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ABSTRACT
The energy production time series of our purely hydrodynamic accretion disk simulations display

remarkable similarities with the observed light curves of dwarf novae superhumps in general and the
AM CVn stars in particular. The superhump period excess as a function of mass ratio agrees well with
earlier theoretical and numerical results, and the amplitudes and relative phases of the harmonics in the
power spectra agree well with the observations. The morphology of the mean pulse proÐle appears to be
a useful predictor of system mass ratio. Our modiÐed smoothed particle hydrodynamics code time sym-
metrizes the interparticle forces when individual time steps are used that di†er from each other by a
power of 2 and advances the internal energy using a very simple method based on fundamental prin-
ciples that requires the calculation of only a single vector dot product per particle per time step instead
of a separate pairwise internal energy equation. Both of these modiÐcations act to increase the stability
of the internal energy changes, resulting in a signiÐcant reduction in the noise in the energy production
time series. The periodicities in our models are primarily the result of changes in the viscous energy
production as the disks experience tidal stressing and oscillate between nearly circular and highly dis-
torted shapes over a superhump period. We follow the system in an inertial frame of reference, and the
symmetry axis of the disk during peak energy production is aligned roughly perpendicular to the line
joining the center of the stars. This axis precesses slowly in the inertial frame on a timescale of D35È75
orbital periods, where the precession period is a function of the system mass ratio. The disks are thickest
in the quadrant undergoing the largest radial excursions. This feature is stationary in the slowly precess-
ing frame. The particle trajectories also show quasi-periodic mB 2 vertical oscillations that generally
agree with published analytical predictions.
Subject headings : accretion, accretion disks È binaries : close È hydrodynamics È

methods : numerical È novae, cataclysmic variables È
stars : individual (AM Canum Venaticorum)

1. INTRODUCTION

Dwarf novae are a subclass of the cataclysmic variable
binaries that show disk outbursts of D2È5 mag with inter-
outburst timescales of weeks to years (see Warner 1995a).
These are semidetached binaries, typically consisting of a
Roche lobeÈÐlling dwarf M star in orbit about a white
dwarf. Some dwarf novaeÈthe SU UMa starsÈhave short
orbital periods hours) and undergo occasional(Porb[ 2
superoutbursts, which are D0.7 mag brighter and last D5
times longer than a normal outburst. During these super-
outbursts so-called superhumps often develop in the photo-
metric light curves. The superhump period is observed toP

Sbe a few percent longer than the orbital period, where the
fractional period excess is a function of system mass ratio
q 4M2/M1.Superhumps usually appear fully developed within a day
after supermaximum. However, in a few rare cases direct
observations have been made of the growth of superhumps

& Vogt During this(Semeniuk 1980 ; Krzeminski 1985).
growth phase, the pulse proÐles have their maximum ampli-
tude and tend to be characterized by sharp maxima (cusps)
and smooth minima and look approximately time sym-
metric. Over time, the fractional amplitude decreases and
the proÐle broadens with more components between the
principal humps (e.g., Schoembs, & Vogt IfHaefner, 1979).
we are to use the pseudoÈlight curves from our models to

extract information on fundamental system parameters, we
must Ðrst demonstrate that they produce results consistent
with these observations.

has argued convincingly that theWarner (1995b)
members of a long puzzling subclass of the dwarf novae, the
AM CVn stars, are helium mass transfer systems that com-
monly display superhump light curves. These systems have
estimated orbital periods ranging from D15 to 45 minutes
(a D 0.2È0.4 and the secondary is thought to be a semi-R

_
),

degenerate helium remnant of a star stripped of the bulk of
its mass before helium could ignite, perhaps during a
common-envelope phase (see & Tutukov ThereIben 1984).
are six known AM CVn stars : the prototype et(Provencal
al. and references therein) and its near twin EC15330-1995
1403 et al. both of which show low(OÏDonoghue 1994),
levels of variability in their mean light levels and Ñickering
superposed on a stable photometric period ; the single
(emission)-line spectroscopic binary GP Com, which does
not show stable photometric periodicities Robin-(Nather,
son, & Stover Horne, & Rosen and1981 ; Marsh, 1991) ;
Ðnally the three systems that show 2È4 mag outbursts and
photometric variations that are quasi-periodic, but whose
character can be highly variable from night to nightÈCR
Boo et al. et al. V803 Cen(Wood 1987 ; Provencal 1989),

& Kilkenny and CP Eri et al.(OÏDonoghue 1989), (Abbott
1992).
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The generally accepted model for the physical origin of
the superhump light curves is the periodic dissipation of
energy in a precessing eccentric accretion disk. Simulations
have shown that a resonant instability develops and that
disks precess progradely when the mass ratio is sufficiently
small so that the m\ 3 eccentric inner Lindblad(q [ 0.25)
resonance (located at the 3 :1 corotational resonance) can lie
within the disk (Whitehurst & Osaki1988, 1994 ; Hirose

& King Lubow1990 ; Whitehurst 1991 ; 1991a, 1991b ;
However, most of these have yieldedMurray 1996, 1998).

only limited results directly comparable with the obser-
vations. In this paper we present results of a preliminary
investigation using newly developed numerical techniques
for three-dimensional smoothed particle hydrodynamics
(SPH) simulations for the four mass ratios q \ 0.025, 0.050,
0.075, and 0.100. Our pseudoÈlight curves are directly com-
pared with the observations and add considerable support
to the corotational resonance model for SU UMa stars in
general and for the AM CVn stars in particular.

The basic assumption we use to generate our pseudoÈ
light curves is that variations in the intensity of the light
emitted from the disks is proportional to changes in the
total internal energy of the gas in the disk. These pseudoÈ
light curves should therefore be loosely considered as
measurements of the variations in the bolometric lumi-
nosities of optically thin disks, although we emphasize that
the term ““ light curves ÏÏ is not strictly correct since our
models are purely hydrodynamic with no explicit radiation
processes. The harmonic structure of the resulting pseudoÈ
light curves (in practice, the mean pulse shapes) allows us to
compare directly with observed light curves to constrain the
mass ratio of a given system. The global Ñuid motions as
well as the kinematics of individual test particles then
allows us to probe the dynamics of the disks appropriate to
that system.

In we describe the physical model and the modiÐ-° 2
cations to our SPH code. The numerical results are present-
ed in which include the pseudoÈlight curves and their° 3,
Fourier transforms, as well as the horizontal and vertical
disk oscillations. Particular attention is paid to compari-
sons with theoretical predictions and observations. The
results are summarized in ° 4.

2. NUMERICS

2.1. T he Basic Model
Within the model the two stars are point masses in circu-

lar orbits about their center of mass, which is located at the
origin of the coordinate system. All calculations are made in
the inertial frame so that Coriolis forces do not need to be
computed. This choice also makes visual interpretation of
the results more straightforward than if the system is fol-
lowed in the corotating frame. The disks are created ab
initio by injecting gas particles through the inner Lagrange
point Any time a Ñuid particle is captured by either starL 1.or scattered out of the system, a replacement is injected
through The disks are therefore forced into quasi-L 1.equilibrium states, which are reached within some 40È80
orbits after the onset of mass transfer.

For general reviews of SPH see andBenz (1991)
BrieÑy, SPH is a Lagrangian numericalMonaghan (1992).

Ñuid dynamics method Ðrst introduced by andLucy (1977)
& Monaghan The Ñuid continuum is rep-Gingold (1977).

resented by a Ðnite number of particles that interact pair-

wise over a limited smoothing length h ; this can be thought
of as the e†ective radius of the SPH particles. The Ñuid
particles are usually thought of as interpenetrating spheres,
the local Ñuid properties of which are found by a weighted
average over nearby neighbors. The smoothed average for a
physical Ðeld A(r) is given by

SA(r)T \
P

W (r [ r@, h)A(r@)dr@ , (1)

where the integration is over all space and W (r, h) is the
smoothing kernel, which is normalized so that / W dV \ 1.
When dealing with a Ðnite collection of particles, equation

becomes a sum:(1)

A(r) \;
j

m
j
A

j
o
j

W (r [ r
j
, h) , (2)

where and specify the mass, position, and densitym
j
, r

j
, o

jof the jth neighbor, respectively. Similar to equation (2),
spatial derivatives of interpolated quantities may be found
using

+A(r) \ ;
j

m
j
A

j
o
j

+W (r [ r
j
, h) , (3)

where it is customary to use symmetrized forms for the
derivatives.

We use the standard polynomial kernel function sug-
gested by & Lattanzio which is identi-Monaghan (1985),
cally zero beyond 2h ; thus, particles only interact when
their centers are within 2h of each other and the summation
is restricted to these particles. We also use constant-h par-
ticles, which allows us to use an ancillary mesh with spacing
2h to greatly speed the sort and search for nearby neigh-
bors.

The general forms of the momentum and internal energy
equations per unit mass for each Ñuid particle are, respec-
tively,

d2r
dt2 \ [$P

o
] fvisc[

GM1
R13

R1[ GM2
R23

R2 , (4)

du
dt

\ [P
o

$ Æ ¿] vvisc , (5)

where u is the mass-speciÐc internal energy, P is the pres-
sure, o is the density, is the viscous force, is thefvisc vviscenergy change due to viscous dissipation, and andR1 R2are the distances from the stellar masses andM1 M2,respectively.

The SPH version of the momentum equation we use for
particle i is
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The smoothed density is found by
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An ideal equation of state is used :
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i
, (8)
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where the sound speed is

c
s,i \ Jc(c[ 1)u

i
. (9)

The artiÐcial viscosity is given by et al.%
ij

Lattanzio (1986) :
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term linear in introduces a bulk viscosity, and the quad-k
ijratic term introduces a Von Neuman-Richtmyer artiÐcial

viscosity to prevent particle interpenetration at high Mach
numbers. For these simulations a \ 1.5, b \ 1.0, and
g \ 0.1h Belvedere, & Molteni and refer-(Lanzafame, 1993
ences therein ; & KatzHernquist 1989 ; Evrard 1988 ; Anzer,
Borner, & Monaghan The artiÐcial viscosity a†ects1987).
only approaching particles, so all the energy dissipated by
the artiÐcial viscosity raises the internal energy. Since radi-
ative cooling is not included, we use c\ 1.01 to prevent the
internal energies from becoming excessively large.

Whenever possible we calculate changes in the internal
energies using an action-reaction principle that obviates the
need for a separate energy equation,

du
i

dt
\ [a

i,SPH Æ ¿
i
. (12)

Note carefully that we use the force per unit mass of the
SPH forces to Ðnd the change in the internal energies of the
particles. Although this technique is formally equivalent to
using a standard SPH internal energy equation (see ° 2.3
below), it fails in a small number of cases to prevent nega-
tive internal energies, and we then use
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\ P
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ij
(13)

to follow changes in the internal energies.
Variations in the bolometric luminosities are determined

by following the changes in the internal energies of all the
particles over a speciÐc time interval n,

L n \ ;
i

du
i
n . (14)

The time step for each particle is chosen by
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where C\ 0.25 is the Courant number.

2.2. T ime-symmetrized Interparticle Forces
We use the SPH code described in detail by Simpson

All particles have equal mass and size, which(1995a, 1995b).
remain constant in time and space. Particle positions and
velocities are advanced using a leapfrog integrator with
multiple time steps that di†er from one another by a power
of 2. The time step for a given particle can range from

to*tmax4 *tN

*tn\ *tN
2N~n

, (16)

where N is the number of individual time steps. For these
simulations we use and N \ 6. Although*tmax\ Porb/200
this technique is relatively straightforward to implement
and generally gives acceptable results, there are two ways it
can fail to conserve momentum.

The most obvious of these happens if one particle in a
pair has its velocity updated while its partner does not. We
avoid this problem by including only particles that are con-
current (i.e., particles that are having their velocities
updated) in the SPH force calculations, although all par-
ticles contribute to the interpolated density regardless of
time step.

We have also run a few tests where nonconcurrent par-
ticles are excluded from the smoothed density calculations
as well as the force calculations. Clearly, the e†ect of this
choice is to reduce the interpolated density when not all
particles are concurrent, but not surprisingly, given the
robustness of SPH calculations in general, the global
dynamical results are nearly identical to those presented
here. While further tests could be interesting, this particular
choice seems both unnecessary and unphysical to us.

The other way momentum can fail to be conserved is if
two particles i and j are concurrent but have di†erent time
steps. This is easy to demonstrate. For any pair of equal
mass particles i and j, the accelerations due to the inter-
particle forces are

a
ij
\ [a

ji
, (17)

and the resulting impulses per unit mass are

*p
ij
\ a

ij
*t

i
and *p

ji
\ a

ji
*t

j
. (18)

But these impulses will clearly not be equal and opposite
unless the time steps and are the same, and since*t

i
*t

jthese time steps will not necessarily be equal, conservation
of momentum will be violated unless the impulses are made
equal and opposite by using the same time interval to calcu-
late both impulses.

The simplest way to do this is to use the arithmetic mean
of the time steps and to make the pairwise impulses*t

i
*t

jsymmetric. While this method of symmetrizing the inter-
particle forces is a reasonable choice, it can potentially lead
to problems since the impulse on a particle will be unreal-
istically large when it interacts with another particle that
has a time step considerably larger than its own.

The approach we followed is to use twice the smaller time
step when interacting particles have di†erent time steps.
This is done in the loop when the accelerations are calcu-
lated using a dimensionless factor based on the time step
indices rather than the time steps themselves (see eq. [16])
since the impulses are not applied until after all the acceler-
ations have been calculated for all concurrent particles.

We performed tests using both of these methods for time
symmetrizing the interparticle forces. The results are nearly
identical, although the amplitudes of the harmonics are
moderately larger using the Ðrst method, while the latter
method gives slightly cleaner results with less noise.

But regardless of which algorithm is used, time symmetri-
zation will be lost if particles change their time steps after
their accelerations are updated (see Maintainingeq. [15]).
strict momentum conservation while allowing particles to
change their time steps would require an iterative
procedureÈat great computational expense and for no sub-
stantial gain. However, the resulting errors in the particle
trajectories should on average be less than for algorithms
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that do not require concurrence for particles undergoing
interactions.

2.3. Advancing the Internal Energy
As a replacement for a separate SPH energy equation, we

use a relation based on the fact that the rate of change of the
internal energy for a particle due to interactions with neigh-
boring particles can be found by an action-reaction prin-
ciple. In the absence of external forces, the work done in
moving the system from conÐguration 1 to conÐguration 2
comes at the expense of the particlesÏ internal energies U

iand can be written as (see, for example, Marion 1970 ;
Goldstein 1981)

W12\ ;
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i
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where and Note thatdr
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.

is just the expression for power from basicequation (20)
physics.

Equating the negative of the work done by particle i on
adjacent particles over the time interval *t to the change in
its internal energy and using givesequation (23)

dU
i

dt
\ [ 1

2
;
j

F
ij

Æ ¿
ij

, (24)

which is the basis for most SPH energy equations.
We have found in practice that advancing the mass-

speciÐc internal energy using a di†erenced form ofu
iperforms better in our disk simulations thanequation (20)

using one formed from SpeciÐcally, in theequation (23).
context of a leapfrog integrator we use

du
i
n

dt
\ [;

j
a
ij
n Æ ¿

i
n`1@2 ,

\ [a
i,SPHn Æ ¿

i
n`1@2 . (25)

Integer values of n indicate a quantity evaluated at the end
of a time interval, whereas an index of indicates an ] 12quantity evaluated at the center of a time interval. Note that
in the new velocities must be deter-equation (25) ¿

i
n`1@2

mined before the internal energies of all concurrent particles
are updated. We may then use a low-order integrator to
advance e.g.,u

i
,

u
i
n`1 \ u

i
n ] du

i
n

dt
*t

i
, (26)

where all the quantities are properly time centered.
Our preliminary results indicate that greater numerical

stability can be achieved by integrating the energy using
than a separate pairwise energy equation suchequation (25)

as There are two primary reasons why thisequation (13).
appears to be so. First, requires only theequation (25)
summed acceleration for a particle at the ends of the time
step intervals and the relative velocities at the midpoints of
the intervals, but these are exactly the values used in the

leapfrog integrator to advance the system dynamics, and so
no errors are introduced by using the endpoint velocities ¿n.
Second, far fewer calculations are required, and so roundo†
error is minimized.

But equations and while o†ering the advantages(25) (26),
of stability and simplicity, can still yield negative energiesÈ
an unphysical state that clearly must be prohibited and is
numerically fatal. If evaluation of yieldsequation (26)

we have three fallback approaches. First, if theu
i
n`1\ 0,

particleÏs time step is larger than it is possible to take*tmin,advantage of the multiple time steps to try to eliminate this
problem by the following method : the time step is Ðrst
halved ; the velocity is then corrected for this new¿

i
n`1@2

time step is recalculated(Simpson 1995b ; eq. [14]) ; du
i
n/dt

using and the corrected velocity ; and, Ðnally,equation (25)
the new value of is again found usingu

i
n`1 equation (26).

This procedure is continued using successively smaller time
steps as needed until We have found this methodu

i
n`1 [ 0.

to be successful in over 95% of all cases for these simula-
tions.

The second fallback procedure is needed when the smal-
lest time step is reached and the estimate of is stillu

i
n`1

negative. In this case, we use the standard pairwise SPH
mass-speciÐc internal energy equation from i.e.,° 2.1,

which we also integrate usingequation (13), equation (26),
and where the velocities are the most current values of In¿n.
order to maintain conservation of momentum as strictly as
possible, the time step that the particle has on beginning
this procedure is assumed to be the original one it had
before undergoing the simpler integration procedure
described above, but, as before, we use the Ñexibility of the
multiple time steps to try to avoid negative internal ener-
gies.

In a small but nonzero number of cases, the value of u
i
n`1

obtained from integrating with the smallestequation (13)
time step is also negative, and at this point we have run out
of elegant solutions and must use our third and Ðnal fall-
back procedure : we simply set to some arbitrarilyu

i
n`1

small positive value, which for these simulations we choose
to be 1/10 of the initial injection energy. We note that this
was required less than 40 times total during the four simula-
tions presented below, so there is no chance of our results
being tainted.

2.4. T he Model Parameters
The disks are created by injecting 2000 equal mass and

size particles per orbit until there are 25,000 particles in the
system. Any particles captured by either star or scattered
out of the system are replaced by injecting another particle
through L 1.The parameters used for the four simulations are sum-
marized in Note that the radius of the primary isTable 1.

TABLE 1

INPUT PARAMETERS FOR SIMULATION RUNS

Parameter Value(s) Description

M1 . . . . . . . . 0.8 M
_

Mass of primary
q . . . . . . . . . . 0.025, 0.050, 0.075, 0.100 System mass ratio
a . . . . . . . . . . 0.25 R

_
Orbital separation

Tinj . . . . . . . . 2000 K Gas injection temperature
h . . . . . . . . . . 0.01a Smoothing length
c . . . . . . . . . . 1.01 Adiabatic index
a . . . . . . . . . . 1.5 Viscosity parameter
b . . . . . . . . . . 1.0 Viscosity parameter
g . . . . . . . . . . 0.1h Viscosity parameter
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approximately the radius of a 0.8R1\ 3h \ 0.0075 R
_

,
white dwarf. The secondaryÏs radius depends on q butM

_is D0.08 for all mass ratios. Although our choice ofR
_a \ 0.25 for all four mass ratios is unphysical, it isR
_nevertheless representative and allows easier interpretations

of the results.
The gas is assumed to be monatomic hydrogen, although

tests using helium have yielded essentially the same results.
This is because the model is purely hydrodynamic, so the
only e†ect of changing the type of gas is to alter very slightly
the particlesÏ initial internal energies.

In this preliminary set of calculations, we follow systems
with the four di†erent mass ratios q \ 0.025, 0.050, 0.075,
and 0.100, corresponding to 0.04, 0.06, and 0.08M2\ 0.02,

We chose these extremely small mass ratios becauseM
_

.
we are particularly interested in the AM CVn stars, but our
results are applicable to SU UMa systems in general. The
orbital periods were determined using KeplerÏs third law
and range from s for q \ 0.100 toPorb\ 1331.02 Porb\
1378.86 s for q \ 0.025. This small range results from
assuming for all the systems.a \ 0.25R

_Dimensionless units are used throughout, with the units
of mass and length being and a, respectively. TheM1] M2velocity has units of so that the dimen-[G(M1] M2)/a]1@2
sionless orbital period becomes 2n, and the mass-speciÐc
internal energy has units of velocity squared.

3. RESULTS

3.1. Periodicities and PseudoÈL ight Curves
Before considering the numerical data, it is worthwhile

repeating two important points. First, there are no explicit
radiative processes involved, so only the pressure and
viscous forces can change the internal energy of the par-
ticles. As a result, our disks are too hot relative to the

observations, particularly in the inner regions. Second, the
numerical light curves are roughly equivalent to the time
series of the absolute bolometric luminosity of optically thin
disks, with no viewing aspect dependency and no Ñux con-
tributed from the two stars.

The superhump period excess for numerical accretion
disks has been measured by whoWhitehurst (1994),
analyzed the shape of the disks, and by & OsakiHirose

who analyzed the number of particles hitting the(1990),
secondaryÏs surface. Here we take a di†erent approach and
measure the superhump period directly using a Fourier
analysis of the pseudoÈlight curves generated by following
the internal energy production in the entire disk.

We note that the internal energy production is domi-
nated by the viscous energy production, which is about 2
orders of magnitude larger than that due to the pressure
forces, and that the steady state accretion rate onto forM1all q is of the total number of particles per orbit, so[1.5%
that the mass transfer stream has only very minor e†ects on
the subsequent evolution of the disk. To be more speciÐc,
the accretion rate onto is ¹6 particles per whichM1 *tmax,is the interval over which we sum the internal energy pro-
duction used to generate the light curves. The capture rate
by and the number of particles scattered out of theM2system are negligible (less than 5 particles per orbit after the
Ðrst 10 orbits).

The change in the internal energy of all particles is
summed over each (implying a ““ photometric ÏÏ inte-*tmaxgration time of D7 s) and plotted as a function of time. The
raw time series data for the energy production for all four
mass ratios is shown in Figure 1.

Each curve shows a sharp initial climb and a peak near
the end of the Ðrst orbit that corresponds to the gas forming
a ring at the circularization radius. The energy production

FIG. 1.ÈChange in the internal energy in dimensionless system units of all particles summed 200 times per orbit (corresponding to a ““ photometric ÏÏ
integration time of D7 s) and plotted as a function of orbital periods. The inset for each mass ratio shows a smaller region of the raw data in more detail.
Periodicities are obvious later in the curves for the three larger mass ratios.
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then drops o† quickly before beginning to gradually
increase again until the initial mass transfer burst is turned
o† between orbits 12 and 13, resulting in a sudden dip. After
this time, the number of particles in each disk is held con-
stant at 25,000. The energy production then decreases for all
models until either reaching a minimum and then remain-
ing Ñat (q \ 0.025) or reaching a minimum and then grad-
ually increasing again before eventually becoming Ñat
(q \ 0.050, 0.075, 0.100). The magnitude of the energy
change increases with mass ratio because the disks become
smaller and more tightly packed as q increases.

After a Ðnal steady state was reached, the time in orbital
periods was converted back to real time, and the data were
then Fourier transformed to Ðnd the power spectra of the
fractional energy production. Our goal was to make use of
as large an unÐltered data set as possible, so we used 50
orbital periods (D19 hours of real time) for all four models.
It was necessary to let the q \ 0.050 simulation run some-
what longer than the other models in order to get a Ñat
curve where the low-frequency noise was minimized, even
though this curve appears nearly Ñat at a somewhat earlier
time. Orbits 50È100 were used for q \ 0.025, 0.075, and
0.100, while orbits 80È130 were used for q \ 0.050. A slight
increasing trend was subtracted from the q \ 0.025 model
to eliminate some very low frequency noise ; otherwise, the
power spectra all are from the raw data.

The power spectra are shown in No peaks areFigure 2.
evident for q \ 0.025, but the other three models show a
pronounced peak and at least one smaller one, which is the
Ðrst harmonic of the main peak to within 0.04%. Note that
the q \ 0.075 and 0.100 models also have distinct second
harmonics, while the q \ 0.050 shows only a very small
bump at the location of the second harmonic. The q \ 0.075
model also shows a small bump at the location of the third
harmonic. The periods of the distinct peaks are summarized
in The errors in the experimental periods are theTable 2.
average half-width at half-maximum.

We identify the largest peaks with the superhump periods
and use equations (3.40) and (3.41b) fromP

S
Warner (1995a)

(derived from the assumption that the superhump period is
the beat between the orbital period and the precession
period of the disk which has excited the m\ 3 eccentric
inner Lindblad resonance) to determine the theoretical
values of for comparison with our experimental values :P

S

P
S
\ Porb

A 3
3 [ 2x

B
, (27)

where

x \ q
4(1 ] q)

C
1 ] 0.433

(1 ] q)2@3 ] 0.146
(1 ] q)4@3

] 0.044
(1] q)2] 0.013

(1 ] q)8@3 ] É É É
D

. (28)

FIG. 2.ÈPower spectra using the fractional energy production of the
data shown in Orbits 50È100 were used for q \ 0.025, 0.075, andFig. 1.
0.100, and orbits 80È130 were used for q \ 0.050. The three larger mass
ratios show distinct peaks at the superhump frequencies and at least the
Ðrst harmonics. A slight increasing trend was subtracted from the data for
q \ 0.025 to eliminate some very low frequency noise.

Although this equation is for a noninteracting test particle, it
nevertheless serves as a useful comparison for our results.
Numerical estimates of the precession period in the pres-
ence of pressure and viscous forces indicate that these
values can be altered by a few percent As(Lubow 1992).
demonstrated in there is excellent agreementTable 2,
between the mean numerical and theoretical superhump
periods predicted by equations and The mean(27) (28).
period excess is deÐned by (PS,exp [ Porb)/Porb.

3.2. Mean Pulse Shapes : Steady State
We were able to extract the mean pulse shapes by folding

the raw energy production data on the measured super-
hump periods. The time intervals used for q \ 0.050, 0.075,
and 0.100 were orbits 80È122, 70È100, and 75È100, respec-
tively. These intervals were chosen by trial and error to
yield well-deÐned pulses with nearly identical phases. But
the pulses were very noisy because the data is the sum of the
energy production of all the particles in the disks without
any radiation processes to help smooth out the global
energy production. However, after applying a simple
moving window average (i.e., boxcar smoothing ; et al.Press

with a width of ^13 time bins, we obtained the mean1992)
pulse shapes shown in Two cycles of these pulsesFigure 3.
are shown for clarity.

The pulse for q \ 0.050 has a smooth rise with a some-
what Ñat maximum. It decreases nearly symmetrically at

TABLE 2

EXPERIMENTAL AND THEORETICAL PERIODS

Porb P
S,th P

S,exp Pothers,expq (s) (s) (s) Period Excess (s)

0.025 . . . . . . 1378.88 1388.03 None . . . . . .
0.050 . . . . . . 1362.34 1379.96 1380.26^ 12.58 0.0132 689.85^ 3.00
0.075 . . . . . . 1346.41 1372.31 1373.16^ 12.15 0.0192 686.15^ 3.03, 457.31^ 1.31
0.100 . . . . . . 1331.02 1363.72 1369.49^ 12.25 0.0289 684.02^ 3.14, 457.06^ 1.33
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FIG. 3.ÈMean pulse shapes extracted from the numerical steady state
energy production time series. These were obtained by folding on the
experimental superhump periods and smoothed using a boxcar Ðlter with a
width of ^13 time bins.

Ðrst, but about a third of the way down the slope becomes
more gradual, and for the last third the slope again becomes
steeper until reaching its minimum and then beginning to
rise again. For comparison, the center panel in Figure 8
shows the light curve from a single orbit for this mass ratio.
Note that although there are more random Ñuctuations for
a single orbit and that the decline is more gradual, the
general shapes are similar.

The pulse for q \ 0.075 is more sharply peaked and nar-
rower than for q \ 0.050. It is nearly symmetric about its
maximum until about two-thirds of the way down the
declining side where it becomes nearly Ñat for a short time.
It then decreases rapidly to its minimum, followed by a
small bump before increasing again. For comparison, the
center panel in shows the light curve from a singleFigure 9
orbit for this mass ratio. As before there are some random
Ñuctuations for a single orbit, and there is a more pro-
nounced hump in the center of the shelf on the decreasing
side, but the general shapes are again quite similar.

Finally, the q \ 0.100 pulse is nearly symmetric with no
shelf on the decreasing side. There are two small bumps
about the minimum before the curve increases again. The
center panel in shows the light curve for a singleFigure 10
orbit. Note that although clearly similar to the average
pulse, there are more pronounced bumps near the
minimum.

For comparison the observed light curves for PG
1346]082 et al. and EC15330-1403(Wood 1987)

et al. are shown in The light(OÏDonoghue 1994) Figure 4.
curve for PG 1346]082 is remarkably similar to the

FIG. 4.ÈMean folded light curves from PG 1346]082 and EC15330-
1403 during superoutbursts. Note the striking similarities to the numerical
pulses for q \ 0.050 and q \ 0.100, respectively. (From et al.Wood 1987
and et al.OÏDonoghue 1994).

q \ 0.050 model, and the light curve for EC15330-1403 is a
fair match with that for q \ 0.100, especially for the single-
orbit run. This suggests that it may be useful to generate an
atlas of these pseudoÈlight curves to estimate the mass ratio
for systems showing superhumps.

FIG. 5.ÈMean folded smoothed pulse shapes extracted from the
numerical energy production time series for eight orbits when the period-
icities Ðrst appear. These are more triangular and contain less detail than
the mature pulses shown in Fig. 3.



q=0.1

No. 1, 1998 ENERGY PRODUCTION IN ACCRETION DISKS 367

3.3. Mean Pulse Shapes : Growth Phase
It can be seen from that just as the energy pro-Figure 1

duction begins to increase from its minimum for the three
larger q models, the signal is very clean. This corresponds to
the disks having spread to their maximum radii and begin-
ning to precess. Because superhump light curves are known
to be variable as a function of time, we also found the mean
pulse shapes for these growth phases by folding these data
on the experimental superhump periods after subtracting
the trend using a parabolic Ðt. The results are shown in

Eight orbits were used for each mass ratioÈorbitsFigure 5.
52È60 for q \ 0.050 and orbits 31È39 for both q \ 0.075
and q \ 0.100. These early pulses are generally simpler and
more triangular than those from later in the simulations,
with little or no detail between the principal humps. The
fractional amplitudes are larger than for the steady state
light curves because the signal-to-noise ratio is much larger
and the average energy production is smaller. These results
are in general agreement with observations, although the
humps in the growth phase are broader than those of the
mature pulses shown in contrary to the obser-Figure 3,
vations.

We note that the superhump periods for q \ 0.075 and
q \ 0.100 during these growth phases (1357.98 and 1343.41
s, respectively) are signiÐcantly smaller than the average
periods given in and that they gradually increase toTable 2
the given steady state values, while the superhump period
for q \ 0.050 during the growth phase is always very close
to the steady state value.

3.4. Radial Oscillations
The three larger mass ratio models develop progradely

precessing disks (viewed in the orbital plane), whereas the
q \ 0.025 model does not. also reports aWhitehurst (1994)
nonprecessing disk for the similarly small mass ratio of
q \ 0.02. For such extreme mass ratios, both the 3 :1 and
2 :1 resonances can lie inside the disk. But the 3 :1 resonance
is unique in that it is the innermost resonance for which an
eccentric inner Lindblad resonance occurs without an over-
lapping eccentric corotational resonance At(Lubow 1991a).
the 2 :1 resonance, the overlapping eccentric corotational
resonance can cause eccentricity damping or even prevent
eccentricity growth. This agrees with the lack of precession
seen in the q \ 0.025 model.

FIG. 6.ÈProjections onto the orbital plane of all particle positions at the end of selected orbits for one precession period for the q \ 0.100 model. The
orbit numbers are shown in the upper right-hand corner of each panel.
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The evolution of the disk over one complete precession
period for q \ 0.100 is shown in We chose toFigure 6.
illustrate this model because we were assured of obtaining
one complete precession period since its period excess is the
largest. The projections of all particles onto the orbital
plane are shown. The most obvious feature is that the disk
shape varies between nearly circular (orbits 50 and 84) and
highly eccentric (orbit 63). A double-armed (m\ 2) spiral
density wave is also evident for each orbit. Note that this
wave appears symmetric and most well deÐned when the
disk is nearly circular, while when the disk is most eccentric
this wave is located only at the outer edges of the disk with
either only one arm or neither arm extending into the inte-
rior of the disk.

We followed all four models in detail over one orbit to
examine short-term oscillations more closely and to look
for possible correlations between changes in disk shapes
and periodicities in the energy production. The results are
shown in Figures and Ten sequential horizontal7, 8, 9, 10.
projections are shown for each orbit at increments of 0.1
orbital periods. These panels do not necessarily start and
stop on integral orbits, but rather were chosen to place the
zero phase of the superhump at frame 1. The snapshots are
oriented clockwise around the edges of the Ðgures, with the

energy production curves located in the centers. The hori-
zontal and vertical scales for all quantities are the same for
each mass ratio. There were 200 raw data points per orbit
for the energy production, which were summed to 50 data
points and then boxcar smoothed over ^10 time bins.

The q \ 0.025 model shows only random energy(Fig. 7)
production (noise). The relative positions of theM2,double-armed spiral density wave, and the disk are station-
ary. As mentioned above, no disk precession was observed
in this model for a run of 100 orbits. A test with 8000
particles that was carried out to 300 orbits also showed no
precession. It is clear, however, if an observer viewed this
system at a high inclination angle that a periodicity of Porbshould be evident simply from geometrical e†ects. We are
exploring this farther and will present the results in another
work.

The plots for the three larger mass ratios (Figures 8, 9,
and are much more interesting. First, the relative posi-10)
tions of the mass transfer stream, and the disks showM2,considerable variations over each orbital period. Second,
the double-armed spiral density waves vary in a similar
manner as described for i.e., extending deeply intoFigure 6,
the interior regions when the disks are nearly circular, while
being located only around the disk edges when the disks are

FIG. 7.ÈProjections onto the orbital plane of all particle positions at increments of 0.1 orbital period for q \ 0.025. The panels should be viewed
clockwise around the Ðgure, starting with the upper left-hand panel. The internal energy production vs. time is shown in the center panel. The numbered
arrows indicate the energy production corresponding to the appropriate panels.
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FIG. 8.ÈSame as but for q \ 0.050Fig. 7,

eccentric. These waves rotate about 1.5 times per binary
orbit in agreement with Lubow The rotation(1991a, 1991b).
rate of these spiral waves could lead to an observed fre-
quency of about 3 times the superhump frequency as well as
maybe some additional harmonics if viewed from a nonzero
inclination and might be responsible for some the complex
frequencies seen in the AM CVn stars (e.g., Warner 1995b).

But the most important feature of these plots is the strong
correlation between the changes in the disk shapes and the
energy production. As the disks change from being nearly
circular to very irregular, then to noticeably eccentric and
Ðnally back to nearly circular again, the energy production
peaks and falls correspondingly. This correlation has a
simple yet appealing dynamical interpretation. As the disks
are pulled into their most irregular shapes, a large fraction
of the particles are on strongly convergent trajectories and
the viscous energy production increases correspondingly ; as
the disks relax back to nearly circular, the particle trajec-
tories tend to diverge and the viscous energy production is
minimized. Thus, for these models, it is the changes in the
disk shapes over a superhump period that causes the super-
hump modulation. Finally, note that the disk symmetry
axis during the peak energy production is approximately
perpendicular to the instantaneous line of centers between
the stars.

3.5. Vertical Oscillations

We also looked at the global vertical structure of the
disks for q \ 0.100 by projecting all the particles onto the
planes perpendicular to the orbital plane. The plots for the
(x, z)-plane are shown in for the panels of FiguresFigure 11

and Over one orbital period the thickest part is always6 10.
on the side that is undergoing the maximum radial excur-
sions (when viewed at the beginning of the orbit), while over
one precession period the thickest part undergoes one com-
plete rotation. Particles streaming over the disk as a result
of mass transfer are clearly visible in most of these plots.

Since it is apparent that there is considerable variation in
the vertical structure, we also made more detailed plots of
the projections onto both the (x, z)- and (y, z)-planes for one
of these orbits These reveal an even more complex(Fig. 12).
structure, with some portions of the disk bowl shaped, some
triangular, and some elliptical. Much more work needs to
be done to adequately describe and analyze these structures,
but we are encouraged that the observations support our
Ðndings that the vertical disk structure is asymmetric

et al. Beele, & Baptista(Billington 1996 ; Bruch, 1996).
Finally, we studied the behavior of a small subset of indi-

vidual particles (10 total) for the q \ 0.100 model after
obtaining the results already described by restarting the
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FIG. 9.ÈSame as but for q \ 0.075Fig. 7,

simulation after it had reached its steady state, but with
fewer particles (8000) and a larger smoothing length
(h \ 0.015a). Since the particle indices are randomly distrib-
uted within the system, we simply chose the Ðrst 8000 par-
ticles and restarted the simulation at orbit 90 so we could
make comparisons between the results from this run and
the previous one with more than 3 times as many particles.
We found that the modiÐed system quickly settled down
and was nearly identical to the original larger system after
two binary orbits, but clearly with less resolution. We
started to collect data at orbit 100 and let this simulation
run to orbit 200. This proved to be a useful technique that
allowed us to continue the simulation about 5 times faster
than if we had used the larger number of particles. Particle
positions and velocities for the Ðrst 10 particles were record-
ed 800 times per orbit, resulting in detailed trajectories.

Because our models are fully three-dimensional, we used
these single-particle trajectories to look at oscillations
normal to the orbital plane. The basic idea as described by

is that the Ñuid elements (i.e., particles) com-Lubow (1981)
prising the disk are in hydrostatic equilibrium but will oscil-
late vertically in particular modes because of perturbations
resulting from their relative motion with the secondary star.
This relationship is given by

(1 ] c)1@2u0\ m(u0[ )) for m\ 1, 2, 3 . . . , (29)

where c is the adiabatic index of the gas, is the Keplerianu0angular frequency of the particle about and ) is theM1,binary angular frequency. Since the m\ 1 mode is not
physically realizable in an accretion disk, it is expected that
the next smallest mode (m\ 2) should dominate.

shows that, as expected, the vertical oscillationsFigure 13
are randomly distributed about the orbital plane for a
typical particleÏs trajectory. The larger excursions coincide
with the approximate maximum thickness of the disk to
within about a factor of 2. The values of m from equation

for the same interval are also shown. These are gener-(29)
ally distributed about m\ 2, with some peaks between
m\ 3 and m\ 4, in reasonable agreement with the theo-
retical prediction.

4. SUMMARY AND CONCLUSIONS

We have presented results from three-dimensional SPH
simulations of accretion disks in four extreme mass ratio
systems that are consistently in agreement with theory as
well as observations. These results were obtained using the
following three new numerical techniques in our SPH code
that has multiple time steps : (1) only concurrent particles
are allowed to interact via SPH forces ; (2) concurrent par-
ticles with di†erent time steps have their momentum
changes time symmetrized using a correction factor that is a
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FIG. 10.ÈSame as but for q \ 0.100Fig. 7,

function of these time steps ; and (3) whenever possible, the
internal energy is advanced using a single vector dot
product and successively smaller time steps to maintain sta-
bility and prevent the internal energy from becoming nega-
tive.

By assuming that the internal energy production of all
the SPH particles is proportional to changes in the disk
luminosity, we generated pseudoÈlight curves that are in
very close agreement with the actual light curves from the
AM CVn stars. These numerical light curves show period-
icities that agree with the predicted superhump periods to
within 0.5%, as well as showing harmonics that also appear
in the observations. Our models have at most only the Ðrst
two harmonics, however, this may be a function of our use
of constant h particles and perhaps the size of h. It would be
interesting to try to use a smaller value for h as well as
variable sized particles to see if more complex harmonic
structures could be obtained, as found in the AM CVn
systems themselves.

These simulations show that for q [ 0.025, the disks
oscillate between being nearly circular and highly eccentric
over one superhump period, with the peak energy pro-
duction occurring as the disks are pulled by tidal forces into
their most irregular shapes and the minimum energy pro-
duction occurring when the disks are most circular. This

process yields light curves with a rather rapid rise and more
gradual decline, in good agreement with the observations.
Furthermore, just as the disks spread to their maximum
radii and begin to precess for the Ðrst time, the numerical
light curves are simpler and more triangular, also in agree-
ment with the observations. For q \ 0.025 the light curves
show no periodicities and the disks do not precess : instead,
the disk becomes eccentric but remains stationary in the
corotating frame.

The disks develop double-armed spiral density waves for
all four mass ratios, with the rotation rates of these waves
being D3/2 the orbital frequency for the systems with pre-
cessing disks and equal to the orbital frequency for the one
system that does not develop a precessing disk. The precess-
ing disks are thickest in the quadrant undergoing the
maximum radial excursions when viewed at the end of
binary orbits : this thick, lower density feature rotates pro-
gradely at the disk precession period. Finally, by following
single-particle trajectories, we Ðnd that particles undergo
vertical oscillations in the m\ 2 (or higher) mode.

Our results provide substantial evidence of the validity of
the 3 :1 resonance model as the origin for the superhump
phenomenon in the low mass ratio cataclysmic variable
stars. They also demonstrate that pseudoÈlight curves can
be generated from a purely hydrodynamical model by



x<0

FIG. 11.ÈProjections of all particle positions onto the (x, z)-plane perpendicular to the orbital plane for the panels shown in Figs. and Note how the6 10.
thickest part rotates over the precession period but is relatively stable at the left edge of the disk over an orbital period.

FIG. 12.ÈProjections of particle positions onto both the (x, z)- and (y, z)-planes perpendicular to the orbital plane at the end of orbit 67 for q \ 0.100.
Particles have been selected so that only about half of the particles are shown in each panel, revealing a range of complex vertical structures.
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FIG. 13.ÈUpper panel shows the vertical oscillations for a single parti-
cle over a 10 orbit time interval. These are randomly distributed about the
orbital plane. The mode numbers of the vertical oscillations for the same
particle and time interval are shown in the lower panel. Because the parti-
cle orbits are not necessarily circular, only the tangential velocity was used
to determine the Keplerian velocities.

assuming that the changes in the internal energy of the Ñuid
(gas) are proportional to changes in the total luminosity for
an optically thin medium.

Future work should include simulations with more and
smaller particles for more mass ratios and the inclusion of
viewing angles. The latter is in progress. Once an atlas of
simulated light curves is compiled, it is possible that simple
comparisons between this atlas and observed light curves
will yield unambiguous values for the mass ratios of many
cataclysmic variables, leading to a method of obtaining the
masses and orbital separations.
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