

Looking only at the force due to direct current, we write the electrostatic force

as a sum of the interactions between the beam and the two electrodes. In addition,

because one does not directly control the charge on an electrode but rather controls

the voltage across the electrodes, it is more intuitive to rewrite the electrostatic

force in terms of this voltage. The devices of interest in this work have symmetric

electrode geometry (as seen in Figure 2.1), and as a result of this, the force can be

written as:

FelecDC
= −cϵ0w

2

(
V 2
b1

(d− y)2
− V 2

b2

(d+ y)2

)
(2.14)

where ϵ0 is the permittivity of free space, w is the width of the beam perpendic-

ular to the plane of motion, Vbi are the voltages on electrodes 1 and 2, d is the

electrode gap size, and the factor c comes about as a consequence of the projection

of the electrostatic force onto the first mode of vibration by the application of the

method of assumed modes. Typically, the voltage is composed of two parts, a DC

component used for tuning and an AC part used for driving the device, the latter

of which is considered subsequently. It is also worth noting the sign convention

used. For the mechanical stiffness, the positive force indicates that it acts in the

direction of equilibrium. The opposite is true of the electrostatic force which is

an attractive force between the beam and the resonator that pulls the beam away

from equilibrium.

While the two voltages need not be equal, we are interested in a more specific

subset of these devices, which have an equal DC bias on the two electrodes. By

taking them as equal, we enable the tuning of the natural frequency as well as

higher order nonlinearities, as will be shown in this section. With this in mind, we
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can rewrite Equation 2.14 as:

FelecDC
= −2ϵ0wV

2
b c

yd

(d2 − y2)2
. (2.15)

If the electrostatic force were included in the form of Equation 2.15, the result

would be highly cumbersome [11]. To bring the electrostatics into a form that will

be more conducive to the method of solution used in Chapter 3, we take a Taylor

series expansion of Equation 2.15, which yields:

FelecDC
= −2ϵ0wV

2
b

d2

N∑
n=1

cn

(y
d

)2n−1

, (2.16)

where

cn =
n

ℓ

∫ ℓ

0

ψ2ndx. (2.17)

By including higher order terms of the expansion, we achieve a greater level of

accuracy in approximating the electrostatic force. The consequence is including

higher order terms results in a more complex model, which will quickly become

more cumbersome than the original form (Equation 2.15) we are working to avoid.

In previous literature, optimization of resonator models including up to cubic elec-

trostatic terms has been explored [2]; however, the fifth order term can also be

significant as the amplitude of vibration increases [2, 13]. As discussed in Chapter

1, the motivation behind this work is the optimization of models that include quin-

tic nonlinearities. Keeping up through the quintic term from the series expansion

results in three terms being kept from the Taylor series of the electrostatic force:

FelecDC
= −c1

2wϵ0V
2
b

d3
y(t)− c2

4wϵ0V
2
b

d5
[y(t)]3 − c3

6wϵ0V
2
b

d7
[y(t)]5. (2.18)
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Looking at the form of electrostatic force as it will be used in the final equation,

it is clear that there is a linear term which will combine with and reduce the

mechanical natural frequency of the resonator, a cubic term which will combine

with the nonlinear mechanical stiffness, and a fifth order term which will stand

alone, since the fifth order mechanical term is negligible. These terms are defined in

Section 2.3.1. The electrostatic terms are seen to be softening terms, meaning that

they appear to reduce the stiffness of the resonator based on amplitude, causing

the A−f curve to bend toward lower frequencies (see Figure 2.3 (dot dashed line)).

The cause for this is that, as the amplitude increases, the resonator approaches the

drive electrode and, as discussed earlier in this section, the magnitude of the force

acting on the beam from the electrode is a function of the separation between them.

As the beam bends closer to the electrode, the electrostatic force increases which

changes the rate at which it returns to equilibrium, thus changing the frequency

of vibration of the system significantly at larger amplitudes.

2.3.1 Definition of Parameters ω0, γe, δ, and γ

We now define the square of the natural frequency, taking into account both me-

chanics and electrostatics, as:

ω2
0 = ω2

0m − 2wϵ0V
2
b

ρℓd3
. (2.19)

We define the two nonlinear electrostatic coefficients as:

γe = −c2
4wϵ0V

2
b

λ0ρℓd5
(2.20)

21



δ = −c3
6wϵ0V

2
b

λ0ρℓd7
(2.21)

where the cn coefficients are defined by Equation 2.17. The modal mass (λ0ρℓ)

that appears in the denominator, which has not yet been discussed, comes about

by dividing the differential equation we are forming by the mass. Rather then wait

to address this when the equation is assembled, it has been taken into account

now. The subscript e is omitted from δ as there is no competing quintic term

from mechanics from which it needs to be distinguished. To allow for the resulting

differential equation to be written in a cleaner form, we have defined a single cubic

coefficient:

γ = γm + γe. (2.22)

2.4 Electrostatic Forcing

In order for a real system with energy loss to undergo steady-state vibration, a

periodic driving force must be applied. As mentioned previously, for the MEMS

resonators we are considering, the driving force is electrostatically induced by an

alternating current on one drive electrode. The frequency of the driving current is

not the same as the natural frequency of the resonator, although we are interested

in operation where the drive frequency is near the resonant frequency of the system,

thus producing resonance. We take the drive frequency and amplitude to be ω and

f , respectively, and model the drive force due to alternating current as:

FelecAC
= −f cos(ωt). (2.23)
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This model proves to be convenient for the method of solution that is presented in

Chapter 3.

Note that the AC voltage is applied to only one electrode (otherwise its os-

cillating effects would be cancelling). Since the source of this excitation is the

same as that of the DC bias, its model can be quite complicated. In this work,

we assume that |VAC | ≪ VDC and we keep only the leading order term from this

effect (2.18) which is independent of the resonator amplitude. Since the total volt-

age on a given electrode is squared in the force, it has the form (VDC + VAC)
2 =

(VDC + VAC0 cos(ωt))
2 ≈ V 2

DC + 2VAC0VDC cos(ωt) where VAC0 is the amplitude of

the AC voltage. Note that the ignored term, V 2
AC0 cos

2(ωt), has two potentially im-

portant effects: (i) it generates a (relatively small) DC term of magnitude V 2
AC0/2

which can be counterbalanced by providing a small additional bias to the opposite

side electrode, and (ii) it has a frequency component at 2ω which can result in

parametric excitation effects [13], which are ignored in this work.

2.5 Damping

While the forces treated above can be modeled using first principles from physics,

dissipative forces that arise from coupling to the environment are far more com-

plicated and require a phenomenological treatment.

All physical oscillatory systems exhibit a loss of energy. These losses can come

from any number of sources, such as fluid friction, material hysteresis, contact

friction, and so-called anchor losses [17], and are modeled as nonconservative forces

acting on the oscillator. In order to determine the energy needed to sustain the

motion of an oscillator near resonance, this damping must be included in the model.
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The calculation of damping coefficients from first principles is problematic as it is

a combination of the multiple forces that were not directly accounted for when

defining the EOM. The simplest model for damping is a linear model, which we

write in the form:

Fdamping = 2ζω0ẏ, (2.24)

where ω0 is the natural frequency and ζ is the damping ratio.

The damping ratio can be determined experimentally when a linear model is

employed by measuring the rate of amplitude decay in the system and applying

logarithmic decrement [16]. The damping ratio can be used for direct identification

of response type and rate of decay. As a result, this formulation is commonly

used in many fields of engineering such as structural dynamics [16] and control

systems [5]. The damping ratio is a useful convention when classifying systems

in terms of crucial damping level (ζ = 1). When dealing with MEMS resonators

and oscillators, energy losses are minimized, leading to very small damping ratios

(ζ ≪ 1). For these lightly damped systems, the decay, which is governed by e−ζω0t,

is much slower than the oscillation time, 2π/ω0. For oscillatory systems which are

known to always be underdamped (ζ < 1), we instead use the quality factor (Q):

Q =
1

2ζ
. (2.25)

which is commonly used in electrical engineering and physics, and has been adopted

by the MEMS community. The quality factor is a measure of the energy stored,

compared to the energy lost per cycle. As Equation 2.25 clearly shows, Q has

an inverse proportionality to ζ and, as a result, a higher quality factor indicates

less losses meaning less energy needs to be put into the oscillator to sustain the
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motion. For these reasons, it the most common to discuss MEMS devices in terms

of quality factor (over damping ratio). Common values for MEMS are in the range

102 < Q < 105.

We solve Equation 2.25 for ζ and substitute this back into Equation 2.24 to

yield:

Fdamping =
ω0

Q
ẏ. (2.26)

Another form for modeling damping is to use the decay time Γ−1, which is related

to Q and ζ:

Γ =
ω0

2Q
(2.27)

Γ = ζω0 (2.28)

which leads to a damping force of the form:

Fdamping = 2Γẏ. (2.29)

2.6 Summary

Now that we have developed quantitative expressions for all the terms in Equation

2.1, we can substitute Equations 2.29, 2.7, 2.18, and 2.23 into Equation 2.1 which

yields a nonlinear, nonhomogeneous, second-order, ordinary differential equation

in y:

ÿ(t) + 2Γẏ(t) + ω2
oy(t) + γy3(t) + δy5(t) = f cos(ωt) (2.30)

where δ is negative by definition and the sign of γ is dictated by the greater of the

two cubic nonlinearities (see Section 2.3.1).
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We now have a model for the motion of an electrostatically actuated clamped-

clamped beam with symmetric electrodes. As discussed, this model’s accuracy

is based on the assumptions that the modes of vibration are independent and

do not interact and that the bulk of the motion is captured in the first mode

of vibration. While some of the coefficients will not be accurately captured by

the first principle derivations used here, the general form of the model is known

to be phenomenologically correct and can be used with experimentally derived

coefficients [11].

Note also that the DC bias is used for tuning the nonlinearity, but that by

doing so, one changes all of the stiffness terms in this model. Thus, the design

of a resonator with desired properties becomes a layered process, as described in

Chapter 4.
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Chapter 3

Methodology

Now that we have a model to describe the motion of the resonator with the fea-

tures of interest, we proceed with analysis of the model with the ultimate goal of

optimizing the linear dynamic range (LDR). Ideally, we hope to find conditions

that extend the LDR beyond what can be found using a model with only cubic

nonlinearities [2], and to determine the limitations to this approach for electro-

statically actuated MEMS. For nonlinear resonances, we define the LDR to be the

maximum resonant amplitude that can be achieved without inducing bistability in

the frequency response. This occurs at a critical level of the drive that depends on

the other system parameters.

To accomplish this, we employ the Method of Averaging as described in Section

3.1 to find approximate solutions for the ODE model from Chapter 2:

ÿ(t) + 2Γẏ(t) + ω2
oy(t) + γy3(t) + δy5(t) = f cos(ωt). (3.1)

The resulting equations that govern the slow time dynamics of the resonator am-
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plitude and phase near resonance are independent of time and relate the response

to the system parameters discussed in Chapter 2. In Section 3.2, we use the av-

eraged equations to solve for the steady-state system response, and from this we

find critical drive level at the onset of bistability that marks the LDR, as predicted

by the model. The response amplitude and frequency and at the critical point are

determined as part of this solution process. The peak response amplitude for this

critical drive level determines the LDR.

3.1 The Method of Averaging

As part of the Method of Averaging, we transform the second order differential

equation, which can be thought of in terms of the states y and ẏ, into one in terms

of the amplitude (a) and phase (ϕ) of y.

First, we rewrite Equation 3.1 in terms of the amplitude and phase of the

motion of the resonator. For this to be accomplished, we define a coordinate

transformation by:

y(t) = a(t) cos(ωt+ ϕ(t)) (3.2)

and

ẏ(t) = −a(t)ω sin(ωt+ ϕ(t)), (3.3)

which define y and ẏ in terms of a and ϕ. This transformation, in the spirit of the

method of variation of parameters in differential equations, imposes a constraint

of the form,

ȧ(t) cos(ωt+ ϕ(t))− ϕ̇(t)a(t) sin(ωt+ ϕ(t)) = 0, (3.4)
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which must be satisfied.

Taking the time derivative of 3.3 we find an expression for the acceleration,

ÿ(t) = −ȧ(t)ω sin(ωt+ ϕ(t))− a(t)ω cos(ωt+ ϕ(t))(ω + ϕ(t)) (3.5)

which involves only first derivatives of a and ϕ. Substitution of 3.2, 3.3, and 3.5

into the equation of motion 3.1 yields an equation in terms of (ȧ, ϕ̇). This equation

and the constraint given in Equation 3.4 form a pair of linear equations in terms

of the rates of change of the amplitude and phase (ȧ, ϕ̇), which we then solve.

Solving this system of equations yields equations for (ȧ, ϕ̇) in terms of (a(t), ϕ(t))

and system parameters. In these equations, we assume that damping and nonlin-

earities are small. We are interested in resonance for which the forcing term can

also assumed to be small. With these assumptions, all terms in (ȧ, ϕ̇) are small,

which implies that (a(t), ϕ(t)) are slow, as required for application of the method

of averaging.

We assume at this point that the amplitude and phase of the vibration exhibit

both a slow, large amplitude drift and a high frequency, low amplitude oscillation,

as is often the case with such oscillators. An example of this is shown in Figure

3.1. This results in both the amplitude and the phase changing very little over the

course of a single period of the fast oscillation. As a result, we take the amplitude

and phase to be constant (a(t) → a, ϕ(t) → ϕ) during one period of excitation,

2π/ω. We average the equations for ȧ(t) and ϕ̇(t) over this period by integrating

with respect to time over one period of the fast oscillation and divide by the period:

ȧav =
ω

2π

∫ 2π
ω

0

ȧ(t) dt (3.6)
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a(t)

t

Figure 3.1: Amplitude of system exhibiting a high frequency oscillation and slow
drift (solid line) and its averaged response (dashed line).

ϕ̇av =
ω

2π

∫ 2π
ω

0

ϕ̇(t) dt, (3.7)

where the subscript av indicates an averaged function. These integrations yield

equations that are independent of time, depending only on a and ϕ and the system

parameters defined in Chapter 2.

For our analysis we seek the steady-state response of the resonator. This occurs

when the amplitude and phase are constant; which means the time rate of change

is zero. This provides us with a powerful tool in the analysis of the steady-state

forced vibration of the oscillators we are studying.

Applying the method of averaging, as developed in Chapter 2, to Equation 3.1,

and dropping the subscript av with the understanding that we are now working

with averaged equations, we arrive at:

ȧ = −2aωΓ + f sin(ϕ)

2ω
(3.8)
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ϕ̇ =
5a5δ + 6a3γ − 8aω2 + 8aω2

0 − 8f cos(ϕ)

16aω
. (3.9)

These equations can then be set equal to zero to find the steady-state response.

3.2 Manipulation of Averaged Steady-State Equa-

tions

In this section, we take the resulting equations of Section 3.1 and work them such

that we find a single polynomial that can be used to characterize the maximum

response of the system. From Equations 3.8 and 3.9, we first eliminate the de-

pendence on ϕ by applying the trigonometric identity sin2(ϕ) + cos2(ϕ) = 1. To

apply the identity, Equations 3.8 and 3.9 must be solved for sin(ϕ) and cos(ϕ)

respectively. This yields:

sin(ϕ) = −2aωΓ

f
(3.10)

cos(ϕ) =
a (5a4δ + 6a2γ − 8ω2 + 8ω2

0)

8f
. (3.11)

The identity can then be applied to yield

a2
(
(5a4δ + 6a2γ − 8ω2 + 8ω2

0)
2
+ 256Γ2ω2

)
64f 2

= 1, (3.12)

which can be solved for the steady-state amplitude in terms of the system and drive

parameters. The code used to arrive at this equation is presented in Appendix A.1.

At this point, it is desirable to remove the drive frequency from the equation
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by way of the frequency ratio:

r =
ω

ω0

, (3.13)

which can be rearranged to form:

ω2 − ω2
0 = ω2

0(r
2 − 1). (3.14)

This will be substituted into Equation 3.12. We also note that Equation 3.12 is

a tenth order polynomial in a, that can be expressed as a fifth order in a2, so we

substitute a2 = α:

f 2 =
25

64
α5δ2 +

15

16
α4γδ + α3

(
9

16
γ2 − 5

4
δω2

0(r
2 − 1)

)
− 3

2
α2γω2

0(r
2 − 1) + α

(
4Γ2ω2

0 + ω4
0(r

2 − 1)2
)
. (3.15)

Note that ω has been replaced with ω0 when it appears alone (which occurs once

accompanied by 4Γ2). This substitution is acceptable because the drive frequency

is within a few percent of the natural frequency for all conditions of interest in this

work. By doing this, we avoid an awkward substitution involving the frequency

ratio, the detuning, and the natural frequency, which would complicate the solu-

tion. This is motivated by the desire to wholly remove the drive frequency as it

appears, with the frequency ratio. This is useful because we are dealing with a

system near resonance, and the frequency ratio gives a more direct measure of how

close the drive frequency is to the linear natural frequency. It is useful to note that

a linear resonance peak which occurs at ω = ω0 corresponds to r = 1. This can be

seen in Figure 3.2. We refer to amplitude frequency curves now as α− r curves to

match the variables we are plotting and to avoid confusion with the driving force
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α

r
1

Figure 3.2: The α − r response of a system that exhibits a cubic hardening and
a quintic softening. The hardening effects dominate at lower amplitudes and the
softening dominates at larger amplitudes. plotted for drive levels below critical
(dot dashed), at critical (solid), and above critical (dotted). Note for the latter of
which the response is bistable in that the response curve at two real roots near ω0.

magnitude f .

Equation 3.15 provides us with a relationship between the amplitude of vi-

bration and the magnitude of the driving force that is independent of time and

phase.

By applying this method, the second order ODE has been converted into a pair

of first order ODEs, and we solved the system of equations for ȧ and ϕ̇. By assuming

a slow drift, we were able to integrate over one period and find averaged equations

in ¯̇a and ¯̇ϕ. We were able to combine these equations with trigonometry to yield a

single polynomial (Equation 3.15) that provides us with a relationship between the

amplitude of vibration and the frequency and magnitude of the driving force that
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is independent of time and phase. This solution is valid for steady, slowly varying

vibration. As a result, we can now explore analytic solutions for the maximum

drive conditions before the system becomes bistable.
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Chapter 4

Results

Our goal is to determine the maximum amplitude that can be achieved for a

MEMS resonator driven by a harmonic voltage such that it does not experience

bistability. This is an optimization problem that can be stated as follows: the

steady-state amplitudes can be found by solving for α in terms of the system and

drive parameters from Equation 3.15. Bi-(or even tri-) stability may occur in a

system with cubic and quintic nonlinear stiffnesses [6]. So, the problem boils down

to finding the maximum drive level for which Equation 3.15 has a single, real

positive root. A deeper look into this problem indicates that when one includes

both cubic and quintic terms this is a complicated process requiring a purely

numerical solution; however, one can find convenient closed form solutions when

only one of these terms is present. This is focus of the present work, which offers

a sub-optimal solution obtained when the cubic term is zero, as considered by

previous authors [2]. However, they did not estimate the LDR that accounts for

the quintic nonlinearity, which is the new result provided here.

As discussed in Chapter 1, models with up through cubic electrostatic terms
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have been analyzed previously [2, 13, 12], and such models have been used to

propose cancellation of the cubic terms in MEMS by balancing the mechanical

and electrostatic nonlinearities [2, 12]. These results are derived in detail for the

quintic case, where the cubic term is zero, in the next section using the same

approach as used in literature [7, 2, 13, 12]. For the purely cubic case, which has

been extensively studied, we present only the results in Section 4.2. In both, the

cubic and quintic cases there is a single stiffness term that is symmetric in the

displacement. See Appendix A.2 and A.3 for code.

Note that for our development, we assume softening quintic nonlinearity, δ < 0,

so that terms like
√
−δ are real. Also, the critical value of r will be less than unity,

so the same follows for terms such as
√
1− r2cr. The results easily generalize to

δ > 0 for which rcr > 1.

4.1 LDR with Quintic Nonlinearity

We simplify Equation 3.15 by assuming that the device is tuned to eliminate cubic

order effects, balancing the cubic mechanical and electrostatic terms, as proposed

in Agarwal et al. 2006 [2] and Shao et al. 2008 [12]. Our model provides a

response that includes higher order electrostatic softening that was not accounted

for in their cubic-only models. By keeping δ when we tune the DC bias such that

γe = γm, thereby eliminating γ, we capture the remaining softening response while

simplifying the model in such a way that a useful solution can be found.

We start the analysis by setting γ = 0 in Equation 3.15 to arrive at:

f 2 =
25

64
α5δ2 − 5

4
α3δω2

0(r
2 − 1) + α

(
4Γ2ω2

0 + ω4
0(r

2 − 1)2
)

(4.1)
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As previously discussed in Chapter 1, the maximum response will occur at the

onset of bistability, that is, where Equation 4.1 begins to exhibit multiple positive

roots in α. This condition is characterized by the existence of a critical point in the

response curve α versus r, which is a point of infinite slope, under the additional

condition that the curve does not bend back and become multi-valued (the sign

of the slope is the same on both sides of the critical point). Because of the form

of the 5th order polynomial in α, a closed form solution in α is not possible (by

the Abel−Ruffini theorem [1]), so rather than look at the amplitude as a function

of frequency, we instead consider the frequency as a function of amplitude. In

this view, the critical point becomes an inflection point ( d
dα

= d2

dα2 = 0). To find

the inflection point, we take the first and second derivatives of Equation 4.1 with

respect to α and set them equal to zero:

125α4δ2

64
+

1

4
ω2
0

(
16Γ2 − 15α2δ

(
r2 − 1

))
+
(
r2 − 1

)2
ω4
0 = 0 (4.2)

5

16
αδ

(
25α2δ − 24

(
r2 − 1

)
ω2
0

)
= 0 (4.3)

We now have three equations: (4.1, 4.2, and 4.3), and three variables: f , α,

and r at the critical point, to solve for in order to define the critical response in

terms of the device parameters. First, we solve Equation 4.3 for the critical value

of α:

αcr =
2
√
6

5

√
1− r2

−δ
ω0. (4.4)

Note that this equation is not solvable in closed form when both cubic and

quintic terms are present, preventing a fully optimized result, which is left for

37



future study.

Substituting Equation 4.4 into Equation 4.2 and solving for the frequency ratio,

we find that the critical point occurs at:

rcr =

√
1−

√
5 Γ

ω0

. (4.5)

Which we substitute back into Equation 4.4 to find a value of αcr that is indepen-

dent of r:

αcr =
2
√
6

53/4

√
Γω0

−δ
(4.6)

Finally, we substitute the solutions for αcr and rcr in Equation 4.1 and take the

square root to find the drive level at the critical condition:

fcr =
21/4 33/4 4

57/8

(
Γ5ω5

0

−δ

)1/4

. (4.7)

This is the drive level at the onset of bistability, and αcr and rcr provide the

inflection point on the response curve at this level of drive. This can be seen in

Figure 4.1 where the original polynomial (Equation 4.1) is plotted for the critical

frequency ratio leading to the existence of the critical point discussed.

Before we proceed, it is important to note that while we have not formally been

writing α as α(r), the relationship is nonetheless there. This is how one thinks of

the frequency response for a given level of drive f .

Now that we know the critical drive level, we can find the attendant frequency

ratio at which it occurs and the maximum amplitude of the response at that point,

which provides the desired LDR. To find the peak value of the response curve at

the tip of the α−r curve, we seek a point where the slope of the α−r curve is zero
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0.002

0.004

0.006

0.008

f
2

α
αcr

Figure 4.1: RHS of Equation 4.1 for ω0 = 1, δ = −1, and Γ = 0.05. The frequency
ratio r was calculated with Equation 4.5, leading to the existence of a critical point
occurring at (αcr, f

2
cr) which can be found with Equations 4.6 and 4.7. Dot dashed

line indicates the critical drive level, dotted lines indicate below and above critical
drive levels.

(α′(r) = 0). To this end, we use α(r) in Equation 3.15, differentiate with respect

to r, set α′(r) = 0 in the resulting equation, and then solve for the corresponding

value of r, which gives:

rmax =

√
1 +

5α2δ

8ω2
0

. (4.8)

This is the frequency ratio at which the maximum amplitude will occur. We

substitute this back into Equation 3.15 and set this equal to the critical drive level

from Equation 4.7, yielding an equation for the maximum amplitude at the peak

of the curve:

αmax =
12
√
6

57/4

√
Γω0

−δ
. (4.9)

This expression describes the LDR for a given device. This value of αmax can be
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substituted into Equation 4.8 to express the frequency ratio at which the maximum

amplitude is achieved in terms of the system parameters:

rmax =

√
1− 108Γ

25
√
5 ω0

. (4.10)

In order to provide expressions for the critical conditions and LDR that are

more readily understood by MEMS engineers, it is convenient to express them in

terms of the quality factor Q, as discussed in Section 2.5. The final equations for

the critical and maximum response in terms of Q are summarized in Table 4.1.

4.2 Results from Purely Cubic and Quintic Mod-

els

The quintic analysis, previously presented in this chapter, lets us take the opti-

mization of the cubic model that was performed in Agarwal et al. 2006 [2] and

Shao et al. 2008 [12], the results of which had to be found experimentally, and find

an algebraic solution that accounts for the leading order nonlinearity not included

in their models. This solution captures the maximum nonlinear response of the

system at the condition γe = γm. These results are presented alongside those of

the purely cubic model in Table 4.1.

It is important to note that, as the model that includes the quintic term can

only be solved when the cubic term is eliminated, we are left with only the purely

cubic model to predict the LDR for all other values of the DC bias. As can be

seen in the results from Agarwal et al. 2006 [2], the cubic model predicts a greater

system response than is measured, even more so when the electrostatics dominate
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Table 4.1. Results of Quintic and Cubic Models

Quintic Cubic

Parameter Critical Maximum Critical Maximum

α 2
√
3

53/4
ω0√
−δQ

12
√
3

57/4
ω0√
−δQ

8
3
√
3

ω2
0

γQ
32
9
√
3

ω2
0

γQ

r
√

1−
√
5

2Q

√
1− 54

25
√
5 Q

√
1 +

√
3

Q

√
1 + 8

3
√
3 Q

f 2 33/4

57/8

(
ω10
0

−δQ5

)1/4
2 33/4

57/8

(
ω10
0

−δQ5

)1/4
32
9
√
3

ω6
0

γQ3
32
9
√
3

ω6
0

γQ3

Note. — α is the amplitude of vibration squared, r is the ratio of the drive frequency
to the natural frequency, and f is the magnitude of the driving force. Also note that
the force at the critical point is used to compute the maximum response for each case.

mechanics, however, it is useful in finding the DC bias needed to balance the cubic

terms. It is not recommended to use the purely cubic model to directly model the

system response. To avoid this inaccuracy, we consider only the response at γ = 0

where the quintic model has the solution we present in this work.

It is of interest to note is that the maximum attainable amplitude (for both

models) is inversely proportional to the quality factor. While a higher quality factor

typically means the system can achieve a greater amplitude of vibration, for a given

driving force, it also results in a greater frequency shift at the higher amplitude.

A lower quality factor means additional losses and poor device performance. From

this we can see that devices with very little energy loss, while very efficient, cannot

be driven at large amplitudes without bistability. Intuitively, we can take away

from this that we do not want to minimize or maximize the quality factor, but

rather, we want to find an intermediate value which yields a device that can reach

acceptable amplitudes with an acceptable energy loss, however, in the MEMS
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α

r

Figure 4.2: α − r curves for a system at the critical drive level (solid) and with
increased DC bias (dashed) and decreased DC bias (dot dashed). For the critical
drive condition, the DC bias that causes γ = 0 gives the largest response before
it becomes multi-stable. Here, f = fcr, and ω0, γ, δ values are as follows for the
solid, dashed, and dot dashed curves: (1, 0,−1), (1.1, 1,−0.9), (0.9,−1,−1.1) to
simulate the change in DC bias.

community, it is more typical to accept the loss of amplitude associated with a

large Q and work to minimize the noise to obtain an acceptable SNR. This and

similar works that seek to optimize the nonlinearities provide a means to modeling

and improving such high Q devices.

Figure 4.2 shows that, by varying the DC bias such that cubic term is no longer

zero, the response of the system cannot be increased without the onset of bistability.

Similarly, Figure 4.3 shows that, by varying the amplitude of the driving force, any

increase to the response amplitude results in bistability. Thus we have shown that,

within the confines of an analytic model, the maximum predicted response for a

device is given by the solution to the quintic model presented in Table 4.1. As
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α

r

Figure 4.3: α− r curves for a system at the critical drive level (solid). Then with
increased drive (dashed) and decreased drive (dot dashed). Showing that for a
given DC bias, the ideal magnitude for the driving force is predicted by our model.
Values used: ω0 = 1, δ = −1, Γ = 0.1 for f = fcr and f = fcr(1± 0.3).

discussed in Section 5.4, experimental and numerical optimization are proposed as

extensions of this work to find improved drive conditions.
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Chapter 5

Conclusion

5.1 Conclusion

We have found a closed form solution that allows for further optimization of drive

conditions of MEMS resonators. By balancing the mechanical hardening and elec-

trostatic softening at cubic order, it is possible to find a near optimal operating

condition; however, if the quintic electrostatic term is not included, the model

breaks down into a linear model and can no longer predict the maximum ampli-

tude nor the frequency at which it occurs. We have solved for a set of conditions

that defines this maximum obtainable response under the condition of γe = γm.

The quintic model presented here also provides a more accurate representation of

the real system response, most noticeably when tuned such that the electrostatic

nonlinearities dominate.
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5.2 Nondimensionalization

This work has treated the problem in a dimensional form for convenience. However,

it is desirable to rework the problem to a nondimensional form. This allows for

comparison between a wider range of devices. To accomplish this, we first define

a dimensionless displacement using the ratio of the displacement to the beam

thickness.

z =
y

h
(5.1)

Dividing the differential equation used to model the resonator (Equation 3.1) by

h and manipulating, we reach:

ÿ

h
+ 2Γ

ẏ

h
+ ω2

0

y

h
+ γh2

(y
h

)3

+ δh4
(y
h

)5

=
f

h
cos(ωt) (5.2)

We then substitute Equation 5.1 and its derivatives into 5.2:

z̈ + 2Γż + ω2
0z + γh2z3 + δh4z5 =

f

h
cos(ωt) (5.3)

Next we wish to nondimensionalize in terms of time. To accomplish this we

define a dimensionless time τ

τ = ω0t. (5.4)

As a result we now have z(τ). applying chain rule to the differentiation of z wrt t

grants:

ż =
dz

dt
=
dz

dτ

dτ

dt
= ω0

dz

dτ
(5.5)

z̈ =
d2z

dt2
= ω2

0

d2z

dτ 2
(5.6)
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Table 5.1. Coefficients for Nondimensional Equation

Parameter From Coefficients

Γ̂ 2Γ
ω0

γ̂ γh2

ω2
0

δ̂ δh4

ω2
0

f̂ f
hω2

0

We can now substitute into Equation 5.3 and dividing through by ω2
0 to find:

z′′ +
2Γ

ω0

z′ + z +
γh2

ω2
0

z3 +
δh4

ω2
0

z5 =
f

hω2
0

cos(rτ). (5.7)

From this, we define new nondimensional versions of the coefficients from Equation

3.1. which yields:

z′′ + 2Γ̂z′ + z + γ̂z3 + δ̂z5 = f̂ cos(rτ), (5.8)

where the coefficients are given in Table 5.2.

5.3 Application to Existing Devices and Device

Design

This analysis can be applied to existing devices by experimentally determining

the system parameters and applying the results in Table 4.1 (Section 4.2) to find

the ideal drive conditions for the device. This work is also relevant to the opti-

46



mal design of new devices. Designers can work backwards from the desired drive

conditions and response to determine the system parameters that are required to

achieve it, giving designers the ability to easily design devices that achieve im-

proved performance over those developed with the more commonly used cubic

model.

5.4 Future Work

In terms of a more full optimization analysis, there are several avenues of research.

The first is to optimize with both cubic and quintic nonlinearities. By including

a small, positive cubic hardening term, there would be a weak opposition to the

quintic softening at large amplitudes, allowing for larger vibration amplitudes to

be achieved before the onset of bistability. This would provide a more detailed

picture of the resonator dynamics and would provide the optimal scenario for device

tuning; however, such a solution is beyond the scope of this work. Since a closed

form solution seems unlikely, due to the higher order polynomials encountered,

we propose applying numerical methods to this problem. A proposed method for

this is to start with the near-ideal, critical conditions predicted by the quintic

model, then increase the cubic nonlinearity (by increasing γm or reducing γe) to

bend the response curve in opposition to the higher order electrostatics. The drive

amplitude can then be increased until a new critical condition, at the onset of

bistability, is formed (See Figure 5.1). This process will be iterative as a change

to the balance of the two cubic terms results in a change to the natural frequency

and/or the quintic term.

Along similar lines, if one is optimizing nonlinearities using numerical means,
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α

r

Figure 5.1: Example of proposed methodology to increase the possible drive am-
plitude from the calculated quintic critical condition (solid), by reducing the DC
bias (dashed), then increasing the drive amplitude to a new critical point at high
amplitude (dot dashed).

there might be no reason to expand the electrostatic force in series form, but

instead consider it in full form for the numerical analysis. In this way, one can

naturally include the nonlinear damping of the form y2ẏ that is known to exist in

these devices [11].

Furthermore, this analysis is complementary to ongoing work at FIT, TU-

Denmark, and UCSB that uses shape optimization to allow nonuniform beam and

electrode gap geometry to maximize the LDR of simple clamped-clamped beam

devices. That work follows the ideas presented in [4] for manipulation of nonlinear

terms in finite element models.
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Appendix A

Code

The code contained in this Appendix was developed in the Wolfram language using

Mathmatica 11. Following the order of the body of this thesis, the code used for

the method of averaging is presented in A.1, followed by the analysis of the cubic

(A.2) and quintic (A.3) models that stem from Equation 3.15 which is found by

the method of averaging.
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A.1 Method of Averaging Code

Appendix body begins on following page.
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eom = z''[t] + 2 Γ z'[t] + ω0^2 z[t] + γ z[t]^3 +

δ z[t]^5 - f Cos[ω t];

zsub = a[t] Cos[ω t + ϕ[t]];

con = a'[t] Cos[ω t + ϕ[t]] - a[t] ϕ'[t] Sin[ω t + ϕ[t]];

sub = {z[t] → zsub, z'[t] → (D[zsub, t] - con),

z''[t] → D[(D[zsub, t] - con), t]};

eoms = eom /. sub;

ape = Simplify[Solve[{eoms ⩵ 0, con ⩵ 0}, {a'[t], ϕ'[t]}]]

a′[t] →

-
1

ω
Sin[t ω + ϕ[t]] f Cos[t ω] - γ a[t]3 Cos[t ω + ϕ[t]]3 -

δ a[t]5 Cos[t ω + ϕ[t]]5 + a[t] ω (ω Cos[t ω + ϕ[t]] +

2 Γ Sin[t ω + ϕ[t]]) - Cos[t ω + ϕ[t]] ω0
2
,

ϕ
′
[t] →

1

ω a[t]
Cos[t ω + ϕ[t]] -f Cos[t ω] +

γ a[t]3 Cos[t ω + ϕ[t]]3 + δ a[t]5 Cos[t ω + ϕ[t]]5 +

a[t] -ω (ω Cos[t ω + ϕ[t]] + 2 Γ Sin[t ω + ϕ[t]]) +

Cos[t ω + ϕ[t]] ω0
2


ap1 = Integrate[(ape[[1, 1, 2]] /. {a[t] → a, ϕ[t] → ϕ}),

{t, 0, 2 Pi/ω}] ω/(2 Pi)

ϕp1 = Integrate[(ape[[1, 2, 2]] /. {a[t] → a, ϕ[t] → ϕ}),

{t, 0, 2 Pi/ω}] ω/(2 Pi)

-
2 a Γ ω + f Sin[ϕ]

2 ω

6 a3 γ + 5 a5 δ - 8 a ω2 - 8 f Cos[ϕ] + 8 a ω0
2

16 a ω

trigeqs = Solve[{ap1 ⩵ 0, ϕp1 ⩵ 0}, {Cos[ϕ], Sin[ϕ]}]

Cos[ϕ] →
a 6 a2 γ + 5 a4 δ - 8 ω2 + 8 ω0

2

8 f
, Sin[ϕ] → -

2 a Γ ω

f
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ampe =

Simplify[

Expand[

((trigeqs[[1, 1, 2]])^2 + (trigeqs[[1, 2, 2]])^2 - 1)

f^2]]

ampeα = Simplify[ampe /. a → Sqrt[α]]

1

64
-64 f2 + 60 a8 γ δ + 25 a10 δ2 - 96 a4 γ ω

2
+

4 a6 9 γ
2
- 20 δ ω

2
 + 64 a2 4 Γ

2
ω
2
+ ω

4
 +

1

4
6 a4 γ + 5 a6 δ - 8 a2 ω2 ω0

2
+ a2 ω0

4

-f2 +
1

64
α 60 α

3
γ δ + 25 α

4
δ
2
-

96 α γ ω
2
+ 4 α

2
9 γ

2
- 20 δ ω

2
 + 64 4 Γ

2
ω
2
+ ω

4
 +

1

4
α 6 α γ + 5 α

2
δ - 8 ω

2
 ω0

2
+ α ω0

4

ampeα /. γ → 0

-f2 +
1

64
α 25 α

4
δ
2
- 80 α

2
δ ω

2
+ 64 4 Γ

2
ω
2
+ ω

4
 +

1

4
α 5 α

2
δ - 8 ω

2
 ω0

2
+ α ω0

4

ampeα /. δ → 0

-f2 +
1

64
α 36 α

2
γ
2
- 96 α γ ω

2
+ 64 4 Γ

2
ω
2
+ ω

4
 +

1

4
α 6 α γ - 8 ω

2
 ω0

2
+ α ω0

4
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A.2 Cubic Model Code

Appendix body begins on following page.
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ff =

1

16
a2

9 a4 γ2 - 24 a2 γ ω0
2
r2 - 1 + 16 4 Γ

2
ω0

2
+ ω0

4
r2 - 12 /.

a → Sqrt[α]

1

16
α 9 α

2
γ
2
- 24 -1 + r2 α γ ω0

2
+ 16 4 Γ

2
ω0
2
+ -1 + r22 ω0

4


e11 = Simplify[D[ff, α]]

e22 = Simplify[D[e11, α]]

27 α2 γ2

16
+ -3 -1 + r2 α γ + 4 Γ

2
 ω0

2
+ -1 + r22 ω0

4

3

8
γ 9 α γ - 8 -1 + r2 ω0

2


αcr1 = Simplify[Simplify[Solve[e22 ⩵ 0, α]]]

α →
8 -1 + r2 ω0

2

9 γ


αcr =
8 -1 + r2 ω0

2

9 γ
;

Simplify[Solve[Simplify[e11 /. {α → αcr}] ⩵ 0, r] /.

omega → ω0]

r → - 1 -
2 3 Γ

ω0
, r → 1 -

2 3 Γ

ω0
,

r → - 1 +
2 3 Γ

ω0
, r → 1 +

2 3 Γ

ω0
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rcr = 1 +
2 3 Γ

ω0
;

αcr = Simplify[αcr /. {r → rcr}]

16 Γ ω0

3 3 γ

fcr = Simplify[ff /. {α → αcr, r → rcr} /. omega → ω0]

256 Γ3 ω0
3

9 3 γ

Sqrt
256 Γ3 ω0

3

9 3 γ



16
Γ3 ω0

3

γ

3 × 31/4

fcr3 = fcr /. {Γ → (ω0 /(2 Q))}

ω0
6

2250 3 γ

rcr3 = rcr /. {Γ → (ω0 /(2 Q))}

1 +
3

20

αcr3 = αcr /. {Γ → (ω0 /(2 Q))}

2 ω0
2

15 3 γ
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αmax =
32 ω0

2

9 3 γ Q
;

rmax = Simplify 1 +
3 γ α

4 ω0
2

/. α → αmax

1 +
2

15 3

Simplify[αmax/αcr3]

4

3
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A.3 Quintic Model Code

Appendix body begins on following page.
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ff =

1

64
a2 25 a8 δ2 - 80 a4 δ ω0

2
r2 - 1 +

64 4 Γ
2
ω0

2
+ ω0

4
r2 - 12 /. a → Sqrt[α]

1

64
α 25 α

4
δ
2
- 80 -1 + r2 α

2
δ ω0

2
+ 64 4 Γ

2
ω0
2
+ -1 + r22 ω0

4


e11 = Simplify[D[ff, α]]

e22 = Simplify[D[e11, α]]

125 α4 δ2

64
+
1

4
16 Γ

2
- 15 -1 + r2 α

2
δ ω0

2
+ -1 + r22 ω0

4

5

16
α δ 25 α

2
δ - 24 -1 + r2 ω0

2


αcr1 =

SimplifySimplify[Solve[e22 ⩵ 0, α]] /.

-1 + r2 ω0
2

→ ω0 -1 + r2 

{α → 0}, α → -
2 6 -1 + r2 ω0

5 δ

, α →
2 6 -1 + r2 ω0

5 δ



αcr =
2 6 1 - r2 ω0

5 -δ

;

61



Simplify[Solve[Simplify[e11 /. {α → αcr}] ⩵ 0, r] /.

omega → ω0]

r → - 1 -
5 Γ

ω0
, r → 1 -

5 Γ

ω0
,

r → - 1 +
5 Γ

ω0
, r → 1 +

5 Γ

ω0


rcr = 1 -
5 Γ

ω0
;

αcr = Simplify[αcr /. {r → rcr}]

2 6 Γ

53/4 -δ
Γ

ω0

fcr = Simplify[ff /. {α → αcr, r → rcr} /. omega → ω0]

48 6 Γ5

5 × 53/4 -δ 
Γ

ω0

5/2

SimplifySqrt
48 6 

Γ

ω0

5/2

ω0
5

5 × 53/4 -δ



4 × 21/4 × 33/4


Γ

ω0

5/2

ω0
5

-δ

57/8
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fcr5 = fcr /. {Γ → (ω0 /(2 Q))}

Sqrt[fcr5]

12 3 
1

Q

5/2

ω0
5

5 × 53/4 -δ

2 × 33/4

1
Q

5/2

ω0
5

-δ

57/8

rcr5 = rcr /. {Γ → (ω0 /(2 Q))}

1 -
5

2 Q

αcr5 = αcr /. {Γ → (ω0 /(2 Q))}

2 3 1

Q
ω0

53/4 -δ

Solve[(D[(ff /. α → α[r]), r] /. α
′
[r] → 0 /. α[r] → α) ⩵ 0,

r]

{r → 0}, r → -
ⅈ -5 α2 δ - 8 ω0

2

2 2 ω0

, r →
ⅈ -5 α2 δ - 8 ω0

2

2 2 ω0
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ff /. r →
8 ω0

2 + 5 δ α2

2 2 ω0

ffc = Simplifyff /. r →
8 ω0

2 + 5 δ α2

2 2 ω0



1

64
α 25 α

4
δ
2
- 80 α

2
δ ω0

2
-1 +

5 α2 δ + 8 ω0
2

8 ω0
2

+

64 4 Γ
2
ω0
2
+ ω0

4
-1 +

5 α2 δ + 8 ω0
2

8 ω0
2

2

4 α Γ
2
ω0
2

αmax =

SimplifySolveffc ⩵

48 6 
Γ

ω0

5/2

ω0
5

5 × 53/4 -δ

, α[[1, 1, 2]]

12 6 Γ

5 × 53/4 -δ
Γ

ω0

rmax = SimplifySimplify
8 ω0

2 + 5 δ α2

2 2 ω0

/. α → αmax

-
108 Γ ω0

5
+ 25 ω0

2

5 ω0
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rmax = 1 -
54

25 5 Q

1 -
54

25 5 Q

Simplify[αmax/αcr]

6

5
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