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ABSTRACT

An example of Galactic cosmic-ray modulation in a fully three-dimensional heliosphere is presented here. We
use a stochastic particle method to solve for modulation without requiring symmetric boundaries or fields. We
include all typical modulation terms, including full three-dimensional drift. We have applied this to an MHD helio-
sphere appropriate for solar minimum conditions. This field includes nonradial solar wind velocity components, as
well as a built-in nonspherical termination shock. Parameters that are of interest in modulation can be analyzed in
detail, particularly the momentum change of cosmic rays during their transport through the heliosphere. We show
radial profiles of modulation at different energies, latitude, and longitude, as well as the more traditional modulated
spectra at various locations. Finally, we are able to show in detail where particles at a particular energy and location
gain and lose energy. We are able to conclude that the radial profiles of modulation are strongly dependent on the
latitudinal angle with respect to the stagnation point. We see that modulation of GCRs near the stagnation point takes
place mostly upstream of the shock but that modulation continues far outside the shock as the stochastic particles will
random walk across the shock several times before entering our observation region. The modulation profiles remain
similar with differing longitude, although the exact shape of the radial profile and spectra are strongly dependent on
the termination shock location. Cosmic-ray intensity at high energies can be higher than the ISM intensity, while at low
energies cosmic rays still experience solar modulation. The termination shock and heliosheath regions were
important to modulation in the outer heliosphere. Finally, the sign of the latitudinal gradient is not a simple function
of the qA direction, in general.

Subject headinggs: acceleration of particles — cosmic rays — diffusion — methods: numerical — MHD

1. INTRODUCTION

Galactic cosmic rays (GCRs) are high-energy ions, mostly
protons but with many other species, that are accelerated to very
high energies (10MeV to several hundredGeV) outside the helio-
sphere. As they traverse the heliosphere they gain and lose energy
as they interact with the interplanetary medium, consisting of
the solar wind and the embedded magnetic field, as well as the
termination shock and heliosheath regions. Ever since Parker for-
mulated the original transport equation that governs how high-
energy particles diffuse through a local medium, we have been
working to understand the complicated interactions that GCRs
and other high-energy particles have with this local material.
Understanding themodulation of GCRs by this medium is crucial
to our understanding of the true spectra of high-energy cosmic
rays in interstellar space. This leads to greater understanding of
astrophysical acceleration processes.

We can also use GCRs as a probe of the heliosphere. These
high-energy particles sample large volumes in the heliosphere,
and the resulting changes in the measured spectra can provide
clues as to the nature of the intervening media, provided that the
boundary distributions are well understood. Understanding the
modulation leads to greater understanding of the interstellar spec-
tra, which in turn can lead to insight into the local heliosphere.

Themodulation of GCRs occurs due to the different conditions
present in the heliosphere compared with the local interstellar
medium. Inside the heliospheric cavity theGCRparticles interact
with the expanding solar wind plasma and lose energy as they

diffuse into the heliospheric volume. In addition, the varying
state of the heliosphere causes different levels of modulation to
be present as a function of solar cycle, as well as magnetic field
orientation. The orientation of the magnetic field (qA direction)
plays a role in this, as does the overall level of solar activity. This
qA orientation contributes a difference in the overall modulation
through the change in the average drift paths that particles will
follow. For positive polarity, a positively charged particlewill tend
to drift in from the poles, as the drift component points inward
along the poles and outward along the current sheet latitudes. The
reverse is true for the opposite polarity. Various aspects of mod-
ulation theory are summarized in review papers such as Jokipii
& Kota (2000) or Potgieter (1998).
There are several reasons for desiring a three-dimensional

modulation model that incorporates stochastic particles. We will
be able to address the role of current sheet tilt in a rigorous way.
We can also study the interstellar magnetic fields, changing their
orientation and magnitude. For the purposes of this project, we
do not address these questions. Here we are interested in solving
the modulation in a quiet-time MHDmodel with no tilt. We also
do not address the role of anomalous cosmic rays in this work.
We are capable of incorporating this into our models, but at the
present timewe are limiting the scope of this work to GCRs only,
in order to demonstrate the usefulness of our technique with a
well-understood heliospheric configuration. We show that as-
pects of GCRmodulation (such as asymmetry of the termination
shock [TS], shock energization, etc.) that have been demon-
strated in other models and data are natural outgrowths of this
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method and require no ad hoc corrections to be present. The
results that we obtain are physically consistent with all current
theory and data available. We also demonstrate a new advantage
of thismethod, namely, the ability to examine the statistical micro-
physics of particle energization, with histograms that show the
distributions of momentum changes for any region we desire.
Future studies will add improvements, but for now we concen-
trate on the aspects mentioned above.

In this paper we first present the stochastic technique used to
solve the particle transport equation. Next we discuss the MHD
heliosphere model. In the next several sections we describe our
results for modulation. We concentrate on radial gradients, latitu-
dinal gradients, and GCR spectra. We also describe the momen-
tum change analysis in detail. We summarize the results and then
finally discuss the implications and how well our results agree
with established theories.

2. COSMIC-RAY MODULATION

The general equation of cosmic-ray transport was formulated
by Parker (1965).We can express it as follows (we ignore Fermi
acceleration in our case):
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where f is the cosmic-ray spectrum, � is the diffusion tensor, V
is the solar wind velocity, and Vd is the drift due to the changing
magnetic field. This equation generally requires either a sophis-
ticated kinetic code to solve it, analytic simplifications, or both.
For the purposes of this project, in order to solve modulation in
a complex, nonanalytic model, we need a method that is more
versatile and less numerically intensive.

The newmethod of solving the transport equation is based on
Zhang (1999). We have used this method successfully with
analytic models in several cases, such as Ball & Zhang (2003)
and Qin et al. (2005), for example. In this case we incorporate a
numerical model for the first time.

Instead of directly solving equation (1) using kinetic tech-
niques, we now use a stochastic method. Full details of this
derivation can be found in Zhang (1999); herewe only present the
relevant solution for this case.We first write down the equation of
motion of a stochastic particle in position and momentum:
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where � is the particle’s speed as a fraction of light speed, p0 is a
reference momentum [in this case (1 GeV)c�1], and Beq is the
magnetic field magnitude at the heliospheric equator at 1 AU.
The magnitudes of the diffusion coefficients are chosen to be
50(5) ; 1020 cm2 s�1 for the parallel (perpendicular) direction.
Finally, the exponents are ak;? ¼ 0:5 and bk;? ¼ 1.

To use these equations, we must follow the procedure outlined
in Zhang (1999). The expression for the modulated flux at a
location x is obtained as follows. First we trace a stochastic
process backward in time according to the equations of motion
given above. Most of these processes will eventually encounter
the outer boundary, which is our primary stop requirement (other
than in certain special cases, for instance if the trajectory inter-
sects the Sun). We then evaluate the flux at that boundary using
its modulated momenta. The solution at our original location, x,
becomes the ensemble average of a number of these processes
(the more processes, the better the statistics). The solutions ob-
tained in this project require a separate group of processes for
each start location or momentum under investigation. For exam-
ple, to obtain a spectrum at the Earth’s location requires a separate
group for each spectrum momentum value we wish to model.
The spectra can be as fine grained as we wish to the limits of our
computational capacity.

The main advantage to this method is flexibility. Since we are
only dealing with individual trajectories, we can incorporate
virtually any kind of field we want, without substantial changes
to the code base. Each quantity in equations (2) and (3) is either
specified in the model (e.g., solar wind velocity, V ) or can be
calculated numerically from the model (such as drift, Vd). We
are able to calculate spectra at any point in the model for any
energy range in which equation (1) is valid. We can also cal-
culate radial and latitudinal gradients for any energy we wish as
well. Finally, we are able to examine on a microscale where
these particles are energized and by how much.

3. MHD HELIOSPHERE MODEL

Now that we have established our method for solving the
modulated flux, we need a model of the heliosphere. There are
several models in use, from purelyMHDmodels such as those of
Pogorelov et al. (2004), Washimi & Tanaka (2001), Ratkiewicz
&McKenzie (2003), and related work or MHD-CR hybrids such
as those of Ferreira & Potgieter (2004), Scherer & Ferreira
(2005), and Scherer et al. (2004). In this case we use one provided
by Linde et al. (1998). This model is a three-dimensional MHD
solution of three interacting components: solar wind plasma, very
local interstellar medium plasma, and neutral interstellar hydro-
gen gas. The MHD equations are solved using a high-resolution
finite-volume scheme. The final model boundaries are 3600 ;
2400 ; 2400 AU (the 3600 AU distance is parallel to the inter-
stellar wind direction, to account for the elongated heliosphere
along that axis). The model in this case represents solar mini-
mum, although other activity levels are achievable. It should be
noted that the boundaries of this model are not concurrent with
subsequent mentions of our radial boundary. When we trace
stochastic processes in it, we must establish an outer boundary
for our trace where we assume that the local GCR density is equal
to the boundary density. This choice is made to balance com-
putational time, as well as the expected physics of modulation.
Normally, we have set our particle flux boundary to be at a radial
distance of 200 AU, although we have tested the solutions at
select locations with a 300 AU boundary as well. We show the
results of this comparison below where we examine the mod-
ulation contributions of each region.

Figure 1 shows local convection velocities throughout the
model. These three panels show two-dimensional cuts of the
heliosphere along each axis centered at the origin. In all subse-
quent discussion, the x-direction points from the Sun to the nose
of the heliosphere (referred as the upwind direction hereafter).
The z-direction points out of the ecliptic plane, or in the north
polar direction. The y-direction completes the orthogonal set and
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is referred to as the flank direction. Here we plot the radial
velocity, to show the general shape of the heliospheric bound-
aries. The most notable feature is the very nonsymmetric TS
at the outer boundary of the heliosphere. The TS is shaped
somewhat like an elliptic paraboloid, with a semispherical nose
section and ellipsoidal flanks extending tailward capped with
another, much wider, semispherical tail section. The outer bound-
aries of the TS exhibit considerable variation, although we can
make some basic observations, summarized in Table 1, at select

directions. These are the cardinal directions of our coordinate
system. There is a degree of variation in the radial TS distance
for different directions, although the general trends are clear from
these values. It should be noted that this plot is intended to il-
lustrate only the shape of the heliosphere and the termination
shock. In our solutionwemake no assumptions about the velocity
directions or magnitudes. The solution is fully three-dimensional,
including all components of the velocity, magnetic field, and
other parameters. We plot only the radial component here for
convenience.
It is clear from these plots that the model does not have many

symmetries. A fully three-dimensional modulation study using
a model of this form would be difficult without using a sto-
chastic method of the type used here. However, even with a
transport theory as versatile and flexible as this one, there are
subtleties that must be addressed before we can proceed. First,
MHDmodels have difficulty with sharp boundaries, in this case
the current sheet (this model can reproduce structure down to
approximately 1 AU). In the original model the magnetic field
at the current sheet changes gradually over several degrees, in-
stead of instantaneously. We have made a simple correction to
this by imposing a delta function boundary at the current sheet.
Second, we need to calculate numerical derivatives everywhere
along a particle trajectory. Most of these terms are not an issue,
since a simple numerical derivative will provide physically rea-
sonable results even if the fields are discontinuous at cell bound-
aries. However, quantities based on the magnetic field are more
problematic, namely, the : = � term. This quantity depends on
magnitude and direction, so if the magnetic field is slightly dis-
continuous at a cell boundary, wildly fluctuating divergences
can result. To limit this, we have smoothed the magnetic field
everywhere, using five-point smoothing along each axis, with a
grid size that is smaller than the local gradient scale of the field.
Finally, if a quantity cannot be numerically calculated for some
reason, or if its value is wildly nonphysical at some location, we
use the corresponding value predicted at our location as if we
were using an analytic Parker field. This only needs to be done
in a small number of locations, and it does not, in effect, replace
the MHD fields with Parker fields in the overall model. This
simply ensures that we have physically realistic values for all
quantities anywhere we need to calculate them in our tracing
space.
As an example, we can briefly examine the calculation of the

drift velocity. The usual formation of drift is

Vd ¼
vp

3q
: <

B
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: ð6Þ

This expression contains a term that is proportional to a set of
first derivatives, namely, the: operator in the curl term. We can
replace the analytical form calculated for the analytic Parker
field with a numerical calculation on our MHDmodel by getting

TABLE 1

Termination Shock Boundaries in Select Directions

Direction

TS Distance

(AU)

Upwind............................................... 70

Flank .................................................. 105

Polar ................................................... 140

Downwind.......................................... 150

Fig. 1.—Solar wind radial plots for three planes of MHD model.
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the field terms for a small grid and evaluating the resultant set of
numerical derivatives. The only requirements here are on the
scale size of the derivatives; we must make sure not to use a scale
size that is larger than the local gradient scale of the magnetic
field or smaller than the precision of the model. In this model we
have also used a correction to the drift term that reduces the drift
of very high energy particles near the poles. This is done to ensure
that particles do not have drift speeds larger than the speed of
light. This will affect the drift speed of only the higher energy
particles and only in a small region near the poles.

4. RESULTS

4.1. Radial Dependences

Figure 2 shows the first offour plots that show the radial profiles
of modulation for the four directions mentioned in Table 1. This
plot shows the modulation for particles of 600 MeV nucleon�1,
for magnetic polarity of qA < 0. There are four modulated pro-
files shown on this plot. They correspond to the four directions
mentioned in Table 1. Several features emerge upon examination.
First, there does not seem to be much difference in the three equa-
torial profiles at the innermost region modeled, R ¼ 30 AU. This
changes with increasing radial distance. Next, we see that the
equatorial profiles show peaks in the modulated flux, greater even
than the background at varying locations. These peaks corre-
spond very well with the location of the TS boundary along each
profile direction, as indicated on the figure. Finally, we point out
that the polar profile has by far the flattest peak, barely visible as
a maximum. Contrast this with the equatorial profiles, which have
more distinct maxima in their directions. We would also point
out that the latitudinal gradient in this case is in the direction op-
posite those for the small radius gradients in all the other profile
plots.

Figure 3 shows the same plots for the polarity opposite that in
Figure 2. We see the same radial trends as in Figure 2. The peak
intensity occurs at or near the TS. The flux near the TS tends to
be larger than the ISM flux at the boundary. The only differ-
ences here are in the latitudinal gradients. At our smallest ra-
dius, the latitudinal gradients are about 0.34% deg�1 (this is
only mentioned here; further discussion on latitudinal gradients

is reserved for x 5.4). As we increase in radius we see a sys-
tematic trend in this gradient, as the polar modulation curve
crosses each equatorial curve. The radii where this occurs are
systematic with TS distance and are approximately 55, 65, and
75 AU for the upwind, flank, and downwind directions, respec-
tively. At these locations the latitudinal gradient is zero, and it
changes sign afterward until all the modulation profiles merge
at the outer boundary.

Figure 4 shows the samemagnetic field orientation and profiles
as Figure 2 except for the use of lower energy particles, in this
case 50 MeV nucleon�1. We can see some significant differences
in the modulation in this case. Most importantly, there is no clear
peak at the TS. We also do not see any modulated flux that is
larger than the corresponding ISM value. The latitudinal gra-
dient is 0.28% deg�1: oppositely oriented when compared with
the higher energy particles in Figure 2. This gradient changes
sign for all profiles at around the same distance, about 65 AU.
After this point the modulation of polar and downwind directions
is approximately the same, with significant differences appearing
as we compare with the upwind direction, which shows the most
difference from the polar direction.

The final set of profiles we run are shown in Figure 5, which
corresponds to Figure 3, this time with low-energy particles of
50 MeV nucleon�1. As in Figure 4, we see no evidence of a
peak at the TS. The latitudinal gradients behave in a similar
fashion to the high-energy profiles as well, although there are
some differences. The upwind profile crosses the polar profile at

Fig. 2.—Radial flux dependence for four locations: (1) polar region, (2) line
toward the stagnation point, (3) line away from the stagnation point, and (4) equa-
torial point halfway between stagnation and heliotail. In this version the mag-
netic field orientation is qA < 0, and the particle energies are 600MeV nucleon�1.
In all subsequent discussions, the flux is considered to be s�1 cm�2 sr�1

(MeV nucleon�1)�1.

Fig. 3.—Same as Fig. 2, but for qA > 0.

Fig. 4.—Same as Fig. 2, but for particle energies of 50 MeV nucleon�1.
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a smaller radius than the other two directions do. There is also
indirect evidence of the TS in the upwind direction. Although
there is no sharp peak in the modulation, the radial gradient of
this upwind profile changes significantly a short distance out-
side the TS boundary. The other two directions may show this
behavior as well, but those TS locations are much closer to the
particle trace boundary, and there is not enough heliosheath
region between the TS and this boundary to compare.

4.2. Modulated Spectra

Figure 6 shows two sets of two modulated spectra. This figure
shows spectra for R ¼ 30 AU at both upwind and downwind
directions. Each plot shows modulation for both orientations of
the magnetic field. There are several features of note. First, we
can see that there is little difference between these two directions
at this distance. Second, we see that the drift effect due to mag-
netic field orientation is in effect here as expected for both regions.
These are not surprising results, and they are in agreement with
established theories.
One other effect appears here. In both sets of spectra the mod-

ulation curves for the different polarities cross at high energies. For
low-energy particles the negative-polarity modulated flux is less
than the positive polarity. As expected, the amount of modulation
lessens for high-energy particles. However, for particles with en-
ergies higher than about 200–300 MeV nucleon�1, these modu-
lation curves cross, and the positive-polarity curve is slightly less
modulated than the negative-polarity curve. This is slightly more
evident for the upwind plot, leading us to the conclusion that
this is an effect related to the TS. We are already aware that the
high-energy particles in the radial profiles are affected more by
the presence of a strong shock than the low-energy ones. The pres-
ence of a peak in the modulation for the high-energy particles,
absent in the low-energy particles, is evidence of this conclusion.
Similarly, Figure 7 shows the same spectra for R ¼ 70 AU.

Here we see the reappearance of the high-energy particles

Fig. 5.—Same as Fig. 4, but for qA > 0.

Fig. 6.—Modulated spectra for R ¼ 30 AU. Two different directions are modeled here, both in the equatorial plane: (a) for an equatorial upwind point and (b) for
a point opposed to the first, downwind.

BALL ET AL.1120 Vol. 634



exhibiting higher flux than the ISM spectra. This occurs for the
upwind spectra, for both polarities. For energies above about
300 MeV nucleon�1 we can clearly see that the flux is enhanced.
This effect can only be due to shock energization. We also can
see that this effect does not occur for the downwind spectra be-
cause we are much farther from the shock in this direction than
the upwind nose spectra. The effect of the TS does not appear
here and will not until approximately 90–100 AU, as seen in
Figures 2 and 3. In order to clearly understand the effects of the
TS energization, inner heliosphere modulation, and the role of
the heliosheath in these plots, we turn to the next section.

4.3. Momentum Gain/Loss

One of the main advantages of this stochastic formulation is
the ability to examine on a microscale the statistics of the mo-
mentum loss and gain of particles involved in modulation. This
will allow us to judge the relative modulation contribution of
any region we wish to focus on. In this study we are interested
in the relative and total contributions of the inner heliosphere,
termination shock, and the heliosheath. This section shows
examples of histograms of the momentum loss and gain aver-
ages for select regions that we have previously discussed. To
obtain good statistics for these plots we reran the locations
chosen with 5000 particles, instead of the 1500 used in the
radial plots or the 1000 used in the spectral plots. We bin these
particles from a momentum minimum of (�1.0 GeV)c�1 to
(+1.0 GeV)c�1, using 200 bins in that range.

Figure 8 shows a histogram for particles started with 600MeV
nucleon�1 at R ¼ 30, qA < 0, in the upwind direction. They are
thus the same as in the upwind spectra for the dotted line in
Figure 6. We have four curves on this plot. They are (1) total
momentum change, (2) momentum change for the inner helio-
sphere, (3) momentum change for the termination shock, and
(4) momentum change for the heliosheath. Note that the histo-
gram for the heliosheath is divided by a factor of 4. This was
done because most particles exhibit very little momentum loss
or gain in the sheath and are therefore limited to only a few bins
near zero in our plot. Following this figure are twomore, Figures 9

Fig. 8.—Histogram of momentum loss/gain distribution for 5000 particles.
In this case the particles are 600 MeV nucleon�1, started at R ¼ 30 AU, equa-
torial plane in the upwind direction. The magnetic field polarity is qA < 0 here.
This is representative of the first group of histograms, as indicated in the text.

Fig. 7.—Same as Fig. 6, but for R ¼ 70 AU.
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and 10. These three figures represent the trends seen between the
following general groups: (1) inner heliosphere at R ¼ 30 AU for
different polarities and directions, (2) R ¼ 70 AU downwind, and
(3) near the TS at R ¼ 70 AU upwind. Table 2 summarizes the
momentum change averages of the various regions and param-
eters for all the combinations we examined. Figure 8 is represen-
tative of the momentum loss and gain for the regions checked in
the inner heliosphere at R ¼ 30 AU. From the spectral plots and
the radial plotswe expect little difference in the particlemomentum
change at these locations. All four of these show the same trends.
First, the momentum loss due to the solar wind (SW) interaction
exhibits a flat distribution, peaking at around (�0.12 GeV)c�1

for all four sets. These loss distributions have long tails, mean-
ing that there are significant numbers of particles that will lose
momenta even approaching (1 GeV)c�1 or more. Second, the
TS momentum gain curves are all sharply peaked at a small
gain, about (0.025 GeV)c�1, with negligible particle counts
above (0.5 GeV)c�1. Finally, the heliosheath region peaks at a
slight gain, perhaps (0.01 GeV)c�1, with negligible particle num-
bers over (0.2 GeV)c�1. The net effect of these regions is shown
in the total momentum change, which shows net momentum loss
for nearly all particles. The total momentum gain/loss curve looks
much like the SW loss curve, indicating that the TS and helio-
sheath are not very important to the total modulation.

The second group are those particles run downwind at 70 AU.
We expect from the previous spectra and radial plots to see little
difference due to polarity. We also expect to see a level of mod-
ulation similar to that of the first set, although with less total
modulation. Figure 9 illustrates this. We see a very similar plot to
Figure 8, although the peaks in the histograms have changed
somewhat. We now see peak momentum loss in the SW region at
about (�0.05 GeV)c�1, with fewer particles at the higher mo-
mentum losses than in the previous case. In contrast, the mo-
mentum gain at the TS histogram seems relatively unchanged
from before, with the peak gain still at about (0.025 GeV)c�1 and
the highest gains less than (0.5 GeV)c�1. Again the sheath con-
tributions are small and show a small momentum gain of the same
magnitude as the previous set. These all combine to give a total
momentum change distribution that is different than in the pre-
vious set. The peaks of the distributions have shifted closer to
zero, and there are more particles with a net gain in momentum
than in the previous set. We are still seeing net momentum loss,
although it is clear from these histograms that the TS contribu-
tion has not changed much, while the SW contribution is less, as
expected.

Finally we look at the third group, which are the upwind sets
run at R ¼ 70 AU. These are represented by Figure 10. We now
see a very different distribution of momentum changes when

compared with the previous two sets. The loss regions in the
SW now peak almost at zero, with slightly fewer particles at the
higher loss magnitudes than in the previous examples. There is
also a difference in the distribution of momentum gain. Com-
paring the number of particles at the peak gain value [still about
(0.025 GeV )c�1], we can see that there are a lot fewer particles
in this peak bin for this upwind example than in the previous
histograms. For comparison, the average percentage of particles
in the peak gain region for the first group is about 20% for
qA > 0 and 14% for qA< 0. For the second group there is little
difference between polarity, and the averages are about 16% at
the peak. However, for the final upwind region near the TS, the
peak percentages drop to 11%. This means that the momentum
gain distribution is flatter than all six previous distributions,
with greater numbers of particles with high momentum gains
than in the other cases.
To further analyze these histograms, we are also able to plot

the momentum distribution of particles at the boundary that
have contributed to the modulated flux at our start location.
Figure 11 is one of these, in this case the distribution for an inner
heliosphere distribution at R ¼ 30 AU in the upwind direction.
This distribution is just the number of boundary particles as a
function of momentum that contribute to our modulated flux of
600 MeV nucleon�1, weighted by the relative flux at that en-
ergy. This weight is required here to take into account that the
boundary distribution is not flat, and different momentum par-
ticles will contribute a different amount of flux to the averaged
solution. The average momenta for one of these plots can be

Fig. 9.—Same as Fig. 8, but started at R ¼ 70 AU, equatorial plane
downwind. The magnetic field polarity is qA < 0 here. This is representative
of the second group, as indicated in the text.

Fig. 10.—Same as Fig. 12, but at R ¼ 70 AU, equatorial in the upwind
direction. The polarity is qA < 0 here. This represents the third group.

TABLE 2

Momentum Change Averages

Radius qA Direction

Heliosphere

(GeV/c)

Shock

(GeV/c)

Sheath

(GeV/c)

Total

(GeV/c)

30........ �1 Upwind �0.382 0.121 0.0114 �0.250

+1 Upwind �0.326 0.0810 0.00531 �0.240

�1 Downwind �0.396 0.120 0.0111 �0.265

+1 Downwind �0.323 0.0784 0.00490 �0.239

70........ �1 Downwind �0.225 0.113 0.0127 �0.0991

+1 Downwind �0.227 0.101 0.00912 �0.117

�1 Upwind �0.204 0.144 0.0107 �0.0486

+1 Upwind �0.217 0.142 0.0119 �0.0628

New Boundary

30........ +1 Upwind �0.370 0.130 �0.000406 �0.240

Downwind �0.365 0.127 �0.000119 �0.238

70........ +1 Downwind �0.260 0.146 0.00573 �0.108

Upwind �0.242 0.187 0.00696 �0.0487
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easily integrated, yielding the average momenta of the bound-
ary distribution for a given location. For instance, Figure 11
integrates to give an average of (1.35 GeV)c�1, while a similar
plot run for an R ¼ 70 upwind group yields (1.14 GeV)c�1. A
particle with 600MeVwill have a momentum of (1.2 GeV)c�1.
This indicates that the particle ensembles that exhibit a net
flux greater than the ISM flux will have a starting average
momentum at the outer boundary that is less than their value
inside, meaning that they gained momentum, in this case a
rough average of (12 keV)c�1 per particle. This kind of analysis
can be extended to provide details of energization in a variety of
configurations.

The final section in Table 2 shows the momentum changes for
a group of histograms generated with an outer boundary set at
300 AU. Figure 12 shows an example of one of these histo-
grams. We can see that the distribution of momentum changes is
nearly identical to the previous distribution in Figure 8, with the
only real difference being the small change in the heliosheath
distribution. In this case the distribution has slightly more par-
ticles in the loss region, which makes the sheath distribution
even smaller than before. Although this new figure is run with a
different polarity than Figure 8, we can see from the table that
the overall averages are similar. In all four cases run with the ex-
tended boundary, we can see that the heliosheath distribution is
slightly more negative than in the corresponding case with the
boundary at 200 AU. The overall modulation levels are mostly
unaffected, although there are small differences in the modula-
tion seen in the R ¼ 70 AU runs. The effect of the inner helio-
sphere is smaller in this region, meaning that a small change in
the heliosheath modulation will be more pronounced with
smaller levels of overall momentum loss.

5. CONCLUSIONS

Before discussing our results, let us summarize our find-
ings. First, we have succeeded in incorporating a fully three-
dimensional MHD heliosphere model into our GCR modulation
code. This model allows us to study modulation in any helio-
sphere configuration, without any need for simplified symmetries
or two-dimensional assumptions. The heliosphere model used
in this case represented a solar minimum model with no current
sheet tilt or offset. The nonsymmetric TS is of particular interest
in this case.

We have presented results in several formats. First, we have
radial profiles of modulation for several parameters and direc-
tions. It was found that the radial profiles of the higher energy
particles show a distinctive peak, higher than the corresponding
ISM flux, at the expected TS distance. The lower energy par-
ticles do not show this peak, although the qA > 0 plots show a
distinct change in the rate of change of the profile outside the
TS, when compared to the opposite polarity. We can calculate
various gradient rates using these values as well.

Second, we have shown spectra for two locations and polari-
ties. These spectra show that the particles in the inner heliosphere,
near the Sun at 30 AU, are not affected by the nonsymmetric TS
very much; these spectra look almost identical at this distance.
When we look at the same directions farther out at 70 AU, we
start seeing significant differences in the spectra. Finally, we have
run histograms of momentum gain and loss regions for selected
points in these spectra and radial profiles to help explain our
results.

5.1. Heliosheath Effects

There is a growing awareness in recent years that GCR
modulation is still strong even as satellites near the TS (e.g.,
Webber & Lockwood 2001; McDonald et al. 2002). In many
cases this has been interpreted as an indication that either
modulation is somehow increased near the TS by some form of
modulation barrier (Potgieter & Le Roux 1989) or modulation
continues in the heliosheath and remains an important effect
(Langner et al. 2003; Langner & Potgieter 2004). A third option
is given in Ball & Zhang (2003) and also explored here. Since
we are dealing with ensembles of stochastic particles that can
diffuse back and forth across the TS boundary, it is reasonable to
state that many particles that are measured near or even beyond
the TS boundary have spent a considerable time inside the expan-
sive SW region, losing more energy than its integrated distance
inside the TSwould indicate. Further strengthening this argument,
we have the momentum gain/loss statistics in Figures 8, 9, and
10. In these figures we see that there is clearly very little momen-
tum gain or loss due to heliosheath interactions. Figures 2–5 show
that the modulation of both high- and low-energy particles
continues well past the TS. The high-energy particles show a
strong interaction with the TS, while the low-energy particles
remain strongly modulated for several tens of AU outside the
shock. We can conclude that the heliosheath contributes little
direct modulation, especially in comparison with the inner he-
liosphere. This conclusion agrees with that of Scherer et al.
(2004), which they arrive at by comparing different heliosheath
models.

5.2. Asymmetric Termination Shock

There have been several recent papers that investigate the
consequences of a more realistic nonspherical TS boundary
(Fichtner et al. 1996; Haasbroek & Potgieter 1998; Florinski

Fig. 11.—Flux-weighted boundary distribution for R ¼ 30, qA > 0 nose.
This is the boundary distribution, weighted by the ISM flux value, for the total
momentum change in Fig. 9.

Fig. 12.—Same as Fig. 8, but with an outer boundary of 300 AU, in
contrast to the 200 AU boundary used in Fig. 9. This particle trace boundary
change allows us to estimate the importance of the heliosheath contribution in
this model as indicated in the text.
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et al. 2003; Ferreira & Potgieter 2004; Scherer & Ferreira 2005).
Fichtner et al. (1996) use a two-dimensional model with a
varying poleward TS boundary to analyze the poleward exten-
sion of GCRs. Haasbroek & Potgieter (1998) developed a two-
dimensional model using an arbitrary TS shape to analyze GCR
distributions. They found that there was little dependence on TS
location in the inner heliosphere, but the variations grew with dis-
tance, especially outside 30 AU. Florinski et al. (2003) presented
a study with an axisymmetric model, incorporating a kinetic de-
scription of the cosmic rays, as well as a more sophisticated
method of handling diffusion than used in most models. They
also conclude that the asymmetric TS does not affect the mod-
ulation in the inner heliosphere much and that cosmic-ray gra-
dients are small everywhere except in the inner heliosphere.
Other work in this area has been done by Ferreira & Potgieter
(2004) for static models and Scherer & Ferreira (2005) for time-
dependent models. Ferreira & Potgieter (2004) conclude that
the latitudinal dependence of protons and electrons can be ex-
plained with a large perpendicular diffusion in the polar region.
Scherer & Ferreira (2005) demonstrate that the CR intensity at
the heliospheric nose is not sensitive to the latitudinal profile of
the solar wind. Our model agrees with many of these predictions.
We see very little asymmetry for equatorial GCRs at our inner
boundary of 30 AU. These variations do grow with distance, to
a maximum asymmetry just inside the TS upwind boundary. At
the moment, we do not have models that represent other phases
of solar activity. When we do, we will be able to make more
detailed analyses, including time dependence.

5.3. Radial Gradients

The radial gradients in this project are summarized in Table 3.
All gradient values in this table are in units of percent per AU.
The high-energy particle gradients are presented differently
than the low energy, due to the presence of a peak in the mod-
ulated flux levels of the high-energy profiles. Thus, for these
profiles we list two radial gradients, one for the average increase
rate up to the peak value and one for the average decrease rate
out to the outer boundary of our ISM distribution.

We find that the increasing gradients all share certain char-
acteristics. First, the polar gradients are the smallest in all cases.
Second, the equatorial gradients are peaked in the upwind di-
rection and decrease with increasing longitude, to a minimum

downwind. This is a direct consequence of the location of the
TS. Particles in the tail region remain in the divergent SW
longer and thus are modulated more and exhibit less variation in
radius than the upwind profiles. The decreasing profiles for the
high-energy particles also inhibit this behavior, although the
rates are much smaller than the increase rates in general. In both
the high- and low-energy cases we see that the positive-polarity
magnetic field configuration shows a greater difference between
the polar and the equatorial gradient rates.
We can compare some of the more general trends seen in data

analyses with our gradients here. For qA > 0 analyses Heber
et al. (1998, 2002) use high-energy (>106 MeV and 2.5 GeV
proton, respectively) data from Ulysses to calculate radial gra-
dients of approximately 2.2%–3.5% AU�1 for periods of de-
creasing solar activity down to solar minimum. McDonald et al.
(1992) predict that the equatorial gradients for qA > 0 periods
should be greater than those for qA < 0 periods due to the drift
term in the transport equation. This is seen. We also see that our
radial gradients tend to be smaller than those measured above, by
a factor of 2 or so. This could be due to the actual location of the
TS shock versus our model TS. We see that the higher energy
particles are strongly affected by the location of the termination
shock. Variations in the location of this boundary can sharply
affect these radial gradients. In this case it could mean that our
model TS is too far out at this latitude and should be closer.
However, it is more likely due to incorrect diffusion parameters.
We can conclude that our radial gradients show the correct trends
as expected, although there are still differences to be explored.

5.4. Latitudinal Gradients

The latitudinal gradients have been mentioned x 4.1; they
are summarized in Table 4. This table is in a format similar to
that of Table 3, although the gradients here are in units of per-
cent per degree. In general, they show that there is little varia-
tion in longitude at small radii. This difference increases until it
peaks at the TS. There have been estimates of this parameter for
(1) qA > 0 minimum periods (McKibben et al. 1996; Heber et al.
1998, 2002) of 0.33%–0.37% deg�1 (high energy, only 0.1 for
lower) and (2) qA < 0 period gradients of about �1.7 to �2.2.
McDonald et al. (1992) also make a distinction between positive-
and negative-polarity periods, stating that latitudinal gradients
should be (3) negative for qA < 0 and (4) either positive or very
small for qA > 0, which is seen in the previous estimates.
The first set of particles in Table 4 should agree with pre-

dictions 1 and 3. It does, although the higher radii exhibit the
opposite gradient direction. This can clearly be attributed to the

TABLE 4

Summary of Latitudinal Gradients

Energy qA Radius Direction

Gradient

(% deg�1)

600........................ +1 30 Nose 0.34

80 Nose �0.20

105 Flank �0.15

�1 30 Nose 0.0

80 Nose �0.23

105 Flank �0.13

50.......................... +1 30 Nose 0.05

80 Nose 0.35

105 Flank 0.29

�1 30 Nose 0.28

80 Nose �0.22

105 Flank �0.13

TABLE 3

Summary of Radial Gradients

Energy qA Direction

Increase Rate

(% AU�1)

Decrease Rate

(% AU�1)

600........................ �1 Polar 0.34 �0.08

Upwind 1.2 �0.11

Flank 1.2 �0.12

Downwind 0.78 �0.37

+1 Polar 0.25 �0.09

Upwind 1.6 �0.10

Flank 1.1 �0.18

Downwind 0.85 �0.29

50.......................... �1 Polar 1.2 . . .

Upwind 1.9 . . .
Flank 1.8 . . .

Downwind 1.8 . . .

+1 Polar 0.60 . . .

Upwind 1.2 . . .
Flank 1.2 . . .

Downwind 1.1 . . .

BALL ET AL.1124 Vol. 634



TS effect, as polar particles at these radii have not been strongly
influenced by the TS, while the nose or flank particles are right
next to the shock. The second set in the table should agree with
predictions 2 and 4. Our gradients are much smaller than pre-
dicted, although the direction is consistent. The third set agrees
very well with predictions 1 and 3, both in direction and in
magnitude at the smallest radius. Here we expect the low-energy
gradient to be much smaller than that for the higher energy
particles in the first set, and they are. The final set of gradients in
this table differs significantly from the previous predictions 2
and 4 set, although in this case we are dealing with small ener-
gies, outside the range of the Lockwood&Webber (1992) study.

5.5. Longitudinal Gradients

There are only a few longitudinal gradients that can be cal-
culated here, so there is little reason for a table. We calculate
them for each of the previous figures, using the upwind and
downwind values. For Figure 2, we get values of �0.03 at
R ¼ 30 and�0.08 at R ¼ 80 AU. Again, all of these values are
in percent per degree. For the configuration in Figure 3, the
same two gradients are �0.007 and �0.1. In Figures 4 and 5,
from inspection we can see that there does not appear to be any
real difference inside the heliosphere. These gradients seem to

be too small for any testing with spacecraft data at the moment,
as the modulation due to any intervening local structure could
be much larger than this small difference. Haasbroek & Potgieter
(1998) predictedmaximum longitudinal gradients a bit larger than
these values, or �0.4% deg�1 (the sign is altered to agree with
the convention here of decreasing flux with increasing longitude),
and we are well underneath that prediction.

To sum up this project, we have successfully incorporated a
numerical MHD model into our modulation code. We have
reproduced many of the features that have been shown in recent
years to be important features of a modulation model, without
any special effort on our part: in other words, features such as
longitudinal asymmetry and TS energization are natural by-
products of the method and the model. AnyMHDmodel can be
thus included, and in the future we will include many improve-
ments on the method that is used here. These improvements
include but will not be limited to the inclusion of anomalous CR
populations, addressing the effects that CR populations have on
the heliosphere geometry, and general improvements on the
MHD models and interstellar medium parameters that we use.

This project was supported under NASA grant NAG5-1.
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