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ABSTRACT 
 
The well known phase diversity technique has long been used as a premier passive imaging method to mitigate the 
degrading effects of atmospheric turbulence on incoherent optical imagery. Typically, an iterative, slow method is 
applied that uses the Zernike basis set and 2-D Fourier transforms in the reconstruction process. In this paper, we 
demonstrate a direct method for estimating the un-aberrated object brightness from phase or phase difference estimates 
that 1) does not require the use of the Zernike basis set or the intermediate determination of the generalized pupil 
function, 2) directly determines the optical transfer function without the requirement for an iterative sequence of 2-D 
Fourier Transforms, 3) provides a more accurate result than the Zernike-based approaches since there are no Zernike 
series truncation errors, 4) lends itself to fast and parallel implementation, and 5) can use stochastic search methods to 
rapidly determine simultaneous phases or phase differences required to determine the correct optical transfer function 
estimate. As such, this new implementation of phase diversity provides potentially faster, more accurate results than 
previous approaches yet still retains inherent compatibility with the traditional Zernike-based methods. The theoretical 
underpinnings of this new method along with demonstrative computer simulation results are presented. 
 
Keywords: Phase diversity, parallel image processing, image reconstruction, neural network imaging methods, 
turbulence compensation, image processing 
 
 

1. INTRODUCTION 
 
Imaging through atmospheric turbulence has long been a challenging issue for those that are interested in surveillance or 
reconnaissance or have high resolution imaging applications such as the defense, homeland security, and intelligence 
communities. Regardless of the high quality of the imaging system itself, for sufficiently large entrance pupil apertures, 
the dominating effect in the imaging system’s loss of spatial resolution is the turbulent atmosphere. This loss of 
resolution can be dramatic in the visible part of the electromagnetic spectrum.   
 
We introduce a modified phase diversity method that compensates for the effects of atmospheric turbulence and can 
operate with a single set of image pairs—an in-focus image and slightly defocused image taken simultaneously through 
the same imaging system—provided that the imaging system is operating under imaging conditions with sufficient light 
to preclude the necessity of image frame averaging methods. The modifications to the phase diversity method include 1) 
eliminating the requirement for the 2-D Fourier transform in the iterative phase estimation process, 2) eliminating the 
need for weighted Zernike basis function to estimate the entrance pupil plane phase, 3) optimizing a 2-D correlation 
algorithm to take advantage of inherent pupil plane symmetries and to reduce unneeded sequential calculations, 4) 
extending the phase diversity method for general parallel implementation on distributed processing machines or parallel 
processing platforms, and 5) directly estimating the OTF from entrance pupil plane phase estimates or phase difference  
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estimates. When matched to a suitable parallel processing platform, the modified phase diversity method produces a 
more accurate, highly software based turbulence compensation approach that has the potential for real-time near-
diffraction limited performance with only a single captured set of phase diversity images. We also implement a 
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rudimentary super-resolution algorithm to handle select objects that are not band-limited (such as binary stars or a pair of 
unresolved incoming missiles). 
 
Section 2 provides some background information on the effects of atmospheric turbulence as well as a short discussion 
on some general atmospheric turbulence compensation approaches. We also present some background information on 
the modified phase diversity method. In Section 3, we simulate the modified phase diversity method using a 2-D binary 
star model and provide some analytical results. We also demonstrate the effect of the super-resolution algorithm. We 
then discuss future work and present a summary along with acknowledgements.   
 

2.  BACKGROUND 
 
We begin this section with a discussion on the expected improvement in spatial resolution by mitigating the effects of 
atmospheric turbulence for an optical imaging system with an entrance pupil plane aperture diameter much larger than 
the Fried parameter ro. We then briefly discuss some common means for correcting atmospheric turbulence effects and 
present some advantages of the phase diversity method. Afterwards, we present the modified phase diversity method.  
We finish this section with a short discussion of the advantages of the modified phase diversity method over traditional 
atmospheric turbulence compensation approaches.  
 
2.1 The effects of atmospheric turbulence on imaging systems 
    
A well known metric that captures the effects of the turbulent atmosphere is the Fried parameter, ro. This parameter can 
be interpreted as the effective aperture size given the effects of the turbulent atmosphere. In the near-field turbulence 
approximation such as is the case for ground-to-air/space imaging conditions, ro can take on values from 6 cm under 
nominal imaging conditions to 20 cm at the best imaging sites in the world. Typical values or ro lie in the 6 – 8 cm range 
for many ground to air systems for wavelengths in the visible part of the spectrum (say 500 nm). The resolution gain that 
can be achieved by mitigating the atmospheric turbulence effects is given by the ratio of the resolution obtained using the 
Fried parameter as the effective entrance pupil aperture diameter to that of the diffraction limited resolution, 
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In equation (1) the value D is the diameter of the entrance pupil of the imaging system. As an example, using an 80 cm 
telescope diameter such as our new telescope here at the Florida Institute of Technology and observing exo-atmospheric 
targets of interest, the spatial or angular resolution gain expected for this imaging system with atmospheric turbulence 
compensation when viewing objects in the visible parts of the electromagnetic spectrum with an ro of 6 cm would be 
approximately 13 times better than the same system without atmospheric turbulence compensation. 
 
An inherently more difficult problem than imaging from ground-to-air/space is to image from ground-to-ground such as 
is required in many intelligence, surveillance, and reconnaissance applications. In this case, a distributed atmospheric 
turbulence model is necessary and typical ro values run in the range of 2 – 4 cm. Accordingly, imaging systems with 
entrance pupil aperture sizes larger than one inch can benefit by correcting atmospheric turbulence effects. For instance, 
a ground-to-ground imaging system with a 6 inch telescope primary reflector observing a target in the visible wavelength 
region through air with a ro of 2 cm would see roughly a 7.6 improvement in the spatial or angular resolution of the 
imaging system by mitigating the effects of atmospheric turbulence. Atmospheric turbulence effects can be noticeable in 
as little as a few hundred meters stand-off range between the imaging system and the target of interest. 
 
The above discussion applies to imaging systems in the visible part of the electromagnetic spectrum. Imaging systems 
that operate in the infrared part of the electromagnetic spectrum are often considered “immune” to atmospheric 
turbulence effects. This is strictly speaking not true. The resolution gain shown in equation (1) also applies to the 
infrared part of the electromagnetic spectrum. However, the Fried parameter scales according to, 
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where 1

0
λr is the value of ro at λ1 and 2

0
λr is the value of ro at the wavelength of interest λ2 

1. As an example, if the 
“seeing” conditions are such that the value of ro at a reference wavelength of 500 nm is 1 cm, then the value of ro at 1.06 
um is about 2.46 cm. Once the new value of ro is known at the wavelength of interest, then equation (1) can be used to 
determine the upper bound on the resolution increase of the optical system under consideration. In principal, infrared 
systems in the short-wave or mid-wave infrared part of the electromagnetic spectrum could still benefit from turbulence 
compensation methods if their primary collecting apertures are sufficiently large. For instance, a ro of 2 cm at 500 nm 
would scale according to equation (2) to 13.8 cm at 2.5 µm. Imaging systems with aperture sizes larger than 13.8 cm 
would benefit by compensating for the effects of atmospheric turbulence. 
 
Approaches to mitigating the effects of atmospheric turbulence are to a) put the imaging system in a location that 
minimizes atmospheric turbulence (e.g. in thinner atmosphere, or space), b) hardware-based, real-time adaptive optics 
methods, c) software-based post processing methods, d) hybrid methods. We will restrict our discussion to options b) 
through d) for the case of mobile ground-to-air, or ground-to-ground imaging scenarios. In the case of hardware-based 
adaptive optics approaches, these imaging systems are generally expensive and are often more suitable for fixed 
locations than for rugged, mobile applications.  However, costs are coming down and these systems are getting more 
rugged especially with the emergence of micro-electro-mechanical mirror systems (MEMMS). When properly installed 
and working, these systems are real-time and can produce results approaching the classical diffraction limit. 
 
Hybrid systems use both adaptive optics (hardware-based) and post-processing methods to compensate for the effects of 
atmospheric turbulence. The advantage of hybrid systems is that they reduce some of the hardware complexity by 
relaxing some of the spatial sampling requirements in the AO hardware system but they do not eliminate the hardware 
requirements.    
 
In contrast, traditional post-processing methods tend to be iterative and slow but require very little hardware apart from 
the actual imaging system itself and some simple optical components (optical filters, beam splitters, beam-forming optics, 
etc.). The sequential, iterative nature of the traditional post-processing methods makes them unattractive for many real-
time or near real-time applications.    
 
A notable exception is the modified speckle imaging technique by Carrano who has demonstrated near-diffraction 
limited results for imaging extended objects in ground-to-ground imaging scenarios2. Furthermore, he is able to get near 
real-time processing for a 256 by 256 pixel region of interest—on order of 10 seconds of processing time using a 
somewhat dated lap-top computer. However, Carrano uses a modified speckle imaging technique that requires multiple 
frames of data before the processing can begin.  The multiple images are required to obtain the estimate of the optical 
transfer function (OTF) and obtain a workable signal-to-noise ratio for the OTF estimate. Inherently, the requirement for 
multiple images to calculate the correct OTF statistics complicates attempts to use the speckle imaging technique in real-
time applications. 
 
Another technique that can be used for both near-field and distributed turbulence applications is the Phase Diversity (PD) 
method. The PD method is well understood and has been used for a variety of applications to include solar granulation 
studies3, phasing multi-aperture telescopes4, phase retrieval5,6, and sensing unknown aberrations in the optical path 7 to 
name a few. PD is known to work when imaging extended objects and is also practical when imaging through volume 
turbulence8 although some improvements are expected by including amplitude effects.   

2.2 Modifications to the Traditional Phase Diversity Algorithm 

 The procedure discussed in Section 2.1 above has limitations in accuracy in the sense that the use of the Zernike 
polynomials typically involves a truncation of the basis set and so has an inherent approximation error. However, often 
just using the lower order Zernike terms is sufficient in approximating the entrance pupil phase but there is still a residual 
error when the Zernike basis set is used. Another limitation related to fast implementation of the PD method is that the 

Proc. of SPIE Vol. 6978  69780K-3

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 04/21/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx



 

 

iterative, traditional PD method is often implemented using 2-D FFT’s to first estimate the imaging system’s impulse 
response, then the Point Spread Function, and in turn the OTF. The 2-D FFT is not typically implemented as a parallel 
processing operation but is often used instead of the direct autocorrelation of the generalized pupil function in estimating 
the OTF. This is because it is generally faster to use the 2-D FFT than the autocorrelation of the generalized pupil 
function in determining the OTF in conventional single processor computing platforms. This can be seen by the scaling 
laws for the 2-D FFT and also for the 2-D autocorrelation.   
 
When considering the 2-D convolution/correlation, the non-optimized 2-D correlation scales as, 
 

                               N2−D Corr = N1N2 2 N1 + M1 −1( ) N2 + M2 −1( )−1[ ],                            (3) 
 
where the number of rows and columns in the first zero-padded matrix given by (N1, N2), and the number of rows and 
columns of the second zero-padded matrix is given by (M1, M2). Often both matrices have the same dimensions as is the 
case for determining the autocorrelation of the generalized pupil function. In this case, the zero-padded, complex valued 
GPF is correlated with itself and so (N1 = M1, N2= M2).   
                   
 
In contrast, the 2-D FFT/IFFT scales as, 
 

  222121212 loglog NNNNNNN fftD ++=−                                      (4) 
 
where, N2-D ,fft is the equivalent number of (non-optimized) complex computations for the 2-D FFT, N1 is the number of 
columns in the 2-D input brightness and N2 is the number input rows.  As such, the FFT of a 256 by 256 block of pixels 
would require 69,632 complex operations. Note that a complex multiply requires 4 regular multiplies and 2 additions 
while a complex add requires two regular additions (one for the real part of the expressions to be added and one for the 
imaginary part) thereby increasing the equivalent number of operations based on the type of operation performed.  For an 
equal number of complex adds and complex multiplies, the equivalent operations required for the 2-D FFT would be 
278,528 and 344,064 for the IFFT due to the extra real divide at each pixel point for normalization purposes.   
 
Depending on the implementation approach, either two 2-D FFTs or a single 2-D correlation lie at the heart of the 
computations in each iteration of the traditional PD method. The 2-D FFTs are zero-packed to be the first power of 2 
greater than 2 Np – 1 in each direction. Here Np is the number of sample points in a linear direction across the entrance 
pupil plane diameter. The 2-D correlation is that of the GPF with itself and so the number of points in the resulting 2-D 
correlation of the GPF is based on the 2-D sampling of the GPF.    

In our modified PD approach, we eliminated the requirement for the 2-D FFT and instead optimized the 2-D correlation 
of the GPF. The optimization was based on 1) taking advantage of inherent symmetries in the complex correlated values 
of the GPF—this becomes a factor in distributed processing or sequential processing implementations, 2) implementing 
a direct search algorithm based on either entrance pupil phase estimates, phase difference estimates, or weighted Zernike 
basis set estimates—the later for consistency and compatibility with traditional PD sensing methods, 3) developed a 
methodology for parallel PD implementation suitable for distributed processing applications and also highly parallel 
processing approaches, and 4) provided a means to extend the direct search algorithm to a stochastic search algorithm 
which should further increase the speed of the search algorithm. We also implemented a rudimentary super-resolution 
algorithm for dealing with point-source objects (e.g. 2 aircraft or missiles at a distance) since these objects tend to have 
critical information outside the cut-off frequency of the OTF (a few multiple point source objects are not band-limited).  
Neglecting these effects will introduce artifacts in the reconstructed image. 

Nowadays, when multiple processor machines are commonplace (e.g. the Pentium duo processor, and even quad 
processors are readily available), supplemental array processors, and the advent of distributed processing, “cell” 
machines, and parallel processing machines such as the Cellular Neural Network9,10,11, parallel implementations of the 
traditional post-processing atmospheric turbulence compensation methods are increasingly more attractive. Furthermore, 
parallel implementation of traditional atmospheric turbulence compensation post processing methods is required for 
hardware reduced real-time applications. 
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3.  RESULTS 

 
In this section, we show the results of our modified PD algorithm. To demonstrate the results, we generate a pair of 
turbulence degraded images—an in-focus and also a slightly defocused image with the same simulated turbulence. We 
can control the amounts of atmospheric turbulence applied to the image pairs and so we can “dial-in” reference amounts 
of simulated turbulence and generate corresponding PD image pairs. This reference atmospheric turbulence is used to 
generate reference OTFs corresponding to both the in-focus and slightly defocused turbulence degraded image pairs.  
Just the turbulence degraded image pairs are used in the modified PD algorithm to estimate the un-aberrated object 
brightness. The modified PD algorithm directly estimates the OTF from entrance pupil plane phase information (phases, 
phase differences, or a finite set of weighted Zernike basis functions then used to estimate the entrance pupil phase). In 
addition to the object brightness estimate, the OTF and diversity OTF are also estimated and can be compared to the 
reference OTF and reference diversity OTF. We use the Zernike basis functions to allow for a direct comparison with our 
generated reference turbulence since our simulator generates the turbulence using Zernike polynomials. This basis set is 
also more convenient when using dominantly sequential processors like our Toshiba T-series Lifebook tablet pc.  
 
We first generated the atmospheric turbulence that would be applied to our reference objects. Our atmospheric 
turbulence generator uses “dialed in” weighted Zernike coefficients to generate a set of controlled turbulence degraded 
images for the modified PD method.   Figure 1 (left) shows a simple 2-D reference object of a simulated binary star 
normalized to a maximum brightness of 1 watt/cm2. We kept the spatial angular sampling small to better see the effects 
of the turbulence on this object. Figure 1 (right) shows the simulated image after being exposed to a weighted 
 

 
 

Figure 1:  The left side shows the binary reference model while the right side shows the simulated atmospheric turbulence 
degraded image.  The binary has one peak that is half the amplitude of the other and the separation is 1.3 micro-radians. 

 
combination of  Zernike terms. In this example, the first 3 Zernike coefficients were set to zero since the first term 
(piston) does not affect single aperture systems, and the second term (x-tilt) and third term (y-tilt) just move the image 
across the focal plane of the imaging system. Notice how much the spatial power density decreased in the atmospheric 
turbulence degraded image.  The main peak is only 1/10th the value of the reference peak and the remaining energy has 
been spread around the focal plane due to the effects of the atmospheric turbulence. For now, we are showing only the 
effects of atmospheric turbulence and that of the entrance pupil aperture to focus on the atmospheric turbulence effects.  
For any well designed optical system that is imaging in the atmospheric turbulence dominated regime, the system effects 
will be small compared to that of the atmospheric turbulence.   
 
Figure 2 a) shows the reference Modulation Transfer Function (MTF) corresponding to the reference OTF that was used 
on the reference object brightness in Figure 1 (left) to obtain the atmospheric turbulence degraded image shown in Figure 
1 (right). Figure 2 b) shows the same MTF associated with the reference OTF but with an additional known defocus term 
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added to the entrance pupil phase function. We will refer to this as the defocused MTF corresponding to the defocused 
OTF.  Figures 2 c) and 2 d) are the corresponding in focus and defocused images generated the appropriate OTFs. 
 

 
Figure 2 a) on the top left shows the Modulation Transfer Function that was used to generate the in focus image shown in the 

bottom left (Figure 2 c).  The figure on the top right (Figure 2 b) is the Modulation Transfer Function used to generate the 
defocused simulated image shown in on the bottom right (Figure 2 d). 

 
We want to recover the original object brightness shown in Figure 1 a) from the atmospheric turbulence degraded image 
pairs in Figure 2 c) and 2 d). Only the pair of images is given as inputs to our modified PD algorithm.  As previously 
stated, Figure 2 a) shows the reference Modulation Transfer Function for the in-focus image. The corresponding OTF 
contains both the aperture and atmospheric turbulence effects and was applied to the reference object to produce the 
atmospheric turbulence degraded in-focus image shown in Figure 2 c). The corresponding defocused MTF that was used 
to generate the image in Figure 2 d) is shown in Figure 2 b). These MTF’s serve as reference MTF’s for the modified PD 
algorithm. 
 
The modified PD algorithm was then run using the reference input image pairs as previously discussed. Figure 3 a) on 
the left shows the reconstructed object brightness using the modified PD algorithm along with the reconstructed OTF 
(Figure 3 b) shown on the right.    
 

Proc. of SPIE Vol. 6978  69780K-6

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 04/21/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx



 

 

 
Figure 3:  a) Shows the estimated brightness function after applying the modified PD algorithm, and b) shows the corresponding 

estimated in-focus MTF used to generate the brightness estimate. 
 
This OTF can directly be determined from phase estimates, phase difference estimates or Zernike weight estimates. The 
first two approaches are beneficial for parallel processing architectures but the Zernike method works best for sequential 
processors. For the results shown in Figure 3 we used the Zernike basis functions to form the entrance pupil plane phase 
estimates. Notice that the peaks in the reconstructed image are not perfectly reconstructed. However, the reconstructed 
peaks still have higher peak brightness values than that shown in the turbulence degraded image shown in Figure 2 c).  
The reason for this is that objects that are few in number and are smaller than the classical resolution limit of the optical 
system, have critical information outside the cut-off region of the telescope aperture. These objects are not band-limited 
and so even a noise-free, perfect reconstruction inside the clear aperture of the telescope is not sufficient to perfectly 
reconstruct the object—the information outside the telescopes entrance pupil diameter is lost and the result is an 
imperfectly reconstructed object. Notice also the artifacts introduced around the reconstructed object.  The reconstructed 
object is better than the turbulence degraded image, but it is far from perfect. When comparing the reconstructed MTF 
(and OTF) to the reference MTF and OTF they are seen to be virtually identical. This means that the critical difference 
between the estimated brightness shown in Figure 3 a) and the true brightness shown in Figure 1 a) is solely due to 
information outside the cut-off region of the telescope. 
 
We then developed a rudimentary super-resolution algorithm to recover the lost information outside the clear aperture of 
the imaging system. The recovered information is based solely on information obtained inside the clear aperture of the 
telescope.   Figure 4 b) shows the modified PD reconstructed image using the super-resolution algorithm. Notice, that in 
a noise-free environment, it perfectly reconstructs the original reference object shown in Figure 4 a).   
 

 
 

Figure 4: a) The reference object brightness is shown on the left and, b) the results of the modified PD algorithm using the super-
resolution adaptation is shown on the right. 
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There is still a little bit of structure along the connecting axis between the binary object in the reconstructed image due to 
minor difference in the estimated and actual entrance pupil phases used in determining the corresponding OTFs. 
 
Lastly, we show how the modified PD algorithm works on an extended object with additive noise. The image in Figure 
5a) is the reference extended object used to generate a pair of PD reference images. Figure 5 b) shows the in-focus 
atmospheric turbulence degraded image with random Gaussian system entrance pupil phase noise with zero mean and a 
standard deviation of 1/10 radian. Figure 5 c) shows the noise free estimate of the reference brightness and Figure 5 d) 
show the brightness reconstruction with the noise present.   
 
No super-resolution algorithm is required for extended objects since these can be effectively band-limited—the energy 
associated with object information is very small compared to noise effects outside the clear aperture of the telescope12.  
The majority of the object information is available inside the clear aperture. Super-resolution methods for extended 
objects may still provide resolution beyond the classical diffraction limit and we plan to investigate some of these 
methods and further adapt our modified PD algorithm. 
 

  4.  FUTURE WORK 
  
We intend to investigate and develop various stochastic search algorithms to further increase the speed of the parallel 
implementations of the PD algorithm. We also will investigate incorporating distributed turbulence models in the 
modified PD method. We also want to investigate extending the rudimentary super-resolution algorithm to 2-D extended 
objects. We intend to conduct system engineering studies to implement a portable, rugged version of this modified PD 
system and develop a working proto-type to demonstrate the results 
 

 
Figure 5:  a) The brightness profile of a simulated extended object is shown in the upper left.  b) The atmospheric turbulence 

degraded in-focus image is shown on the top-right.  This is one of the two images that are used as inputs to the modified PD 
algorithm.  Zero mean additive Gaussian noise with a standard deviation of 0.1 was added to the entrance pupil phase to 
simulate additive system noise effects.  c)  Shows the noise free estimate of the extended object using the modified PD 
algorithm, and d) shows the modified PD estimate in a noisy environment. 

 
5.  Summary 

 
We developed a modified PD algorithm that can use Zernike weights, entrance pupil phases or entrance pupil phase 
differences to directly estimate the OTF for a passive, incoherent imaging scenario. The approach is meant to be 
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implemented on parallel processing hardware but can also be applied to sequential processors such as those in most 
COTS personal computing hardware. In this paper, we kept the approach generic and independent of any particular 
processing environment. In essence, our modified PD approach benefits sequential, distributed, or parallel architectures 
but the biggest speed gains are obtained in fully parallel architectures with real-time processing possible under these 
conditions.   
 
We demonstrated the Zernike based modified PD algorithm using a Toshiba T-series Lifebook tablet PC and we 
observed a noticeable speed increase over a traditional PD implementation. A binary star model was used to develop 
simulated PD imagery using controlled amounts of atmospheric turbulence. The turbulence degraded images were then 
used in the modified PD algorithm to estimate the un-aberrated 2-D object brightness. The in-focus and defocused 
Optical Transfer Functions were also estimated and compared with the reference OTFs. In the noise free case, the 
estimated OTFs exactly matched the reference OTFs.  
 
Using the inverse of the in-focus estimated OTF, the object brightness was determined. The estimated un-aberrated 
object brightness results were better than the turbulence degraded images but were not a “perfect” reconstruction. The 
reason for the imperfect reconstruction was that the binary object is not band-limited. Critical information outside the 
clear aperture of the entrance pupil is lost without a suitable super-resolution method.   
 
We then implemented a rudimentary super-resolution algorithm that used only experimentally available information 
inside the clear aperture to estimate the 2-D object spectrum outside the clear aperture of the imaging system. This 
resulted in a perfect object brightness estimate in an environment where the system noises are negligible when compared 
with the atmospheric turbulence effects. Finally, we added additive noise to the entrance pupil phase and showed that the 
modified PD algorithm works on extended objects without super-resolution enhancement and in the presence of additive 
Gaussian system noise. 
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