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ABSTRACT

Galactic cosmic-ray composition reflects the effects of nuclear interactions during propagation through the inter-
stellar medium. In order to use measurements to determine the source of cosmic rays, one needs a model to decon-
volute the propagation effect. This paper presents a new numerical method to solve cosmic-ray diffusive transport
equations with a complete network of nuclear interactions. The new method uses the time backward Markov sto-
chastic processes to solve the transport equation by tracing the particles’ trajectories starting from the solar system
back to their sources in the Galaxy. To make the calculation efficient for large arrays of equations for many cosmic-
ray species, a matrix representing the composition of all cosmic-ray heavy nuclei and location is used. The results for
abundance ratios of key elements such as B/C and sub-Fe/Fe compared with observations from HEAO-3, ACE, and
Ulysses and for isotopic ratios such as 36Cl /37Cl and 54Mn/55Mn are shown to be consistent with other numerical
approaches. The ability to track particles through the Galaxy, which is inherent in this technique, offers new oppor-
tunities for investigations. For example, one can look at the spatial and propagation time distributions and element
composition of source particles that arrive in the solar system.

Subject headinggs: cosmic rays — ISM: bubbles

1. INTRODUCTION

Theoretical modeling of cosmic-ray propagation in the Galaxy
is key to understanding the origin and distribution of cosmic rays
and diffuse gamma rays in the Galaxy. It can also offer insights
into the magnetic field structure and the interstellar gas distribu-
tion in the halo and disk of theGalaxy.Aphysicalmodel of cosmic-
ray transport is necessary for this purpose.

In the framework of diffusive transport, the number density of
cosmic-ray nuclei of type i per energy interval, Ni(t; r; p), as a
function of time t, location r, andmomentum per nucleon p obeys
(Berezinskii & Ginzburg 1990)
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The particle differential flux is related to the phase density fi by
4�p2fi. The terms in equation (1) are ki, the spatial diffusion
tensor; V, the convection velocity; Di, the momentum diffusion
(or second-order Fermi acceleration) coefficient; ( p/3): = V, the
adiabatic momentum loss rate; bi, the momentum loss rate due to
ionization or other energy-loss mechanisms; n, the number den-
sity of the interstellar medium; v, the particle speed; �i, the total
spallation cross section; �i, the decay time; �ij, the partial pro-
duction cross section from nucleus type j to i; and Si, the primary
cosmic-ray source injection rate. A survey of the theory and ex-

perimental tests for the propagation of cosmic rays in the Galaxy
up to energies of 1015 eV is given in Strong et al. (2007). In this
paper, we present a new numerical method to solve the cosmic-
ray transport equation (1) using stochastic differential equations
(Zhang1999). Themethod follows the trajectory of randomwalk-
ing pseudoparticles that represent the particle number density. In-
stead of solving particle transport equations of one nuclear species
at a time, we use a matrix to represent the cosmic-ray composi-
tion so that number densities at a particular location and particle
momentum for all nuclear species can be obtained together. The
motivation of thiswork is to develop an efficientmathematicalmodel
and computer code that can handle arbitrary interstellar medium
distributions, particularly on small scales of less than 200 pc. As
a first application of this newmethod, comparison of calculation
results for some common elemental and isotopic abundance ra-
tios, such as B/C, sub-Fe/Fe, 36Cl/37Cl, and 54Mn/55Mn, are made
against benchmark calculations by Strong & Moskalenko (1998)
and some observations.

2. STOCHASTIC PROCESS SOLUTION
TO THE DIFFUSION EQUATION

Diffusion equations can be solved by simulation using sto-
chastic differential equations. To demonstrate the method, write
the first equation from equation (1) for the heaviest element in
the cosmic-ray source in a general format,
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where the coordinates q� (for � ¼ 1; 4, fr; pg) are a combination
of location and momentum. The parameters are
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The exact solution to equation (2) can be written as a stochastic
integration (see Freidlin 1985; Øksendal 1992),

N1(t; q) ¼ E

�Z �e

0

S1 t � s2;Q(s2)ð Þ

; exp �
Z s2

0

c(t � s1;Q(s1))ds1

� �
ds2

�
; ð6Þ

where s1 and s2 are backward time variables from time t, �e is
a stop time when the integration reaches either an initial time
and /or an absorptive boundary, and E denotes the expectation
value of the function that follows. The integration is carried along
the stochastic trajectory defined by the four-dimensional stochastic
differential equation
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where w(s) is a Wiener process or Brownian motion with a dif-
fusion coefficient of 1/2 (Gardiner1983; Zhang1999). Equation (6)
means that the solution to the diffusion equation (2) is the av-
erage contribution of sources, subjected to a killing factor of
exp (�

R s2
0 c ds1) due to decay or other mechanisms, summed

along all the stochastic trajectories. In terms of primary cosmic
rays, the number of particles arriving at time t and location
q ¼ (r; pÞ is the summation of all particles starting from vari-
ous sources at various times. The exponential containing the
integration of c1(t; q) along the stochastic trajectory allows par-
ticles to be lost due to either nuclear reaction or other mecha-
nisms. The stochastic solution to this equation is
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The integration requires that the distribution of the first
nuclear species in the entire Galaxy is known before we can pro-
ceed to solve for the following nuclide. Solving individual dif-

fusion equations in this way becomes impractical and a waste of
computation power for determining the comic-ray nuclear abun-
dance at a particular location, for example, the solar system. We
have developed a matrix method for the problem. Define a ma-
trix presenting the number density of all cosmic-ray species,
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If all the species in the reaction network have the same dif-
fusion tensor and drift coefficients, we can write the cosmic-ray
transport equation in matrix format. Then equation (1) can written
as
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where Cii ¼ ci and Cij ¼ �[nv�ij þ (1/�ij)] for j < i, and the
cosmic-ray source term is a vector in the form
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where S�(t; q) denotes the spatial and time variation of all
sources and S0 is the composition of sources.

The assumption of equal diffusion tensors or drift coefficients
is a fairly good approximation to heavy cosmic-ray nuclei with
Z > 2 at high energies. Most of these nuclei have a mass-to-
charge ratio very near 2. All these particles with the same mo-
mentum per nucleonwill have very nearly the same rigidity. Since
the particle mean free path is only a function of rigidity, all the
cosmic-ray heavy species will have the same diffusion tensor as
a function of location and momentum per nucleon.

In this work we will discuss the solution of equation (10) for
a cylindrically symmetric Galactic model as a function of the
Galactic radius R, distance from the Galactic plane z, and the
rigidity � using the new matrix technique with no reacceleration

TABLE 1

Model Parameters

Parameter Value

Source distribution.................................................................... S(r; p) ¼ S0(R/R0)
0:5 exp[� (R� R0)/R0 � jzj/(0:2 kpc)]

Convection velocity (z-direction) ............................................. V ¼ 20km s�1

Halo height................................................................................ Zh ¼ 4 kpc

Galactic radius .......................................................................... R ¼ 30 kpc

Distance from the Sun to the Galactic Center ......................... R0 ¼ 8:5 kpc

Note.—For the source distribution, S0 is a normalization constant.
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and with a rigidity-dependent spatial diffusion coefficient given
by 	 ¼ (v/c)k0(�/�0)

�. To produce the characteristic shape of the
measured B/C ratio, a break in the diffusion coefficient is used.
The value of 
 ¼ 0:36 gives the bestmatch, k0 ¼ 6 ; 1028 cm2 s�1,
�0 ¼ 3 GV, and


 ¼
0:36; � > �0;

�0:36; � < �0:

�

Other model parameters including the source distribution func-
tion, the convection velocity V, the halo height Zh, and the Ga-
lactic radiusR are listed in Table 1.We assume that no significant
sources exist beyond 20 kpc. The distribution of cosmic-ray sources
is chosen to produce the cosmic-ray distribution determined by
the analysis of EGRET gamma-ray data (Strong &Mattox1996).

The solution to equation (10) can now be written in a matrix
format,
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where C is an n ; n matrix, where n is the number of elements
used in the simulation. The matrix represents the rate of particle
destruction and production through nuclear reaction; its integra-
tion along a stochastic trajectory remains in matrix form. The ex-
ponential factor in equation (13), exp[�

R s

0
C(t � s1;Q(s1))ds1],

presents the cumulative effect of these reactions since the source
produced particles at time t � s2.

Figure 1 shows a graphical representation for a number of dif-
ferent stochastic processes. The backward stochastic processes
for all trajectories start from time t or s ¼ 0 at the same location
q ¼ (r; p). For each time step, the number density for each ele-
ment in the vector represented by equation (8) is calculated. The

size of the time step and the number of trajectories play a major
role in describing the contribution of possible sources in the Gal-
axy. In order to have satisfactory statistics, the size of the time
step must be small and the process is averaged over a few thou-
sand trajectories. In order to describe small-scale structure in the
interstellar medium, the time step in the stochastic process needs
to be even smaller. This will require more computation time. The
stochastic solution allows us to study the cosmic-ray propagation
in any arbitrary configuration of the interstellar gas distribution
and to look at the time history of particle energies and trajectories
as the particles traverse the interstellar medium. From the com-
putational point of view, the computer programming is simplified
because the stochastic differential equations are like first-order
differential equations (see, e.g., Zhang1999). It is particularly ad-
vantageous for high-dimensional problems, because adding an
additional dimension typically entails adding just one line of ad-
ditional computer code with little increase in the computational
time. If using small time steps, a few thousand simulated trajec-
tories can sample the probability space to an accuracy of greater
than 97%. More trajectories are required for better statistics de-
pending on the step size used. For the solution of the following
nuclear species, the source contains additional spallation or decay
products from the first nuclear species. Table 2 shows the source
abundance for the element used in the simulation normalized to 16O
(Anders&Grevesse1989). The abundances have been fitted to ob-
servational data by applying the same propagation parameters to
entire nuclei groups rather than adjusting for separate groups. These
constraints increase the error in calculating the source abundance
especially for largely secondary nuclei with source abundance
mainly dependent on production cross sections. The overall error
of the calculated source abundances is about 18% based on the
estimated cross section error. The Galactic cosmic-ray source com-
position is derived from cosmic-ray data observed near Earth by cor-
recting for the effects of solar modulation, spallation reactions, and
energy loss during interstellar propagation. The Galactic cosmic-ray

Fig. 1.—Graphical illustration of using backward stochastic processes to obtain the solution for a general diffusion equation.
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abundances for elements up to Ni are mainly based on Engelmann
et al. (1990) and the recent Ulysses data of DuVernois & Thayer
(1996). The first ionization potential (FIP) is making the Galactic
cosmic-ray elemental composition deviate from solar abundances,
at least for elements up to Ni (Meyer 1985; Silberberg & Tsao
1990). The elements with low-FIP appear to be more abundant in
cosmic-ray sources relative to the high-FIP elements when com-
pared with the solar system material. Meyer et al. (1997) sug-
gested that the observed enhancement of these elements in the
Galactic cosmic rays is instead caused by the preliminary bulk
acceleration of some interstellar dust grains, as they noted that
most low-FIP elements are also refractory or have low volatility.
With few exceptions, most elements obey this FIP-volatility rela-

tion. Cosmic-ray data tend to prefer volatility over FIP, but uncer-
tainty in the derived source abundances (cross sections) prevents
an unambiguous solution. The process of electron K capture from
the interstellar medium is not yet included in the model; thus, the
K-capture isotope abundances will be overestimated in the cal-
culations, while their daughter nuclei will be underestimated. The
production and decay of the K-capture isotopes depend critically
on the interstellar medium density distribution; thus, including K
capture will improve calculated abundances. Unstable K-capture
41Ca (1:03 ; 105 yr) and 53Mn (3:7 ; 106 yr) are assumed to be
present in the sourcewhich indicates that a little time passes before
their injection into the accelerating mechanism. Similar results
were also presented in Moskalenko et al. (2008).

TABLE 2

Source Isotopic Abundances (
16O ¼ 100) for Zh ¼ 4 kpc

Element A

Source

Abund. Element A

Source

Abund. Element A

Source

Abund.

Ni.................... 62 4:411 ; 10�2 Ti .................... 46 . . . Si .................... 29 1.63

61 9:529 ; 10�3 44 . . . 28 18.5

60 0.359 Sc.................... 45 . . . Al.................... 27 1.47

59 2:205 ; 10�2 Ca ................... 46 . . . 26 . . .

58 0.833 44 . . . Mg.................. 26 2.74

Fe.................... 58 3:839 ; 10�2 43 . . . 25 2.20

57 0.784 42 . . . 24 17.0

56 21.1 41 2:723 ; 10�2 Na................... 23 0.572

55 0.329 40 1.17 Ne................... 22 2.53

54 1.96 K..................... 41 . . . 21 . . .
Mn.................. 55 0.272 40 . . . 20 8.44

54 . . . 39 0.136 F ..................... 19 . . .

53 0.106 Ar ................... 40 . . . O..................... 18 . . .

Cr.................... 54 3:812 ; 10�2 38 0.136 17 . . .
53 0.127 37 . . . 16 100

52 0.286 36 0.681 N..................... 15 . . .

51 . . . Cl.................... 37 8:712 ; 10�2 14 4.76

50 5:990 ; 10�2 36 . . . C..................... 13 0.681

V..................... 51 . . . 35 2:450 ; 10�2 12 69.4

50 . . . S ..................... 36 . . . B..................... 11 . . .

49 . . . 34 0.172 10 . . .
Ti .................... 50 4:901 ; 10�2 33 5:717 ; 10�2 Be ................... 10 . . .

49 . . . 32 2.64 9 . . .

48 0.272 P ..................... 31 0.218 7 . . .

47 6:806 ; 10�2 Si .................... 30 0.545

Fig. 2.—Ratios B/C and sub-Fe/Fe calculated for Zh ¼ 4 kpc and dV /dz ¼ 0. Solid curve, Local interstellar medium; dash-dotted curve, modulated � ¼ 500 MV.
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The interstellar gas is filledwith three gas components in the form
of warm atomic gases, molecular clouds, and hot plasma. The av-
erage density of these three components as a function of the Gal-
actic location has been determined using several measurements.
The atomic hydrogen (H i) distribution derived from the mea-
surement of 21 cm emission can be found in Gordon & Burton
(1976) and Cox et al. (1986). The distribution of molecular hydro-
gen H2 is taken from Bronfman et al. (1988), assuming that the
ratio of H2 to CO is roughly constant. The helium-to-hydrogen
ratio has been taken as He/H ¼ 0:11 as measured from various
samples (Grevesse et al. 1996).

The numerical code developed to obtain the solution of the
general diffusion transport equation using the stochastic trajec-
tory was run on the Beowulf cluster at Florida Institute of Tech-
nology with a 48 node IBM system, comprised of 47 compute
nodes and 1 head node. Each of the 47 compute nodes is a
x330 series with 1 PIII processor, 512MB SDRAMRDIMM2,
and 18.2 GB Ultra 160 HDD. The code was developed to run
in two versions, serial in FORTRAN and C and a parallel one
in C.

3. RESULTS

To date, we have concentrated our investigation on validating
our model using cosmic-ray abundance ratios withwell-measured
values over large energy intervals and for those species with well-

established nuclear cross sections. Figure 2 shows the calculated
B/C and the sub-Fe/Fe ratios in local interstellar space (solid curve)
and for 500 MV modulated (dashed curve) B/C ratio compared
with the observational data from HEAO-3 (Webber et al. 1996),
ACE (Davis et al. 2000), andUlysses (Davis et al. 2000). In order
to fit the peak location of the B/C ratio, a break in the spatial dif-
fusion coefficient was chosen. Both panels from Figure 2 show
good consistency with observational data.
Figure 3 shows the results for the heavier isotopic ratios

36Cl /37Cl and 54Mn /55Mn. The above calculation results are all
consistent with observational data and one of the model calcu-
lations done by Strong & Moskalenko (2001).
Using the new propagation model and the random number

generator subroutines in Press et al. (1992), we can determine
which nuclides contribute most to the production of other ele-
ments and isotopes at particular energies. By using equation (6)
we can calculate the contribution of any element to the production
of another element by knowing the production cross section and
the source distribution. The solution can be expanded, as men-
tioned above, in the form of equation (10), where we can cal-
culate the abundance of any element due to the contribution of
other nuclides.
Carbon is themain contributor to the productionof boron (�55%)

as shown in Figure 4 (left), oxygen is contributing �30%, and
the last �15% comes from the participation of other nuclides.

Fig. 3.—Ratios 36Cl / 37Cl and 54Mn/55Mn calculated for Zh ¼ 4 kpc and dV /dz ¼ 0. Solid curve, Local interstellar medium; dash-dotted curve, modulated � ¼ 450 MV.

Fig. 4.—Element percent contribution to the production of 10B and 10Be at 1 GeV nucleon�1.
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The partial production cross section of the B from C is high
when compared to the production from other elements. Carbon has
a fairly high source abundance which makes it one of the major
primary nuclides participating in the production of secondary
boron components observed in the solar system. Figure 4 (right)
shows that about 45% of beryllium is produced from carbon,
while 30% is produced from oxygen; the remaining 25% is
mainly produced from iron, magnesium, neon, silicon, and
others. The simulation includes a few thousand stochastic tra-
jectories, and the average abundance for each element in the
solar system is estimated. We allow free escape at a Galactic
radius of Rh ¼ 30 kpc and halo size of Zh ¼ 4 kpc. The source
He/H ratio is 0.11 by number and dV/dz ¼ 0. Isotopic cross
sections are calculated using Webber et al. (1990) and Sihver
et al. (1993). The proton-nucleus reaction cross sections are
energy dependant and typically decline above 30MeVuntil about
200 MeV, where they approach constant values.

The solar modulation numerical model (Fisk 1971) is used to
modulate interstellar medium spectra. The effect of the inhomo-
geneities in the interstellar medium can be described using this model.
Figure 5 shows the effect of a low-density (0.06 particles cm�3)
region of average radius 200 pc, which simulates the Local Bubble
surrounding the solar system, on the production of 10Be/9Be.
The model is compared with the observational data from ISO-
MAX, ISEE3, IMP-7, and IMP-8 and shows better agreement
with Voyager (Lukasiak et al. 1999) and Ulysses (Connell 1998)
observations.

A major advantage of this new method is the ability to look at
detailed trajectories and competing processes. The stochastic so-
lution allows the calculation of the elemental and isotopic abun-
dances not only in the solar system but anywhere in the galaxy.
The method is also efficient in solving the transport equation at
different energies and locations. If wewant to obtain a global solu-
tion using this method, the code will run very slowly; however, in
our case we need to determine the abundance only in the vicinity

of the solar system which requires us to run only a few thousand
particles and this takes much less time. Using the finite-difference
method, one can include small-scale structure by reducing the cell
size. However, the requirement of computer memory increases as
(1/cell size)d , where d is the dimension of the equation. On the
other hand, the computation time increases as 1/cell sizeð Þ2d . In
our approach, the computer memory requirement is the same,
and we just decrease the time step which scales as (cell size)2.
The advantage of the finite-difference approach is the ability to
solve the diffusion equation everywhere, which in many cases is
not necessary. The newmatrix technique introduced in this work
is constrained by using the same diffusion coefficient in all dif-
fusion equations describing various nuclei. In this method we are
also assuming that all the species have the same A/Z, which is
acceptable for most species, while not satisfactorily true in case
of others, for example, 1H. For instance, the difference in rigidity
for 9Be and 10Be is about 10%, so the difference in the spatial dif-
fusion coefficient is about 3%with the parameters used in this pa-
per, and this may be a problem if this level of accuracy is needed.

The model introduced in this paper uses spatial distribution of
points on a random trajectory to determine the elemental and iso-
topic abundances, which is computationally much easier and faster
than using the classical leaky box model (LBM), where the trans-
port of cosmic rays is not controlled by diffusion but by a hypo-
thetical leakage process at the imaginary boundaries. The LBM
calculations get more complicated when dealing with successive
transitions of nuclei of some kind into other kinds of nuclei when
fragmentation is taken into account. In the new method, all transi-
tions are included in one matrix, and the calculation is still simple
even for more complicated Galactic structure. Ptuskin et al. (2006)
present a procedure that includes a self-consistent determination of
the cosmic-ray diffusion coefficient using the GALPROP code for
cosmic-ray propagation. The model presented in this paper shows
good agreement with their plain diffusionmodel with a break in the
diffusion coefficient. They also represented a self-consistent model
of diffusive reacceleration with damping.

For future work, cosmic-ray intensity and composition will be
calculated in high-density molecular clouds. We will also ex-
pand the model to be capable of determining Galactic locations
containing sources of production of certain nuclides.

4. CONCLUSION

We have introduced a new numerical model to calculate the el-
emental and isotopic abundances of cosmic rays. The model de-
pends on solving a group of diffusion transport equations each
representing a particular species using the backwardMarkov sto-
chastic technique starting at an observer location in the solar
system and stopping at the Galactic boundaries. The diffusion
coefficient, halo size, and rigidity are the main parameters con-
tributing to this model and are chosen to best fit observational
data. Primary-to-secondary ratios have been used to validate the
model. The results show good agreement with the B/C, sub-Fe/Fe,
36Cl/37Cl, and 54Mn/55Mn observational data. The source contribu-
tion to a particular cosmic-ray species observed in the solar system
can be calculated. The effect of the inhomogeneities in the inter-
stellar space can be investigated using this model, allowing us, for
example, to study small-scale structure inside the Galaxy.

This work is supported in part by NASA under grants NAG
5-10888, NAG 5-13514, NNX 07-AH16G, and JPL contract
1240373 and the Egyptian government grant GM477. For any
questions, contact ashraf.farahat@gmail.com.

Fig. 5.—Effect of the low-density Local Bubble surrounding the solar system
with radius of 200 pc and average density of 0.06 particles cm�3 on the 10Be / 9Be
ratio modulated without bubble (dot-dashed curve), modulated with bubble
(dotted curve), unmodulated without bubble (solid curve), and unmodulated
with bubble (dashed curve).
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