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Abstract
Mathematical model and experimental verification of
spatially multiplexed Systems using ray theory and
modified Laguerre Gaussian beams

Author: Saud Alanzi
Major Advisor: Syed Murshid, Ph.D.

Spatial/Space Division Multiplexing (SDM) is based on a channel spacing
technique in optical fibers that has the potential to inspire a revolution in optical
communications. This patented technique provides a method to launch, transport,
and detect two or more optical channels that operate at exactly the same wavelength
inside a single multimode optical fiber. In addition, the patented technique added a
new dimension and a new degree of photon freedom to the existing fiber multiplexing
techniques and complements Time Division Multiplexing (TDM) and Wavelength
Division Multiplexing (WDM). As a result, the bandwidth of existing and new
optical fiber systems maybe increased by multiple folds. Therefore, Multi-TB/s
hybrid architectures are feasible.
SDM is a multi-input multi-output (MIMO) system that achieves spatial
multiplexing by controlling the orientation of the input launching angles. The angles
iii

of the spatially multiplexed channels leaving the fiber at the output end depend on
the input angles. These MIMO channels traverse the length of the fiber without
interfering with each other and the screen projection of the intensity profile at the
exit end of the fiber resembles donut shaped concentric circles. Spatial filtering
techniques are employed at the output end of the fiber to de-multiplex and process
the individual channels.
The endeavor demonstrates the feasibility of a two channel SDM system
operating at 10Gbps, using standard C-band Tunable Small Form Factor Pluggable
(TXFP) laser transcivers, and develops a mathematical model for SDM channels that
relate the incident and output angles to topological charge and the orbital angular
momentum (OAM), by combining ray theory and modified Laguerre Gaussian (LG)
beam equations. Experimental results and model predictions are compared and
analyzed. In addition, the relationship between Bessel Beams inside the fiber and the
output Laguerre Gaussian beams in free space is explored.
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1

Introduction

Ibn Al-Haytham, also known as Alhazen and the father of optics, was an Arab
mathematician and astronomer (circa 965-1040 CE). In 1015, he wrote his famous
seven-volume Book of Optics, laying down the foundations of the field of optics [1].

Figure 1.1: Ibn Al-Haytham

Ibn Al-Haytham’s work has greatly influenced the study of light, optics, and
vision. Through its many translations, the Book of Optics also inspired the artists of
the Renaissance, as it provides the foundations to the theory of optics, vision, and
color, including coverage of the theory of visual perception calculations.
Ibn Al-Haytham’s Book of Optics established the fundamentals of reflection
and refraction. This dissertation would not be possible without the contributions from
giants like him.
1

1.1 Optical communication background
Optical communication has been used since the dawn of time. Smoke signals,
mirrors, and other aboriginal methods have been employed for a long time, despite
being limited by distance and weather conditions. These systems also permitted a
very low data rate of about 1 bit per second (bps) or less. More modern methods
involving lamps, halogens etc. are still utilized in lighthouses today. When humans
harnessed electricity, the telegraph provided a faster and more dependable means of
communication. Better coding techniques, such as the Morse code, increased data
rates to about 10 bps. The telephone, introduced in 1876, transformed
communication.

It made real-time voice communication possible over long

distances. The telephone continues to be a vital component of modern life.
In the early days of communication, the twisted pair cable served as the
primary signal transmission vehicle. However, its bandwidth was low, and crosstalk
and electromagnetic fields interfered with communication. The coaxial cable had a
higher bandwidth and thus was an improvement, but the copper wire it used was
already almost at its maximum capacity in terms of available bandwidth.
Graham Bell, who had earlier introduced the telephone, also invented the
photophone, where he used light to transmit speech in free space over several
hundred meters. Like previous other free space optical communication systems,
Bell’s photophone was affected by weather conditions. In addition, the distance
2

between the transmitter and the receiver was also limited by the lack of a coherent
light source.
Maiman invented the first operable laser in 1960 [2]. In Maiman’s invention,
the active gain medium was a pink ruby crystal. In 1961, Snitzer and Hicks
demonstrated that laser light could be transmitted through a small glass fiber [3].
Keck, Schultz, and Maurer [3], however, developed the purest optical fiber of that
time using fused silica, which had a loss of less than 20 dB/Km. The same team
reduced the loss to 4 dB/Km in 1972. During that same period, in 1970, Morton
demonstrated the first semiconductor laser that could operate for prolonged periods
at room temperature [3]. Thus, the foundations for the commercial use of optical
fibers and lasers for communication were established and the technology
infrastructure was almost ready for deployment.
Semiconductor lasers operating at 1.3 μm had low attenuation – 0.35 dB/Km,
and relatively low dispersion in silica fibers. The bit rate of optical fibers was
dramatically increased with the development of single-mode fibers, which have a
smaller temporal pulse spread and therefore permit a higher bandwidth. These
improvements increased the optical fiber capacity to 2 Gbps [4]. Semiconductor
lasers that operated at 1.55 μm further decreased the attenuation to a mere 0.2 dB/Km
and permitted bit rates as high as 10 Gbps over a distance of 100 Km [3]. Low
dispersion at that wavelength required special fibers [5].

3

1.1.1

Modern communication architectures
The arrival of the Internet has significantly increased the demand for data

capacity in telecommunications. Communication media such as twisted pair and
coaxial cables have reached their limits in terms of bandwidth. The twisted pair uses
digital subscriber line / asymmetric digital subscriber line (DSL/ADSL) technologies
to provide both telephone conversations and Internet simultaneously. In the same
way, both TV transmission and the Internet utilize coaxial cable. The use of smarter
and more efficient encoding methods has enhanced the data carrying capacity of
these transmission media.
Assuming an optical fiber illuminated by a typical optical source operating at
1x1014 Hz, the optical fiber has a theoretical bandwidth of 2x1014 Hz. Hence,
theoretically it can support 50x109 simultaneous telephonic conversations as the
bandwidth requirement of a standard telephone conversation is about 4 kHz.
Therefore, a single optical fiber cable can potentially support simultaneous voice
conversations for everyone on the planet.
However, the full potential of the optical fiber has yet to be reached. Optical
fiber data carrying capacity can certainly be increased by new laser sources, new
materials and improved multiplexing and coding schemes. Similar to the copper wire
derivatives, optical fiber communication has already utilized improved multiplexing
techniques such as Time Division Multiplexing (TDM) and Wavelength Division
Multiplexing (WDM) [2] to pack more information over a single strand of optical
4

fiber. Still more needs to be done as the demand for increased bandwidth and higher
data rates continue to grow unabated.

1.1.2

Key component of communication systems
The basic blocks of any communication system include a transmitter, the

medium through which the signal travels, and the receiver that receives and processes
the signal. The block diagram shown in Figure 1.2 graphically present the basic
building blocks of a communication system.

Figure 1.2: Communication system block diagram

One of the most common communication systems involves the human speech
where the throat is the transmitter, the surrounding air is the medium, and the ear is
the receiver. In certain cases it is possible that more than one person may start talking
at the same time leading to intermixing of signals. To avoid such cases, in situations
5

similar to a class room, a simple technique known as time division multiplexing
(TDM) is often employed where the speakers tend to take turns and visual cues such
as raising of hands are often used to systematically allow only one person to use the
transmission media at any given time. This allows the voice signal to reach the
recipients in a clear and uninterrupted fashion. In short multiplexing allows multiple
users to use the same channel in an efficient manner.
The last decade or so has seen tremendous technological change, especially
from the perspective of data usage. The audio and video cassettes gave way to the
compact disk or the CD. The CD was soon replaced by more compact, capable and
higher density storage media, the digital video disk, also known as the digital
versatile disk (DVD). The DVD could store about 4.7 GB (8.5 GB for double layered
versions) as opposed to 700MB or 0.7GB for the CD. However business relying on
renting the video cassettes, CDs and DVD such as ‘Blockbuster’ went out of business
and their share was generally captured by online services such as ‘Netflix’ due to the
relatively abundant and inexpensive availability of high speed internet services.
Social media networks such as Facebook, Twitter, Snapchat, Instagram etc., coupled
with emails, web browsing, video conferencing and data download have pushed the
bandwidth requirements to unprecedented levels. The demand for data is increasing
at the rate of 2dB/year and it is projected that over the next 20 years the bandwidth
requirement will increase by 10,000 times. Discovering ways to increase channel
capacity to these levels and laying down the infrastructure to support such an
6

enormous growth in a reliable and inexpensive fashion would definitely be a
challenge. Hence it is imperative to explore new ways that present the potential to
increase the channel capacity by investigating new multiplexing and coding schemes.
This endeavor revolves around a novel multiplexing technique known as Spatial
Domain Multiplexing or Space Division Multiplexing (SDM) in optical fibers. This
technique adds a new degree of photon freedom to optical fibers and has the potential
to increase the data capacity by multiple folds.

1.1.3

Popular Multiplexing Techniques
Multiplexing is the method of combining multiple input signal sources over

a single carrier channel for data streaming or ‘many to one’. Optical communications
can support several types of multiplexing techniques [4,5]. Figure 1.3 shows the
different types of multiplexing techniques that can be used in optical fiber
communications while the subsequent sections briefly describe each of these
techniques.
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Multiplexing

Time division
multiplexing TDM

Wave divsion
multiplexing WDM

Polarization
Division
Multiplexing PDM

Orbital Angular
Momentum
Multiplexing OAM

Spatial /Space
Domain
Multiplexing SDM

Figure 1.3: Flow chart of different multiplexing techniques

1.1.4

Time Division Multiplexing (TDM)
TDM is one of the earliest multiplexing techniques that better utilizes the

transmission medium’s capacity to transmit and receive multiple lower data signal
signals over a communication system [6]. Time Division Multiplexing is effectively
a signal combining procedure that uses time stamp to combines various low data rate
channels over a single high data rate channel. The channels are divided into frames,
which are sequentially interleaved onto the carrier channel in accordance with their
allocated time slot. The TDM concept is graphically presented in Figure 1.4. TDM
can optimize the utilization of the channel capacity.
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Figure 1.4 TDM with each oval shape representing a source. Each slot is the time slot for the
corresponding source.

TDM is independent of the actual physical layer or the media that is used in
communication, electrons or photons, TDM can be utilized on all transmission
media.

1.1.5

Wave Division Multiplexing (WDM)
As with all multiplexing techniques, WDM is a form of multiple input and

multiple output (MIMO) technique. In this multiplexing technique, the bandwidth of
the transmission medium is divided into the number of the transmission sources. The
term Wavelength Division Multiplexing (WDM) is typically used with optical fibers.
The term Frequency Division Multiplexing is its corresponding technique that is
commonly used for Radio Frequency applications. WDM sends each channel on an
individual wavelength into a single optical fiber. In this way, multiple optical
9

channels can be transmitted at the same time.

In addition, bidirectional

communication may also be achievable simultaneously over a single optical fiber.
Figure 1.5 below illustrates a representative WDM system.

Figure 1.5 Block diagram of WDM architecture

A WDM system consists of two modules: a multiplexing module and a demultiplexing module. While the multiplexing module accepts multiple laser sources,
the de-multiplexing module utilizes filters to resolve individual wavelengths to
particular photodetectors or pathways. The idea of WDM was proposed in the 1970’s
[6] and modern WDM systems can simultaneously support more than 160 different
channels over a single carrier fiber. Theoretically, they can increase the capacity of
a basic 10 Gbps fiber system to 1.6 Tbps, over a single fiber.
WDM systems have three types: conventional, dense, and coarse.
Conventional WDM system can deliver a maximum of 16 channels. Dense
10

wavelength division multiplexing (DWDM) delivers 31 or 62 channels. It is possible
to double the number of optical channels by decreasing the wavelength separation.
Systems with doubled optical capacity are often called ultra-dense WDM. Coarse
WDM also delivers a maximum of 16 channels, however it has wider spacing
between channels, which permits the use of less expensive transceiver designs.

1.1.6

Polarization Division Multiplexing (PDM)
Polarization Division Multiplexing (PDM) is another way that can be

employed to increase the transmission channel capacity. It relies on the polarization
property of light wave having two orthogonal components perpendicular to each
other and the direction of propagation. This can be multiplexed by varying the
refractive index. PDM can take the form of linear, elliptical, and circular
polarizations. Linear polarization is in the X, Y direction; elliptical polarization is
right hand and left hand, and circular polarization uses clockwise and counterclockwise directions [7]. Figure 1.6 explains the X and Y direction polarization and
also illustrates the concept of of pulse spreading, i.e., dispersion [8].
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Figure 1.6 Polarization division multiplexing in X,Y directions with pulse spreading

This type of polarization is difficult to maintain due to imperfections in the
fiber geometry, bending, dispersion, and the difficulty of preserving the orientation
of polarization along the optical fiber. Hence special types of fibers such as a
Polarization Maintaining Fiber (PMF) are often required.

1.1.7

Orbital Angular Momentum Multiplexing (OAM)
This type of multiplexing technique is based on having a pair of

electromagnetic waves that both have different orbital angular momentums but the
same Azimuthal index [9]. This technique, shown in Figure 1.7, utilizes the
momentum direction, either being clockwise or counter clockwise, governed by the
12

Azimuthal index l being either positive or negative. The detection method utilizes a
ridge-based segmented circular detector.

Circular polarization

Linear polarization

Quarter wave plate

Reversed circular polarization

Half wave plate

Figure 1.7 Generation of OAM in free space

1.1.8

Spatial /Space Domain Multiplexing (SDM)
In early 2001, the Optronics Laboratory of Florida Institute of Technology

invented Spatial domain Multiplexing (SDM), a novel MIMO multiplexing
technique [10] which provides the spatial reuse of optical frequencies to transmit and
receive data over existing optical fibers to support multiple co-propagating channels
of same wavelength. This is accomplished by launching multiple single-mode laser
sources at varying angles into a multimode carrier fiber. This unique launching
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technique enhances the data capacity of existing, as well as futuristic, optical fibers.
Figure 1.8 shows the graphic depiction of a two channel SDM system.

Figure 1.8 Graphic representation of a two channel SDM system.

SDM adds a new degree of photon freedom to optical fiber data multiplexing
technology and increases the data transmission capacity of optical fiber systems by
multiple folds with minimal cost and effort. SDM can also operate in tandem with
both TDM and WDM to further enhance data capacity [3], thereby increasing
transmission capacity.
Figure 1.9 shows the block diagram of an SDM system that complements
WDM. The Beam Combiner Module (BCM) serves as the multiplexer while the
Beam Separator Module (BSM) serves as the de-multiplexer.

14

Figure 1.9 Block diagram of a four channel SDM architecture with WDM

1.2

Hybrid communication architecture
Since SDM can work in tandem with most popular multiplexing techniques, a

hybrid architecture employing multiple multiplexing techniques in tandem can be
used to increase the capacity of fiber optic cables. Figure 1.10 shows such a hybrid
architecture, where each donut shaped SDM channel complements a broad range of
WDM channels, and each WDM channel uses a large set of TDM based data streams
from multiple sources. Furthermore, each donut shaped SDM ring supports two
counter rotating SDM channels, one carrying clockwise OAM while the other
carrying counterclockwise OAM. Table 1.1 presents the improvement in the capacity
of a hybrid optical fiber system that integrates WDM, SDM, and OAM.

Figure 1.10: Combination of four channels of SDM
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Table 1.1 Channel capacity of WDM, SDM, and OAM

Channels

Channels

(WDM Architecture)

(with 5 SDM Bands)

40

40*5= 200 channels

2*200 = 400 channels

80

80*5= 400 channels

2*400 = 800 channels

160

160*5=800 channels

2*800=1600 channels

192

192*5 = 960 channels

2*960= 1920 channels

Channels (WDM+SDM+OAM)

1.3 Two main optical fiber types
Optical fibers can be divided into two sub categories: the multimode fiber and
the single mode fiber. The multimode fiber has a larger core area supporting a large
number of optical modes. In contrast, the single mode fiber has a smaller core that
allows only one mode to traverse the length of the fiber. Figure 1.11 graphically
expands on this concept.

Figure 1.11: Isometric view of multimode and single mode fibers
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1.4 Fiber construction
The center region, as shown in Figure 1.12, depicts the core of the fiber, which
has the higher refractive index. A layer called cladding surrounds the core. The
cladding has a lower refractive index than the core. The purpose of the cladding is to
support total internal reflection of the optical energy inside the core of the fiber in
accordance with Snell’s laws. With the exception of the refractive index profile, the
core and cladding tend to have similar glass purity and properties and are not
distinguishable. A protective buffer often surrounds the cladding to increase the
strength and provide desired mechanical properties of the fiber.
The core size is typically between 4-12 µm for a single mode fiber and 501000 µm for a multimode fiber. The fiber is usually made of Silica glass (SiO2),
polymers, or plastic. The refractive index difference between core and cladding is
typically around 1-2%.
Glass is brittle by nature, but glass-based optical fiber frequently needs to
endure severe environments. Hence steel armor or other materials are sometimes
added to afford the strength necessary for some fiber optic cable applications.
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Figure 1.12: Regions of an optical fiber

1.5 Different types of fibers
The classification of different types of fibers is based on their refractive index
profiles and geometry. Common types of fiber classification are presented below.
1.5.1

Step index fiber
Optical fibers generally have a cylindrical geometry. When there is a sudden

or step change of refractive index profile at the core-cladding interface, such fibers
are called step index fibers.

Figure 1.13 (a) Cross sectional view of Multimode (step index and graded index) and Single Mode Fiber
(b) Refractive index profile (c) Ray trajectory inside the core of the fiber
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Figure 1.13 (b) illustrates the changes in the refractive indices at the boundary
of core and cladding. In accordance with Snell’s law, the core refractive index is
higher than the cladding refractive index. Thus, most of the optical energy is confined
within the core. However, a small fraction of light may leak into the cladding,
propagate for some distance, and then decay [6].
The refractive index for a step index fiber is given by [1]:
n={

𝑛1 ; 𝜌 ≤ 𝑎
𝑛2 ; 𝜌 > 𝑎

(1.2)

where 𝑛1 = core index, 𝑛2 = cladding index, a = radius of the core, ρ is the radial
distance from the axis or the origin of the fiber, and 𝑛1 > 𝑛2 .
Based on the core and cladding refractive indices, we can calculate the numerical
aperture for a step index fiber using the following relationship [1]:
NA =√𝑛1 2 − 𝑛2 2
1.5.2

(1.3)

Graded index fiber
In graded index fibers, the refractive index of the core decreases with the

increase in the radius. The refractive index of the cladding stays constant. Figure 1.13
illustrates of this type of fiber on the left column of the image. The multimode and
single mode fibers are also shown in the figure 1.13 The refractive index profile of
the graded index fiber is given by equation 1.4:
𝜌 𝛼

𝑛1 [1 − ∆ (𝑎) ] ; 𝜌 ≤ 𝑎

n(𝜌) = {
𝑛1 [1 − ∆] = 𝑛2

;

𝜌>𝑎
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(1.4)

where α is the parabolic index profile and ∆ is the index difference. Typically, the
value of α is 2 for most graded index fibers.
The refractive index difference (∆) can be calculated using equation 1.5:

∆=

(𝑛1 2 −𝑛2 2 )

(1.5)

2 𝑛1 2

Equation (1.5) can be simplified using a weakly guiding approximation ( ∆≪ 1) [1]:

∆=

𝑛1 −𝑛2

(1.6)

𝑛1

where ∆ is usually 1-3 % for multimode fibers and 0.2-1% for single mode fibers.

1.6 Ray classification in fiber optics
Rays that propagate inside optical fibers are divided into two categories [7]:

a) Meridional ray: These types of rays cross the fiber axis after every reflection.
They follow a zigzag path inside the fiber. This is illustrated in Figure 1.14
(a).

b) Skew rays: These types of rays do not cross the fiber axis. These rays enter
the fiber and travel helically inside it, avoiding the axis of the fiber as shown
in Figure 1.14 (b). Helical propagation of light also obeys total internal
reflection at the core cladding interface.
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Figure 1.14: Side view of ray trajectory

1.7

Applications
Fiber optic communication offers the highest capacity and most reliable digital

transmission medium. Hence it is the media of choice for many applications such as
data transmission lines, telecommunication applications, communication networks,
data center servers, and most applications that utilize high data rate digital
transmission.
Optical fibers are frequently used in applications including:
a) Telecommunications: Fiber optic links deliver faster data rates. Data transfers
between different sections of corporate offices calling for very high data rates
are generally accomplished through fibers. Home line applications using
video streaming, downloading files, and sharing files between different
servers such as Skype and Dropbox require higher data rates, and these types
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of applications are also generally accomplished using optical fiber links.
However, the application of fiber optics in low data-rate home lines is limited
because of the last mile issue where the high costs of lasers and various
optical components make the use of fiber optics more expensive and thus less
prevalent.
b) Medical: The advancement of fiber optic technology provides the medical
industry a distinct advantage. Many surgeries are performed using lasers,
which benefit from the use of fiber optic cables. For example, multiple
bundles of optical fiber cables are often used in “Keyhole” surgery. Each
bundle carries many individual fibers, some of which are used to illuminate
the area where the surgery is to be performed while others are used to feed
the target image to the surgeon.
c) Optical Sensors: Optical fibers have various sensing applications. They can
detect, for example, temperature, pressure, and liquid level [4]. The principal
advantage of a fiber optic sensor is very high sensitivity. Furthermore, data
can be accessed at different lengths of the fiber. Optical fiber sensors are also
used by the oil and gas industries to measure gas levels and for safety reasons.
d) Defense: The defense industry uses optical fibers in great numbers, with
applications including aerospace as well as land-based and deep-sea
operations. Optical fibers are highly valued for their reliability, data security,
and high bandwidth, in addition to sensing uses. Applications include
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guidance of towed missiles, underwater communication, and other submarine
applications.
e) Industry: Optical fibers can carry high-power laser beams for industry. If the
laser beam is propagated through optical fibers, welding, cutting, and drilling,
are safer. Other industrial applications for fiber optics include optical
components such as optical amplifiers, filters, photo-detectors, and LEDs.
Indeed, the demand for optical fibers has grown with the development of
different kinds of filters and amplifiers. Optical fibers are used to control
machines and robots in industry. Single mode, multimode, plastic fibers, and
holey fibers are example of different types of optical fibers that are currently
being used. Optical fibers are also used by the mining industry to quantify
and monitor air exchange rates and to communicate in real time [5].
The bandwidth demand is increasing at approximately 2dB/year and
the data traffic is projected to increase by 10,000 times over the next two
decades. Hence researchers are working hard to develop advanced high
capacity optical communication networks in order to reliably and
inexpensively support the networks of the future that will be supporting
applications such as high quality video teleconferencing e.g. skype, snapchat
etc. and High Definition (HD) and 4K video systems.
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2

Development of SDM

2.1 SDM multiplexer and BCM
As Spatial Domain Multiplexing (SDM) can increase the data carrying capacity
of existing and futuristic fibers by an order of magnitude and even higher, it has the
potential to considerably shoulder the increased bandwidth requirements of the
space-age network. It was invented at Florida Institute of Technology [7], a short
driving distance from NASA’s Kennedy Space Center. SDM permits various
channels to be multiplexed over a single optical fiber at the same wavelength. The
various channels are separated spatially within the optical fiber. SDM significantly
increases the transmission capability of optical data. It complements other fiber
multiplexing techniques such as time division multiplexing (TDM) and wavelength
division multiplexing (WDM). When used with WDM and other coding methods,
SDM can raise the data carrying capability of optical fiber communications
significantly. The basic building block diagram of the SDM system was presented
earlier in figure 1.9.

2.1.1

SDM over a Step-Index Multimode Fiber
SDM was discovered and invented at Florida Institute of Technology around

the year 2005. It started with the transmission and detection of visible laser signals,
over a multimode step index fiber optic cable, launched from two single-mode pigtail
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laser sources at a frequency of 635nm at different incident angles within the
numerical aperture of the multimode carrier fiber [11]. Then two more channels were
added to double the capacity, increasing it to a total of four channels over the same
multimode fiber using the same wavelength. As a result this technique resulted in
successful co-propagation of four channels composed of concentric donut shaped
rings of the same wavelength through the length of the fiber and exhibited no
discernible crosstalk among the channels at the output end of the fiber. However it
was noted that successful integration of SDM to commercial optical fiber network
will require reliable, inexpensive and mass producible spatial multiplexer and demultiplexer units and development of these components and complete SDM based
systems has been an ongoing endeavor.

2.1.2

SDM over Standard Multimode Silica Fiber 62.5/125µm.

While implementing SDM multiplexer over a standard 62.5/125µm multimode
silica carrier fiber, the total available real state that was needed to efficiently couple
light from the two or more input fibers into the space offered by a single carrier fiber
became an issue. Figure 2.1 shows this real estate problem.

25

Figure 2.1 The problem of real estate

One of the solutions to this real state problem was to gradually taper down
the two input fibers by giving them a V-shape profile, ensuring that the beam profile
remains unaltered, in an attempt to preserve space, such that more channels could be
accommodated. As a result, scientists managed to demonstrate simultaneous
transmission and detection of two spatially multiplexed channels of same wavelength
over a standard silica based 62.5/125µm multimode fiber using two V-shaped pigtail
single mode fibers, with each supporting a separate SDM channel. Figure 2.2 below
illustrates the V- Shape profile [12, 13].
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Carrying multimode fiber
Input fiber 1

Input fiber 2

Figure 2.2 Two SMF input channels to the carrying multimode fiber with V-Shape tips [11].

2.2 SDM De-multiplexer or the BSM
SDM de-multiplexer or BSM employs spatial filtering techniques to correlate
each input channel to the corresponding donut shaped ring at the output end of the
fiber such that the signal could be independently detected and processed. Different
types of SDM de-multiplexing techniques are possible. These include concentric
semiconductor photodiode based versions, the bulk optics version, tapered
waveguides, and silicon photonics based designs etc. A simple SDM de-multiplexer
or the BSM unit is presented in Figure 1.9.

2.2.1

Orbital Angular Momentum (OAM) and its detection/de-multiplexing
SDM channels constitute separate helically propagating pathways for the

different channels. In other words, every SDM channel follows an orbit of a specific
radii within the core, while traversing the length of the optical fiber. Since photons
carry mass and they propagate the SDM channels in helical orbits while traversing
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the length of the optical fiber, they must carry Orbital Angular Momentum (OAM).
This OAM can provide an additional degree of photon freedom inside the fiber. This
additional degree of photon freedom has the potential to easily double the capacity
of optical fiber transmission lines, owing to clockwise or counter-clockwise OAMs
associated with the input launch conditions, and the subsequent direction of helically
propagating SDM channels. Scientists at FIT noted this potential for added
bandwidth in optical fibers and invented and patented Orbital Angular Momentum
(OAM) of photon based multiplexing and then combined it with SDM, to add two
new degrees of photon freedom to optical fibers [14, 15]. The presence of OAM in
SDM channels was verified by placing a thin wire across the output end of the
multimode carrier fiber and then analyzing the shadow of this wire. This analysis led
to the invention of OAM, where, instead of the shadow of the wire being a straight
line cutting through the concentric donut shaped rings, it shows a tilt either in the
clockwise or the counter-clockwise directions. This tilt in the shadow confirmed that
helically propagating SDM signals inside the fiber carries OAM. This helical
propagation is governed by the launching angle [14, 16]. This allows us to determine
the direction of OAM in the carrier fiber, quantify it and de-multiplex it. The concept
of the shadow of a thin wire based detection, analysis and de-multiplexing of OAM
is graphically illustrated in Figure 2.3 below [17].
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Figure 2.3 Two channels SDM with OAM

In this figure, the output consists of two channels with opposite direction of
helically traveling signals in a carrier fiber (the inner channel is propagating in an
anti-clockwise direction while the outer channel is traversing in a clockwise path).
Consequently, the shadow of the thin wire shows up at different locations on the
donut shaped output ring to indicate the direction of OAM. This demonstrates the
basic concept of OAM [18] based multiplexing and de-multiplexing in optical
channels.
2.2.2

Concentric CMOS Photodiode Array based Detector/De-multiplexer
The output profile of the intensity of the SDM system is different from the

typical optical fiber output. In a typical optical fiber, the output profile tend to take
the form of a spot, hence a small area photodetector, often used in conjunction with
focusing optics, is used to detect the optical signal. The photodetector converts the
optical signal to electrical. The detected signal often undergoes appropriate
amplification and wave shaping etc., before is processed.
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The intensity profile of the SDM system is different from the typical optical fiber
output intensity profile. The spot sizes of the two may tend to be similar, however
the SDM output contains multiple donut shaped rings within the spot, where each
ring corresponds to a different channel. Hence it is imperative to employ spatial
filtering techniques at the SDM output to de-multiplex the individual channels. The
signals could then be routed for subsequent processing. One way to achieve this is
by a designing a photodetector array that integrates spatial filtering and photo
detection into a single package. The Concentric Octagonal CMOS Photodiode Array
fulfils this need by detecting as well as de-multiplexing the SDM signal [19]. Figure
2.4 shows a 4-channel output with all possible combinations.

0000

0001

0010

0011

0100

0101

0110

0111

1000

1001

1010

1011

1100

1101

1110

1111

Figure 2.4 Four channel output with possible combinations

30

The array of CMOS detectors is designed in such a way that the active area
of the individual pin diodes resembles the output profile of the SDM and optical
energy from each output rings falls on a separate detector as shown in figure 2.5 and
figure 2.6.

Figure 2.5 photodetector array layout

Figure 2.6 Three output rings overlaying the octagonal photodiode
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This simple detector array can be used to de-multiplex as well as detect the
SDM output. The semiconductor nature of this design makes it simple, in expensive
and mass producible. The physical size of these detectors also mate well the
dimensions of the optical fiber.

2.2.3

All-Optical Demultiplexer
An all-optical demultiplexer for the SDM system has its own merit. It offers

many advantages including faster and easier prototyping. As a result a number of
SDM de-multiplexer designs revolved around systems that employed bulk optics.
These included multiple lens as well as single lens designs [20]. In a bulk optic
version of a 2-channel SDM de-multiplexer, the output concentric donut shaped rings
are first collimated through a collimator lens [21, 22]. Then the channels are focused
onto a separate photodetector consecutively as shown in figure 2.7 below.

Figure 2.7 Block diagram of a 2-channel bulk lens design
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The bulk optic version is an excellent tool for rapid prototyping however it
requires careful alignment. It also tends to large, bulky and heavy hence a dedicated
single lens design [22] has the potential to reduce the foot print and simplify the
alignment and operation of the system.

2.2.4

Single Lens De-multiplexer
The single lens de-multiplexer can minimize the physical size and offer a

smaller footprint. This design uses CAD software and tools. The basic idea is to
develop a single lens with multiple focal points and place photodetectors at
corresponding focal points. It is an improvement over the bulk lens design as it
simplifies coupling and alignment of lenses [20]. Figure 2.8 illustrates this concept.

Figure 2.8 Bifocal lens having two SDM output rings with a separate focal point

2.2.5

Inline Hollow Core Optical Fiber De-Multiplexer
This design utilizes hollow core opticla fibers that have separate core and

cladding for each output ring that enable it to gather information from corresponding
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channel. The signal is then guided in to separate detectors with a bevel edged design,
as shown in Figure 2.9. The bevel edge optimizes optical coupling between the
hollow core fibers and the photodetector.

Figure 2.9: Bevel-edged multiplexer of three ring outputs and bevel edge connected to a detector.

This design is effectively a fiber optic version of the bulk optics design. It
simplifies the lens alignments, reduces the system footprint and offers some mobility
at the de-multiplexing [23] end of the system. Figure 2.10 represents a two-channel
hollow core fiber design.

Figure 2.10 Two hollow-core fibers with center channel twisted
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2.3 SDM with WDM.
SDM can operate in tandem with WDM since the special location of the
output donut-shape rings does not depend on the wavelength. Instead, it is governed
by the input angles. This was verified by fixing the input angles of the SDM and
measuring the output angles for three different wavelengths: blue operating at
405nm, red operating at 635nm, and green operating at 532nm. The incident angles
vs. transmitted angles for the three different wavelength are plotted in figure 2.11,
while the experimental data for the three wavelengths is presented in Table 2.1. The
plot in figure 2.11 clearly shows that three different wavelengths overlap.

Figure 2.11: Plot of the incident angles vs. transmitted angles at three different wavelengths [23]
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Table 2.1 Experimental data showing that all three wavelengths of SDM outputs form at the same spatial
location [2]

Incident
angle

Red (635 nm)

Green (532 nm)

Blue (405 nm)

4o

7o

11o

13o

The data presented in table 2.1 and figure 2.11 open up the possibility to
integrate SDM with WDM and OAM to effectively combine two new degrees of
photon freedom to optical fibers and increase the data carrying capacity of the fiber.
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Figure 2.12 experimentally verifies that SDM complements WDM as well as OAM
based multiplexing [24, 25] and can increase the fiber capacity by multiple folds.

Clockwise

Counter clockwise

Combination

Figure 2.12 Experimental data of SDM, WDM, and OAM [2]
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3

Approaches of calculating topological charge l

It has been shown earlier that the SDM systems carry OAM and the output angle
of the SDM system (θout) can be modulated by varying the incident angle θi. Hence
one of the main tasks of this endeavor is to develop a link between the incident angle,
θi, the output angle θout, and the topological charge ‘l’ using the LG equation [26].
Three different ways are used to find the value of the topological charge l. They are:
1. Phase approach to calculate topological charge l.
2. Ray theory approach to calculate topological charge l.
3. Orbital Angular Momentum (OAM) approach to calculate topological

charge l.

3.1 Maxwell equations
James Clark Maxwell, in the late 1800s describes the movement of charged
particles under the effect of electrical and magnetic fields. The description was in the
form of four sets of complex mathematical equations. These equations are expressed
in terms of four variables: the magnetic flux density 𝐵, the electric flux density 𝐷,
the electric field 𝐸, and the magnetic field 𝐻. These four sets of equations can be
summarized as follows:

∇×𝑬 =

𝜕𝑩
𝜕𝑡
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(3.1)

∇. 𝑫 = 𝜌𝑣
∇×𝑯 =

𝜕𝑫
+𝑱
𝜕𝑡

∇. 𝑩 = 0

(3.2)
(3.3)
(3.4)

Where J is the electric current density and 𝜌𝑣 is the electric charge density.
Equation (3.1) is known as Faraday's Law, which expresses the experimental
fact that a time varying magnetic field induces an electromotive force. Equation (3.2)
is known as Ampere's Circuital Law, which expresses the experimental fact that a
current or time varying electric field induces a magnetic field. Equations (3.3) and
(3.4) are Gauss's Law, which express the experimental facts dealing with Coulomb’s
law and charge conservation.
The field variables are related by the material equations:

𝐃 = Ɛ0 𝑬 + 𝑷
𝐁 = 𝜇0 𝑯 + 𝑴
Where,
Ɛ0 = Permittivity of free space
𝜇0 = Permeability of free space
P = Electric Polarization
M = Magnetic Polarization
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(3.5)
(3.6)

In most optical materials, M=0 and P is a function of E. The simplest and
most common case is the following:
For linear, isotropic, and homogeneous media, we can consider,
𝑫 = 𝜀𝑬 + 𝑷

(3.7)

𝑩 = µ𝑯

(3.8)

Using the above equations, Maxwell’s electromagnetic equations can be
simplified to:
∇×𝑬 =

𝜕𝑩
𝜕𝑡

∇. 𝑫 = 0

∇×𝑯 =

𝜕𝑫
𝜕𝑡

∇. 𝑩 = 0

(3.9)
(3.10)

(3.11)

(3.12)

The wave equations can be obtained by taking the curl of Equation (2.1),
which is given as [28]:
1 𝜕 2𝐸
𝜕 2𝑃
∇×∇×𝐸 = − 2 2 − 𝜇0 2
𝑐 𝜕𝑡
𝜕𝑡
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(3.13)

Where the velocity of light ‘c’ in free space is √𝜇

1
0 Ɛ0

and equal

to 3𝑥108 𝑚⁄𝑠𝑒𝑐 .
Taking the Fourier transform of E(r,t) results in:
∞

𝐸̃ (𝑟, 𝜔) = ∫ 𝐄(𝐫, t) exp(jωt) dt

(3.14)

−∞

Using the vector identity

∇×∇×𝑬 = ∇(∇. 𝑬) − ∇2 𝑬

(3.15)

∇2 𝐸̃ + 𝛽 2 𝐸̃ = 0

(3.16)

Where β is the propagation constant and β = n𝑘0 and 𝑘0 is the free space wave
number, which is equal to =

𝜔
𝑐

= 2𝜋/𝜆.

The modes within an optical fiber can be found by solving Equation (3.14).
Maxwell equations have more than one solution and one of them is the HermiteGaussian solution. The Laguerre-Gaussian (LG) mode is basically a solution of the
Hermite-Gaussian modes in the cylindrical coordinates.

3.2 Optical vortex
In an electrical field distribution with a place of zero field strength at the
middle of the beam, an optical vortex is produced [29]. It is created because the phase
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singularity at the center of the optical beams causes the optical fields to cancel out.
Vortex beams can be wound like a corkscrew around the propagation axis where they
travel helically [29]. These vortex beams carry topological charge based on the
number of twists the waves make in one wavelength. The faster the light spins, the
larger the central dark area.

Figure 3.1 Phase front of an optical vortex

To analyze the optical field for a short distance from the fiber in an SDM
output, Gloge’s power flow equation [29] is utilized. The output pattern of spatially
multiplexed channels can also be described using the theory of an optical vortex.
This optical vortex theory can also be applied to explain Orbital Angular Momentum
(OAM) in SDM systems.
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3.3 Laguerre-Gaussian LG and modified LG
There are multiple ways to describe a wave equation depending on the
boundaries, e.g., Mathieu modes using elliptical coordinates, Hermite-Gaussian
modes using Cartesian coordinates, and Laguerre-Gaussian (LG) modes using
cylindrical coordinates [26-29]. Since the output of a fiber is in free space, the LG
equation is used because it describes the wave exiting the cylindrical boundaries of
the fiber. In the Optronics Laboratory at FIT, researchers expanded the research to
achieve a mathematical representation of SDM [30]. Previously, scientists and
engineers used optical vortex and LG modes to try to describe SDM. In that case, the
description was based on interference and superposition. However, this is not the
case for SDM since it is neither an interference nor superposition [30,31]. The current
model that FIT researchers have designed is best described as SDM using a modified
LG equation to be SDMIm mode.
Researchers developed a modified LG mode equation to describe the SDM
mode where in SDM, there is only one ring per channel. This implies the use of the
zeroth radial order, i.e., p=0 so it generates one ring with lth azimuthal order. In LG
mode, the azimuthal order l describes the helicity, and the radial number p is used to
represent the number of rings [31]. Since in SDM there is only one ring for each
channel, the value of P is set to zero. SDMIm represents LGlp, where the value of m
is the number of multiplexed channels and l=I is the topological charge. Because LG
is a superposition of Gaussian beam representation, and since SDM is not a
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superposition, there is some need to modify the LG equation to satisfy SDM. That is
achieved by setting the index parameter of the LGlp , p=0. It is best illustrated using
the intensity profiles LG mode in Figure 3.2 below:

Figure 3.2 Intensity profiles LG mode from a single source [32]

In the case of SDM, each source represents a ring that corresponds to a
channel where it can be modulated individually. Below is an illustration of each
channel separately turned on and off; the last one is a combination of all five SDM
channels.
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Figure 3.3 Five channels SDM modulated separately; the last one is a combination of all five channels
turned on [16]

Figure 3.4 below shows the intensity plot from a CCD camera of two
channels SDM showing no sign of discernable crosstalk. However, when comparing
it with the theoretical simulated intensity of LG(0,0) and LG(3,0) in Figure 3.5, it
clearly shows crosstalk.
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Figure 3.4 Two channel SDM intensity plot from a CCD camera [33]

Figure 3.5 Theoretical intensity of two SDM simulated channels (LG(0,0) and LG(3,0) beams) [30]

This illustrates that an LG beam needs to be modified to represent SDM. In
addition, a model must be derived to bridge the input angles to output angles using
the topological charge in OAM of the LG beam [33].
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3.4 Derivation of incident angle to output angle Snell’s law
Fiber optic communication is based on the principles of Snell’s law and since
SDM is governed by the relationship of the input angle to the output angles, which
is derived from Snell’s law and is best described by figure 3.6 below:

Figure 3.6 Diagram of Snell’s law in a fiber core

𝑛1 = 𝑛3 = 1 (𝑎𝑖𝑟)
𝑛1 sin(𝜃𝑖 ) = 𝑛2 sin(𝜃𝑡 )
sin(𝜃𝑡 ) =

𝜃𝑡 = sin−1 (

(3.17)

𝑛1 sin(𝜃𝑖 )
𝑛2

𝑛1
sin(𝜃𝑖 ))
𝑛2
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(3.18)

𝜃𝑡 = sin−1 (

𝑛1
sin(𝜃𝑖 ))
𝑛2

𝑛2 sin(𝜃𝑡 ) = 𝑛3 sin(𝜃𝑜𝑢𝑡 )

(3.19)

𝑛2 = 1.5, 𝑎𝑛𝑑 𝑛3 = 𝑛1 = 1
sin(𝜃𝑡 ) =

𝑛3 sin(𝜃𝑜𝑢𝑡 )
𝑛2

𝑛3
𝜃𝑡 = sin−1 ( sin(𝜃𝑜𝑢𝑡 ))
𝑛2

(3.20)

Substitute (3.19) in (3.20):
sin−1 (

𝑛1
𝑛3
sin(𝜃𝑖 )) = sin−1 ( sin(𝜃𝑜𝑢𝑡 ))
𝑛2
𝑛2
𝑛1
𝑛3
sin(𝜃𝑖 ) = sin(𝜃𝑜𝑢𝑡 )
𝑛2
𝑛2

since 𝑛1 𝑎𝑛𝑑 𝑛3 = 1,

𝑡ℎ𝑒𝑛

1
1
sin(𝜃𝑖 ) = sin(𝜃𝑜𝑢𝑡 )
𝑛2
𝑛2
sin(𝜃𝑖 ) = sin(𝜃𝑜𝑢𝑡 )

∴ 𝜃𝑖 = 𝜃𝑜𝑢𝑡
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(3.21)

The modified LG mode equation that was discussed in the earlier literature
review to represent SDM has now been further researched to relate the incident
angles of SDM to output angles. In an experiment, the incident and output angles
were compared and found to be the same with some variability due to human error.
A five-channel SDM experiment is used to verify the relationship of the
incident angles to the output angles, as shown in Figure 3.7 below.

Figure 3.7 The five channel inputs and outputs with the measurement method

Basic theoretical calculation and experimental research also related SDM
input launching angles to the output donut-shaped rings, in other words, output
angles. The calculations and data show a great many similarities as best described in
Table 3.1 and Table 3.2 below.
Table 3.1 The measurement and calculation of the transmitted angle’s distance to detector screen (l=2
cm).
No.
of
Ch.

measured

1
2
3
4
5

7o
11o
25o
33o
39o

𝜽𝒊

Input
power in
[dBm]
-24.3
-24.5
-24.4
-24.3
-24.5

Output
power
in [dBm]
-28.6
-41.6
-45.8
-47.9
-51.1

Radius of
the rings(r)

Theoretical
output angle

tan-1(r/l)
output angel

0.25cm
0.4cm
0.95cm
1.34cm
1.66cm

7o
11o
25o
33o
39o

7.12o
11.30o
25.40o
33.82o
39.69o
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Output angles in degree

Figure 3.8 is a plot of the date in table 3.1.
50
40
30
20
10
0
0

10

20

30

40

50
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Figure 3.8 Incident angles vs Output angles using Ray Theory

Table 3.2 The comparison between θi, θt, and θout.
No.
of
Ch.

measured

1
2
3
4
5

7o
11o
25o
33o
39o

𝜽𝒊

Radius
of the
rings(r)
also W(z)
2.5mm
4mm
9.5mm
13.4mm
16.6mm

Wo (m)
1.617*10-6
1.010*10-6
4.255*10-7
3.016*10-7
2.435*10-7

Zo (m)
1.293*10-5
5.986*10-6
8.957*10-5
4.500*10-7
2.933*10-7

R(z)
(m)
0.02
0.02
0.02
0.02
0.02

𝜽𝒊 /2=

λ/πw(o
)

In rad
0.25
0.40
0.95
1.34
1.66

𝜽𝒊

o

7.1
11.45
27.2
38.3
47.5

𝜽𝒕

tan-1(r/z)
output
angel

o

4.66
7.30
16.36
21.29
24.80

Figure 3.9 is a plot of the date in table 3.2.
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Figure 3.9 Input angles vs transmitted angles
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40

50

7.12
11.30
25.40
33.82
39.69

Then, also by using the derived formula to find the topological charge l as a
function of 𝜃𝑖 and 𝜃𝑡 , the following results in Table 3.3 were tabulated.
Table 3.3 The value of the topological charge l as a function of θi and θt

No.
of
Ch.

measure
d

1
2
3
4
5

7o
11o
25o
33o
39o

𝜽𝒊

Radius
of the
rings(r)
also W(z)
2.5mm
4mm
9.5mm
13.4mm
16.6mm

𝜽𝒊 /2=

Wo (m)

Zo (m)

λ/πw(o)
In rad

𝜽𝒕 o

1.617*10-6
1.010*10-6
4.255*10-7
3.016*10-7
2.435*10-7

1.293*10-5
5.986*10-6
8.957*10-5
4.500*10-7
2.933*10-7

0.25
0.40
0.95
1.34
1.66

4.66
7.30
16.36
21.29
24.80

Topological
charge |l| in
terms of
𝜽𝒊 and
42.67
44.08
49.71
53.37
56.32

Figure 3.10 is a plot of the date in table 3.3.

Topological charge
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Figure 3.10 Transmitted Angles vs Topological charges

Table 3.4. shows the experimental incident angles and the output angles
with the calculated incident angles with 𝜃𝑖 = 𝜃𝑜𝑢𝑡 .
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Table 3.4 The value of all θi measured θout calculated and the experimental θout.

No. of
Ch.

𝜽𝒊 measur

1
2
3
4
5

𝜽𝒊 o= 𝜽𝒐𝒖𝒕 o

ed

𝜽𝒕 o

calculated in
term of 𝜽𝒕 and |l|

7o
11o
25o
33o
39o

4.66
7.30
16.36
21.29
24.80

7.2
11.1
25.7
32.3
37.3

Experi
mental
𝜽𝒐𝒖𝒕 [ta
n-1(r/z)]
7.12o
11.30o
25.40o
33.82o
39.69o

Radius of
the rings(r)
also W(z)

Topological
charge |l|

2.5mm
4mm
9.5mm
13.4mm
16.6mm

42.67
44.08
49.71
53.37
56.32

Theta out using Ray theory

Figure 3.11 is a plot of the date in table 3.4.
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Figure 3.11 Theta in using Ray Theory vs Theta out using Topological charge
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3.5 Phase approach to calculate topological charge l
This approach starts with the LG equation to reach the phase for the model and
then uses phase to calculate the topological charge l, thereby reaching the following
equation:

|𝑙|

1
𝑝2!
2𝑟 2
−𝑟 2
√2𝑟
|𝑙|
√
𝑈𝑝.𝑙 (𝑟, 𝜙, 𝑧) =
∗(
) 𝐿𝑝 (
)
𝑒𝑥𝑝
(
)
𝑤(𝑧) 𝜋(|𝑙| + 𝑝)!
𝑤(𝑧)
𝑤(𝑧)2
𝑤(𝑧)2
𝑟2
∗ 𝑒𝑥𝑝 [−𝑗𝑘
] 𝑒𝑥𝑝[−𝑗𝜓(𝑧)] ∗ 𝑒𝑥𝑝(𝑗|𝑙|𝜙)
𝑅2(𝑧)

|𝑙| =

𝜆𝑍

𝜆𝑍

𝜊

𝜊

𝑘𝑟 2

𝜃𝑖 + 2𝑝 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑅2(𝑧)
𝜙𝑡 −

𝜆𝑍
𝑡𝑎𝑛−1 (𝜋𝑤2 )
𝜊

Derivation of topological charge l phase:

|𝑙|

1
𝑝2!
2𝑟 2
−𝑟 2
√2𝑟
|𝑙|
𝑈𝑝.𝑙 (𝑟, 𝜙, 𝑧) =
√
∗(
) 𝐿𝑝 (
)
𝑒𝑥𝑝
(
)
𝑤(𝑧) 𝜋(|𝑙| + 𝑝)!
𝑤(𝑧)
𝑤(𝑧)2
𝑤(𝑧)2

(3.22)

𝑟2
∗ 𝑒𝑥𝑝 [−𝑗𝑘
] 𝑒𝑥𝑝[−𝑗𝜓(𝑧)] ∗ 𝑒𝑥𝑝(𝑗|𝑙|𝜙)
𝑅2(𝑧)

𝜓(𝑧) = (2𝑝 + |𝑙| + 1) tan−1 (
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𝑍
)
𝑍𝑅

(3.23)

𝑍𝑅 2
𝑅(𝑧) = 𝑍 (1 + ( ) )
𝑍

𝑤ℎ𝑒𝑟𝑒

𝜋𝑤𝜊2
𝑍𝑅 =
𝜆

𝑍 2
𝑤(𝑧) = 𝑤𝜊 √1 + ( )
𝑍𝑅

Figure 3.12 Gaussian beam propagation parameters [35]

Where,

𝜓: Advanced Gouy phase.
r :The radial distance from the beam axis
𝜙: The azimuthal position
Z :The distance from the beam waste
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(3.24)

(3.25)

(3.26)

R(z): The radius of curvature of the wavefront
𝑤𝜊 :Beam waist or the minimum spot size
k :The wave number of the light
w(z) :The beam radius as a function of axial position
|𝑙|

𝐿𝑝 :An associated Laguerre polynomial where 𝑙 and p are the azimuthal and the
radial mode indices, respectively
ZR : Characteristic length parameter of a Gaussian beam
Simplify Equation 4.1 above:
1

𝑝2!

√2𝑟

|𝑙|

|𝑙|

2𝑟 2

−𝑟 2

Let 𝐴 = 𝑤(𝑧) √𝜋(|𝑙|+𝑝)! ∗ (𝑤(𝑧)) 𝐿𝑝 (𝑤(𝑧)2 ) 𝑒𝑥𝑝 (𝑤(𝑧)2 )
∴ 𝑈𝑝.𝑙 (𝑟, 𝜙, 𝑧) = 𝐴 𝑒𝑥𝑝 [−𝑗𝑘

𝑟2
] 𝑒𝑥𝑝[−𝑗𝜓(𝑧)] ∗ 𝑒𝑥𝑝(𝑗|𝑙|𝜙)
𝑅2(𝑧)

Euler formula Using
𝑒 ±𝑗θ = cos(𝜃) ± 𝑗𝑠𝑖𝑛(𝜃)
𝑒𝑥𝑝[−𝑗𝜓(𝑧)] = cos(𝜓(𝑧)) − 𝑗𝑠𝑖𝑛(𝜓(𝑧))

𝑘𝑟 2
𝑘𝑟 2
𝑘𝑟 2
𝑒𝑥𝑝 [−𝑗
] = cos (
) − 𝑗𝑠𝑖𝑛 (
)
𝑅2(𝑧)
𝑅2(𝑧)
𝑅2(𝑧)
𝑒𝑥𝑝[𝑗|𝑙|𝜙] = cos(|𝑙|𝜙) + 𝑗𝑠𝑖𝑛(|𝑙|𝜙)

𝑒𝑥𝑝(−𝑗𝜓(𝑧)) 𝑒𝑥𝑝 (−𝑗
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𝑘𝑟 2
) 𝑒𝑥𝑝(𝑗|𝑙|𝜙)
𝑅2(𝑧)

(3.27)
(3.28)

We know that 𝑒 −𝑗𝜃1 𝑒 −𝑗𝜃2 𝑒 −𝑗𝜃3 = 𝑒 −𝑗(𝜃1 +𝜃2 +𝜃3 )

∴ 𝑒𝑥𝑝 [𝑗 (|𝑙|𝜙 − 𝜓(𝑧) −

𝑘𝑟 2
)]
2𝑅(𝑧)

(3.29)

𝑘𝑟 2
𝑘𝑟 2
= cos (|𝑙|𝜙 − 𝜓(𝑧) −
) + 𝑗𝑠𝑖𝑛 (|𝑙|𝜙 − 𝜓(𝑧) −
)
𝑅2(𝑧)
2𝑅(𝑧)

∴ 𝑈𝑝.𝑙 (𝑟, 𝜙, 𝑧) = 𝐴 cos (|𝑙|𝜙 − 𝜓(𝑧) −

𝑘𝑟 2
)
𝑅2(𝑧)

𝑘𝑟 2
+ 𝑗 𝐴 𝑠𝑖𝑛 (|𝑙|𝜙 − 𝜓(𝑧) −
)
𝑅2(𝑧)

(3.30)

Then, depending on the phase formula shown below:
𝑘𝑟 2

𝐴 𝑠𝑖𝑛 (|𝑙|𝜙 − 𝜓(𝑧) − 𝑅2(𝑧))

𝜃 = 𝑡𝑎𝑛−1 (
)
𝑘𝑟 2
𝐴 𝑐𝑜𝑠 (|𝑙|𝜙 − 𝜓(𝑧) − 𝑅2(𝑧))

𝜃 = 𝑡𝑎𝑛

−1

(3.31)

𝑘𝑟 2
(𝑡𝑎𝑛 [|𝑙|𝜙 − 𝜓(𝑧) −
])
𝑅2(𝑧)

𝜃 = |𝑙|𝜙 − 𝜓(𝑧) −

since
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𝑘𝑟 2
2𝑅(𝑧)

(3.32)

𝜓(𝑧) = (2𝑝 + |𝑙| + 1) 𝑡𝑎𝑛−1 (

𝑍
)
𝑍𝑅

and
𝜋𝑤𝜊2
𝑍𝑅 =
𝜆
then

𝜃 = |𝑙|𝜙 − (2𝑝 + |𝑙| + 1) 𝑡𝑎𝑛−1 (

𝜃 = |𝑙|𝜙 − 2𝑝 𝑡𝑎𝑛

𝜃 + 2𝑝 𝑡𝑎𝑛

−1

−1

𝑍
𝑘𝑟 2
)−
𝑍𝑅
2𝑅(𝑧)

𝑍
𝑍
𝑍
𝑘𝑟 2
−1
−1
( ) − |𝑙| 𝑡𝑎𝑛 ( ) − 𝑡𝑎𝑛 ( ) −
𝑍𝑅
𝑍𝑅
𝑍𝑅
𝑅2(𝑧)

𝑍
𝑍
𝑘𝑟 2
𝑍
−1
( ) + 𝑡𝑎𝑛 ( ) +
= |𝑙|𝜙 − |𝑙| 𝑡𝑎𝑛−1 ( )
𝑍𝑅
𝑍𝑅
𝑅2(𝑧)
𝑍𝑅

Since 𝜃 can be related to 𝜃𝑖 , using earlier expressions [31]
𝑍

|𝑙| =

𝑘𝑟 2

𝑍

𝜃𝑖 + 2𝑝 tan−1 (𝑍 ) + tan−1 (𝑍 ) + 𝑅2(𝑍)
𝑅

𝑅

𝑍

𝜙𝑡 − tan−1 (𝑍 )
𝑅

|𝑙| =

𝜆𝑍

𝜆𝑍

𝜊

𝜊

𝑘𝑟 2

𝜃𝑖 + 2𝑝 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑅2(𝑧)
𝜙𝑡 −

𝜆𝑍
𝑡𝑎𝑛−1 (𝜋𝑤2 )
𝜊

(3.33)

3.6 Ray theory approach to calculate l (frustum)
By carefully analyzing the SDM output signal and looking at the output from
a cross-section where it is projected on the screen, we see that the shape appears as
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a frustum. The frustum, viewed from the side, is basically a triangle with its head cut
off, as it appears in Figure 3.13.

Figure 3.13 Frustum structure breakdown

We can apply this observation in the above figure to the output signal of the
SDM channel by taking the part of the side view, which is the triangle inside the fiber
portion, and the frustum shape, which is in the free space section to the screen. The
approach of the ray theory (the frustum approach) and derivation allows to find the
radius of each SDM channel inside the fiber, which can be used to precisely calculate
the topological charge 𝑙 in all three approaches. For the frustum derivation, in this
approach, The Ray theory technique is employed for synthesis of optical beams
possessing optical vortices with a fractional topological charge. The technique is
based on the production of multiple triangles overlapping each other in order to find
the radius of the cross section of the light at the output face of the fiber. Then, the
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topological charge, which results from each mode, can be achieved by finding the
radius of the equivalent mode. The following steps show the mathematical
derivations and the details of the approach.
The frustum is constructed using the dimensions of the SDM ring and the
radius of the cross-sectional area of the mode at the output face of the fiber, as shown
in figure 3.14 below:

Figure 3.14 Construction of frustum

This figure illustrates the construction of the frustum with the main variable
where H is the distance from the tip of the fiber to the screen detector, which is also
equivalent to the Z explained earlier in the phase derivation, R is the radius of the
ring of each channel on the detector screen and r is the size of the radius inside the
fiber.
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The lower half of the frustum is subdivided into three tringles as illustrated
in Figure 3.15:

Figure 3.15 Lower half of frustum illustrated in tringles

Snell’s law and sin law of tringles are applied in order to find the unknown
variables (θ1 , θ2 , θ′2 , θ3 θ4 , and θa ), which leads to finding the small radius of the
frustum r.
(3.34)

r=R−X

tan( θ′2 ) =

X
H

(3.35)

X = H tan(′θ2 )

(3.36)

θ′2 = θ4 − θ2

(3.37)
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θout = θ1 = θ4

(3.38)

Take the triangle ABE:

Figure 3.16 ABE tringle of the lower frustum

R = H tan θmax

(3.39)

and θmax is 𝑛1 = 1.5 and 𝑛2 =1.41
θmax = sin−1 (√n12 − n22 )

then θmax = 30.7𝑜
Then, take the triangle ABC:
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(3.40)

Figure 3.17 ABC tringle of the lower frustum

The sine law for the obtuse triangle is
sin θa sin θ2
=
a
r

(3.41)

sin θ2 = r

sin θa
a

(3.42)

sin θ2 = r

sin θa
a

(3.43)

and where θ2 min = 𝑧𝑒𝑟𝑜 and θmax = 30.7o
then
θ𝑎 = 90 − θ𝑚𝑎𝑥

θ2 max = sin−1 (
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r sin θa
)
a

(3.44)

(3.45)

Then take the right-angle triangle CBD:

Figure 3.18 CBD tringle of lower frustum

Side a can be found by
(3.46)

a = √(x 2 + H 2 )
and x = R − r from the rectangle AEBD in Figure 3.15:
θmin ≤ θ2 ≤ θmax

The maximum range that the ring radius in the fiber can take is the radius of
the core, which is at r = 0.0005 m , θ2 min = zero, and the acceptance angle at
maximum core radius is θmax = 30.7o , H= 0.044 m.
R = H tan θmax  R =0.0261 m
x = R − r  x = 0.0256 m
Then from Equation 3.46, a = 0.0509 m
r sin θa

From Equation 3.45   θ2 max = sin−1 (
30.7o
Then by an increment of 0.015 for each 1o:
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a

)θ2 max = 0.48o at the θmax =

Table 3.5 θ2 and θout

𝛉𝐨𝐮𝐭 =θ4 in degrees
0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
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𝛉𝟐 in degrees
0
0.015
0.030
0.045
0.060
0.075
0.090
0.105
0.120
0.135
0.150
0.165
0.180
0.195
0.210
0.225
0.240
0.255
0.270
0.285
0.300
0.315
0.330
0.345
0.360
0.375
0.390
0.405
0.420
0.435
0.450
0.465
0.480

The topological charge is determined as a function of the small radius of the
frustum and the wavelength of the mode

𝑙=

(3.47)

2𝜋𝑟
tan 𝜃2
𝜆

The first set with the values of H=Z=0.0044m, which is the distance from
the screen or the distance from the beam waste:
Table 3.6 Topological charge using l ray theory approach (frustum) with H=Z=0.0044m

Number of
rings
1
2
3
4

𝜽𝒊 in degrees

5
14
19
26

R in
meters
0.004
0.01125
0.0155
0.0215

r in meters
0.2279*10-3
0.393*10-3
0.431*10-3
0.4583*10-3

Figure 3.19 is a plot of the date in table 3.6.
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l ray theory
approach
3.98
14.25
16.97
22

Figure 3.19: Output angle vs. Topological charge for 0.0044m

The second set with the values of H=Z= 0.0225m, which is the distance
from the screen or the distance from the beam waste:
Table 3.7 Topological charge using l ray theory approach (frustum) with H=Z=0.0225m

Number of
rings
1
2
3
4

𝜽𝒊 in degrees

R in meters

r in meters

9.5
15.7
18.7
24.3

0.00381
0.00635
0.00762
0.01016

1.214*10-4
1.583*10-4
1.675*10-4
2.2974*10-4

Figure 3.20 is a plot of the date in table 3.7.
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l ray theory
approach
3.12
5.46
5.78
11.90

Figure 3.20: Output angle vs. Topological charge for 0.0225m

The third set with the values of H=Z=0.0145m, which is the distance from
the screen or the distance from the beam waste:
Table 3.8 Topological charge using l ray theory approach (frustum) with H=Z=0.0145m

Number of
rings
1
2
3
4

𝜽𝒊 in
degrees
17
19.3
25.7
29.6

R in meters

r in meters

0.00445
0.00508
0.006985
0.008255

1.058*10-4
1.1158*10-4
1.6614*10-4
2.1487*10-4

Figure 3.21 is a plot of the date in table 3.8.
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l ray theory
approach
3.65
5.39
8.60
14.84

Figure 3.21: Output angle vs. Topological charge for 0.0145m

3.7 OAM approach to calculate the Topological charge l
The knowledge that the propagation inside the fiber travels helically and
carries OAM along the fiber length, which has topological charge l, can lead to the
study of the shadow of the thin wire that was used in’s paper in 2006 titled “Optical
vortices with large orbital momentum: generation and interference.” In this paper,
the procedure of calculating the topological charge uses the principles of optical
geometry of the field when it is projected on a screen at the output side crossing
through the thin wire AA` placed at a distance h orthogonally to the output of the
fiber in test [32]. The distance from the screen to the tip of the fiber is H. The cross68

section of the carrying fiber, the thin wire in between, and the screen are all parallel
to each other. This is illustrated by Figure 3.22 below:

Figure 3.22 The illustration of the shadow of the thin wire forming from the Bessel beam shining out of
the SDM carrying fiber on the screen.

Where, A is the point where the beam of light strikes the fiber at point S, and
point B is where the shadow of point A appears on the screen. The angle γ is the
angle formed between the points CFB as shown in Figure 3.22 above (the distortion
angle). This angle is the governing angle of the shadow location on the screen. Point
C is the projection of point A on the screen; in other words, if the Bessel beam shining
from the fiber does not carry the OAM, point C will be the location of the shadow.
However, this is not the case. Since the fiber carries OAM, the experimental location
is point B. To find the value of the angle γ, all the sides forming the angle must be
known (i.e., triangle CFB). Side CF = OD; SAB is a line from the screen to the
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surface of the fiber making the angle OSD a right angle. The line from point A to
point D is equal to the distance from the fiber to the thin wire, which is measured h.
The distance between point O and point S is equal to the radius of fiber rn. Angle
ADS is also a right angle, and angle α is angle ASD.
So, by using the Pythagorean Theorem, the distance between point F and point C can
be found by:

ℎ

2

(3.48)

𝐹𝐶 = √𝑟𝑛 2 + (
)
tan 𝛼

Similarly, the distance between point F and point B:
𝐻 2
𝐹𝐵 = √𝑟𝑛 2 + (
)
tan 𝛼

(3.49)

Since angle ACB is a right angle and angle CBA is equal to α, then CB can
be found by:
𝐶𝐵 =

𝐻−ℎ
tan α

(3.50)

and from the cosine theorem
𝐹𝐶 2 + 𝐹𝐵 2 − 𝐶𝐵 2
cos 𝛾 =
2𝐹𝐶. 𝐹𝐵

(3.51)

𝐻ℎ

𝑟𝑛 2 + (tan 𝛼 )

cos 𝛾 =
2

ℎ

2

(3.52)
𝐻

√𝑟𝑛 + (
) + √𝑟𝑛 + (tan 𝛼)
tan 𝛼
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Solving for tan α:
𝐻−ℎ

tan 𝛾 =

𝑟𝑛 . (tan 𝛼)
2

𝐻ℎ

(3.53)

𝑟𝑛 + (tan 𝛼)2

Then let tan α = x and simplify (3.53). This will be simplified to the following
quadratic equation:
(𝑟𝑛 2 tan 𝛾)𝑥 2 − 𝑟𝑛 (𝐻 − ℎ)𝑥 + 𝐻. ℎ(tan 𝛾) = 0

(3.54)

From there, the twisted shadow, which is the distance from the AA` to the
projection of the thin wire B, can be found from FBsinγ,
Since the values of the model radius were found earlier in the ray theory
approach, the following equation can be solved:
(𝑟𝑛 2 tan 𝛾)𝑥 2 − 𝑟𝑛 (𝐻 − ℎ)𝑥 + 𝐻. ℎ(tan 𝛾) = 0

x1,2 =

r(H − h) ∓ √(−r(H − h))2 − 4(Hhr 2 tan(γ)2 )
2r 2 tan(γ)

α1 = tan−1 (x1 )

α2 = tan−1( x2 )
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(3.55)

and the coordinate of the slope, which was taken from the picture below with
MATLAB tools, gives:

Figure 3.23 Four channel OAM

Table 3.9 The slope of a four channel OAM

Ring sequence

X1

X2

Y1

Y2

Ring 1
Ring 2
Ring 3
Ring 4

2.3745
2.1713
1.9997
1.8371

2.5280
2.7312
2.9073
3.1015

1.2897
1.1904
1.3846
1.1407

1.2039
1.3123
1.1136
1.3529

𝑘=

2𝜋
𝜆
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The slop
𝒚𝟐 − 𝒚𝟏
𝐭𝐚𝐧 𝜸 = |
|
𝒙𝟐 − 𝒙𝟐
0.55
0.217
0.2986
0.1679
(3.56)

(3.57)

𝑙 = 𝑘𝑟 tan(90 − 𝛼)

Then, by substituting 3.56 in 3.57, topological charge l is calculated for each
rings; the resulting equation is:
𝑙=

(3.58)

2𝜋
𝑟 tan(90 − 𝛼)
𝜆

By knowing the model radius r, the topological charge is calculated using the
above equation for three sets of 4-channel SDM data, each with a different distance
from the screen H. This equals Z, the distance from the beam waste, and is tabulated
below:
For H=Z=0.0044m:
Table 3.10 Topological charge using OAM approach with H=Z=0.0044m

Number of rings

𝜽𝒊 in
degrees

R in meters

r in meters

l topological charge
OAM

1

5

0.004

0.2279*10-3

4.9304

2

14

0.01125

0.393*10-3

13.3009

3

19

0.0155

0.431*10-3

16.971

4

26

0.0215

0.4583*10-3

18.4316

For H=Z=0.0225m:
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Table 3.11 Topological charge using OAM approach with H=Z=0.0225m

Number of
rings

𝜽𝒊 in
degrees

R in meters

r in meters

l topological charge
OAM

1

9.5

0.00381

1.214*10-4

3.35

2

15.7

0.00635

1.583*10-4

5.31

3

18.7

0.00762

1.675*10-4

6.07

4

24.3

0.01016

2.2974*10-4

10.71

For H=Z=0.0145m:
Table 3.12 Topological charge using OAM approach with H=Z=0.0145m

Number of rings

𝜽𝒊 in
degrees

R in meters

r in meters

l topological charge
OAM

1

17

0.00445

1.058*10-4

3.106

2

19.3

0.00508

1.1158*10-4

4.624

3

25.7

0.006985

1.6614*10-4

9.181

4

29.6

0.008255

2.1487*10-4

14.843

However, since SDM carries OAM as it is propagating through the fiber, the
output ring also holds its OAM, which was demonstrated earlier in the OAM
approach. The derivation above, which is taken from the research paper of
Savchenkov, et al., they relate the topological charge 𝑙 = 𝑘 𝑟 tan(90 − α)
proportionally since they did not have the value of the model radius that is derived
earlier in this chapter. That derivation managed to find the value of the model radius.
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Using the same equation but with the value of small r available for each of the three
sets of the 4-SDM channel topological charge, we calculate and then tabulate
(above) 𝑙 = 𝑘 𝑟 tan(90 − α). This shows a great similarity when compared to the
ray theory approaches.

3.8

Verification of the mathematical model
In order to verify the mathematical model, we use three sets of 4-SDM

channels and applied the three approaches to calculate the topological charge as
follows:
3.8.1

l OAM VS l Phase (the model)
This step compared the topological charge l calculated using the OAM

approach against the topological charge l calculated using phase approach (the
model). The result is tabulated below:
l OAM approach equation:
𝑙=

2𝜋
𝑟 tan(90 − 𝛼)
𝜆

l Phase approach equation used:

|𝑙| =

𝜆𝑍

𝜆𝑍

𝜊

𝜊

𝑘𝑟 2

𝜃𝑖 + 2𝑝 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑅2(𝑧)
𝜙𝑡 −

𝜆𝑍
𝑡𝑎𝑛−1 (𝜋𝑤2 )
𝜊
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The first set with the values of H=Z=0.0044m, which is the distance from the
screen or the distance from the beam waste:
Table 3.13 l OAM VS l Phase for H=Z=0.0044m

Number
of rings

𝜽𝒐𝒖𝒕 in
degrees

R in
meters

r in meters

l OAM
approach

l phase
approach

1

5

0.004

0.2279*10

4.9304

4.954

2

14

0.01125

0.393*10

-3

13.3009

13.659

3

19

0.0155

0.431*10

-3

16.971

16.862

4

26

0.0215

0.4583*10

18.4316

20.133

-3

-3

The comparison graphs 3.24, 3.25, and 3.26 are plotted below:

Figure 3.24 l OAM VS l Phase with θout
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Figure 3.25 l OAM VS l Phase with r mode radius

Figure 3.26 l OAM VS l Phase with R ring radius
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The second set with the values of H=Z= 0.0225m, which is the distance from
the screen or the distance from the beam waste:
Table 3.14 l OAM VS l Phase for H=Z=0.0225m

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

l OAM
approach

l phase
approach

1

9.5

0.00381

1.214*10

-4

3.35

3.4

2

15.7

0.00635

1.583*10

-4

5.31

5.29

3

18.7

0.00762

1.675*10

-4

6.07

5.94

4

24.3

0.01016

2.2974*10

10.71

10.52

-4

The third set with the values of H=Z=0.0145m, which is the distance from
the screen or the distance from the beam waste:
Table 3.15 l OAM VS l Phase for H=Z=0.0145m

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

1

17

0.00445

1.058*10

2

19.3

0.00508

1.1158*10

3

25.7

0.006985

1.6614*10

4

29.6

0.008255

2.1487*10
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l OAM
approach

l phase
approach

3.106

3.149

-4

4.624

4.565

-4

9.181

8.955

-4

14.843

14.44

-4

3.8.2

l OAM Vs l Ray theory
This compared the Topological l calculated using the OAM approach against

the topological charge l using the ray theory approach, and using the following
equation, the data was tabulated for the three sets of the 4-channel SDM.
l OAM approach equation:
𝑙=

2𝜋
𝑟 tan(90 − 𝛼)
𝜆

l ray theory approach:
𝑙=

2𝜋𝑟
tan 𝜃2
𝜆

The first set with the values of H=Z=0.0044m, which is the distance from the
screen or the distance from the beam waste:
Table 3.16 l OAM Vs l Ray theory for H=Z=0.0044m

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

l OAM
approach

l ray theory
approach

1

5

0.004

0.2279*10

4.9304

3.98

2

14

0.01125

0.393*10

-3

13.3009

14.25

3

19

0.0155

0.431*10

-3

16.971

16.97

4

26

0.0215

0.4583*10

18.4316

22

-3

-3

The comparison graphs 3.27, 3.28, and 3.29 are plotted below
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Figure 3.27 l OAM Vs l Ray theory with θout

Figure 3.28 l OAM Vs l Ray theory with r mode radius
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Figure 3.29 l OAM Vs l Ray theory with r ring radius

The second set with the values of H=Z= 0.0225m:
Table 3.17 l OAM Vs l Ray theory for H=Z=0.0225m

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

l OAM
approach

l ray theory
approach

1

9.5

0.00381

1.214*10

-4

3.35

3.12

2

15.7

0.00635

1.583*10

-4

5.31

5.46

3

18.7

0.00762

1.675*10

-4

6.07

5.78

4

24.3

0.01016

2.2974*10

10.71

11.90

-4

The third set with the values of H=Z=0.0145m:
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Table 3.18 l OAM Vs l Ray theory for H=Z=0.0145m

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

1

17

0.00445

1.058*10

2

19.3

0.00508

1.1158*10

3

25.7

0.006985

1.6614*10

4

29.6

0.008255

2.1487*10

3.8.3

l OAM
approach

l ray theory
approach

3.106

3.65

-4

4.624

5.39

-4

9.181

8.60

-4

14.843

14.84

-4

l phase Vs l ray theory
The last stage compared the topological charge l calculation using the phase

approach (the model) against the ray theory approach using the equation below:
l Phase approach equation used:

|𝑙| =

𝜆𝑍

𝜆𝑍

𝜊

𝜊

𝑘𝑟 2

𝜃𝑖 + 2𝑝 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑡𝑎𝑛−1 (𝜋𝑤2 ) + 𝑅2(𝑧)
𝜙𝑡 −

𝜆𝑍
𝑡𝑎𝑛−1 (𝜋𝑤2 )
𝜊

l ray theory approach:
𝑙=

2𝜋𝑟
tan 𝜃2
𝜆

The first set with the values of H=Z=0.0044m:
Figures (3.30, 31, and 32) illustrate the dependency of topological charge on output
angle, mode radius and ring radius respectively
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Table 3.19 l phase Vs l ray theory for H=Z=0.0044m

l phase
approach

l ray
theory
approach

4.954

3.98

-3

13.659

14.25

-3

16.862

16.97

20.133

22

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

1

5

0.004

0.2279*10

2

14

0.01125

0.393*10

3

19

0.0155

0.431*10

4

26

0.0215

0.4583*10

-3

-3

The comparison graphs 3.30, 3.31, and 3.32 are plotted below

Figure 3.30 l phase Vs l ray theory with θout
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Figure 3.31 l phase Vs l ray theory with r mode radius

Figure 3.32 l phase Vs l ray theory with R ring radius
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The second set with the values of H=Z= 0.0225m:
Table 3.20 l phase Vs l ray theory for H=Z=0.0225m

l phase
approach

l ray
theory
approach

-4

3.4

3.12

-4

5.29

5.46

-4

5.94

5.78

10.52

11.90

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

1

9.5

0.00381

1.214*10

2

15.7

0.00635

1.583*10

3

18.7

0.00762

1.675*10

4

24.3

0.01016

2.2974*10

-4

The third set with the values of H=Z=0.0145m:
Table 3.21 l phase Vs l ray theory for H=Z=0.0145m

Number of
rings

𝜽𝒊 in
degrees

R in
meters

r in meters

1

17

0.00445

1.058*10

2

19.3

0.00508

1.1158*10

3

25.7

0.006985

1.6614*10

4

29.6

0.008255

2.1487*10

3.8.4

l phase
approach

l ray theory
approach

3.149

3.65

-4

4.565

5.39

-4

8.955

8.60

-4

14.44

14.84

-4

The comparison of all three approaches with the incident angle
measured and theoretical angle calculated and the mode radius and ring
radius
This section presents a comparison of the results from the different

approaches (the l topological charge phase approach, l topological charge ray theory
approach, and l topological charge OAM approach) with the incident angle measured
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/ the output angle calculated, the model radius inside of the fiber and the output ring
radius on the screen.
3.8.4.1 Topological Charge of the three approaches vs. the output angles
Table 3.22 below shows all three approaches of calculating the topological
charges vs. the output angles.
Table 3.22 The three approaches of topological charge VS θout

Number
of rings
1
2
3
4

l ray theory
approach
3.98
14.25
16.97
22

l OAM approach

l phase approach

4.9304
13.3009
16.971
18.4316

4.954
13.659
16.862
20.133

θout in
degrees
5.3
14.2
19.4
26.5

The tabulated data above is graphed below showing the Topological Charge
as a function of output angle:

Figure 3.33 Topological Charge as a function of output angle
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3.8.4.2 Topological Charge of the three approaches vs. the mode radius
Table 3.23 below shows all three approaches of calculating the topological
charges vs. the mode radius.
Table 3.23 The three approaches of topological charge vs. the mode radius

Number
of rings
1
2
3
4

l ray theory
approach
3.98
14.25
16.97
22

l OAM
approach
4.9304
13.3009
16.971
18.4316

l phase approach

r mode radius in meters

4.954
13.659
16.862
20.133

0.2279*10-3
0.393*10-3
0.431*10-3
0.4583*10-3

The tabulated data above is graphed below showing the Topological Charge
as a function of the mode radius:

Figure 3.34 Topological Charge as a function of the mode radius
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3.8.4.3 Topological Charge of the three approaches vs. the output ring radius
The table below shows all three approaches of calculating the topological
charges vs. the output ring radius:
Table 3.24 The three approaches of topological charge vs. the output ring radius

Number
of rings
1
2
3
4

l ray theory
approach
3.98
14.25
16.97
22

l OAM
approach
4.9304
13.3009
16.971
18.4316

l phase approach

R ring radius in meters

4.954
13.659
16.862
20.133

0.004
0.01125
0.0155
0.0215

The tabulated data above is graphed below showing the Topological Charge
as a function of the output ring radius:

Figure 3.35 Topological Charge as a function of the ring radius
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3.8.5

The comparison of all three approaches with incident angle measured
and theoretical angle calculated
This section presents a comparison of the topological charge using the

different approaches (l topological charge using the phase approach, l topological
charge using the ray theory approach and, l topological charge using the OAM
approach) with the incident angle measured and the output angle calculated.
The result is tabulated below for all three sets of the four SDM channels:

The first set with the values of H=Z=0.0044m:
Table 3.25 l topological charge with angle measured and theoretical angle for H=Z=0.0044m

Number
of rings

l ray theory
approach

l OAM
approach

l phase
approach

𝜽𝒊 in degrees,
experimental

1
2
3
4

3.98
14.25
16.97
22

4.9304
13.3009
16.971
18.4316

4.954
13.659
16.862
20.133

5
14
19
26

𝜽𝒊 in
degrees,
theoretical
5.3
14.2
19.4
26.5

The tabulated result is graphed below for the Input angle vs the Topological
charge for the first set of the four SDM channels.
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Figure 3.36 Topological charge with θi for H=Z=0.0044m

The tabulated result is graphed below for the output angle vs. the Topological
charge for the first set of the four SDM channels.
The second set with the values of H=Z= 0.0225m:
Table 3.26 l topological charge with angle measured and theoretical angle for H=Z=0.0225m

Ring #
1
2
3
4

l ray theory
approach
3.12
5.46
5.78
11.90

l OAM
approach
3.35
5.31
6.07
10.71

l phase
approach
3.4
5.29
5.94
10.52

𝜽𝒊 in degree,
experimental
9
15
18
24

𝜽𝒊 in degree,
theoretical
9.5
15.7
18.7
24.3

The tabulated result is graphed below for Input angle vs. Topological charge
for the second set of the four SDM channels.
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Figure 3.37 Topological charge with θi for H=Z=0.0225m

The tabulated result is graphed below for Output angle vs. Topological charge
for the second set of the four SDM channels.
The third set with the values of H=Z=0.0145m.
Table 3.27 l topological charge with angle measured and theoretical angle for H=Z=0.0145m

Number
of rings
1
2
3
4

l ray theory
approach
3.65
5.39
8.60
14.84

l OAM
approach
3.106
4.624
9.181
14.843

l phase
approach
3.149
4.565
8.955
14.44

𝜽𝒊 in degrees,
experimental
17
19
25
29

𝜽𝒊 in degrees,
theoretical
17
19.3
25.7
29.6

The tabulated result is graphed below for Input angle vs. Topological charge
for the third set of the four SDM channels:
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Figure 3.38 Topological charge with θi for H=Z=0.0145m

3.9 Experimental setup
The next step is to design, set up, and test a two-channel SDM communication
system using Tunable Small Factor Pluggable TXFP transceivers using C-band range
of communication wavelength over a 50-meter length of fiber for LAN applications
where the power and bit error rates are tested and analyzed with the aid of a Digital
Communication Analyzer (DCA). Visible laser of a 635nm wavelength is initially
used to verify the location and size of the SDM channel and as a guideline to place
the mask for the separation. This is explained later in the experimental setup.
The diagram of the two-channel SDM communication system setup is shown
in figure 3.39. It shows the multiplexing side, which is the BCM, the carrying fiber,
and the BSM or the de-multiplexing side.
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Figure 3.39 Diagram of the 2-channel SDM experimental setup

The Figure 3.40 shows the initial experimental setup of a full SDM
communication system, undergoing a test utilizing two channels at a 635nm
wavelength (red laser) used as guideline to be able view the location of each ring.
This is helpful in constructing the masking such that it blocks the unwanted channel
in the desired path for each side of the beam splitter. Once the initial setup is
complete, the experiment transitions to the invisible C-band, which is commonly
used for most communication systems.
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Figure 3.40 Full communication system setup for 2 SDM channels using lens De-multiplexer

This initial design was modified to the final design as maintaining the same
concept of the SDM output beam collimating. However, the beam was split, by using
70:30 splitter; then it was focused into the multimode 62.5/125μm step index fiber
guiding each channel to the TXFP Transceiver, where the received signal was
analyzed by the DCA. The modified setup is illustrated in figure 3.41 below:
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Figure 3.41 Modified diagram of the 2-channel SDM experimental setup

As mentioned earlier the setup initially used visible wavelength lasers
operating at 635nm, in order to create the two SDM channels and to be able to
construct the two rings with no crosstalk between Channel 1 and Channel 2. It was
done by launching the two at an angle to the carrying fiber in the section of the BCM.
Channel 1 was launched close to 0o angle with respect to the carrying fiber, and
Channel 2 was launched at an angle of 13.5o. In this manner, the two SDM channels
propagate helically through a 50-meter long step index multimode carrier fiber.
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Then, in the BSM section, where the output of the two channels form two donut
shape rings, is analyzed. These rings are then inspected against any sign of
overlapping, or crosstalk. The output of the two rings then passes through a
collimating lens, which collimates the two rings to preserve the ring patterns from
diverging as they pass over the free space and through the beam splitter. The beam
splitter splits the signal in two directions as shown in Figure 3.41. The signal in the
forward direction passes through the masking object. It is blocked from passing
through to the focusing lens, allowing only Channel 1 to pass through to the focusing
lens which is then focused into the 62.5/125μm multimode fiber. In the second path,
the two rings pass through the screening transparent glass with a blocking spot in the
center, pre-sized to the size of the ring of the center channel. This blocks Channel 1
and allows Channel 2 to pass through the focusing lens and then to the 62.5/125μm
multimode fiber of of Channel 2. All the above steps are performed with the visible
laser operating at 635nm wavelength to be able to place the screens at the appropriate
position to couple each channel separately, with no crosstalk. Then the two input
visible lasers are replaced with the signal transmitted from the TXFP using the Cband wavelength and the preset data rate is used. Since the locations of the rings of
each channel remains unchanged, the coupling lens couples the required channels in
the appropriate path, where Channel 1 is focused in the forward path and Channel 2
is focused in the path perpendicular to Channel 1 [35]. Each reaches its
corresponding receiver: receiver one for Channel 1 and receiver two for Channel 2.
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There each signal is displayed and analyzed on the digital communication analyzer
(DCA) screen.
Figure 3.42 shows the physical setup with each step of the experiment with
brief description. The physical layout of the experimental setup shows the three main
parts of the setup, which are the beam combiner module (BCM) on the SDM
multiplexer side, the multimode step index multimode carrying fiber (200/230μm),
and the BSM beam separator module.

Figure 3.42: 2-channel SDM communication system setup
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A close up of the figure above, starting from the BCM multiplexing (input)
side of the 2-channel SDM figure, shows two single-mode fibers for the center and
the outer SDM channels and a 50-meter long, 200/230μm, multimode step index
carrier of fiber, for the LAN application.

Figure 3.43 2-Channel SDM Multiplexer

Use of the visible laser operating at 635nm to locate the SDM donut shape
output rings and to verify the spatial separation of the two SDM channels is
demonstrated in Figure 3.44.
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Figure 3.44 SDM donut shape output rings

In the de-multiplexing side, the beam of the two SDM channels is collimated
to preserve the rings as they travel in free space, through the beam splitter, and then
through a second free space distance to the forcing lens. This is illustrated in Figure
3.45.
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Figure 3.45 The top view of the de-multiplexer side

The beam splitter creates two paths for the two rings, as shown in the above
figure. Then, in order to extract each channel separately, a masking technique is used.
To precisely place the masking, the use of the visible laser of 635nm wavelength was
advantageous, as shown in Figure 3.46.
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Figure 3.46 The visible rings to be used as a guide to the alignment of the rings

In this technique, in the forward path a camera shutter was used to block the
outer channel, allowing the center channel to pass through to the focusing lens where
the center beam is focused into the multimode fiber, and then to the receiver side of
the TXFP. The path of Channel 2 was masked by covering the glass with a mask
shaped as a solid circle with a diameter of 3.1 mm, the size of the center channel ring.
The mask blocked Channel 2 from passing, while at the same time allowing the outer
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channel ring to pass through the focusing lens to the multimode fiber, and then be
fed to the second transceiver. This is best illustrated in Figure 3.47.

Figure 3.47 The two channel SDM masking

The two extracted SDM channels are then analyzed using the DCA for the
signal to noise ratio and the bite error rate. These have been calculated and the results
are explained in the discussion section.
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4

System Testing and Results

The testing of the two SDM channel communication system was performed
according to the flow chart below:

Figure 4.1 Flowchart of testing procedure
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Table 4.4.1 describes the value of each wavelength and data rate under test.
Table 4.4.1 Wavelength-data rate values

No.
1

Notation
λ1

Description
First wavelength

Values
1545.52nm

2

λ2

Second wavelength

1546.12nm

3

λ3

4

Third wavelength
Data rate1

1546.92nm

Dr1

9.95328Gbps

5

Dr2

Data rate2

10.3125Gbps

6

Dr3

Data rate3

10.709225Gbps

7

Dr4

Data rate4

11.095727Gbps

According to the flowchart above, the SDM is based on transmitting two
channels using the same wavelength. Both Channel 1 and Channel 2 transmit the λ1
first wavelength of 1545.52nm, once with Dr1 which is the data rate1 at 9.95328Gbps,
and then the Dr2 , Dr3, and Dr4 .The same procedure was performed for the other two
wavelengths, which are λ2 and λ3 and which have the values of 1546.12nm and
1546.92nm respectively.

The testing was conducted utilizing two channels of an SDM communication
system. The first SDM channel is the center channel forming a spot and the second
channel is the outmost ring. The system was analyzed by the eye diagram on the
Digital Communication Analyzer (DCA).
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4.1 Digital Communication Analyzer (DCA) testing results
In electrical engineering, the eye diagram, sometimes signified as eye pattern,
used to gain an insight to the digital signal quality. It was named eye diagram due to
the shape that the diagram constructed on the oscilloscope display of the digital signal
which looks like a human eye [41]. The eye diagram is constructed by superimposing
consecutive waveforms to draw the diagram appear in the figure below. The analysis
of an eye diagram provides sufficient information on the system and reveal whether
the communication system under test is working as it is intended or there are garbled
faults that effect the signal transmission.
Below is the eye diagram captured from the DCA screen. This represents the
test result of the two SDM channels. Channel one is launched at an angle close to
zero degree angle with respect to the carrier fiber axis and the second channel is at
approximately 9o angle. This test was conducted using 50m long, 200/230μm step
index multimode fiber with 7.5dBm transmitting power from the optical amplifier.
Figure 4.2 shows the eye diagram of the center channel at a data rate of 10.3Gbps
operating at 1546.92nm. The blue trace shows the eye for the center channel and the
pink trace shows the eye for the outer channel.
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Figure 4.2 The eye diagram and data for the center channel at data rate of 10.3Gbps using 1546.92nm
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The outer channel eye diagram, utilizing the same data rate and the same
wavelength of 10.3Gbps using 1546.92nm, is presented in Figure 4.3.

Figure 4.3 The eye diagram and data of the outer channel at data rate of 10.3Gbps using 1546.92nm
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Figure 4.4 below, shows the eye diagram shows the center channel at the data
rate of 10.7Gbps using 1546.12nm.

Figure 4.4 The eye diagram and data for the center channel at data rate of 10.7Gbps using 1546.12nm

The outer channel eye diagram, utilizing the same data rate and the same
wavelength of 10.7Gbps using 1546.12nm., is presented in Figure 4.5 below.
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Figure 4.5 The eye diagram and data for the outer channel at data rate of 10.7Gbps using 1546.12nm

The figure above shows a clear eye diagram opining which indicates the
quality of the transmitted signal of each channel. The diagram of each channels does
not represent signs of inter symbol interference ISI as well as no discernible
crosstalk. The vertical eye opening (peak to peak) does not show up normal additive
noise in the signal. However, in figures (Figure 4.2, Figure 4.3, Figure 4.4, and Figure
4.5) the horizontal opening shows slightly less eye width which means that there can
be issues with timing synchronization or jittering effects. It shows reasonable vertical
opining when transmitting two SDM channels of 10Gbps each. The diagrams do not
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show signs of a chaotic appearance generated by data reflections. The eye also shows
no sign of any intermittent degradation in it. Clearly, the eye diagram does not show
much of duty cycle degradation. There is also no noticeable overshoot or undershoot
in the eye diagram. The above figures of the eye diagram do not show any sign of a
stressed eye although stressed eye can pass the receiver test and it is often described
as the worst case operating condition of a digital transmitted signal [51,52]. These
results clearly demonstrate a successfully transmission of 2 channels SDM
communication system over a single core multimode fiber of 200/230 micrometer,
utilizing the same frequency at variable date rats.
Presented below are the tabulated data for the test results.

Table 4.2 Data for Channel 1 and Channel 2 at λ1= 1545.52nm

Dr1
Dr2
Dr3
Dr4

Data rates
TX Gbps
9.95328
10.3125
10.709225
11.095727

Channel #1/λ1
Data rates
Eye
RX Gbps
S/N
9.94
17.68
10.3
17.95
10.7
14.42
11.1
11.82

BER
4.845e-19
1.433e-19
2.849e-13
1.757e-09

Data rates
RX Gbps
9.95
10.3
10.7
11.0

Channel #2/λ1
Eye
BER
S/N
16.09
4.325e-09
13.29
1.969e-19
11.91
1.352e-12
10.90
1.383e-10

Table 4.3 Data for Channel 1 and Channel 2 at λ2= 1546.12nm

Channel #1/λ2

Dr1
Dr2
Dr3
Dr4

Channel #2/λ2

Data rates
TX Gbps

Data rates
RX Gbps

Eye
S/N

BER

Data rates
RX Gbps

Eye
S/N

BER

9.95328
10.3125
10.709225
11.095727

9.95
10.4
10.7
11.1

11.52
17.88
13.99
12.63

4.325e-09
1.969e-19
1.352e-12
1.383e-10

9.90
10.3
10.7
11.1

16.41
14.38
12.72
10.07

1.169e-16
3.300e-13
1.032e-10
2.477e-07
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Table 4.5 Data for

Dr1
Dr2
Dr3
Dr4

Channel 1 and Channel 2 at λ3= 1546.92nm
Channel #1/λ3
Data rates
Eye
RX Gbps
S/N
9.94
17.33
10.1
16.92
10.7
13.70
11.0
11.79

Data rates
TX Gbps
9.95328
10.3125
10.709225
11.095727

Channel #2/λ3
BER
2.286e-18
1.355e-17
3.768e-12
1.924e-09

Data rates
RX Gbps
9.95
10.2
10.6
11.0

Eye S/N

BER

16.24
14.46
12.43
12.60

2.365e-16
2.459e-13
2.629e-10
1.524e-10

4.2 Power budget
4.2.1

Power budget when using 635nm wavelength
The power budget calculation for the center channel (i.e., Channel 1) is

given in Table 4.6.

Table 4.6 Theoretical center channel power budget using 635nm wavelength

Power before
SDM

Power after
SDM and
before the
collimated lens

1.96dbm

1.62dBm

Power after the
collimated lens

Power after the
beam splitter
(70/30)

Power after
collimating the
lens into a
multimode fiber
62.5/125micron

1.44dBm

-0.109dBm

-2.54dBm

The power budget measured from the experiment for the center channel
(i.e., Channel 1) is given in Table 4.7.
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Table 4.7 Measured center channel power budget using 635nm wavelength

Power before
SDM

Power after
SDM and
before the
collimated lens

1.96dbm

1.60dBm

Power after the
collimated lens

Power after the
beam splitter
(70/30)

Power after
collimating the
lens into a
multimode fiber
62.5/125micron

1.42dBm

-3.819 dBm

-19.25dBm

Power budget for the outer channel (i.e., Channel 2) is given in Table 4.8.

Table 4.8 Theoretical outer channel power budget using 635nm wavelength

Power before
SDM

Power after
SDM and before
the collimated
lens

Power after the
collimated lens

Power after the
beam splitter
(70/30)

1.53dbm

-7.26dBm

-7.45dBm

-8.99dBm

Power after
collimating the
lens into a
multimode fiber
62.5/125micron
-9.17dBm

Table 4.9 gives the power budget measured from the experiment for the
outer channel (Channel 2).

Table 4.9 Measured outer channel power budget using 635nm wavelength

Power before
SDM

Power after
SDM and before
the collimated
lens

Power after the
collimated lens

Power after the
beam splitter
(70/30)

1.53dbm

-7.23dBm

-7.41dBm

-8.96dBm
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Power after
collimating the
lens into a
multimode fiber
62.5/125micron
-9.13dBm

Power budget when using 1550nm wavelength

4.2.2

The power budget for the center channel (Channel 1) is shown in Table
4.10.
Table 4.10 Theoretical center channel power budget using 1550nm wavelength

Power before
SDM

Power after
SDM and before
the collimated
lens

Power after the
collimated lens

Power after the
beam splitter
(70/30)

7.5dbm

3.8dBm

3.59 dBm

0.59dBm

Power after
collimating the
lens into a
multimode fiber
62.5/125micron
0.40dBm

Table 4.11 gives the power budget measured from the experiment for the
center channel (Channel 1).
Table 4.11 Measured center channel power budget using 1550nm wavelength

Power before
SDM

Power after
SDM and before
the collimated
lens

Power after the
collimated lens

Power after the
beam splitter
(70/30)

7.5dbm

3.8dBm

3.59 dBm

0.59dBm

Power after
collimating the
lens into a
multimode fiber
62.5/125micron
-13.86dBm

Table 4.1 gives the power budget calculations for the outer channel (i.e.,
Channel 2).
Table 4.12 Theoretical outer channel power budget using 1550nm wavelength

Power before
SDM

Power after
SDM and before
the collimated
lens

Power after the
collimated lens

Power after the
beam splitter
(70/30)

7.5dbm

2.51dBm

2.33dBm

-0.67dBm
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Power after
collimating the
lens into a
multimode fiber
62.5/125micron
-0.85dBm

The power budget measured from the experiment for the outer channel
(Channel 2) is presented in Table 4.13.
Table 4.13 Measured outer channel power budget using 1550nm wavelength

Power before
SDM

Power after
SDM and before
the collimated
lens

Power after the
collimated lens

Power after the
beam splitter
(70/30)

7.5dbm

2.51dBm

2.33dBm

-0.67dBm
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Power after
collimating the
lens into a
multimode fiber
62.5/125micron
-15.62dBm

5

Relationship between Bessel Beams and Laguerre Gaussian
beams
The propagation of the beam inside the fiber optical cable is represented as a

Bessel Beam (BB) that excites the modes inside the fiber and SDM output outside
the fiber in free space, is typically represented by Laguerre Gaussian beams (LG)
[53-61]. The Bessel Beams inside the fiber and the Laguerre Gaussian beams in free
space may be related with the help of the mode radius each SDM channel. The BB
can be represented by the following equation

𝐸𝑧 (𝑟, 𝜙, 𝑧) = 𝐴𝐽𝑙 (𝑘𝑟 𝑟)𝑒 ±𝑗𝑙𝜙 𝑒 −𝑗𝛽𝑧

(5.1)

where r is the mode radius inside the fiber and the same r can be used in the
LG equation,

𝑈𝑝.𝑙 (𝑟, 𝜙, 𝑧) =

1
𝑝2!
√
𝑤(𝑧) 𝜋(|𝑙| + 𝑝)!
|𝑙|

2𝑟 2
−𝑟 2
√2𝑟
|𝑙|
∗(
) 𝐿𝑝 (
)
𝑒𝑥𝑝
(
)
𝑤(𝑧)
𝑤(𝑧)2
𝑤(𝑧)2
𝑟2
∗ 𝑒𝑥𝑝 [−𝑗𝑘
] 𝑒𝑥𝑝[−𝑗𝜓(𝑧)] ∗ 𝑒𝑥𝑝(𝑗|𝑙|𝜙)
𝑅2(𝑧)

(5.2)

This relationship can be explored further to better understand the operating
principles of Spatial Multiplexing in optical fibers and to set the roadmap that leads
to optimum utilization of this innovation.
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6

Conclusion

The ever increasing demand for higher data capacity in telecommunication,
medicine, defense, and other industries continues to propel the development of fiber
communications technology. Spatial multiplexing and OAM based multiplexing
techniques add new degrees of photon freedom to optical fibers and be used to
increase the data carrying capacity of optical fibers.
This endeavor experimentally demonstrated that SDM technique can support
two-channel of exactly the same wavelength over a single core multimode fiber
operating at 10Gbps or higher.
The two-channel SDM system design was successfully tested at data
transmission rates of 9.95Gb/s, 10.3Gb/s, 10.7Gb/s, and 11Gb/s, using equipment
and components commonly used in networking applications and data centers. This
endeavor used Tunable Small Form Factor Pluggable laser TXFPs operating in the
C-band (with wavelengths between 1530 to 1560nm) and a 50-meter long
200/230µm step index multimode fiber and associated electronics.
A mathematical model that relates the input/output angles to the Topological
charge associated with the OAM that is carried in the SDM channels while traversing
the length of the carrier fiber was developed, tested, and verified.
In addition, the relationship between the Bessel Beam inside the fiber and the
output Laguerre-Gaussian in free space was also briefly explored.
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7

Future work

For future work, a four channel SDM system operating in the C-band is proposed
as four-channel SDM systems in the visible spectrum has already been demonstrated
(using 635nm wavelength laser). The four channels SDM system is presented in
Figure 7.7.1.

Figure 7.7.1 Four channels SDM

Using a method of de-multiplexing similar to that presented in this endeavor,
the four channels system operating at 10gbps or higher in the C-band or VCSEL
sources will be a worthy subject to be developed and analyzed. The block diagram
presented in Figure 7.7.2 illustrates a possible de-multiplexing architecture.
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Figure 7.7.2 graphical illustration of four channels SDM communication system

In the diagram above, the first beam splitter splits two sets of 4 channels into
two paths. Then in each set, a masking screen is used to mask channels one and two
at step 5 and mask channels three and four at step 10. After that, the second and the
third beam splitter splits channel three and four, and two and one respectively. This
will resemble the two-channel system presented in this endeavor. Fine tuning and
additional analysis can improve the design further.
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10 Appendix
10.1 Equipment list
10.1.1 Optical bench mechanical equipment’s

1.

SM05FC - FC/PC Fiber Adapter Plate with External SM05 (0.535"-40)
Thread quantity 3

2. CP11 - SM05-Threaded 30 mm Cage Plate, 0.35" Thick, Two Retaining
Rings, 8-32 Tap quantity 3
3. AL1210M-C - Ø12.5 mm S-LAH64 Mounted Aspheric Lens, f=10 mm,
NA=0.55, ARC: 1050-1700 nm quantity 1
4. ER1.5-P4 - Cage Assembly Rod, 1.5" Long, Ø6 mm, 4 Pack quantity 4
5. KM200B - 3.01" x 3.01" Kinematic Platform Mount quantity 1.
6. BS033 - 50:50 Non-Polarizing Beam Splitter Cube, 1100-1600 nm, 2"
quantity 1.
7. PM3 - Small Adjustable Clamping Arm, 6-32 Threaded Post quantity 1.
8. PM3SP - Extension Post for PM3 Clamping Arm, 6-32 Threaded quantity
1.
9. CXYZ05 - XYZ Translation Mount for Ø1/2" Optics, 8-32 Taps quantity 2.
10. LA1540-C-ML - Ø1/2" N-BK7 Plano-Convex Lens, SM05-Threaded
Mount, f = 15.0 mm, ARC: 1050-1620 nm quantity 2.
11. RS2 - Ø1" Pillar Post, 1/4"-20 Taps, L = 2", 8-32 with Adapter quantity 8.
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12. RSHT1.5 - Ø1" Post Holder with Flexure Lock, 1/4"-20 Tap, L = 1.5"
quantity 8.
13. CF125C-P5 - Clamping Fork, 1.24" Counterbored Slot, 1/4"-20 Captive
Screw quantity 1.
14. P1-980A-FC-1 -Single Mode Fiber Patch Cable, 1 m, 980 - 1550 nm,
FC/bare fiber end, quantity 2.
15. P1-981A-FC-1 - Single Mode Fiber Patch Cable, 1 m, 980 - 1550 nm,
FC/LC, quantity 2.
16. M42L01 – Ø62.5/125 µm, 0.22 NA, step index multimode fiber with
FC/PC-LC/PC Fiber Patch Cable, 1 m quantity 2.
17. M20SX01LNUB, PVC blue Jacket material 200/230 µm, 0.37 NA, step
index multimode fiber with FC/PC-FC/PC Fiber Patch Cable, 50 m (main
carrying fiber of SDM Signal )quantity 1.
18. 460A-XYZ Linear Stages & SM-13 Micrometers quantity 1.
19. VRC2 - VIS/IR Detector Card, 400 - 640 nm, 800 - 1700 nm quantity 1.
20. LSOH3 bare fiber manual translation stage, Liansheng Optics, quantity 1.

10.1.2 Electronic equipment’s
1. TXN1811 10Gb/s Full-band Tunable XFP transceiver quantity 2.
2. Tunable XFP transceiver Evaluation board with software, quantity 2.
3. SI5040-EVB Evaluation clock board, with software, quantity 1.
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4. E3620A 0-25V, 0-1A Hewlett Packard DC power supply quantity 2.
5. 6235A Hewlett Packard DC power supply quantity 2.
6. OAB1550+20FA0 JDSU Erbium-Doped Fiber Amplifier quantity 2.
7. 86100C Infiniium DCA-J, Agilent wide-band oscilloscope Mainframe with
modules up to 50GHz.
8. HT-10 Visual Fault Locator, Sunwin, pulse at 635nm, quantity 2.
9. EF-200 OPM optical power meter with FC adaptor, quantity 2.

10.1.2.1 TXN1811 10Gb/s Full-band Tunable XFP transceiver:
TXN1811 Tunable XFP transceiver is a XFP (10 Gigabit Small Form
Factor Pluggable that can be tuned to the desired wavelength with in the range
provided). It is a class 1 laser transceiver which operates in the Invisible laser
radiations regen. It is manufactured by Emcore company with the following
products feature:
Tunable TXFP transceiver Features: 1. Full C-band Tunable transceiver.
2. 50GHz ITU channel grid.
3. +/-3.2 GHz frequency accuracy.
4. Negative and zero chirp MZM options.
5.

Excellent Low-OSNR performance.

6. Data rate up to 11.3Gb/s.
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7. PIN and PAD receiver options.
8. Factory-settable TX power up to +3 dBm.
9. 45dB side-mode suppression ratio.
10. Digital diagnostic Monitoring.
11. Front Panel Pluggability.
12. Optional off-grid tuning available.
10.1.2.2 Transmitter technical data: 1. Maximum TX power is =+3dBm.
2. Voltage supply minimum 4.5V normal 5v maximum 5.25V.
3. Transmission data rate minimum 9.95Gb/s and maximum is 11.35Gb/s.
4. Wavelength tuning range with 50GHz ITU grid spacing is 1528.77nm to
1568.36nm.
5. Frequency tuning range with 50GHz ITU grid spacing is 191.15THz to
196.10THz.
6. Operating temperate is from -5o to +70oC.
7. Single mode Tx output.
10.1.2.3 Receiver technical data: 1. Receiver data rate minimum 9.95Gb/s and maximum data rate is 11.35Gb/s.
2. Receiver sensitivity normal -26dBm and maximum is -24dBm.
3. Wavelength operating range minimum 1528.77nm to maximum
1603.17nm.
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4. Frequency tuning range minimum 187.00THz to maximum 196.10THz.
5. Single mode Rx input.

Figure below shows the schematic diagram, the physical model and carton of
the TXFP

Figure 10.1 TXFP transceiver

10.1.2.4 JDSU OAB1550+20FA0 Erbium-Doped Fiber Amplifier
Optical amplifier JDSU OAB1550+20FA0 Erbium-Doped Fiber Amplifier and
the technical specification: 1. Wavelength Range: C Band, 1528-1565 nm.
2. Amplifier Type: Pre-Amp.
3. Characteristics: Unfastened.
4. Optical Interface: FC/APC.
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5. Output Power: Standard Output Power = +14.6 dBm.

Figure 10.2 Optical Amplifier

10.1.2.5 SI5040-EVB Evaluation clock board, with software: This board is provided to be as platform for the evaluation of the XFP signal
conditioning transceiver suitable for all types of XFP transceiver. The Si540 board
provides full-duplex at a serial data rate from 9.95GBps to 11.4GBps.the Si5040EVB features:1. Evaluation of Silicon Laboratories' Si5040 XFP Signal Conditioning
Transceiver.
2. Separate power supply connections for the following:- VDD (1.8 V) powers
the internal circuitry of the Si5040, VDD_3p3 (3.3 V) powers the MCU and
XTAL oscillator and, VDDIO (1.8 or 3.3 V) powers the LVTTL IOs of the
Si5040.
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3. It has four selectable on-chip reference frequencies.
4. Visible LEDs for visual monitoring of key chip and board parameters.
5. Easy register access via software provided.
6.

The Si5040 has dual-row header allows to easily connect to another serial
control MCU and status communications.

7. It has 1/16 recovered clock rate with synchronous output clock.
Figure below shows the schematic diagram, and physical model of the Si5040-EVL
board
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Figure 10.3 Si5040-EVL board

6235A is a triple output DC power supply made by Hewlett Packard 0 to
+7V and the 0 to +18 V. showing in the figure blow: -
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Figure 10.4 6235A triple output DC power supply

HT-10 it is a visual fault locator laser of, pulse at 635nm made by Sunwin
with up to 10mw power. It has selectable switch continues and pulse mode. It is a
class 1 laser. Figure below shows the physical model of the fault finder laser

Figure 10.5 fault finder laser
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10.1.2.6 86100C Infiniium DCA-J is a Digital Communication Analyzer
86100C Infiniium DCA-J is a Digital Communication Analyzer, made by
Agilent it has a wide-band oscilloscope, a time-domain reflectometer, and a jitter
analyzer mainframe with two modules and up to 50GHz the first module is an
Agilent 86105C with one Multimode optical input and one electrical input as
Channel 1 and Channel 2 respectively. The second module is a Hewlett Packard HP
54752A which is a two-channel electrical input 3 and 4 of 50GHz module and built
in trigger.
Some of the Digital Communication Analyzer DCA-J features: 1. Accurate compliance testing of optical transceivers.
2. Automated jitter and amplitude interference decomposition.
3. Internally generated pattern trigger.
4. Modular platform for testing waveforms to 40 Gb/s and beyond.
5. Broadest coverage of data rates with optical reference receivers, electrical
channels, and clock recovery.
6. Built-in S-parameters with TDR measurements.
7. It has < 90 fs intrinsic jitter.
8. Open operating system – Windows® XP Pro.
Figure below shows the schematic diagram, the physical model Digital
Communication Analyzer DCA-J.
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Figure 10.6 EF-200 OPM optical power meter with FC adaptor below figure shows the physical optical
power meter
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Figure 10.7 optical power meter

460A-XYZ Linear Stages & SM-13 Micrometers for precision alignment.
Made by Newport company. Below figure of the physical model of the XYZ
Linear Stages.

Figure 10.8 XYZ Linear Stages
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CXYZ05 - XYZ Translation Mount for Ø1/2" Optics, 8-32 Taps for FC
connecter to be able precision focus the beam into the 62.5/125 Fc concertized
multimode fiber after splitting and masking

Figure 10.9 XYZ Translation Mount

10.1.3 Optical Lenses: 10.1.3.1 AL1210M-C Mounted Aspheric Lens of N-BK7
AL1210M-C Mounted Aspheric Lens of N-BK7. This is the
collimating lens that is used to collimate the two channels beam profile such
that preserve the geometric location of the two SDM channels beam profile
of donut shape rings in location: -
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Part number
AL1210M-C

Optical

Effective

diameter

focal length

12.5mm

10.0mm

NA
0.55

Clear

Refractive

aperture

index

10.8mm

1.788

Figure below shows the schematic diagram, the physical model and carton
of the collimating lenses

Figure 10.10 The physical model and carton of the collimating lenses

10.1.3.2

LA1540-C-ML - Plano-Convex Lens of N-BK7
LA1540-C-ML - Plano-Convex Lens of N-BK7. These two lenses

are used to focusing the split beam profile after passing the masking of each
channel to be fed back into the receiver port has the following technical
data: Part number
LA1540-C-ML

Optical

focal

surface

length

12.7mm

15.0mm

NA
0.38
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Clear

Refractive

aperture

index

11.43mm

1.788

Figure below shows the schematic diagram, the physical model and carton
of the focusing lenses

Figure 10.11 The physical model and carton of the focusing lenses

10.1.3.3 BS024 - 70:30 Beam Splitter Cube Non-Polarizing
BS024 - 70:30 Beam Splitter Cube Non-Polarizing used to split the
two channels SDM beam profile to be focused separately with the following
specifications: Part number

BS024

Optical

Coating for

diameter

wavelength of

24.5mm

1100-1600nm

Splitting ratio

Clear aperture

Refractive
index

70/30

80% of the

1.788

entrance face

Figure below shows the schematic diagram, the physical model and the
isometric view of the 70/30 beam splitter
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Figure 10.12 the physical model and the isometric view of the 70/30 beam splitter

10.2 Matlab codes
Mfile(“First set of 4 channels SDM”)
R=[0.004 0.01125 0.0155 0.0215]; % radius of the rings on the
screen
r=[0.2279e-03 0.393e-03 0.431e-03 0.4583e-03]; %radius of the ring
in output face of the fiber
Theta_out=[5 14 19 26]; % output angle
L_OAM=[4.9304 13.3009 16.971 18.4316] % topological charge using
OAM equation
L_frustum=[3.98 14.25 16.97 22] %topological charge using fristum
equation
L_Phase=[4.954 13.659 16.862 20.133] %topological charge using
phase equation
figure(1)
plot(R,L_OAM,'b')
hold on
plot(R,L_Phase,'g')
grid on
xlabel('R in m')
ylabel('Topological Charge')
legend('LOAM','LPhase')
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figure(2)
plot(R,L_OAM,'b')
hold on
plot(R,L_frustum,'g')
grid on
xlabel('R in m')
ylabel('Topological Charge')
legend('LOAM','L Ray Theory')
figure(3)
plot(R,L_OAM,'b')
hold on
plot(R,L_frustum,'g')
grid on
xlabel('R in m')
ylabel('Topological Charge')
legend('LPhase','L Ray Theory')
figure(4)
plot(r,L_OAM,'b')
hold on
plot(r,L_Phase,'g')
grid on
xlabel('r in m')
ylabel('Topological Charge')
legend('LOAM','LPhase')
figure(5)
plot(r,L_OAM,'b')
hold on
plot(r,L_frustum,'g')
grid on
xlabel('r in m')
ylabel('Topological Charge')
legend('LOAM','L Ray Theory')
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figure(6)
plot(r,L_OAM,'b')
hold on
plot(r,L_frustum,'g')
grid on
xlabel('r in m')
ylabel('Topological Charge')
legend('LPhase','L Ray Theory')
figure(7)
plot(Theta_out,L_OAM,'b')
hold on
plot(Theta_out,L_Phase,'g')
grid on
xlabel('Theta out in deg')
ylabel('Topological Charge')
legend('LOAM','LPhase')
figure(8)
plot(Theta_out,L_OAM,'b')
hold on
plot(Theta_out,L_frustum,'g')
grid on
xlabel('Theta out in deg')
ylabel('Topological Charge')
legend('LOAM','L Ray Theory')
figure(9)
plot(Theta_out,L_OAM,'b')
hold on
plot(Theta_out,L_frustum,'g')
grid on
xlabel('Theta out in deg')
ylabel('Topological Charge')
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legend('LPhase','L Ray Theory')
Mfile(“Second set of 4 channels SDM”)
R=[ 0.00381 0.00635 0.00762 0.01016]; % radius of the rings on the
screen
r=[1.214e-4 1.583e-4 1.675e-4 2.2974e-4]; %radius of the ring in
output face of the fiber
Theta_out=[9.5 15.7 18.7 24.3]; % output angle
L_OAM=[3.35 5.31 6.07 10.71]; % topological charge using OAM
equation
L_frustum=[3.12 5.46 5.78 11.90] %topological charge using fristum
equation
L_Phase=[3.4 5.29 5.94 10.52] %topological charge using phase
equation
figure(1)
plot(R,L_OAM)
hold on
plot(R,L_frustum)
hold on
plot(R,L_Phase)
grid on
xlabel('R in m')
ylabel('Topological Charge')
legend('LOAM','Lfrustum','LPhase')
figure(2)
plot(r,L_OAM)
hold on
plot(r,L_frustum)
hold on
plot(r,L_Phase)
grid on
xlabel('r in m')
ylabel('Topological Charge')
legend('LOAM','Lfrustum','LPhase')
figure(3)

147

plot(Theta_out,L_OAM)
hold on
plot(Theta_out,L_frustum)
hold on
plot(Theta_out,L_Phase)
grid on
xlabel('Theta out in Deg')
ylabel('Topological Charge')
legend('LOAM','Lfrustum','LPhase')
Mfile(“Third set of 4 channels SDM”)
R=[ 0.00445 0.00508 0.006985 0.008255]; % radius of the rings on
the screen
r=[1.058e-4 1.1158e-4 1.6614e-4 2.1487e-4]; %radius of the ring in
output face of the fiber
Theta_out=[17 19.3 25.7 29.6]; % output angle
L_OAM=[3.106 4.624 9.181 14.843]; % topological charge using OAM
equation
L_frustum=[3.65 5.39 8.60 14.84] %topological charge using fristum
equation
L_Phase=[3.149 4.565 8.955 14.44] %topological charge using phase
equation
figure(1)
plot(R,L_OAM)
hold on
plot(R,L_frustum)
hold on
plot(R,L_Phase)
grid on
xlabel('R in m')
ylabel('Topological Charge')
legend('LOAM','Lfrustum','LPhase')
figure(2)
plot(r,L_OAM)
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hold on
plot(r,L_frustum)
hold on
plot(r,L_Phase)
grid on
xlabel('r in m')
ylabel('Topological Charge')
legend('LOAM','Lfrustum','LPhase')
figure(3)
plot(Theta_out,L_OAM)
hold on
plot(Theta_out,L_frustum)
hold on
plot(Theta_out,L_Phase)
grid on
xlabel('Theta out in Deg')
ylabel('Topological Charge')
legend('LOAM','Lfrustum','LPhase')
Mfile(“Bit error rate”)
format long
SN11=[17.42
13.70
15.29
11.97];
x11=SN11./2;
BTER11=(1/sqrt(2*pi)).*exp(-(x11.^2)./2)./x11
SN21=[16.75
13.11
12.54
10.53
];
x21=SN21./2;
BTER21=(1/sqrt(2*pi)).*exp(-(x21.^2)./2)./x21
SN12=[17.28
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13.95
16.31
12.37
];
x12=SN12./2;
BTER12=(1/sqrt(2*pi)).*exp(-(x12.^2)./2)./x12
SN22=[9.12
13.14
15.24
11.23
];
x22=SN22./2;
BTER22=(1/sqrt(2*pi)).*exp(-(x22.^2)./2)./x22
SN13=[17.17
15.85
13.73
12.07
];
x13=SN13./2;
BTER13=(1/sqrt(2*pi)).*exp(-(x13.^2)./2)./x13
SN23=[16.77
14.94
12.72
11.29
];
x23=SN23./2;
BTER23=(1/sqrt(2*pi)).*exp(-(x23.^2)./2)./x23
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