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Abstract 

Title: Studies with Dynamic Nuclear Imaging Image Reconstruction Algorithm 

Author: Haoran Chang 

Advisor: Debasis Mitra, Ph. D. 

Non-negative matrix factorization (NMF) is a useful method for those non-negative 

multivariate data. In nuclear imaging, NMF, which is also called factor analysis, is used to 

analyze the 4D image of positron emission tomography and single positron emission 

computed tomography. Normally, we use factor analysis of dynamic structure (FADS) for 

the dynamic reconstruction [1]. However, this reconstruction algorithm is extremely 

dependent on the initial data, which means the result may be unstable when the initial data 

is not good enough. There are several ways for the initializing, such as splined initialized 

(SIFADS) [2] and clustering initialized (CIFA) [3][4]. In this thesis, we have attempted 

different ways to improve uninitialized FADS. The dataset we used is the real human data. 
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1. Introduction 

1.1. NMF 

In 1999, one of the most prestigious journals, “Nature”, published an achievement of two 

scientists, Daniel. D. Lee and H. Sebastian Seung, on non-negative matrix factorization. This 

paper [5] proposed a novel thought of the matrix factorization – NMF (Non-negative Matrix 

Factorization) and showed the iterative algorithm. In 2000 [6], they published the proof of 

the convergence of the iterative algorithm. NMF is a factorization method that all the 

elements in matrices are non-negative. This paper quickly caught the attention of various 

fields of scientific researchers. On one hand, many of the scientific analysis of massive 

amounts of data needs to be effectively addressed through a matrix form, and the thought of 

NMF provides a new way to deal with those large-scale data processing. On the other hand, 

compared to the traditional algorithms, NMF decomposition algorithm has many advantages, 

such as the simplicity of the implementation, less storage space and so on. 

In the information age, we have to handle or analyze a large amount of data in a very short 

period, like real-time video streaming, mining large-scale text in database, massive 

information on Web. Matrix is the most common way to deal with such information. For 

example, an image can correspond exactly with a matrix. The spatial and color information 

of each image pixel can be stored in an element of the matrix. In our real life, such matrix 

will be huge but the information distribution stored in it is often uneven. Thus, the efficiency 

is low if we directly deal with such a matrix. In other words, this way is moot in practical 

terms. In order to process these data stored by the matrix efficiently, the matrix 

decomposition is a key step. By matrix factorization, the dimension of the matrix can be 
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reduced. On the other hand, large amounts of data can be compressed and summarized with 

the factorization. 

In scientific literatures, there are many matrix decomposition methods that people used to 

solve actual problems, such as principal component analysis (PCA) [7], independent 

component analysis (ICA) [8], singular value decomposition (SVD) [9], vector quantization 

(VQ) [10], etc. In all of these methods, the original matrix V, can be decomposed 

approximately into two low-rank matrices: 𝑉 = 𝑊 × 𝐻 . These methods have a same 

characteristic: the elements in these two factors W and H can be positive or negative, even 

if all the elements of the input matrix are positive. In mathematics, the presence of the 

negative values in the results is correct. However, negative values are often meaningless for 

the practical problems. For example, it is impossible that there are some negative pixels in 

image data. Thus, non-negative matrix factorization is so important with great significance 

that many researchers want to explore a good method. And that’s why people pay much 

attention on Lee and Seung’s NMF method. 

NMF is a new matrix decomposition algorithm (or a group of algorithms), which overcomes 

many problems of the traditional matrix factorization. It can provide a deeper view of 

interpreting the data. By finding a low rank, those non-negative matrices can be decomposed 

without negative values. There are many applications in real life, such as pixel values in a 

digital image, counting words in textual analysis, a stock price and so on. The basic idea of 

NMF can be simply described as follows: for a given non-negative matrix A, NMF algorithm 

can always find two non-negative matrices U and V (A = UV). Since all of the elements in 

A, U and V are non-negative, a column vector of the original matrix A can be described as 

a weighted sum of all the column vectors in the left factor matrix U, while the weighting 

factor is the corresponding column vector in V. This representation of the basis vector 

combination is quite intuitive. It reflects a basic concept of human thoughts: a whole object 

consists of several parts. Some researches indicates that NMF is an NP-hard [11] problem, 

which can be classified as an optimization problem solved by iterative approaches. NMF 
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algorithm provides a method to solve U and V with some simple multiplicative update rules. 

This solution has a fast convergence speed and low storage space requirement to store U and 

V. It can reduce the dimension of the high-dimensional matrix. NMF is faster and more 

convenient for the analysis of large-scale data of text and image, compared to those 

traditional algorithms. After publishing, NMF quickly attracts lots of researchers and it is 

successfully applied in many fields to solve practical problems, like text mining [12], 

scalable Internet distance prediction [13], non-stationary speech denoising [14] and nuclear 

imaging [15]. 

One of the most successful applications of NMF is image analyzing and processing. In the 

next section, we describe some details about Nuclear imaging. 

1.2. Nuclear Medicine 

Nuclear medicine is a branch of medicine and medical imaging. It is a new subject using 

nuclear technique for disease diagnosis, treatment and study, a product of the combination 

of medicine and modern science such as nuclear technology, electronic technology, 

computer science and so on. Nuclear medicine is an application with radioisotopes, nuclear 

radiation from radioisotopes, and ray beams generated by some special accelerators. In 

medicine, radioisotopes and nuclear radiation can be used for diagnosis, treatment and 

medical research. In pharmaceutics, they can be used to study the principles of drug effects, 

measuring the activity of drugs, and drug analysis. There are many kinds of techniques of 

nuclear imaging: X-ray computed tomography (XCT), positron emission tomography (PET), 

nuclear magnetic resonance (NMR), single photon emission computed tomography (SPECT). 

From the 1970s, nuclear medicine imaging has made a breakthrough, due to the development 

of singe photon emission computed tomography (SPECT) and positron emission 

tomography (PET), as well as the innovation of radio pharmaceutical. Nuclear imaging, CT, 

nuclear magnetic resonance and ultrasound technology are complementary to each other. 
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Through this, the level of the disease research and diagnosis are greatly improved. Therefore, 

nuclear imaging is a very popular and important part of clinical imaging diagnosis. 

As we mentioned before, nuclear medicine imaging is a medical imaging technique based 

on the radionuclide tracers. Nuclear imaging techniques using CT is also called emission 

computed tomography (ECT), because they are imaging by collecting the gamma ray 

transmitted from the patient. According to the type of radionuclide used in ECT, there are 

two categories: single photon emission computed tomography (SPECT) and positron 

emission tomography (PET). 

In SPECT, each sensitive point of the gamma camera probe detects gamma photons from 

one projection line (ray). The measurement values in each point represent the sum of 

radioactivity in this line. These sensitive points in a same line on the camera can detect the 

activity of radiopharmaceutical on a slice of human body. The output is called the one-

dimensional projection (Projection). The projection lines are parallel to each other and 

perpendicular to the detector, so it is called a parallel beam. A gamma camera is a two-

dimensional detector. With collimators, people can obtain a plurality of projections 

simultaneously. Because the distance between detector and emission photon is unknown at 

one angle, it needs to be viewed from different angles to know the body structure in 

perpendicular direction. It has been proofed that if all the projections of all the angles are 

known, the tomographic image can be computed. This process from projections to image is 

called reconstruction. Because this technique is based on the computer, so it called computed 

tomography (CT). The main function of the CT device is to obtain the projection data and 

reconstruction of tomographic images.  

1.3. NMF in Nuclear Imaging 

In nuclear imaging, NMF, which is also called factor analysis [15], is used to analyze 

the 4D image of positron emission tomography and single positron emission 
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computed tomography. The value of each voxel is changing when the camera is rotating, 

so each voxel has its own curve called time activity curve (TAC). Because of the noise 

corruption and hardware limitations, the raw image from the camera cannot be used. It is an 

optimization problem. The dynamic image is three dimensions plus time (4D). The size of 

this 4D volume (V) is too large to handle, so we used two smaller factors instead: time 

dependent factors F and the expansion coefficients C, for V = CF. Because both C and F are 

smaller than V, they are easier to store and operate. For example, suppose a volume is 

64x64x64 and the time series is up to 60, then the 4D image will be 64x64x64x60 = 

15,728,640. If the number of segmentation of this volume is three, then C is 64x64x64x3 = 

786,432 and F is 3x60 = 180. The total size is only 786,612, which is much smaller than the 

original size. According to this, FADS and SIFADS focus on C and F, not V. 

Compared to FADS, SIFADS eliminates the over-reliance on the initial inputs in a certain 

way, and the performance of the result won’t decline. But SIFADS will increase the running 

time a lot. On the other hand, FADS can also give us a perfect result when the input data is 

good. Therefore, we used FADS and tried to modify the process to make the result better. 

Here, we compared the results between each approach and used several measures to evaluate 

the performance of each way. 

1.4. Thesis Summary 

In chapter 2, we will simply explain how static and dynamic SPECT algorithms work and 

discuss our approaches. The datasets and the data pre-processing are described in chapter 3. 

In chapter 4, we present the results from real data and simulations. Finally, our evaluation 

and conclusions are present in chapter 5, as well as the future work. 
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2. Reconstruction Algorithm in SPECT 

In a normal SPECT scan (Figure 1), there are two technologies used: computed tomography 

and radioactive materials (tracer, radioisotope). The tracer will be injected into the vein and 

this tracer will emit gamma rays that can be detected by some special cameras. These 

cameras will show many different two-dimensional photos of the patient tissues and organs 

in different angles. These photos are what we called “sinogram”. Then, the computer will 

reconstruct a 3D image of the patient through these 2D photos (sinogram). This chapter will 

mainly discuss the static and dynamic reconstruction algorithms in SPECT. 

 

Figure 1. An example of a SPECT system. 
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2.1. Static Reconstruction: MLEM and MAPEM 

2.1.1. Introduction 

After the injection, the tracer concentration in the patient body will change quickly at first 

but be stable after a while. In the static reconstruction, the system will only collect the 

emitted gamma rays from different angles, when the distribution of the tracer has already 

stationary. As a result, the output of the static reconstruction only shows a 3D image of 

distribution of the tracer. Through the tracer, we can see the tissues and organs of the patient. 

In figure 2, g(s, θ) is the sinogram (projections) and f(x, y) is the unknown density of the 

tracer. Mathematically, these values of the sinogram and reconstructed image slices can be 

represented by matrices or vectors. By the Radon transformation [16][17], the projection 

g(s, θ) is the integral of the values of f(x, y). Because both g and f functions are discrete, the 

formula can be written as: 

 𝑔𝑖 = 𝑎𝑖1𝑓1 + 𝑎𝑖2𝑓2 + ⋯ + 𝑎𝑖𝑚𝑓𝑚 = ∑ 𝑎𝑖𝑗𝑓𝑗

𝑚

𝑗=1

. (2.1) 

 

g Vector of projection data 

f Vector of image data 

A Matrix such that g = Af 

𝑎𝑖𝑗 Value of element in matrix A which is in ith row and jth column 

i Projection subscript 

j Pixel subscript 

𝑔𝑖 Number of counts in ith bin of a projection dataset 

𝑓𝑗 Number of disintegrations in jth pixel of a slice 
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m Number of pixels 

n Number of bins 

Table 1. Notations 

 

Figure 2. Geometric considerations of SPECT and data acquisition. [16] 

For a certain SPECT system and given input size, the matrix A is fixed. It seems that 

using the inverse of A directly, noted 𝐴−1, is a possible way to solve g = Af, because 

f =  𝐴−1𝑔. However, this method can hardly be utilized in practice. There are several 

defects: (a) even the image size is not very big (like 64x64), the matrix A is too large 
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to compute the inverse of it; (b) 𝐴−1 may not exist; (c) there may be more than one 

𝐴−1; (d) 𝐴−1 is ill-conditioned, which means the result f may have great differences 

if the input data g changes a little. [16] The most common way to solve g = Af is the 

maximum likelihood expectation maximization (MLEM) algorithm. And maximum 

a posteriori expectation maximization (MAPEM) dose some improvements based on 

MLEM. 

2.1.2. Static MLEM [16][18][19]: 

In MLEM, we supposed that 𝑔𝑖 and 𝑓𝑗 follow a Poisson distribution. Thus, both of 

them are Poisson random variables. Consider the mean values of 𝑔𝑖 and 𝑓𝑗, 𝑔�̅� and 𝑓�̅�, 

we have: 

 𝑔�̅� = ∑ 𝑎𝑖𝑗𝑓𝑗
̅𝑚

𝑗=1 . (2.2) 

By the definition of the Poisson distribution, the probability of detecting 𝑔𝑖 photons 

is: 

 𝑃(𝑔𝑖) =
𝑒−𝑔𝑖̅̅ ̅𝑔�̅�

𝑔𝑖

𝑔𝑖!
 (2.3) 

Now in probabilistic words, our question will be: “given the observation g, find the 

maximum probability of 𝑓”̅. Notice that the probability of 𝑓 ̅given g is also the likelihood 

function of 𝑓.̅ Then: 

 𝐿(𝑓̅) = 𝑃(𝑔|𝑓)̅ = 𝑃(𝑔1, 𝑔2, … , 𝑔𝑛|𝑓)̅ =
𝑃(𝑔1, 𝑔2, … , 𝑔𝑛, 𝑓̅)

𝑃(𝑓̅)
 (2.4) 

Because Poisson variables are independent, by the Bayes' theorem, the likelihood function 

will be the product of P(𝑔𝑖): 
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𝐿(𝑓̅) = 𝑃(𝑔|𝑓)̅ = 𝑃(𝑔1, 𝑔2, … , 𝑔𝑛|𝑓)̅ =

𝑃(𝑔1, 𝑔2, … , 𝑔𝑛, 𝑓̅)

𝑃(𝑓̅)

= ∏ 𝑃(𝑔𝑖)

𝑛

𝑖=1

= ∏
𝑒−𝑔𝑖̅̅ ̅𝑔�̅�

𝑔𝑖

𝑔𝑖!

𝑛

𝑖=1

 
(2.5) 

We can compute the derivative of the likelihood function to find the maximum value. 

Normally, the logarithm likelihood is used to do the computation instead of directly using 

likelihood function. Note 𝑙(𝑓) = ln (𝐿(𝑓)), where ln is the natural logarithm: 

 𝑙(𝑓̅) = ∑(−𝑔�̅� + 𝑔𝑖 ln(𝑔�̅�) − ln (𝑔𝑖!))

𝑛

𝑖=1

 (2.6) 

According to the equation: 𝑔�̅� = ∑ 𝑎𝑖𝑗𝑓𝑗
̅𝑚

𝑗=1 , we have: 

 𝑙(𝑓̅) = ∑ [− ∑ 𝑎𝑖𝑗𝑓�̅�

𝑚

𝑗=1

+ 𝑔𝑖 ln (∑ 𝑎𝑖𝑗𝑓�̅�

𝑚

𝑗=1

) − ln (𝑔𝑖!)]

𝑛

𝑖=1

 (2.7) 

This formula is the actual likelihood function and it is the fundamental formula in the MLEM 

algorithm. In order to find the maximum value, the first derivative of that should be zero: 

 
𝛿𝑙(𝑓̅)

𝛿𝑓̅
= − ∑ 𝑎𝑖𝑗

𝑛

𝑖=1

+ ∑
𝑔𝑖

∑ 𝑎𝑖𝑗𝑓�̅�
𝑚
𝑗=1

𝑎𝑖𝑗

𝑛

𝑖=1

 (2.8) 

This is an optimization problem, so we can use the gradient descent to find the optimum 

answer: 
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 𝑓̅(𝑘+1) → 𝑓̅(𝑘) + 𝛽
𝛿𝑙(𝑓̅)

𝛿𝑓̅
 (2.9) 

Let 𝛽 =
𝑓�̅�

(𝑘)

∑ 𝑎𝑖𝑗
𝑛
𝑖=1

, so: 

 𝑓̅(𝑘+1) → 𝑓̅(𝑘) +
𝑓�̅�

(𝑘)

∑ 𝑎𝑖𝑗
𝑛
𝑖=1

(− ∑ 𝑎𝑖𝑗

𝑛

𝑖=1

+ ∑
𝑔𝑖

∑ 𝑎𝑖𝑗𝑓�̅�
𝑚
𝑗=1

𝑎𝑖𝑗

𝑛

𝑖=1

) (2.10) 

Hence, 

 

𝑓�̅�
(𝑘+1)

= 𝑓̅(𝑘) +
𝑓�̅�

(𝑘)

∑ 𝑎𝑖𝑗
𝑛
𝑖=1

(− ∑ 𝑎𝑖𝑗

𝑛

𝑖=1

+ ∑
𝑔𝑖

∑ 𝑎𝑖𝑗𝑓�̅�
𝑚
𝑗=1

𝑎𝑖𝑗

𝑛

𝑖=1

)

=
𝑓�̅�

(𝑘)

∑ 𝑎𝑖𝑗
𝑛
𝑖=1

∑
𝑔𝑖

∑ 𝑎𝑖𝑗𝑓�̅�
(𝑘)𝑚

𝑗=1

𝑎𝑖𝑗

𝑛

𝑖=1

 

(2.11) 

The above formula is the iterative rule: 

 𝑓�̅�
(𝑘+1)

=
𝑓�̅�

(𝑘)

∑ 𝑎𝑖𝑗
𝑛
𝑖=1

∑
𝑔𝑖

∑ 𝑎𝑖𝑗𝑓�̅�
(𝑘)𝑚

𝑗=1

𝑎𝑖𝑗

𝑛

𝑖=1

 (2.12) 

2.1.3. MAPEM [16][20][21]: 

In MLEM, when increasing the number of iterations, the reconstructed image may become 

noisy, since our input, the sinogram, is noisy. Maximum a posteriori (MAP) algorithm 

introduces a prior knowledge to avoid the reconstruction being too noisy. 

By Bayes’ theorem, we have: 

 𝑃(𝑓|̅𝑔) =
𝑃(𝑔|𝑓)̅𝑃(𝑓̅)

𝑃(𝑔)
 (2.13) 
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In this formula, 𝑃(𝑔|𝑓)̅ is our likelihood function as defined in MLEM. Take the logarithm 

of both side of the above equation, then: 

 ln (𝑃(𝑓|̅𝑔)) = ln (𝑃(𝑔|𝑓)̅) + ln (𝑃(𝑓̅)) − ln (𝑃(𝑔)) (2.14) 

Normally, the Gibbs prior is a common choice for this Bayesian prior 𝑃(𝑓̅), with 𝑃(𝑓̅) =

𝐶𝑒−𝛽𝑈. C is a normalizing constant, 𝛽 is the weight of the prior. And U is a kind of energy 

function of 𝑓.̅ In our algorithm, we use the total variation function for U. So: 

 

𝑙𝑛 (𝑃(𝑓|̅𝑔)) = 𝑙𝑛 (𝑃(𝑔|𝑓)̅) − 𝛽𝑈(𝑓̅) + 𝑙𝑛 𝐶 − 𝑙𝑛(𝑃(𝑔))

= 𝑙𝑛 (𝑃(𝑔|𝑓)̅) − 𝛽𝑈(𝑓̅) + 𝐾 (2.15) 

Where K = ln C – ln (P(g)) that is unrelated to 𝑓.̅ Using (2.7), the equation (2.15) will be: 

 

𝑙𝑛 (𝑃(𝑓|̅𝑔)) = ∑ [− ∑ 𝑎𝑖𝑗𝑓�̅�

𝑚

𝑗=1

+ 𝑔𝑖 ln (∑ 𝑎𝑖𝑗𝑓�̅�

𝑚

𝑗=1

) − ln (𝑔𝑖!)]

𝑛

𝑖=1

− 𝛽𝑈(𝑓̅) + 𝐾 (2.16) 

Similarly, we take the derivative of (2.15) to maximize 𝑃(𝑓|̅𝑔) . Since 𝑃(𝑔|𝑓̅)  is our 

likelihood function, according to the equation (2.8), we obtain: 

 
𝛿(ln 𝑃(𝑓|̅𝑔))

𝛿𝑓̅
= − ∑ 𝑎𝑖𝑗

𝑛

𝑖=1

+ ∑
𝑔𝑖

∑ 𝑎𝑖𝑗𝑓�̅�
𝑚
𝑗=1

𝑎𝑖𝑗

𝑛

𝑖=1

− 𝛽
𝛿𝑈(𝑓̅)

𝛿𝑓̅
 (2.17) 

Similar to MLEM, the iterative rule of MAPEM will be: 

 𝑓�̅�
(𝑘+1)

=
𝑓�̅�

(𝑘)

∑ 𝑎𝑖𝑗
𝑛
𝑖=1 + 𝛽

𝛿

𝛿𝑓𝑗
𝑈(𝑓�̅�

𝑘
)

∑
𝑔𝑖

∑ 𝑎𝑖𝑗𝑓�̅�
(𝑘)𝑚

𝑗=1

𝑎𝑖𝑗

𝑛

𝑖=1

 (2.18) 



13 
 

 

2.2. Dynamic SPECT 

2.2.1. Likelihood Function of Dynamic SPECT 

The core of the dynamic reconstruction algorithm is very similar to the static one. The photon 

emissions of static or dynamic case follow a Poisson distribution. The only difference in 

dynamic case is that the detecting photons 𝑔𝑖  is not just a single value, but a function 

associated with the time. Therefore, in dynamic case, the equation (2.3) will be: 

 𝑃(𝑔𝑖(𝑡𝑘)) =
𝑒−𝑔𝑖(𝑡𝑘)̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑔𝑖(𝑡𝑘)̅̅ ̅̅ ̅̅ ̅̅ 𝑔𝑖(𝑡𝑘)

𝑔𝑖(𝑡𝑘)!
 (2.19) 

On the other hand, in dynamic SPECT, the system does not wait for the concentration of the 

tracer being stationary. Thus, the volume is changing while the projections are being 

collected. We define the dynamic projection in a short time frame, assumed that 𝑡0 ≡ 0: 

 𝑔𝑖(𝑡𝑘) = ∫ ∑ 𝑎𝑖𝑗𝑉𝑗(𝑡)𝑑𝑡

𝑚

𝑗=1

𝑡𝑘

𝑡𝑘−1

, (2.20) 

Where 𝑉𝑗(𝑡) is the 4D (three dimensions plus time) volume of jth pixel of a certain projection 

(slice). This time-dependent voxels intensities 𝑉𝑗(𝑡) can be expand as a linear combination 

of a coefficient array C and a factor array f (NMF [5][6]): 

 𝑉𝑗(𝑡𝑘) =
1

Δ𝑡𝑘
∫ 𝑉𝑗(𝑡)𝑑𝑡

𝑡𝑘

𝑡𝑘−1

= ∑ 𝐶𝑗,𝑛𝑓𝑛,𝑘

𝑛

 (2.21) 

n is a small number which is close to the number of tissue types we separate. By (2.7), we 

obtain the dynamic likelihood function: 

 𝑙(𝐶, 𝑓) = ∑ (− ∑ 𝑎𝑖,𝑗𝐶𝑗,𝑛𝑓𝑛,𝑘

𝑗,𝑛

+ 𝑔𝑛 ln (∑ 𝑎𝑖,𝑗𝐶𝑗,𝑛𝑓𝑛,𝑘

𝑗,𝑛

) − ln(𝑔𝑛!))

𝑖,𝑘

 (2.22) 
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As we mentioned in static MLEM, using likelihood function only to estimate the image is 

not enough because of the noise. Therefore, some regularization functions are introduced to 

optimize the result. We show the details of these function in the next section. 

2.2.2. Regularization Functions 

There are three regularization constraints here to optimize the final result [2]: (i) Tissue 

separation: we don’t want to mix tissue types, thus, for any voxel j, only one of the n 

coefficients 𝐶𝑗,𝑛 can be significantly larger than zero. (ii) Piece wise spatial smoothness: for 

a single tissue type, the change of the tracer intensity has to be smooth. (iii) Temporal 

smoothness: for each of the factor array, the change of the values should be smooth, which 

means that the difference between 𝑓𝑛,𝑘 and 𝑓𝑛,𝑘+1 will be minimized. 

By adding these constraints, the final likelihood function to be maximized is [2][22][23]: 

 �̃�(𝐶, 𝑓) =  𝑙(𝐶, 𝑓) − 𝜆1𝛺(𝐶) − 𝜆2𝛩(𝐶) − 𝜆3𝛷(𝑓) (2.23) 

Where these 𝜆’s are the weighting parameters[24][25][26], 𝛺(𝐶) is the tissue separation 

function, 𝛩(𝐶) is the coefficient smoothness function and 𝛷(𝑓) is the factor smoothness 

function. The first two constraint functions, the separation and smoothness of the coefficient 

rely on a prior estimation of the location of the tissues. This prior estimation is called an 

integer mask, which is computed by two binary masks: the static mask 𝑀𝑠 and the dynamic 

mask 𝑀𝑑. The process to calculate the integer mask is shown as follows [2][27]: 

 First, compute the static mask 𝑀𝑠. Do the static reconstruction (MLEM) with 

the dynamic sinogram except for the first two rotations, because tracer 

concentration changes quickly at first but will be stable enough after two 

rotations. All the rotations will be added up except for the first two to produce 

the reconstruction image. This reconstruction image is segmented into different 

tissue types, like myocardium, blood pool and liver. This static mask is a binary 
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mask, so if voxel j is in the tissue type n, then 𝑀𝑗,𝑛
𝑠  is equal to one, otherwise it 

is zero: 

 𝑀𝑗,𝑛
𝑠 = {

1,   𝑣𝑜𝑥𝑒𝑙 𝑗 𝑖𝑠 𝑤𝑖𝑡ℎ𝑖𝑛 𝑡𝑖𝑠𝑠𝑢𝑒 𝑡𝑦𝑝𝑒 𝑛
0,                      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                    

 (2.24) 

 The dynamic mask 𝑀𝑑  will be computed at each iteration of the dynamic 

reconstruction algorithm. Each voxel value in the dynamic mask 𝑀𝑑  is 

determined by a simple thresholding method, for example, Otsu’s method [28]: 

 𝑀𝑗,𝑛
𝑑 = {

1,   𝑖𝑓 𝐶𝑗,𝑛 ≥ 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑(𝑗)

0,   𝑖𝑓 𝐶𝑗,𝑛 > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑(𝑗)
 (2.25) 

 Finally, the integer mask M will be computed by both of the static mask 𝑀𝑠 

and dynamic mask 𝑀𝑑: 

 𝑀𝑗,𝑛 = {

0,   𝑖𝑓 𝑀𝑗,𝑛
𝑠 = 𝑀𝑗,𝑛

𝑑 = 0

𝑛,   𝑖𝑓 𝑀𝑗,𝑛
𝑠 = 𝑀𝑗,𝑛

𝑑 = 1

−1,        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒          

 (2.26) 

If the value of the static mask 𝑀𝑗,𝑛
𝑠  is equal to the dynamic mask 𝑀𝑗,𝑛

𝑑 , then the 

corresponding voxel belongs to a certain region. This voxel might be a part of 

a tissue (𝑀𝑗,𝑛 = 𝑛), or belong to a region of non-interest (𝑀𝑗,𝑛 = 0). If 𝑀𝑗,𝑛
𝑠  and 

𝑀𝑗,𝑛
𝑑  are not equal (𝑀𝑗,𝑛 = −1), then this voxel may have mixed tissue types. 

We can say this voxel belongs to an uncertain region (or unrecognized region). 
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Figure 3. The process of computing the integer mask. [2] 

Now we can define those three regularization functions: 

 Tissue separation 𝛺(𝐶) is used to make sure that the different tissue types 

won’t be mixed with each other [2]: 

 𝛺(𝐶, 𝑀) = ∑( ∑ |𝐶𝑗,𝑛 ∙ 𝐶𝑗,𝑎|

𝑁

𝑎|𝑎≠𝑛

∙ 𝛿(𝑀𝑗,𝑛, −1))

𝐽,𝑁

𝑗,𝑛

, (2.27) 

where 𝑀𝑗,𝑛 is the integer mask defined as before and 𝛿 is the delta function: 

 𝛿(𝑎, 𝑏) = {
1,   𝑎 = 𝑏
0,   𝑎 ≠ 𝑏

 (2.28) 
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 Piecewise smoothness 𝛩(𝐶) is an anisotropic total variation (ATV) function 

[29]. As we mentioned before, in a certain tissue type, the change of the voxel 

value, which is the change of the tracer concentration, has to be smooth: 

 𝛩(𝐶, 𝑀) = ∑( ∑ |𝐶𝑗,𝑛 − 𝐶𝑏,𝑛|

𝑏∈{𝑁𝑘}

∙ 𝛿(𝑀𝑗,𝑛, 𝑀𝑏,𝑛))

𝑗,𝑛

, (2.29) 

where {𝑁𝑘} is the set of the kth voxel’s neighbors. 

 Temporal smoothing function 𝛷(𝑓) minimizes the differences between two 

time points for a single tissue type n: 

 𝛷(𝑓) = ∑ ∑|𝑓𝑛,𝑡 − 𝑓𝑛,𝑡−1|

𝑇

𝑡=2

𝑁

𝑛=1

, (2.30) 

2.2.3. FADS and SIFADS 

Actually, the spline initialized factor analysis of dynamic structures (SIFADS) is a 

combination of spline-based and the FADS algorithm. FADS algorithm may be unstable if 

the initial conditions are not good enough. In SIFADS, the spline methods are used for the 

initializing. The following table shows how the SIFADS algorithm works [2]: 

SIFADS algorithm 

1. // STAGE 1: DATA PREPARATION: 

2.    𝑀𝑠 ← {𝑆𝑡𝑎𝑡𝑖𝑐 𝑅𝑒𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛 𝑉𝑜𝑙𝑢𝑚𝑒};   // equation (2.24) 

3.    𝑀𝑑 ← 𝑀𝑠; 

4.    𝑀 ← 𝑪𝒓𝒆𝒂𝒕𝒆𝑰𝒏𝒕𝑴𝒂𝒔𝒌{𝑀𝑠, 𝑀𝑑};                  // equation (2.26) 

5. // STAGE 2: SPLINE INITIALIZING 

6.    // B-spline fitting 

7.    𝑓0 ← {𝐵𝑠𝑝𝑙𝑖𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠}; 

8.    𝐶0 ← 1; 
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9.    𝐶0 ← 𝑺𝑷(𝐶0, 𝑓𝟎, 𝑔, 𝐴, 𝑀, 𝑀𝑠);                     // splined-based algorithm (Table 

3Error! Reference source not found.) 

10.    // Estimating initial curves and coefficients 

11.    𝑉(𝑡) ← 𝐶0𝑓0                                                // equation (2.21) 

12.    𝑓1 ← 𝐴𝑣𝑒𝑟𝑎𝑔𝑒(𝑉(𝑡), 𝑀𝑠); 

13.    𝐶1 ← 1; 

14.    𝐶1 ← 𝑺𝑷(𝐶[1]𝑓[1], 𝑔, 𝐴, 𝑀, 𝑀𝑠); 

15. // STAGE 3: FADS REFINEMENT 

16.    (𝐶∗, 𝑓∗, 𝑀) ← 𝑭𝑨𝑫𝑺(𝐶[1]𝑓[1], 𝑔, 𝐴, 𝑀, 𝑀𝑠);      // FADS algorithm 

17.    // Estimate and output the final TACs: 

18.    𝑉(𝑡) ← 𝐶∗𝑓∗; 

19.    𝑓 ← 𝐴𝑣𝑒𝑟𝑎𝑔𝑒(𝑉(𝑡), 𝑀𝑠) 

Table 2. SIFADS. 

The splined-based algorithm is used in line 9 and 14. In line 9, the output of the SP function 

will then be used to create the initial factors. The second run of the SP function will estimate 

the initial coefficients and factors of FADS. The average function will average the voxel 

value within the tissues (𝑀𝑠). Table 3 illustrates the details of the SP function [2]. 

Spline-based algorithm 

1. 𝑺𝑷(𝐶, 𝑓, 𝑔, 𝐴, 𝑀, 𝑀𝑠){ 

2. // Initializing 

3. �̃� ← 1;                       // initializing the sinogram 

4. 𝐶[1] ← 1;                   // initializing the coefficients 

5. 𝜆1 = 100, 𝜆2 = 0.001; 

6. for i = 1 to Iteration number do 

7.         // Create Mask 

8.         𝑀𝑑 ← 𝑻𝒉𝒓𝒆𝒔𝒉𝒐𝒍𝒅(𝐶[𝑖]);                           // equation (2.25) 
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9.         𝑀 ← 𝑪𝒓𝒆𝒂𝒕𝒆𝑴𝒂𝒔𝒌(𝑀𝑠, 𝑀𝑑);                   // equation (2.26) 

10.         // Estimate 𝑪[𝒊] 

11.         𝑈 ← 𝜆1
[𝑖]

𝛺(𝐶[𝑖], 𝑀) + 𝜆2
[𝑖]

𝛩(𝐶[𝑖], 𝑀); 

12.         𝑈′ ←
𝑑𝑈

𝑑𝐶[𝑖]; 

13.         𝐶[𝑖+1] ←
𝐶[𝑖]

∑(𝐴𝑇𝑔𝑓𝑇)+𝑈′
∑(𝐴𝑇 𝑔

∑ 𝐴𝐶[𝑖]𝑓[𝑖] 𝑓𝑇); 

14. end for 

15. return C, M} 

Table 3. SP function. 

In the ith iteration of the SP function, the dynamic masks is updated by the current 

coefficients (𝐶[𝑖]). Then the 𝐶[𝑖+1] coefficients will be estimated by the MAPEM technique. 

The regularization parameters will also be updated in each iteration. 

FADS algorithm 

1. 𝑭𝑨𝑫𝑺(𝐶, 𝑓, 𝑔, 𝐴, 𝑀, 𝑀𝑠){ 

2. // Initializing 

3. �̃� ← 1;                       // initializing the sinogram 

4. 𝐶[1] ← 1;                   // initializing the coefficients 

5. 𝜆1 = 100, 𝜆2 = 0.001, 𝜆3 = 0.9; 

6. for i = 1 to Iteration number do 

7.         // Create Mask 

8.         𝑀𝑑 ← 𝑻𝒉𝒓𝒆𝒔𝒉𝒐𝒍𝒅(𝐶[𝑖]);                           // equation (2.25) 

9.         𝑀 ← 𝑪𝒓𝒆𝒂𝒕𝒆𝑴𝒂𝒔𝒌(𝑀𝑠, 𝑀𝑑);                   // equation (2.26) 

10.         // Estimate 𝑪[𝒊+𝟏] 

11.         𝑈1 ← 𝜆1
[𝑖]

𝛺(𝐶[𝑖], 𝑀) + 𝜆2
[𝑖]

𝛩(𝐶[𝑖], 𝑀); 

12.         𝑈1
′ ←

𝑑𝑈2

𝑑𝐶[𝑖]; 
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13.         𝐶[𝑖+1] ←
𝐶[𝑖]

∑(𝐴𝑇𝑔𝑓𝑇)+𝑈1
′ ∑(𝐴𝑇 𝑔

∑ 𝐴𝐶[𝑖]𝑓[𝑖] 𝑓𝑇[𝑖]); 

14.         // Estimate 𝒇[𝒊+𝟏] 

15.         𝑈2 ← 𝜆3
[𝑖]

Φ(𝑓[𝑖]); 

16.         𝑈2
′ ←

𝑑𝑈2

𝑑𝑓[𝑖]; 

17.         𝑓[𝑖+1] ←
𝑓[𝑖]

∑(𝐴𝐶[𝑖+1])𝑇𝑔+𝑈′
∑(𝐴𝐶[𝑖+1])𝑇 𝑔

∑ 𝐴𝐶[𝑖+1]𝑓[𝑖] 

18. end for 

19. return C, f, M} 

Table 4. FADS algorithm 

The FADS algorithm is similar to the SP function, because both of them are based on the 

MAPEM algorithm. In FADS, the algorithm will estimate the factors after updating the 

coefficients. And there are more parameters that need to be updated in FADS than in SP. 
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3. Experimental Dataset 

In this chapter, we will introduce the dataset we used and show the details about the 

data preparation. Also, this chapter will explain some other optimization approaches 

we used for the research of this thesis. 

3.1. Dynamic Sinogram 

The experiment dataset (sinogram) we used is the human data (Figure 5). Totally, there are 

20 rotations and for each rotation, there are 120 projections. The dimension of each 

projection is 128x128 (Figure 4). 

 

Figure 4. Information of the human dada. 
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Figure 5. Dynamic sinogram. The dimension of this sinogram is 128x128x120, which means 
there are total 128x128 pixels for one projection and 120 projections for a full rotation. First 

row is from head 1 and second row from head 2. 

This dataset is collected by two heads detector. So for total 120 projections per rotation, each 

head will collect 60 projections. In order to reduce the complexity of the computation, we 

created one head sinogram based on the original dataset (Figure 6). 

 

Figure 6. Convert to one head sinogram. Since the original dynamic sinogram is from two-heads 
detector, each head will scan half of the rotation. Blue arc is head 1 and red arc is head 2. 
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3.2. Static Masks 

Although this dataset is dynamic, we can use it to do static reconstruction. In a static case, 

the data won’t be collected by the detector until the concentration of the radioisotope material 

being stationary on the patient body. On the contrary, in a dynamic case, the system will 

acquire data after the injection immediately. Therefore, for the static reconstruction using 

dynamic sinogram, we can eliminate the first two rotations because the tracer concentration 

changes rapidly during the first two rotations. Then we added rest of the rotations together 

(Figure 7) and used this new sinogram to create static masks (Figure 8) 

 

Figure 7. Sinogram for the static reconstruction 
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Figure 8. Static masks (left) and static reconstruction (right). 

3.3. Blurry Masks 

Because we don’t want tissues to be overlapped by others (especially for the myocardium 

and the blood pool), our static masks are very conservative. However, a conservative mask 

may be too small compared to the actual size of the corresponding tissue. On the other hand, 

if we expand the area of the masks, the noise level may also grow. Due to this consideration, 

we use convolution to blur the boundary between the masks and the background. 

Let’s see an example of 1-D convolution. Suppose the window size is 3 and the signal size 

is also 3. Both of them are square waves, and the maximum value is 1 and the minimum 

value is 0 (Figure 9 and Figure 10). 



3 3

3 311
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Figure 13. Original static mask (left) and the blurry mask (right). 

3.4. Factor Orthogonalization 

Even the factors may influence each other sometimes. Similar to the coefficient mix 

prevention (tissue separation function, eq. 2.27), we embedded a factor orthogonalization 

function 𝛰(𝑓) into the dynamic reconstruction algorithm. Then the objective function (2.23) 

will be: 

 �̃�(𝐶, 𝑓) =  𝑙(𝐶, 𝑓) − 𝜆1𝛺(𝐶) − 𝜆2𝛩(𝐶) − 𝜆3𝛷(𝑓) − 𝜆4𝛰(𝑓) (3.1) 

This factor orthogonalization function 𝛰(𝑓) is: 

 𝛰(𝑓) = ∑ ( ∑ |𝑓
𝑛,𝑡

∙ 𝑓
𝑥,𝑡

|

𝑁

𝑥|𝑥≠𝑛

)

𝑁,𝑇

𝑛,𝑡

, (3.2) 
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where n is the number of segmentations and t is the time point. If any pair of the factors are 

independent, the inner product of this pair will be zero. Let’s see an example that how to 

compute the derivative of this function. Suppose the number of factors is three, then: 

 

𝛰(𝑓) = ∑ ( ∑ |𝑓
𝑛,𝑡

∙ 𝑓
𝑥,𝑡

|

𝑁

𝑥|𝑥≠𝑛

)

𝑁,𝑇

𝑛,𝑡

= ∑ (
|𝑓

1,𝑡
∙ 𝑓

2,𝑡
| + |𝑓

1,𝑡
∙ 𝑓

3,𝑡
| + |𝑓

2,𝑡
∙ 𝑓

1,𝑡
|

+|𝑓
2,𝑡

∙ 𝑓
3,𝑡

| + |𝑓
3,𝑡

∙ 𝑓
1,𝑡
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(3.3) 

For a certain time point 𝑝 ∈ {𝑇}, we have: 

 𝛰(𝑓𝑝) = 2 ∑(|𝑓
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, (3.4) 

Taking the partial derivative of 𝛰(𝑓𝑝), we obtain: 

 
𝑑𝛰 (𝑓𝑝)

𝑑𝑓1,𝑝
= 2(|𝑓2,𝑝| + |𝑓3,𝑝|), (3.5) 

 𝑑𝛰 (𝑓𝑝)

𝑑𝑓2,𝑝
= 2(|𝑓1,𝑝| + |𝑓3,𝑝|), 

(3.6) 

 𝑑𝛰 (𝑓𝑝)

𝑑𝑓3,𝑝
= 2(|𝑓1,𝑝| + |𝑓2,𝑝|), 

(3.7) 

Thus, for any factor number n, we have: 
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𝑑𝛰 (𝑓𝑝)

𝑑𝑓𝑛,𝑝
= 2 ∑|𝑓𝑘,𝑝|

𝑁

𝑘

, 𝑓𝑜𝑟 𝑘 = 1, 2, 3, … , 𝑁 𝑎𝑛𝑑 𝑘 ≠ 𝑛 (3.8) 
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4. Experiment Results 

This chapter will mainly illustrate the reconstruction results and some optimization 

approaches to get a better performance. We ran our program on FIT HPC Cluster, 

“Blueshark”. The reconstruction algorithm we used is FADS algorithm. The reason 

we chose FADS is the running time. We need around seven hours to finish the 

reconstruction using SIFADS, while FADS only takes three hours. But FADS is 

highly sensitive to the inputs. If the initial choice is unsuited, FADS may be unstable. 

Therefore, we will show some steps to improve the results when the reconstruction 

is unsatisfied. 

4.1. Convergence 

There are several ways to evaluate the performance of the reconstruction algorithm, such as 

sinogram projection error, a posterior function, convergence estimate and so on [30]. We use 

a posterior function to measure the convergence of the algorithm. This function is the 

objective function that estimate the likelihood of the reconstruction image. For the original 

SIFADS or FADS, the equation (2.23) is what we need: 

 �̃�(𝐶, 𝑓) =  𝑙(𝐶, 𝑓) − 𝜆1𝛺(𝐶) − 𝜆2𝛩(𝐶) − 𝜆3𝛷(𝑓) (2.23) 

When the factor orthogonalization function is embedded, the objective function will be: 

 �̃�(𝐶, 𝑓) =  𝑙(𝐶, 𝑓) − 𝜆1𝛺(𝐶) − 𝜆2𝛩(𝐶) − 𝜆3𝛷(𝑓) − 𝜆4𝛰(𝑓) (3.9) 

4.2. Pure FADS 

In this experiment, we use pure FADS to reconstruct the imaged volume. Before starting the 

reconstruction, there are several things that need to be decided: 
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 Segmentation: The segmentation (the static masks) is based on the static 

reconstruction (Figure 14). The equation (2.24) defined the static masks 𝑀𝑗,𝑛
𝑆 . 

During our research, we used three segments: blood, myocardium, and liver 

(Figure 15). 

 Initial factor curves: We used the ideal factor curves [31] to be our initial 

factors. Before using these ideal curves, they have to be normalized and shifted 

according to the dynamic sinogram. Figure 17 shows the initial factors we used. 

 Initial coefficients: all the coefficient values are one for initializing. 

 

Figure 14. Static Reconstruction. Left is one of the slices in Z direction. Right is the 3D view. 
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Figure 15. Static masks. Blood (left), myocardium (middle), and liver (right) 

 

Figure 16. Ideal factor curves. 
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Figure 17. Initial factors. 

There are three outputs for this algorithm: final factor curves, final TACs (time activity 

curves, these curves show the change of the average intensities of each tissue.) and 

coefficients (Figure 19, Figure 20 and Figure 21). We used 20 iterations for this run. Figure 

18 shows the change of the likelihood value. Notice that the value of the likelihood is being 

stationary after 10 iterations. According to this observation, we may reduce the iteration 

number to obtain the results faster while the performance may be close or, at least, not too 

bad. 

In the chart of the likelihood, the polyline starts at 3 which means this line ignore the first 

two iterations, since the values of the 1st and 2nd iteration are so large that the graph can’t 

show the converging trend clearly. 

The final factor curves and TACs are not that bad using pure FADS, while the performance 

of the coefficients is terrible. The next sections show some ways to improve the results. 
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Figure 18. Likelihood. 
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Figure 19. Final factor curves (pure FADS). 

 

Figure 20. Final TACs (pure FADS). 
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Figure 21. Coefficients (pure FADS). 

 

 

4.3. Factor Orthogonalization 

In this section, the factor orthogonalization function (3.2) is embedded to the FADS 

algorithm. Hence, the objective function will be: 

 �̃�(𝐶, 𝑓) =  𝑙(𝐶, 𝑓) − 𝜆1𝛺(𝐶) − 𝜆2𝛩(𝐶) − 𝜆3𝛷(𝑓) − 𝜆4𝛰(𝑓) (3.10) 

There are some methods that can update the weighting parameters automatically at each 

iteration [32][33], but the convergence is not very good. Accordingly, we adjust the lambda 

value manually for the factor orthogonalization function. 
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Figure 22. Results of the final factors and TACs. First row is the factor curves and second row 
is the TACs. Fmix means the lambda value of the factor orthogonalization function. 

We also tried some other lambda values, such as 20 and 55. When 𝜆 = 10, the results are 

very close to the case that 𝜆 = 10. When 𝜆 = 55, the results are similar to the case that 𝜆 =

100. 



38 
 

 

 

Figure 23. Likelihood. Note that these curves start from the 3rd rotation because the values of 
the first two rotations are too large. Figure 24 show the entire table of all the likelihood. 
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Figure 24. Likelihood values. 

Figure 22 shows the final results with three different factor orthogonalization lambda and 

the pure FADS. Compared to the others, the performance of 𝜆 = 10 is the best. Meanwhile, 

from the figures of the likelihood (Figure 23 and Figure 24), 𝜆 = 10 converged a little bit 

faster then 𝜆 = 1. The convergence of 𝜆 = 100 is bad. So 𝜆 = 10 is a good choice for our 

dataset. However, the coefficients are still bad (Figure 25) and all the cases are similar. 
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Figure 25. Coefficients (factor orthogonalization). First row is the coefficients generated by the 
original FADS. Second row is the coefficients with the factor orthogonalization. The left column 
is blood, the middle column is myocardium, and the right column is liver. 

 

 

 

4.4. Static Masks as Initial Coefficients 

First experiment 

This time, we used the static masks as the initial coefficients to enhance those voxels within 

the tissues. For these voxels, we assign them a big value (for example, one). On the contrary, 
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those voxels which are out of the static mask will be assign a small value (like 0.01). The 

final TACs looks similar to the final factor curves (Figure 27). This situation is predictable. 

The final TACs is the average of the 4D volume based on the static mask. We strengthened 

the voxels within the tissues when initializing, and that’s why the final TACs and the final 

factor curves look similar. It’s not a big problem, because we normally want to focus on the 

tissues activities not the background. 

 

 

Figure 26. First row is the coefficients from the pure FADS, second row is the coefficients using 
static masks initializing. The left column is blood, the middle column is myocardium, the right 
column is liver. 
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Figure 27. First row is from pure FADS, second row using biased initial coefficients. 

Second experiment: increase the coefficient mix lambda 

On the other hand, the tissues can be seen in the coefficients (Figure 26), but there is still 

some noise around them. Therefore, we increased the lambda value of the tissue separation 

function. When using a higher lambda value, the coefficients of the myocardium and liver 

seem better, but there is no improvement for the blood (Figure 30). The final factor curves 

and TACs using different lambda values are similar, only the scales are different (Figure 28). 

The convergence of the likelihood (Figure 29) shows that the algorithm with the default 

lambda value (100) converged a little bit faster than others. According to those observations, 

we prefer to use the lambda value which is 500 rather than other values. When the lambda 

equals to 500, the coefficients are better and the convergence is not bad. Note that we only 

ran 10 iterations, because the likelihood value change slightly after 10 iterations. Thus, the 

output won’t change too much after 10 iterations but it is faster.to get the final results. 
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Figure 28. First row is the factor curves and second row is the TACs. Those numbers in the 
parentheses are the lambda value of the coefficient mix prevention function (tissue separation). 

 

Figure 29. Likelihood. Blue curve is 100. Red is 500. Gray is 1000. 
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Figure 30. Coefficients with different coefficient mix lambda values. First row is the blood, 
second row is the myocardium, and third row is the liver. Left column: lambda = 100. Middle 
column: lambda = 500. Right column: lambda = 1000. 
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Third experiment: Blurry mask 

In Figure 27, observed that the final factor curves of the myocardium and liver became more 

fluttered than using all one for the initial coefficients. One possible explanation is the initial 

coefficients are based on the static mask, but the static mask may be conservative. As a result, 

using biased initial coefficients may lose more information than using all one. Then, we use 

convolution to blur the boundary between the background and the static mask and create the 

blurry mask (chap. 3.3). 

 

Figure 31. The Blurry mask (left) and the static mask (right). 
All the elements in the convolution window are one. 

The window we used to do the convolution is a 3x3 2D matrix. All the elements in the matrix 

are one. The initial coefficient values are based on this blurry mask (blurry mask 1): 

𝐹𝑜𝑟 𝑒𝑎𝑐ℎ 𝑣𝑜𝑥𝑒𝑙 𝑣, 𝑐𝑜𝑒𝑓𝑓[𝑣] = {
𝐵𝑙𝑢𝑟𝑟𝑦𝑀𝑎𝑠𝑘1[𝑣], 𝑖𝑓 𝐵𝑙𝑢𝑟𝑟𝑦𝑀𝑎𝑠𝑘1[𝑣] > 0

0.01                      , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                        
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Figure 32. Final factor curves (first row) and final TACs (second row). 



47 
 

 

 

 

Figure 33. Coefficients. First row is the biased coefficients. Second row is the blurry mask 1. 
Third row is the blurry mask 2. 

 

Figure 34. Likelihood. 
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The result shows that the final factor curves and TACs (Figure 32) is better than without 

using the blurry mask, but the coefficients are still not very good (Figure 33). A possible 

reason for that is the values of the boundary voxels are too large. So we created a new blurry 

mask with shaper boundaries (blurry mask 2) to do the reconstruction. 

From the results, we found that this new blurry mask couldn’t improve the performance of 

the coefficients, and the final curves became worse. The likelihood curve is similar to the 

blurry mask 1 (Figure 34). 

4.5. Combined Approaches 

For the final test, we ran the program with all the methods which are mentioned in the 

previous sections. The tissue separation lambda is 500, the factor orthogonalization lambda 

is 10, and blurry mask 1 (all the values of the convolution window are one) is used for 

initializing the coefficients. 

Figure 35 shows the final coefficients. The myocardium (middle) and liver (right) are fine, 

but there is still some noise around the blood (left). This may not be a problem, because in 

human body, blood is everywhere. On the contrary, the final factor curves and TACs of the 

blood is better than the myocardium and liver’s. Because the coefficients and factors 

influence each other (eq. 2.21), if the coefficient values increase, the corresponding factor 

will decrease, and vice versa. As a consequence, when we used biased initial coefficients, it 

is reasonable that the final curves became unstable. 
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Figure 35. Coefficients. First row is generated from the pure FADS, and second row is from 
the combination approach. Left column: blood. Middle column: myocardium. Right column: 
Liver. 
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Figure 36. Final factor curves (left) and final TACs (right). 

   

Figure 37. Likelihood. 
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5. Conclusion and Future work 

In this thesis, first of all, we introduce some background information about the NMF 

and nuclear medicine. There are many algorithms to solve practical problems, such 

as PCA, ICA, SVD, VQ, etc. However, these methods cannot make sure that the 

result of the matrix factorization is non-negative, even the input matrix is positive. 

In math, negative values are acceptable, but normally negative values are 

meaningless in our real life. For example, it is impossible that image data has a 

negative pixel value. NMF provides a method that the factorization result is non-

negative. Because of this, it is used widely to solve many practical problems, such as 

nuclear imaging. Nuclear imaging is a branch of the nuclear medicine and has been 

widely used for medical diagnosis. There are many kinds of nuclear imaging, like 

XCT, PET, NMR, SPECT and so on. The basic theory of these technologies is the 

same: it utilizes the law of the attenuation or distribution of the nuclear radiation, 

obtaining the information of the interior of the measured object, and then reconstructs 

the image with computers. The information acquisition of these technologies, 

including the physical principle and measurements they rely on, may different, but 

their data processing techniques are based on the computer information processing 

and image reconstruction technology. 

In nuclear imaging, NMF, which is also called “factor analysis”, is the main way for 

the image reconstruction. SPECT is a popular technique for nuclear imaging. There 

are two kinds of SPECT: static and dynamic. In both cases, the patient is injected the 

tracer (radioisotope). The only difference is the acquisition time. For the static case, 

the system will wait until the tracer distribution being stable, while for the dynamic 

case the system will collect the data after the injection immediately. We expound the 
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mathematical models and some reconstruction algorithms of the static and dynamic 

SPECT. The main problem of the reconstruction is to solve g = Af, but directly using 

the inverse of A to solve this is not a good choice. One of the common ways is MLEM. 

MLEM is based on an assumption that the detected sinogram g follows the Poisson 

distribution and then using the properties of the Poisson distribution to estimate the 

imaged volume. MAPEM is very similar to MLEM. MAPEM introduces a prior 

knowledge to be a constraint so that the estimation will not become worse during the 

reconstruction process. Specially, in dynamic case, f is a 4D volume (3D plus time) 

which is hard to reconstruct directly. Therefore, NMF is used to decompose f into 

two smaller matrices: the expanded coefficients and the time-based functions or 

factors. 

Normally, FADS is used for the dynamic reconstruction of SPECT. The challenge 

of FADS is the high sensitivity of the initial choice. SIFADS is a way to solve this. 

It uses spline-based algorithm to estimate a better initial choice and then runs FADS. 

CIFA is another way using clustering methods for the initial choice. 

This thesis tried to implement some other ways to optimize the result when using 

FADS. In medical imaging, we want to focus on the tissues. So we emphasized those 

voxels within the tissues. Another reason for doing this is that we may use clustering 

methods for the tissues to distinguish the lesions from a certain tissue. The problem 

for that is errors may transfer from the coefficients to the factors. Therefore, we 

attempted to use the blurry mask and the factor orthogonalization function to reduce 

the errors. In all the experiment results, the coefficients of blood are not very good. 

There are some other voxels with large values around the blood. However, since the 

blood is everywhere inside the human body, this might not be a problem. 
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For further work, we would like to develop an automatic way (machine learning) to 

the data preparation. For example, our segmentation (static mask) is created 

manually. It is a challenge because people who do the segmentation need to know 

some knowledge both of the anatomy and computer science. Also, it is hard to make 

sure the boundary of the tissues, especially for the blood and myocardium. We want 

to achieve an algorithm that can produce an accurate static mask automatically. 

Secondly, we want to improve the running time of the reconstruction. The ordered-

subsets expectation maximization (OSEM) is a variant of MLEM which can 

accelerate the reconstruction process [34]. Using HPC is another way to speed up the 

processing time [35]. Some parallel techniques such as OpenMP, MPI, and CUDA 

may also speedup the running time [36][37]. Combining these two methods may 

have a better performance. 
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